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Abstract

Given a von Neumann algebra M with a faithful normal semi-finite trace v, we consider the
non-commutative Arens algebra L®(M,t) = ﬂp>1 LP(M,t) and the related algebras L5 (M, 1) =
N P2 LP(M,t)and M + L;’(M , T) which are proved to be complete metrizable locally convex *-algebras.
The main purpose of the present paper is to prove that any derivation of the algebra M + LS (M, 7) is in-
ner and all derivations of the algebras L (M, t) and LS (M, ) are spatial and implemented by elements
of M + L‘z"(M , 7). In particular we obtain that if the trace 7 is finite then any derivation on the non-
commutative Arens algebra L® (M, t) is inner.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The present paper is devoted to the study of derivations on certain classes of unbounded
operator algebras.

Given a (complex) algebra A, a linear operator d : A — A is called a derivation if d(xy) =
d(x)y + xd(y) for all x,y € A. Each element a € A generates a derivation d,, : A — A defined
as d,(x) =ax — xa, x € A. Such derivations are called inner derivations.
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If the element a implementing the derivation d, belongs to a larger algebra B containing A
then d, is called a spatial derivation.

It is a general algebraic problem to find algebras which admit only inner derivations. Such
examples are:

— finite-dimensional simple central algebras;
— simple unital C*-algebras;
— algebras B(X) of all bounded linear operators on a Banach space X (cf. [8,16]).

A more general problem is the following one: given an algebra A, does there exist an algebra
B such that:

(i) Ais an ideal in B, so that any element a € 13 defines a derivation on A by d,(x) = ax — xa,
xeA;
(ii) any derivation of 5 is inner;
(iii) any derivation of the algebra A is spatial and implemented by an element from 53?

Examples of algebras for which the answer is positive are:

— simple (non-unital) C*-algebras;

— the algebra F(X) of finite rank operators on an infinite-dimensional Banach space X

— more general standard operator algebras on X, i.e. subalgebras of B(X) which contain F(X)
(cf. [8,16]).

The theory of derivations in operator algebras is an important and well-investigated part of
the general theory of operator algebras, with applications in mathematical physics (see, e.g.,
[7,16,17]). It is well known that every derivation of a C*-algebra is norm-continuous and that
every derivation of a von Neumann algebra is inner. For a detailed exposition of the theory
of bounded derivations we refer to the monographs of Sakai [16,17]. A comprehensive study
of derivations in general Banach algebras is given in the monograph of Dales [9] devoted to
automatic continuity of derivations on various classes of Banach algebras.

Investigations of general unbounded derivations (and derivations on unbounded operator al-
gebras) began much later and were motivated mainly by needs of mathematical physics, in
particular by the problem of constructing the dynamics in quantum statistical mechanics.

The development of a non-commutative integration theory was initiated by I. Segal [19], who
considered new classes of (not necessarily Banach) algebras of unbounded operators, in partic-
ular the algebra L(M) of all measurable operators affiliated with a von Neumann algebra M.
Algebraic, order and topological properties of the algebra L(M) are somewhat similar to those
of von Neumann algebras, therefore in [4,5] we initiated the study of derivations on the algebra
L(M). In the particular commutative case where M = L°°(0; 1) is the algebra of all essentially
bounded measurable complex functions on (0; 1), the algebra L(M) is isomorphic to the alge-
bra L%(0; 1) of all measurable functions on (0; 1). Recent results of [6] (see also [13]) show
that L°(0; 1) admits non-zero (and hence discontinuous) derivations. Therefore the properties of
derivations on the unbounded operator algebra L(M) are very far from being similar to those on
C*- or von Neumann algebras.

There are many other classes of unbounded operator algebras, which are important in analy-
sis and mathematical physics like O*-algebras, GB*-algebras, EW*-algebras (see, e.g., [2,18]).
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These algebras also can be equipped by appropriate topologies and it is natural to study prop-
erties (such as automatic continuity, innerness, spatiality etc.) of their derivations. It is known
that each derivation of the maximal O*-algebra £1 (D) is inner, and if a subalgebra A of LT (D)
contains all finite rank operators on D, then any derivation of 4 is spatial and implemented by
an element of £ (D), where D is a dense linear subspace of a Hilbert space (see for details [18,
Proposition 6.3.2, Corollary 6.3.3]).

Interesting examples of the mentioned algebras are given by the Arens algebra L“(0, 1) =
N p>1 L?(0, 1), introduced in [3], and by its non-commutative generalizations L“(M, 1) =
N p>1 LP(M, t), where M is a von Neumann algebra with a faithful normal semi-finite trace t,
and LP(M,t) ={x € L(M): t(|x|”) < co}. Non-commutative Arens algebras were introduced
by Inoue [11] and their properties were investigated in [1,22].

The main purpose of the present work is to give a complete description of derivations on the
non-commutative Arens algebras L”(M, ) and related algebras. In particular for these algebras
we obtain the complete solution of the problems mentioned above.

In Section 2 given a von Neumann algebra M with a faithful normal semi-finite trace 7, along
with the non-commutative Arens algebra L“(M, t) we consider some basic properties of the
related algebras LS (M, 1) = ﬂp>2 LP(M,t) and M + LS (M, t) and prove that they are also
complete metrizable locally convex *-algebras. Applying the theory of Banach pairs from [12]
we describe the predual space of the algebra M + L5 (M, t). This result enables us to apply
*-weak compactness of closed bounded sets in the algebra M + L5 (M, t) for the proof of the
main results. Namely, in Section 3 we prove that all derivations on the algebra M + L5 (M, 1)
are inner and any derivation of the Arens algebra L“ (M, 7) is automatically continuous.

Since the algebras L”(M,t) and L5 (M, 1) are (two-sided) ideals in M + L5 (M, t) any
element a € M + L5 (M, t) defines a derivation on L“(M, t) (respectively on LY (M, 7)) by
dy(x) =ax — xa, x € L“(M, t) (respectively x € L5 (M, t)). The main results (Theorems 3.7
and 3.8) assert that any derivation of the Arens algebra L“(M, ) (respectively of the algebra
LS (M, 7)) is spatial and implemented by some element a € M + LS(M, 7). In particular if
the trace t is finite then all the above algebras coincide and therefore all derivations on the
Arens algebra L®(M, t) are inner. As a corollary we obtain that commutative Arens algebras (in
particular the algebra L“(0; 1)) admit only zero derivations.

2. Non-commutative Arens algebras

Let M be a von Neumann algebra with a faithful normal semi-finite trace 7, and denote
by L(M) the algebra of all measurable operators affiliated with M.

Given p > 1 put LP(M,t) = {x € L(M): t(|x|?) < oo}. It is known that L?(M, 1) is a
Banach space with respect to the norm

1
Ixll, = (z(Ix17))7?, xeLP(M, ).
Consider the intersection

LM, 1) = ﬂ LP (M, 1).
p=1
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It is proved in [1] that L*(M, t) is a locally convex complete metrizable *-algebra with respect
to the topology ¢ generated by the family of norms {|| - ||} ,>1. Moreover the topology can be
defined also by the countable system (sequence) of norms

lxll, =max{lix|li, xll,}, neN.

The algebra L®(M, 7) is called a (non-commutative) Arens algebra.

Non-commutative Arens algebras are special cases of O*-algebras in the sense of K. Schmiid-
gen (see, e.g., [2,18]). If the trace t is finite then L®(M, ) is also an EW*-algebra [22]. The
dual space for (L“(M, t),t) was completely described in [1], where it was also proved that
(L®(M, 1), t) is a reflexive space if and only if the trace 7 is finite.

Recall that a subset K in a linear topological space E is said to be bounded if given any zero
neighborhood V in E there exists & > 0 such that K C gV forall g > «.

Since (L“(M, 1), t) is a countably normed space, a subset K in L“ (M, t) is bounded if and
only if there exists a sequence (7,,),eN of positive numbers such that || x|, <r, forall x € K and
n € N (see [21, p. 368]).

A linear topological space E is said to be locally bounded if it admits a bounded neighborhood
of zero.

Automatic continuity of derivations on Banach algebras and more general locally bounded
F-algebras was investigated in the monograph [9] of H.G. Dales. Arens algebras are not locally
bounded in general; moreover it is not difficult to see that L“(M, t) is locally bounded if and
only if the von Neumann algebra M is finite-dimensional. Therefore most of results from [9]
cannot be applied to the case of Arens algebras.

Now let us recall the notion of a Banach pair (see [12]). Let (E, tg) be a Hausdorff linear
topological space over the field of complex numbers, and let (A, || - ||4) and (B, || - || ) be Ba-
nach spaces which are linear subspaces of (E, tg) such that the topology ¢r induces on A and
B topologies which are weaker than the topologies defined by the norms || - |4 and || - || 5, re-
spectively. This means exactly that A and B are topologically imbedded into (E, tg). In this case
we say that A and B define a Banach pair. Each Banach pair defines a couple of Banach spaces
AN B and A + B with the norms

Ixllang = max{|x| 4, [xl8}, x€ANB,
Ixllasp =inf{llalla + Ibllp: x=a+b,a € A, be B},
respectively.

A Banach space (Z, || - ||z) is said to be intermediate for the Banach pair A and B, if the
continuous embeddings

ANBCZCA+B

are valid.
Further we shall need the following result from [12, p. 27].

Lemma 2.1. If the intersection A N B is dense in each member of the Banach pair A and B,
then the dual spaces A’ and B’ also form a Banach pair. Moreover (A N B)' is isometrically
isomorphic to the space A’ + B’, and (A + B)' is isometrically isomorphic to the space A’ N\ B’.
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It is known that [20] for the Banach pair L' (M, t) and LP2(M, 1), p1 < p2, any space
LP(M, 1), p € [p1; p2], is intermediate. Therefore

Ixllp < e(pr, p2, pymax{llxllpy, €] p, }
forall x € LP1(M,t) N LP2(M, t), where c(p1, p2, p) is a fixed positive number depending on

P1,p2, p.
On the spaces

m m
ﬂ L"(M,7) and Z LM, 1),
n=2 n=2
consider respectively the norms

m
lxllp, = max{llx|l,: n=2,m}, xe[)L"M, 1),
n=2

m m
1yl =10f3 > " lyallg,: yo € LY (M. 1),y = " yu .

n=2 n=2

where%+qln= l,n=2,m,meN\{1}.
Consider the Banach pair L' (M, t) and LP2(M, t), 2 < p1 < p2. Since the space

MNL' (M, 7)={x e M: t(|x]) < o0}
is dense in all spaces L? (M, t), p > 1, the intersection
LPY(M,t)NLP2(M, 1)

is dense in LP/(M, 1), i = 1,2. Therefore from Lemma 2.1 by induction on m we obtain the
following result.

Proposition 2.2. The dual space for ((\,_, L"(M, 1), | - ||9n) is isometrically isomorphic to
Qon, LI(M, 1), || - I},) and the dual space for (3_,_, L9 (M, t), || - |I,,) is isometrically iso-
morphic to (", L"(M, 7), || - ||81). The duality is given by the bilinear form

(,y)=t@xy), xe[L"(M,7), ye)y LM, 7).
n=2 n=2

Since L1(M, 1) and Z?:z L9 (M, ) also form a Banach pair and LY (M, )N M is dense in
both of L'(M, 7) and Y mp L9 (M, 7), Lemma 2.1 and Proposition 2.2 imply the following.
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Proposition 2.3. The dual space for the Banach space L'(M,7) N (3", L9 (M, 7)) is
isometrically isomorphic to M + ﬂf:2 L"(M,t). Moreover, given any f € (L"(M,7) N
(On, L1 (M, 1)) there exists a unique element a € M + (,'_, L" (M, t) such that

f)=t(xa), xeL'(M,7)N (ZL‘M (M, r)).

n=2

Now consider the following space:

M. 1)= (L' (M. 1)
p=>2

with the topology t, generated by the family of norms {|| - || ,} p>2.
Proposition 2.4. (LY (M, t), 17) is a complete metrizable locally convex *-algebra.

Proof. From the inequality |[xy|l, < [lx|l2p [y ll2p it easily follows that L (M, 7) is closed under
the multiplication. It is also clear that L‘ZU(M , T) is closed under the involution, i.e. it forms a
*-algebra.

Let us show that

(L"(M.71)=Ly(M. ).
n=2

Clearly LY(M, ) C ﬂziz L"(M, 7). For any p > 2 take natural numbers n; and n; such
that n1 < p < ny. Since the space L? (M, 7) is intermediate for the Banach pair L"! (M1, t) and
L"2(M>, T), we have

L"(M,t)NnL"(M,t) CLP(M, 1)
and
Ixllp < c(rr, na, p) max{[Ix[la,. Ixlln, } < c(n1, 2, plIx|ly,.
This means that (o, L" (M, ) = LS (M, ), and the topology 1, is generated by the system of
norms {| - [|9}n>2.

Let us show that (L5 (M, t),12) is complete. Let (x,)zeny be a Cauchy sequence in
(L5 (M, 7),t2). Then (xp)nen is a Cauchy sequence in (LP(M, 1), | - |Ip) for all p > 2 and
hence there exists a, € L”(M, ) such that ||x, — apll, — 0 as n — co. We have a), = a, for
all p, g > 2. Indeed, let e € M be a projection and t(e) < co. Then

(ap —ag)e € L*(M, 1),

moreover

“ (ap — aq)e||2 < H (ap— xn)e|}2 + ” (xn — aq)e”z < lellpy ” (ap _xn)”p + llellg, “ (n — “q)| q’
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1
5. Therefore ||(ap — ag)ella =0 and ape = age

where p1, g1 € (2; o], % + % = %, qil +$
for each projection e € M with 7(e) < 0o. Since 7 is a semi-finite trace this means that a, = a,.

Therefore, L5 (M, 7) is a locally convex complete metrizable *-algebra, with respect to the
topology 1, generated by the family of norms {|| - ||;;},>2. The proof is complete. O

Note that if (1) < oo then LY(M,t) = L“(M, 1), and the topology #, coincides with the
topology .
On the space M + L5 (M, t) consider the family of norms {]| - ||;/},>2 defined by

lbelly = inf{lx1lloo + Ix20: x = x1 +x2, x1 € M, x2 € LY(M, D)},
Let 9 be the topology on M + L5 (M, ) generated by the family of norms {|| - ||}/ },>2.

Lemma 2.5. Let (x;)nen be a sequence in M + LS (M, t) such that ||x, i — 0 asn — oo. Then

)
x, — Qasn — oo.

Proof. Letk € N\ {1}. Since ||x, I} < [[xxll;, for n > k, then | x,[|] — 0 as n — oo forall k > 2.
o .
Therefore x,, — 0 as n — oo. The proof is complete. O

Proposition 2.6. The algebra (M + L5 (M, 1), ty) is a complete metrizable locally convex *-
algebra. Moreover L“(M, 7) is an ideal in M + LS (M, 7).

Proof. For x € M and y € LY(M, ) it is clear that xy, yx € L§(M, 7). Since LS (M, 1) is
closed under the multiplication, it follows that M + L‘ﬁ’(M , 7) forms a *-algebra.
Take x,y € M + L5 (M, 7). We have

eyl < Nx 05, 119115, -

Indeed, let & > 0. Take x1, y1 € M, x2,y2 € L§(M, T) such that x = x1 + x2, y = y1 + y2,
%1y = lxtlloo + x2ll) — &, Ixlly = lyillco + lly20) — &

Then |lxy |} = [lx1y1 +x1y2 + 3231 + X202 01 < 2191 oo + X1 92010 + 1291 19 + lx232110 =
lx1y1lloo + maxogicn{llxiy2lli} + maxogicn{llxeyilli} + maxogi<nlllxay2lli} < llxiyvilloo +
%1 oo maxa<i<a{ll y2lli} + 1l y1 lloo maxagi<a{llxalli} +maxogi <afllxallai} maxogicn{ll y2ll2i} <
Ixtlloollytlloo + 11 lloo 1y2119, + 1yt lloo lx2119, + k2019, 1y2119, < (Ix1lloo + llx2115,) (1 lloo +
||y2||g,,) < (Ixlly, +e)Uylls, +8).ie llxyll, < (x5, +e)lylly, +&). Since & > 0 is arbitrary
this implies that xy |l < |x[15, 1y [15,-

Clearly |x*|| = ||lx||;. This means that the multiplication and the involution on M +
LS (M, ) are continuous.

Let us show that M + L§(M, 1) is complete. Let (x,),en be a Cauchy sequence in
M + L%’(M, 7). Then |x, — xm||;<’ — 0 as n,m — oo for all k > 2. Therefore, there exists a
subsequence (x,,; )xen such that

”xnk+1 — Xny ”Z < 271(7] ) k 2 2.
Set yk = Xpy — Xny» k = 2. Take by € M, by € L5 (M, 7) such that by + b) = yj and

Ibilloo + B3 < lyally +27% " <27%, k>0,
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Then the series Y o, bx and Y po, b converge in M and L§(M, t), respectively. Put b =
Y re,bx and b’ = Y72, b and consider the sums s, = Y }_,b; and s, = Y }_,b,. Then
s, + s, — (b4 b)) — 0 as n — oo, and by Lemma 2.5 we have s, + s, — (b + ') o, 0.
On the other hand, sy + 5, = Xy, — Xny, 1.€. Xy, LN Xn, + b+ 1. Since (x,) is a Cauchy se-
quence in M + L (M, 7) this implies that x, D, Xn, +b+ Db

Now we shall show that L*(M, t) is an ideal in M + L5 (M, 7). Take x € L“(M, t) and a €
LY(M, 7). Then x € L*”(M, t) and a € L*”(M, ) for all p > 1. Thus ax,xa € L? (M, t) for
all p > 1, and therefore ax, xa € L“(M, 7), i.e. the algebra L”(M, 7) is an ideal in LS (M, 7).
Since for x € L®(M, t) and a € M we have that ax, xa € L (M, t), this implies that L®(M, 7)
is an ideal in M + L5 (M, 7). The proof is complete. O

Remark 1. In a similar way it follows that the algebra L5 (M, ) is also an ideal in M +
LY?(M, 7).
2 il

Remark 2. Note that if (1) < oo then M + L5 (M, ) = L*(M, 7), and the topology #y coin-
cides with the topology .

Lemma 2.7. M + LY(M, 1) = (oo (M + ey L" (M, 7)).

Proof. It is sufficient to show that (,,_,(M + [/, L"(M, 1)) € M + L§(M, 7). Take a €
Moy (M + (5 L"(M, 7). Then a € M + (i, L"(M, 7) for all m > 2. Therefore there
exist b, e M, ¢y, € lezz L"(M, 7) such that a = by, + c;. Since LY(M, t) N M is dense in
N, L"(M, t), there exists d,, € L' (M, ) N M such that |c,, — d |9 < 1/m for all m > 2.
Then ||a — by —dm ), = llcm —dm Iy, < llem —dm ||% — 0. By Lemma 2.5 we have b,,, +d, LiNpS
Since M + L5 (M, 7) is t-complete and by, +d,, € M + L5 (M, t),one hasa € M + LY(M, 7).
The proof is complete. O

Now let us prove the following equality:

UiLq"(M,t)=L1n< U Lq(M,t)>,

m=2n=2 1<¢<2

where % + an =1 and Lin(E) denotes the linear span of E.

Let g € (1,2]. Take g, and gy, such that ¢, < ¢ < g,,. Since L9(M, 7) is intermediate for the
Banach pair L% (M, t), L9" (M, t), we have

LI(M,7) C LI9"(M, 7) + L (M, 7).

Therefore,

oo m

UZLq"(M,r)zLin< U Lq(M,t)>.

m=2n=2 1<g<2
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On the space | oo, >, L9 (M, t) consider the norm

m m
1y =inf] > " lynllg,: yu € L9 (M, 7), y = Zyn},

n=2 n=2

1, 1 35—
where - + - = 1,n=2,m,m e N\{1}, and on the space L' (M, 7)N U, Y, Lin(M, 7))
define the norm as

Ix1§ = max{llx[l1. |x]}}. xeL'(M.7)n < D Lo, r)>.

m=2n=2

The main result of this section is the following theorem which describes the predual space of
the algebra M + LS (M, 7).

Theorem 2.8. The dual space for L'(M, t) N (Lin(qugz L9(M, t))) is isomorphic to M +
LY (M, ).

Proof. Leta=b+ce M + L5 (M, 7). Then putting

fa(x) =t(xb) + t(xc) D

we define a continuous linear functional f, on L' (M, )N (Lin(U1<q<2 L1(M, 1))).
Conversely, let us show that any continuous linear functional on

L‘(M,r)ﬂ(Lin( U L‘f(M,r)))
1<¢<2

has the form (1).
Let f e (L 1 M, )N (Lin(U1<q<2 L9(M, 1)))) . Since the restriction of the linear functional

f on LY(M, )N (Z:’::Z L9 (M, 7)) is continuous, by Proposition 2.3 there exists a,, = b,, +
cm € M +(),—, L"(M, 7) such that

fx) =1(xbpn) +t(xcm), xeL'(M,1)NM.
Thus 7(xb;) + t(xc;) =t(xb;) + t(xc;) for all i, j > 2. Therefore,
t(x(bi — b)) =7(x(cj —c)), xeL'(M,T)NM. 2)

Since L'(M,t) N M is dense in L' (M, 7) N (3__, L9 (M, 1)) for all m € N\ {1}, by (2) we
obtain that b; — bj =cj— ¢, ie.a; =b; + ¢ = bj +cj=aj for all i, j > 2. Thus q; =a; for
all i, j > 2. By Lemma 2.7 it follows that a € M + L‘Z"(M, 7). Since Ll(M, 7) N M is dense in
L! M,t)N (Lin(U1<qg2 L1(M, 1))), we have f(x) =1(xb1)+ t(xcy) forall x € L! M,t)N
(Lin(J, - 4<2 L9(M, 7))). The uniqueness of the element a, follows from the density of the set
LYM,t)yNnMin LY(M,7)N (Lin(U; ., <o LY(M, 1))).

Now in a standard way one proves that the map a — f, is a linear isomorphism between
M + L5 (M, t) and (L"(M,7)N (Lin(U]<q<2 L1(M, t)))) . The proof is complete. O
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Theorem 2.8 implies the following

Corollary 2.9. If t(1) < oo then the dual space for Lin(qu<2 L9(M, 1)) is isomorphic to
L®(M, 7).

For general Arens algebras the predual space does not exist but the dual space was described
in [1] in the following way.

Proposition 2.10. The dual space for L” (M, t) is isomorphic to Lin(U1<q<c>o L1(M, 1)).

Since any closed bounded subset in the dual space of a locally convex space is *-weakly
compact, Theorem 2.8 implies the following.

Corollary 2.11. Each closed bounded subset in M + L5 (M, ) is *-weakly compact.
3. Derivations of Arens algebras

Let A be a complex algebra and let E be a complex linear space. Recall that E is called
a left A-module (respectively right .A-module) if a bilinear map (a, x) > a - x (respectively
(a,x) > x-a) from A x E into E is defined such that

a-(b-x)=ab-x (respectively (x -a)-b=x-ab),

foralla,be A, x € E.
E is said to be A-bimodule if E is simultaneously a left and right .4-module such that

a-(x-b)y=(@-x)-b,

foralla,be A, x € E.

Let A be a Banach algebra and let E be a Banach space. If E is a .A-bimodule and the maps
(a,x)— a-x and (a, x) — x - a are continuous, then E is called a Banach A-bimodule.

For example, the Banach space L” (M, t), p > 1, is a Banach M-bimodule. Indeed, since for
allae M and x € LP(M, t) one has ax € LP(M, 1), xae LP(M, t) and |lax|, < llaloollx]l p,
where | - || is the C*-norm on M, the space L” (M, t) is a Banach M-bimodule. Therefore, the
space M + LP (M, t) (p > 1) is also a Banach M-bimodule.

Further we need the following result due Ringrose (see [15, Theorem 2], also [9, p. 638]).

Theorem 3.1. Let A be a C*-algebra and E be a Banach A-bimodule. Then each derivation
D : A — E is continuous.

One of the main results of the present work is the following

Theorem 3.2. Let M be a von Neumann algebra with a faithful normal semi-finite trace t. Then
each derivation of the algebra M + LS (M, T) is inner.

Proof. Since M + ﬂ',’fzz L"(M,t) (m > 2) is a Banach M-bimodule, by Theorem 3.1 the
derivation d is a continuous map from M into M + ﬂ;"zz L"(M, ) for all m > 2. Therefore,
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[Xklloo = O (k — oo) implies ||d(x)|l;, = 0 (k — oo) for all n > 2. Since M + L§(M, 1)
is a countably normed space with the family of norms {|| - ||/ },en(1}, the operator d: M —
M + LS (M, t) is continuous.

Let U be the group of all unitary elements in M. For u € U put

T,(x) =uxu™ +dwu*, xeM+L5M,1).
Then for u, v € U, one has

T, (Tv(x)) =T, (vxv* + d(v)v*) = u(vxv* + d(v)v*)u* +d@)u*
=uvxv*u* +udW)v'u* +dw)u* = (uvx +dw)v+ ud(v))(uv)*

=uvx(wv)* +dwv)wv)* = T,y (x),
ie.
T.T, =Ty, u,vel. 3)
Since the operator d is continuous there exist C,, > 0, n € N\ {1}, such that
ld@®)]) < Cullxllso,  x € M.
From [Ju|lcoc =1 (# € U) it follows
|7, = |d@u |, < [d@][ 1wl = [d@], < s,

ie. [T, (0|7 < C, for all u € U. Therefore, the set K; = {T,,(0): v € U} is bounded. Moreover,
the set K = cl(co(Ky))—the closure of the convex hull of K, is a closed convex bounded subset
in M + LS (M, 7). By Corollary 2.11 K is a non-empty convex *-weakly compact set. By (3)
we have T,,(Ky) C Ky for all u € U. Since T, is an affine homeomorphism, 7, (cl(co(Ky))) =
cl(co(T,(Kg))) Ccl(co(Kg)) (ueU),ie. T,(K) C K.

Forx,ye M + L%}(M, 7) we have

(T ) = Tu) || = Julx — yyu*|) = llx =yl

Therefore by Ryll-Nardzewski’s fixed point theorem [14] there exists a € K such that 7, (@) =a
forall u € U. Therefore uau* +d(u)u* = a,i.e. d(u) = au —ua for all u € U. Since any element
of M is a finite linear combination of unitary elements in M, we have d(x) = ax — xa for all
xeM.

Now let us show that d(x) = ax — xa for all x € M + L5(M, 7). First suppose that x €
M+ LY(M, ), x > 0. Then the element 1 + x is invertible and (1 +x)~! € M.

Let b > 0 be an invertible elements of M + L§(M, 7). Since 1 =12, then d(1) = d(1%) =
d()1+1d(1) =2d(1), i.e. d(1) = 0. Therefore 0 =d(1) = d(bb~ ) =d(B)b~ ' + bd (b)), i.e.
d(b) = —bd(b~")b.

Using this equality we obtain

d(x) =d(1+x) = —1+0)d(A+x)") A +x).
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On the other hand, since (1 + x)~!' € M one has
d(1+x0) ") =al+x)"" = A+x)""a

Therefore, —(1 + x)d(1 +x) " HA +x) = -A + 0)[a@d + )" = A + )" la]d + x) =
—(1+4+x)a+a(dl+x)=ax —xa,i.e.

dix)y=-(1 +X)d((1 +X)_l)(1 +x) =ax — xa.

Since any element of M + L5 (M, 1) is a finite linear combination of positive elements in M +
LS(M, 7), we have d(x) = ax — xa for all M + L5 (M, t). The proof is complete. O

Corollary 3.3. Consider the Arens algebra L (M, t), where t is a finite trace. Then any deriva-
tiond on L (M, t) is inner. In particular, d is t-continuous and *-weakly continuous. Moreover,
the element a € L*(M, ©) implementing d can be taken such that ||a ||} < ||d||n, n > 2.

The continuity of derivations can be proved also in the general case. Namely, we have the
following

Proposition 3.4. Let M be a von Neumann algebra with a faithful normal semi-finite trace t.
Then each derivation of the algebra L*(M, ©) (respectively L5 (M, 1)) is t-continuous (respec-
tively ty-continuous).

Proof. Let us prove the assertion for the algebra L“(M, T), the case of L5 (M, 7) is similar.

Let d be a derivation on L“(M, t). Consider the sequence (a,),eN in L“(M, T), such that
a, > 0 and d(ay,) L y for some y € L(M, ). Since L®(M, t) is a complete metrizable space,
by the closed graph theorem it is sufficient to show that y = 0.

Let e € M be a projection with finite trace and consider the Arens algebra L”(eMe, t,.) asso-
ciated with the von Neumann algebra e M e and the faithful normal finite trace 7., where 7, is the
restriction of T on eMe.

Put

d,(x) =ed(exe)e, xecL®(eMe,r,). 4)

For x,y € eMe, since x = exe,y = eye, one has d,(xy) = ed(exye)e = ed(exeeye)e =
ed(exe)eye + exed(eye)e = d.(x)y + xd.(y), i.e. d, is a derivation on L®(eMe, 7).

By Corollary 3.3 the derivation d, is continuous. Thus from ea,e > 0 it follows that
d.(eane) > 0 as n — oo. On other hand d,(eane) = ed(eane)e = ed(e)ane + ed(ap)e +
eand(e)e 1> eye as n — oo. Therefore,

eye=0 (5
for all projections e € M with finite trace. Since a, y* - 0 and d(a, y*) = d(a,)y* + a,d(y*) >

yy*, so in (5) the element y can be a replaced by yy*. Thus eyy*e =0, i.e. (ey)(ey*) =0, and
therefore, ey =0, i.e.

yey=0 (6)
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for each projection e € M with finite trace. Since the map x — y*xy is positive and monotone
continuous, taking e 1 1 in (6), we obtain that yy* = 0. Therefore y = 0. The proof is com-
plete. O

It is easy to see that in commutative Arens algebras any derivation is equal to zero on projec-
tions. Since the linear span of projection is 7-dense in any Arens algebra Proposition 3.4 implies
the following

Corollary 3.5. If M is an abelian von Neumann algebra with a faithful normal semi-finite trace
T then all derivations on L (M, t) are identically zero.

Remark 3. As it was noted above the commutative algebra L°(0, 1) of all complex measurable
functions on (0, 1) admits non-zero derivations (see [6,13]). On the other hand the Corollary 3.5
shows that the Arens algebra L“(0,1) admits only zero derivations (similar to the algebra
L>°(0, 1)), though it contains unbounded elements.

The following proposition gives one more type of continuity for derivations of Arens algebras.

Proposition 3.6. Let d: LY (M, t) — L®(M, t) be a derivation. Then d maps any weakly con-
verging net from L (M, ©) into a net converging in the *-weak topology in M + L5 (M, 7).

Proof. Let anet (xq)qea C L”(M, 7) weakly converge to zero, i.e.
T(xqa) > 0

foralla e Lin(U1<qSoo L1(M, 7)) = L®(M, t), where = denote the isomorphism (see Propo-
sition 2.10). By Proposition 3.4 d is t-continuous, and hence by [10, Proposition 8.6.5] d is
weakly continuous. Thus (d(xy))aea Weakly converges to zero, i.e.

T (d(xo,)a) -0 @)

forall a € Lin(L_J1<q<oo L9(M, 7)), and, in particular, for all

aeLl(M,r)ﬂ<Lin< U Lq(M,t)>>.

1<g<2

Since
<L1(M,r)ﬂ<Lin( U Lq(M,t)>>> =M+ LY(M, 1),
1<g¢<2

from (7) it follows that (d(xy))«ea is *-weakly converging to zero in M + L5 (M, 7). The proof
is complete. O
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As it was mentioned in Proposition 2.6 the Arens algebra L“(M, t) is an ideal in M +
LS (M, t), and therefore any element a € M + L7 (M, t) generates a spatial derivation on
L®(M, ) defined as

dix)=ax —xa, xe€L®M,7).

In this connection a natural problem arises whether the converse assertion is also true, i.e. can
any derivation on the Arens algebra be represented in this form?

The main result of the present work is the following theorem, which answers this question in

affirmative and gives a complete description of derivations on the Arens algebra L*(M, 7).

Theorem 3.7. Let M be a von Neumann algebra with a faithful normal semi-finite trace t.
Then any derivation d on L®(M, t) is spatial, moreover it is implemented by an element of
M+ LS (M, 1), ie.

d(x)=ax —xa, xe€lL®?M,1)
forsomeae M+ LS (M, 1).

Proof. Since the trace t is semi-finite there exists a net of projections (ey) with 7(e,) < 0o for
all o, such that e4 1 1. Consider the derivations

de, L (eqMey, To,) = L (eqMey, Te,)
defined as in (4). By Corollary 3.3 there exist a, € L”(eq Mey, 7., ) such that
de, (X) = agx — xay, x € L%(egMey, Te,),

and moreover the net (ay) is bounded in M + L5 (M, 7).

By Corollary 2.11 the net (ay) contains a subnet which *-weakly convergesin M + L5 (M, 7).
Without loss of generality we may assume that a, — a for some a € M + LS (M, 7).

Letx e MNLY(M, 7). If & > B, then

eqd(egxeg)ey =d,, (egxeg) =agegxeg — egxegay.
Therefore
d(epxeg) =aepgxeg — egxepa. ®)

By Proposition 3.6 the derivation d maps any weakly convergent net into a *-weakly convergent
one. Therefore from (8) it follows that d(x) = ax — xa forall x e M N LY (M, 1).

Now since the set M N LY (M, 7) is t-dense in L (M, t) from the t-continuity of d it follows

that d(x) = ax — xa for all x € L“(M, 7). The proof is complete. O

The following theorem can be proved in a way similar to the proof of the Theorem 3.7.
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Theorem 3.8. Let M be a von Neumann algebra with a faithful normal semi-finite trace t.
Then any derivation d on L5 (M, t) is spatial, moreover it is implemented by an element of
M+ LY (M, 1), ie.

d(x) =ax —xa, x€L“M,1)
forsomeae M+ LS (M, 7).

Remark 4. For any integer s > 3 put LY(M, 1) = ﬂ;‘;x LP(M, 7). Itis not difficult to show that
the space LY (M, ) is also a complete metrizable locally convex *-algebra, with the topology
generated by the family of norms {|| - || ,} p>s, and LY (M, 7) is an ideal in M + L5 (M, t). More-
over, one can also prove similarly to Theorem 3.7 that any derivation of the algebra L (M, 7) is
spatial and implemented by an element of the algebra M + L5 (M, 7).

Remark 5. In this work we have considered von Neumann algebra with faithful normal semi-
finite traces, i.e. semi-finite von Neumann algebras. In order to consider type III von Neumann
algebras, one has to construct an analogue of Arens algebras associated with a von Neumann
algebra and faithful normal finite weight. To this and one has to find out an appropriate notion of
corresponding L”-spaces among different existing approaches.

Acknowledgments

The second and third named authors would like to acknowledge the hospitality of the Institut
fiir Angewandte Mathematik, Universitidt Bonn (Germany). This work is supported in part by the
DFG 436 USB 113/10/0-1 project (Germany) and the Fundamental Research Foundation of the
Uzbekistan Academy of Sciences. The authors are indebted to the reviewer for useful comments.

References

[1] R.Z. Abdullaev, The dual space for Arens algebra, Uzbek. Math. Zh. 2 (1997) 3-7.
[2] J.P. Antoine, A. Inoue, C. Trapani, Partial *-Algebras and Their Operator Realizations, Kluwer Acad. Publ., Dor-
drecht, 2002.
[3] R. Arens, The space L (0; 1) and convex topological rings, Bull. Amer. Math. Soc. 52 (1946) 931-935.
[4] Sh.A. Ayupov, Derivations in measurable operator algebras, Dokl. Akad. Nauk Resp. Uzbek. 3 (2000) 14-17.
[5] Sh.A. Ayupov, Derivations on unbounded operators algebras, in: Abstracts of the International Conference Opera-
tors Algebras and Quantum Probability, Tashkent, 2005, pp. 38—42.
[6] A.F. Ber, V.I. Chilin, F.A. Sukochev, Derivation in regular commutative algebras, Math. Notes 75 (2004) 418-419.
[7] O. Bratteli, D. Robinson, Operator Algebras and Quantum Statistical Mechanics, vol. 1, Springer-Verlag, Berlin,
1979.
[8] P. Chernoff, Representation, automorphisms and derivations on some operators algebras, J. Funct. Anal. 12 (1973)
275-289.
[9] H.G. Dales, Banach Algebras and Automatic Continuity, Clarendon Press, Oxford, 2000.
[10] R.E. Edwards, Functional Analysis. Theory and Applications, Holt, Rinehart & Winston, New York, 1965.
[11] A. Inoue, On a class of unbounded operators II, Pacific J. Math. 66 (1976) 411-431.
[12] S.G. Krein, Yu.N. Petunin, E.M. Semenov, Interpolation of Linear Operators, Nauka, Moscow, 1978 (in Russian);
English translation: American Math. Soc., Providence, RI, 1982.
[13] A.G. Kusraev, Automorphisms and derivations on a universally complete complex f-algebra, Siberian Math. J. 47
(2006) 77-85.
[14] I. Namioka, E. Asplund, A geometric proof of Ryll-Nardzewski fixed point theorem, Bull. Math. Soc. 67 (1967)
443-445.
[15] J.R. Ringrose, Automatic continuity of derivations of operator algebras, J. London Math. Soc. 5 (1972) 432-438.



302 S. Albeverio et al. / Journal of Functional Analysis 253 (2007) 287-302

[16] S. Sakai, C*-Algebras and W*-Algebras, Springer-Verlag, Berlin, 1971.

[17] S. Sakai, Operator Algebras in Dynamical Systems, Cambridge Univ. Press, Cambridge, 1991.

[18] K. Schmiidgen, Unbounded Operator Algebras and Representation Theory, Akademie Verlag, Berlin, 1990.

[19] I. Segal, A non-commutative extension of abstract integration, Ann. of Math. 57 (1953) 401-457.

[20] N.V. Trunov, A.N. Sherstnev, Introduction to the theory noncommutative integration, J. Soviet Math. 37 (1987)
1504-1591.

[21] B.Z. Vulikh, Introduction in Functional Analysis, second ed., Nauka, Moscow, 1967 (in Russian); English transla-
tion in: Internat. Ser. Monogr. Pure Appl. Math., vol. 32, Pergamon Press, Oxford, 1963.

[22] B.S. Zokirov, Noncommutative Arens algebras, Uzbek. Math. Zh. 1 (1997) 17-24.



