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Abstract

First, we study recollement of a derived category of unbounded complexes of modules induced
by a partial tilting complex. Second, we give equivalent conditions for P* to be a recollement
tilting complex, that is, a tilting complex which induces an equivalence between recollements
{D.sea(A),D(A4),D(ede)} and {Dg/z/5(B),D(B),D(fBf)}, where e, f are idempotents of 4, B,
respectively. In this case, there is an unbounded bimodule complex A7 which induces an equiv-
alence between Dy/4e4(4) and Dpsprp(B). Third, we apply the above to a symmetric algebra A.
We show that a partial tilting complex P° for 4 of length 2 extends to a tilting complex, and
that P* is a tilting complex if and only if the number of indecomposable types of P’ is one
of A. Finally, we show that for an idempotent e of A4, a tilting complex for ede extends to
a recollement tilting complex for 4, and that its standard equivalence induces an equivalence
between Mod 4/4ed and Mod B/B fB.
© 2003 Elsevier B.V. All rights reserved.
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0. Introduction

The notion of recollement of triangulated categories was introduced by Beilinson
et al. in connection with derived categories of sheaves of topological spaces [1]. In
representation theory, Cline et al. applied this notion to finite dimensional algebras over
a field, and introduced the notion of quasi-hereditary algebras [5,15]. In quasi-hereditary
algebras, idempotents of algebras play an important role. In [16], Rickard introduced the
notion of tilting complexes as a generalization of tilting modules. Many constructions
of tilting complexes have a relation to idempotents of algebras (e.g. [14,19,7,8]). We
studied constructions of tilting complexes of term length 2 which has an application to
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symmetric algebras [9]. In the case of algebras of infinite global dimension, we cannot
treat recollement of derived categories of bounded complexes such as one in the case
of quasi-hereditary algebras. In this paper, we study recollement of derived categories
of unbounded complexes of modules for k-projective algebras over a commutative
ring k, and give the conditions that tilting complexes induce equivalences between
recollements induced by idempotents. Moreover, we give some constructions of tilting
complexes over symmetric algebras.

In Section 2, for a k-projective algebra 4 over a commutative ring k, we study a
recollement {4 p,D(4),D(B)} of a derived category D(4) of unbounded complexes
of right 4-modules induced by a partial tilting complex P’, where B = EndD( A)(P').
We show that there exists the triangle & in D(A4°) which induce adjoint functors of
this recollement, and that the triangle &) is isomorphic to a triangle which is con-
structed by a P'-resolution of 4 in the sense of Rickard (Theorem 2.8, Proposition
2.15, Corollary 2.16). In general, this recollement is out of localizations of triangulated
categories which Neeman treated in [13] (Corollary 2.9). Moreover, we study a rec-
ollement {D/4c4(4),D(4),D(ede)} which is induced by an idempotent e of 4 (Propo-
sition 2.17, Corollary 2.19). In Section 3, we study equivalences between recollements
which are induced by idempotents. We give equivalent conditions for P to be a tilting
complex inducing an equivalence between recollements {D 4/44(4), D(4), D(ede)} and
{Dsg/3s8(B),D(B),D(fBf)} (Theorem 3.5). We call this tilting complex a recollement
tilting complex related to an idempotent e. There are many symmetric properties be-
tween algebras 4 and B for a two-sided recollement tilting complex g7, (Corollaries
3.7 and 3.8). Moreover, we have an unbounded bimodule complex 4; € D(B° ® A)
which induces an equivalence between D/4c4(4) and Dgjpp(B). The complex 47 is a
compact object in D 44.4(4), and satisfies properties such as a tilting complex (Propo-
sitions 3.11, 3.13 and 3.14, Corollary 3.12). In Section 4, we study constructions of
tilting complexes for a symmetric algebra 4 over a field. First, we construct a family
of complexes {0, (P,4)},>0 from a partial tilting complex P, and give equivalent
conditions for ©,(P",A4) to be a tilting complex (Definition 4.3, Theorem 4.6, Corollary
4.7). As applications, we show that a partial tilting complex P of length 2 extends
to a tilting complex, and that P is a tilting complex if and only if the number of
indecomposable types of P is one of 4 (Corollaries 4.8 and 4.9). This is a complex
version over symmetric algebras of Bongartz’s result on classical tilting modules [3].
Second, for an idempotent e of A, by the above construction a tilting complex for ede
extends to a recollement tilting complex 7" related to e (Theorem 4.11). This recolle-
ment tilting complex induces that A/4eA is isomorphic to B/BfB as a ring, and that
the standard equivalence R Hom (7", —) induces an equivalence between Mod 4/4eA
and Mod B/BfB (Corollary 4.12). This construction of tilting complexes contains con-
structions obtained by several authors.

1. Basic tools on k-projective algebras

In this section, we recall basic tools of derived functors in the case of k-projective
algebras over a commutative ring k. Throughout this section, we deal only with
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k-projective k-algebras, that is, k-algebras which are projective as k-modules. For a
k-algebra A, we denote by ModA the category of right 4-modules, and denote by
ProjA (resp., projA4) the full additive subcategory of Mod A consisting of projective
(resp., finitely generated projective) modules. For an abelian category .o/ and an addi-
tive category %4, we denote by D(.«7) (resp., D7 (.«7), D™ (<), Db(&/ )) the derived cat-
egory of complexes of .7 (resp., complexes of .o/ with bounded below cohomologies,
complexes of .o/ with bounded above cohomologies, complexes of .o/ with bounded
cohomologies), denote by K(Z) (resp., Kb(ﬂ?)) the homotopy category of complexes
(resp., bounded complexes) of # (see [6] for details). In the case of .o/ =% = Mod 4,
we simply write K*(4) and D*(4) for K*(Mod 4) and D*(Mod 4), respectively. Given
a k-algebra 4 we denote by A° the opposite algebra, and by A° the enveloping algebra
A° ®; A. We denote by Res, : Mod B° ®; 4 — Mod 4 the forgetful functor, and use the
same symbol Res, :D(B° ®; A) — D(A4) for the induced derived functor. Throughout
this paper, we simply write ® for ®y.

In the case of k-projective k-algebras A, B and C, using [4, Chapter IX, Section 2],
we do not need to distinguish the derived functor

Res; o (RHom.): D(4° ® C)° x D(B° ® C) — D(B° @ A) — D(k)
(resp., Res; o (©4):D(4° ® B) x D(B° @ C) — D(4° ® C) — D(k))
with the derived functor
RHomg o ((Resc)° X Rese):D(A° @ C)° x D(B° @ C)
— D(C)° x D(C) — D(k)
(resp., ®% o (Resp x Resge): D(4° @ B) x D(B° @ C)
— D(B) x D(B°) — D(k))

(see [17,2,20] for details). We freely use this fact in this paper. Moreover, we have
the following statements.

Proposition 1.1. Let k be a commutative ring, A,B,C,D k-projective k-algebras. The
following hold.

1. For 4U; €D(A°®B), V€ DB°RC),cW),e€D(C°®D), we have an isomorphism
in D(4° ® D):

(U RV SEW), = U @5V @EW)).

2. For 4UyeDA°®B),pVi-€D(D°®C), W, eD(D°®C), we have an isomorphism
in D(B° ® D):

RHom ) (4Ugz, RHom(pVi, aWi)) = RHomp(pV i, RHom (4 Ug, 4 W ()).
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3. For 4U;€D(A°®B),pV-€D(B°®C),pWs € D(D°®C), we have an isomorphism
in D(D° ® A):
RHom(4U @V, W) = RHomp(sUp, RHome (57, pWe)).
4. For 4U; €D(A°®B),pV-€D(B°®C), 4W-€D(A° ® C), we have an isomorphism
in D(k):
RHom o0 (4 U @5V, aW ) = RHom o p(4 U, RHom (57, 4.
5. For 42Uz €D(4° @ B),3V:€D(B° ® C), ./ W-€D(A° ® C), we have a commutative

diagram:

Hompy 4o ooy (4U @5V aWi) = Hompy ooy (4Up, RHom (V0 aWE)),

w04 o84

Resc Resp

Homp o (U @5V, We) —— Homp, 5, (Up, RHom(sV e, W),

where all horizontal arrows are isomorphisms induced by 3 and 4. Equivalently, we
do not need to distinguish the adjunction arrows induced by V(. (see [11, Chapter
IV, Section 7]).

Definition 1.2. A complex X € D(4) is called a perfect complex if X is isomorphic to
a complex of Kb(projA) in D(4). We denote by D(4)perr the triangulated full subcat-
egory of D(A) consisting of perfect complexes. A bimodule complex X € D(B° ®; 4)
is called a biperfect complex if Res, (X ") € D(A4)perr and if Resgo (X ™) € D(B° )pert-

For an object C of a triangulated category &, C is called a compact object in & if
Homg(C, —) commutes with arbitrary coproducts on Z.

For a complex X = (X',d"), we define the following truncations:
o< X oo X2 L xS Kerd” —0— .-,
oL, X 1 —=0— Cokd" ! — X" 5 xR

The following characterization of perfect complexes is well known (cf. [16]). For the
convenience of the reader, we give a simple proof.

Proposition 1.3. For X' € D(A), the following are equivalent.

1. X is a perfect complex.
2. X' is a compact object in D(4).

Proof. 1 = 2. It is trivial, because we have isomorphisms:

Homp (X", =) 2 R” Hom}; (X, -)

~ HO(— @4 R Hom (X", 4)).
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n—1
2 = 1. According to [2] or [20], there is a complex P':--- — -1 pr
--- € K(Proj4) such that

(a) P =X in D(4),
(b) HomK(A)(P', —) = HomD(A)(P', -).

Consider the complex C: - -- 2 Coka1 % ---, then it is easy to see that C" = the
coproduct [],., Cok d"~'[—n]=the product [],., Cok d"~'[—n], that is the biproduct
D,z Cok d"~'[ — n] of Cokd"~'[ — n]. Since we have isomorphisms in Mod k:

1T Homy ,(P",Cok d"~'[ — n]) = Homy <P', P Coka"'[ - i])

nez nez
= [ [ Hom, (P, Cokd"~'[ — n}),
nez
it is easy to see HomK(A)(P‘,Cok d"~'[ —n]) =0 for all but finitely many n € Z.

Then there are m <n such that P = ¢, 0<,P and a;magnP'GKb(ProjA).
According to Proposition 6.3 of Rickard [16] we complete the proof. [J

Definition 1.4. We call a complex X" € D(4) a partial tilting complex if

(a) X € D(A)perfs
(b) HomD(A)(X',X'[n]) =0 for all n # 0.

Definition 1.5. Let X" € D(4) be a partial tilting complex, and B = EndD( A)(X ).
According to the theorem of Keller [10], there exists a unique bimodule complex
V' eD(B° ®4) up to isomorphism such that

(a) there is an isomorphism ¢ : X" = Res, V" in D(4) such that ¢ f = lz(f)¢ for any
fe EndD(A)(X'), where 3 :B — EndD(A)(V') is the left multiplication morphism.

We call V' the associated bimodule complex of X . In this case, the left multiplication
morphism Ag : B — RHom(V", V") is an isomorphism in D(B°).

Rickard showed that for a tilting complex P in D(4) with B = EndD( A)(P'), there
exists a two-sided tilting complex 7, € D(B° ® 4) [17].

Definition 1.6. A bimodule complex z7; € D(B° ®; A) is called a two-sided tilting
complex provided that

(a) T, is a biperfect complex.
(b) There exists a biperfect complex 47" such that

(b1) T "®LTY = B in D(B°),
(b2) 4TV'@4T; = 4 in D(A°).

We call 47" the inverse of 7).
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Proposition 1.7 (Rickard [17]). For a two-sided tilting complex T, € D(B° ® A), the
Sfollowing hold:

1. We have isomorphisms in D(A° ® B):
4T3 = RHom (T, A)

=~ RHomy(T, B).

2. RHom (T, —) = —®ﬁTV':D*(A) — D*(B) is a triangle equivalence, and has

RHomy(TV',—) = —®§T' :D*(B) — D*(A4) as a quasi-inverse, where x= nothing,
+7 e b

In the case of k-projective k-algebras, by Rickard [17] we have also the following
result (see also Lemma 2.6).

Proposition 1.8. For a bimodule complex T}, the following are equivalent.

1. T, is a two-sided tilting complex.
2. T, satisfies that:
(a) Ty is a biperfect complex,
(b) the right multiplication morphism p4:A — RHomy(T",T") is an isomorphism
in D(4°),
(c) the left multiplication morphism Jg:B — RHom (T",T") is an isomorphism
in D(B%).

2. Recollement and partial tilting complexes

In this section, we study recollements of a derived category D(A4) induced by a partial
tilting complex P, and induced by an idempotent e of A. Throughout this section, all
algebras are k-projective algebras over a commutative ring k.

Definition 2.1. Let &, 2" be triangulated categories, and j*: 2 — 2" a d-functor. If
J* has a fully faithful right (resp., left) adjoint j.: 2" — Z (resp., j: 2" — Z), then
{9,9";j*,j«} (resp., {2,2";j,j*}) is called a localization (resp., colocalization) of
9. Moreover, if j* has a fully faithful right adjoint j, : 2" — 2 and a fully faithful
left adjoint j, : 2" — @, then {2,9"; j,,j*,j.} is called a bilocalization of Z.

For full subcategories % and ¥~ of &, (%,7") is called a stable ¢-structure in &
provided that

(a) % and 7" are stable for translations.

(b) Homgy(%,7")=0.

(c) For every X € &, there exists a triangle U — X — V — UJ[1] with U €% and
Ve

We have the following properties.
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Proposition 2.2 (Beilinson et al. [1], cf. Miyachi [12]). Let (%,7") be a stable t-
structure in a triangulated category 9, and let U — X — V — U[1] and U —
X' — V' — U'[1] be triangles in & with U,U' €U and V,V'€ V. For any mor-
phism X — X', there exist a unique f4:U — U’ and a unique f,:V — V'
which induce a morphism of triangles:

U X V UJ[1]
fu f fr Sall]
U’ X’ 4 U'[1].

In particular, for any X € &, the above U and V are uniquely determined up to
isomorphism.

Proposition 2.3 (Miyachi [12]). The following hold:

L. If {2,2";j*,j.} (resp., {2,2"; j,,j*}) is a localization (resp., a colocalization)
of 9, then (Ker j*,Im j,) (resp., (Im jy,Ker j*)) is a stable t-structure. In this case,
the adjunction arrow 1g — j.j* (resp., jij* — 1g) implies triangles

U—X—jjX — UJ[l]
(resp., jj’X =X =V — X[1])

with U € Ker j*, j.j*X €lmj, (resp., jij*X €lmj,, V €Kerj*) for all X € Z.

2. If {2,2"; )1, j%,j«} is a bilocalization of @, then the canonical embedding i, :
Ker j* — & has a right adjoint i*: % — Ker j* and a left adjoint i* : % — Ker j*
such that {Ker j*, 2, 9";i*,i.,i', j1,j*, j« } is a recollement in the sense of [1].

3. IF {9, 2,9";i*,i., i ji,j* j« } is a recollement, then {2,9"; ), j*,j.} is a bilo-
calization of 9.

Proposition 2.4 (Beilinson et al. [1]). Let {%',%,9";i*,i.,i',ji,j*,j.} be a recolle-
ment, then (Imi,,Im j.) and (Im j,,Imi.) are stable t-structures in . Moreover, the
adjunction arrows o:ii' — 1g, B:lg — j.j*, yijj* — lg, 6:1g — ii* imply
triangles in 9:

niX S xS x XL,

XX X — X
for any X € 9.

By Definition 2.1, we have the following properties.

Corollary 2.5. Under the condition of Proposition 2.4, the following hold for X € 9.

1. i, i'X 2 X (resp., X =2 j,.j*X) in & if and only if oy (resp., Bx) is an isomorphism.
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2. X 2 X (resp., X 2 i, i*X) in & if and only if yx (resp., Ox) is an isomorphism.

For X e Mod C° ® 4, QO € ModB° ® 4, let
TQ(X) X &4 HOl'nA(Q,A) - HOH’IA(Q,X)
be the morphism in Mod C° ® B defined by (x ® f +— (¢ — xf(gq))) for x€ X, g€ O,
f €Homy(Q,A4). We have the following functorial isomorphism of derived functors.

Lemma 2.6. Let k be a commutative ring, A, B, C k-projective k-algebras, gV €
D(B° ® A) with Resy V" € D(A)pers, and V* = RHom(V',A) € D(4° ® B). Then we
have the (0-functorial) isomorphism:

Ty = ®fl V* = RHom,(V',—)
as derived functors D(C° @ A) — D(C° ® B).
Proof. It is easy to see that we have a O-functorial morphism of derived functors
D(C° ®4) — D(C° ® B):

1 — @LV* — RHom(V',—).

Let P € Kb(projA) which has a quasi-isomorphism P° — Res, V. Then we have a
O-functorial isomorphism of J-functors D(C° ® 4) — D(C°)

Pl — ®AHom;,(P',A):>Hom;,(P', —).
Since Resco o 1y = 1p and H'(tp) is an isomorphism, 7, is a d-functorial isomor-
phism. [

Concerning adjoints of the derived functor—@f1 V*:, by direct calculation we have
the following properties.

Lemma 2.7. Let k be a commutative ring, A, B, C k-projective k-algebras, gV, €
D(B° ® A) with Resy V™ € D(A)pers, and 4V = RHom(V',4) € D(4° ® B). Then the
following hold.

1. Ty induces the adjoint isomorphism:
D HomD(CO®B)(—,?®ﬁV*'):>HomD(CO®A)(—®§V',?).

Therefore, we get the morphism 8V:V*‘®§V' — A in D(4°%) (resp., Oy:B —
V‘®ﬁ V* in D(B®)) from the adjunction arrow of A€ D(4°%) (resp., B € D(B%)).

2. In the adjoint isomorphism of 1, the adjunction arrow —@4V* LV — ID(CO®A)

(resp., 1D(C°®B) — f®éV'®ﬁ V**) is isomorphic to *®ﬁ8y (resp., *®IZ‘;19V).
3. In the adjoint isomorphism:

Homp o 11 (— RHomp(V*",2)) = Homp (o (—@5V*,2),



J.-1. Miyachil Journal of Pure and Applied Algebra 183 (2003) 245-273 253

the adjunction arrow 1D(C°®A) — RHomB(V*',—®j V**) (resp., RHomy(V*", —)
®ﬁV*- — 1D(C°®B)) is isomorphic to RHom)(ey,—) (resp., R Homy(Vy, —)).
Let A, B be k-projective algebras over a commutative ring k. For a partial tilting

complex P € D(4) with B = EndD( A)(P'), let gV be the associated bimodule complex
of P'. By Lemma 2.6, we can take

jn=—@5V :D(B) — D(4),

jp = —@LV* = RHom (V',—): D(4) — D(B),

Jjr« = RHomy(V*",—):D(B) — D(4).
By Lemma 2.7, we get the triangle &y in D(4°):

VRV LAY A7) = VR LY.
Let 2#'p be the full subcategory of D(A4) consisting of complexes X  such that
HomD(A)(P‘,X'[i]) =0 for all i Z.

Theorem 2.8. Let A, B be k-projective algebras over a commutative ring k, P € D(A)
a partial tilting complex with B = EndD(A)(P'), and let gV, be the associated bi-
module complex of P'. Take

i =—@54,(V):D(A) — A'p,  jy=—@5V :D(B) — D(4),

iy.=the embedding colon X' p — D(4), jr=— ®ﬁ V* :D(4) — D(B),
il, = RHom [(A(V'),=):D(A) — A#'p, jy.=RHomz(V*, —):D(B) — D(4),
then {A p,D(A),D(B); 15, ivisiys jvisjisjvs
H'p e D(A) 2 D(B)

is a recollement.

Proof. Since it is easy to see that 7, (V" )ody is the left multiplication morphism B —
RHom (V", V"), by the remark of Definition 1.5, ¥y : B — V'®j V** is an isomorphism
in D(B®). By Lemma 2.7, {D(4),D(B); jr1,jy.jv«} is a bilocalization. By Proposition
2.3, there exist i} :D(4) — A'p, iy. = the embedding : #'» — D(A), i}, : D(4) —
A p such that {# p,D(A), D(B); i}, iy, iy, jvisjisjvs} is a recollement. For X~ € D(4),
by Lemma 2.7, X'®ﬁsV is isomorphic to the adjunction arrow jyij;(X) — X'.
Then X ‘®jr/V is isomorphic to the adjunction arrow X — ip.ij(X ), and hence

we can take i} = —®ﬁA;1(V') by Propositions 2.2 and 2.4. Similarly, we can take
it, = RHom(4,(V"),—). O

In general, the above 4,(V ") and 4,(e) in Proposition 2.17 are unbounded com-
plexes. Then, by the following corollary we have unbounded complexes which are
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compact objects in ' p and in Dy/ea(A). This shows that recollements of Theorem
2.8 and Proposition 2.17 are out of localizations of triangulated categories which Nee-
man treated in [13].

Corollary 2.9. Under the condition Theorem 2.8, the following hold:

1. A p is closed under coproducts in D(A).
2. For any X € D(A)pert, X'®ﬁAg(V') is a compact object in A p.

Proof. 1. Since P is a compact object in D(A), it is trivial.
2. Since we have an isomorphism:

HomD(A)(i’;X', Y)= HomD(A)(X', Y)

for any Y € 4 p, we have the statement. [

Corollary 2.10. Let A, B be k-projective algebras over a commutative ring k, P €
D(A) a partial tilting complex with B = EndD(A)(P'), and let gV, be the associated
bimodule complex of P'. Then the following hold.

L A,(V) 22 A, (V)REA,(V") in D(A).
2. RHom(4;,(V"), 4,(V')) = 4,(V") in D(4°).

Proof. Since A,(V)®LV*[n] & jiip.it(A[n]) =0 for all n,A4,(V)@kn, is an iso-
morphism in D(4°). Similarly, since
RHom,(V* @5V, A,(V"))[n] = R Homy(V*", A, (V" )@4V*)[n]
=0
for all n, RHom/(yy,4,(V ")) is an isomorphism in D(4°). O

Lemma 2.11. Let & be a triangulated category with coproducts. Then the following
hold:

1. For morphisms of triangles in 2 (n = 1):
L, M, N Ly[1]

Ln+1 Mn+1 Nn+1 Ln+1[1]s

there exists a triangle [[L, — [[L, — L — [[L.[1] such that we have the
following triangle in 2:

L — hocolim M,, — hocolimN,, — L[1].
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2. For a family of triangles in :C, — X,—1 — X, — C,[1] (n = 1), with Xy = X,
there exists a family of triangles in <:
Gl-1—-Y1 =Y, —>C, (n=1)
with Yy =0, such that we have the following triangle in &:
Y —-X— hocglian — Y[1],

where [1Y, — [ Y, — Y — [{ Yu[1] is a triangle in 2.
Proof. 1. By the assumption, we have a commutative diagram:

HLn I HMz — HNn — ]:[Ln[l]

1 —shift 1 —shift

HLn - HMn - HNn - HLn[l]

According to Beilinson [1, Proposition 1.1.11], we have the statement.
2. By the octahedral axiom, we have a commutative diagram:

Cc, ——— C,
Yy — X ' X, | >Y,1[1]
I
Y, X y X, Yl1]
Gl =——=G,[1],

where all lines are triangles in &. By 1, we have the statement. [

For an object M in an additive category %, we denote by Add M (resp., add M)
the full subcategory of # consisting of objects which are isomorphic to summands of
coproducts (resp., finite coproducts) of copies of M.

Definition 2.12. Let 4 be a k-projective algebra over a commutative ring k, and P €
D(4) a partial tilting complex. For X € D™ (4), there exists an integer » such that
HomD(A)(P',X'[r +i])=0 for all i > 0. Let X; =X . For n > 1, by induction we
construct a triangle:
Pyln—r 11X, X, — Pyln—r]

as follows. If HomD(A)(P',Xn;l[r —n+1]) =0, then we set P, = 0. Otherwise, we
take P, € Add P* and a morphism g¢,: P, — X,_,[r —n+ 1] such that HomD(A)(P',g,’q)
is an epimorphism, and let g, = g},[n — r — 1]. By Lemma 2.11, we have triangles:

Pn—r-21—Y,  —Y,—PJn—r—1]
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and Y;=0. Then we define V__(P',X ) and 4, (P, X ) to be the complex ¥ of Lemma
2.11 (2) and hocolim X, respectively. Moreover, we have a triangle:

Vo (P, X)=X — A (P,.X)—= V_(P,X)[1]

Lemma 2.13. Let A, B be k-projective algebras over a commutative ring k, P € D(A)
a partial tilting complex with B = EndD( A)(P' ), and gV the associated bimodule

complex of P. For X" € D™ (A4), we have an isomorphism of triangles in D(A):
JripX —— X —— iy dp X ——— jrjp X 1]

Lol }

VP, X )—X—A4 (P, X )—V (P, X)[1].

Proof. By the construction, we have Homp A)(P',A;DO(P',X')[i]) =0 for all 7, and
then 4. (P,X )€lmiy, (see Lemma 4.5). Since jy, is fully faithful and P € Im jj,
it is easy to see Y, €Imjp). Then V_ (P ,X )€ Imjy,, because jy1 commutes with
coproducts. By Proposition 2.2, we complete the proof. [J

Definition 2.14. Let 4 be a k-projective algebra over a commutative ring k, and P €
D(4) a partial tilting complex. Given X € D(4), for n > 0, we have a triangle:

VP00, X' ) =m0 X — A (P,0<, X ) = V (P,0<:X )]

According to Lemma 2.13 and Proposition 2.2, for n = 0 we have a morphism of
triangles:

VP06, X)) = 00X — A (P,0,X7) = V(P,0<,X)[1],
V(P ,0<ni1X') = 0<up1 X — A (P,0<p1X ) = V(P01 X )]

Then we define V_ (P,X ") and 4. (P,X") to be the complex L of Lemma 2.11 (1)
and hocolim 4, _(P',0<,X "), respectively. Moreover, we have a triangle:

Vo (P,X)—=X — A (P,X)— V(P,X )],

because X* = hocolim o,X .

—

Proposition 2.15. Let A, B be k-projective algebras over a commutative ring k, P €
D(4) a partial tilting complex with B = EndD( A)(P' ), and gV the associated bimodule
complex of P'. For X' € D(4), we have an isomorphism of triangles in D(A):
JrijpX—— X —— iy iy X ——— iy X [1]
2 t 2

Vo (P, X )—oX—A (P, X )—V (P, X )]
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Proof. By Lemma 2.13, V__(P,0<,X )€Imjy, and 4. (P ,0<,X )€ Imiy,. Since
P is a perfect complex, HomD( A)(P',—) commutes with coproducts. Then we have
A (P,X )€elmiy,. We have also V_(P,X")€Imy,, because jy, is fully faithful
and commutes with coproducts. By Proposition 2.2, we complete the proof. [

Corollary 2.16. Let A, B be k-projective algebras over a commutative ring k, P* €
D(A) a partial tilting complex with B = EndD(A)(P' ), and gV the associated bimodule
complex of P'. For X € D(4), we have isomorphisms in D(A):

X @LV* ey 2 v, (PLX),
X @A,V )= A (PLX).
Proof. By Theorem 2.8 and Proposition 2.15, we complete the proof. [

For an idempotent e of a ring 4, by Homy(e4,4) = Ae, we have

Jir = —®eseed : D(ede) — D(4),
Jji=—®4 e = Homy(ed, —): D(4) — D(ede),
J9« = RHom,, (4e,—):D(ede) — D(4).
And we also get the triangle &, in D(A4°):
Ae @, ed 25 41 A,(e) — de®E ed[l].

Throughout this paper, we identify Mod 4/4ed with the full subcategory of Mod 4
consisting of 4-modules M such that Hom(e4, M )=0. We denote by D ,.4(4) the full
subcategory of D*(4) consisting of complexes whose cohomologies are in Mod A/4eA,
where *= nothing, +, —,b. According to Theorem 2.8, we have the following.

Proposition 2.17. Let A be a k-projective algebra over a commutative ring k, e an
idempotent of A, and let

i = —@%44,(e):D(A) = Dygea(d),  jé = —@L,.ed:D(ede) — D(A),

i, = the embedding : D 44e4(A) — D(A4), ji" =— ®44e:D(4) — D(ede),
i4 = RHom (4,(e), —): D(4) — Dye4(A4),

Jj%. = RHom,, (de,—):D(ede) — D(A).

Then {D4404(A),D(4),D(ede); i, 14,14, j5, 75 J4. } is a recollement.

Remark 2.18. According to Proposition 1.1 and Lemma 2.7, it is easy to see that
{D¢og4/4ea(C° @ A4),D(C° ® A4),D(C° ® ede); ij*,ij*,ijl,jj!,jj*,jj*} is also a recolle-
ment for any k-projective k-algebra C.
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Corollary 2.19. Let A be a k-projective algebra over a commutative ring k, and e an
idempotent of A, then the following hold:

1. A (e)@5A () = A(e) in D(A°).

2. RHom (4 ,(e), 4(e)) = A (e) in D(A°).

3. We have the following isomorphisms in Mod A°:
Afded = Endp , (4;(e)) = H(4(e)).

Moreover, the first isomorphism is a ring isomorphism.

Proof. 1 and 2. By Corollary 2.10.
3. Applying HomD(A)(—,A;l(e)) to &, we have an isomorphism in Mod 4°:

Hompy,, (4;(e). 43(e)) = Hompy , (4. 4;(e)),

because HomD(A)(Ae®§AeeA,A;l(e)[n]) = Homp, (575 (4), 14,15 (A)[n]) = 0 for all
n € Z by Proposition 2.3, 1. Applying HomD( A)(A, —) to &,, we have an isomorphism
between exact sequences in Mod A°:

HomD(A)(A,Ae@@gAeeA) — Hompy,,(4,4) — Homp , (4, 4;(e)) — 0,

¢ ¢ ¢

Ae Q4. €4 A A/AeA ———— 0.

Consider the inverse of HomD(A)(A;,(e), A;,(e))lHomD(A)(A, 4,(e)), then it is easy
to see.that HomD(A)(A,A) — HomD(A)(A, 4,(e)) — HomD(A)(Az'q(e), A,(e)) is a ring
morphism. [

Remark 2.20. It is not hard to see that the above triangle £, also play the same role
in the left module version of Corollary 2.19. Then we have also

1. RHom.(4,(e), 4 (e)) = A ,(e) in D(A4°).
2. We have a ring isomorphism (4/4eA)° = EndD(AO)(AA(e)).

3. Equivalences between recollements

In this section, we study triangle equivalences between recollements induced by
idempotents.

Definition 3.1. Let {Z,, 2”; jus»ji} (tesp., {Zu, ZY; jnsjisjne}) be a colocalization
(resp., a bilocalization) of &, (n=1,2). If there are triangle equivalences F': %, —
D>, F":2] — 2 such that all squares are commutative up to (J-functorial)
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isomorphism in the diagram:

Ds——= 9! D —— 2/
Fl J’ " (resp., Fl JF”),
D &—= Y D —— D5

then we say that a colocalization {Z,2Y; ju.,ji} (resp., a bilocalization {Z,,2Y;
J1sJ1,j1+}) is triangle equivalent to a colocalization {Z, 2%; jus,j5 } (resp., a bilocal-
ization
{92393/;]-71!,];’]2*})'

For recollements { %!, D, D5 1%, inwyinsjntsji>jus b (n = 1,2), if there are triangle
equivalences F': 2| — 2%, F: 2\ — 2, F": 2 — % such that all squares are
commutative up to (0-functorial) isomorphism in the diagram:

’

D 7 > 9 74

SN

i
@2/ ’g2\ ,@g,

then we say that a recollement {2, %1, 2/, i}, i1, 1}, j11,j;, 1+ } is triangle equivalent
to a recollement {2}, %, D45 i3, 12k, i, jo1, ja s jax }-

We simply write a localization {Z, 2"}, etc. for a localization {2, 2";j*,j.}, etc.
when we do not confuse them. Parshall and Scott showed the following.

Proposition 3.2 (Parshall and Scott [15]). Let {2}, Z,, 2!/} be recollements (n=1,2).
If triangle equivalences F:2, — 9,, F": 2| — DY induce that a bilocalization
{21,27} is triangle equivalent to a bilocalization {2, 2%}, then there exists a unique
triangle equivalence F': 9\ — 9% up to isomorphism such that F',F,F" induce that
a recollement {21,%,,21} is triangle equivalent to a recollement {Z%, %,, 9% }.

Lemma 3.3. Let A be a k-projective algebra over a commutative ring k, and e an
idempotent of A. For X' € D(A)perr, the following are equivalent.

1. X =~ P in D(4) for some P € K°(add ed).
2. JJS X)) =X in D(A).
3. yx is an isomorphism, where y: j$,j5" — lD( 4 is the adjunction arrow.

Proof. 1 = 2. Since j,j{"(P) =2 P in Mod 4 for any P € adde4, it is trivial.
2 < 3. By Corollary 2.5.
3 = 1. Let {¥; }ic; be a family of complexes of D(4). By Proposition 1.3, we have
isomorphisms:
[T Homp ey (57X, 57 (¥)) 2= [ [ Hompy (/" (X ), Y1)
icl i€l
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= H HOH]D(A)(X', Yz)
icl

o HomD(A) (X’H Y,)

iel

= Homp ,, (jfl!jfl* X)), H Yi)

iel

o HomD(gAe) (jﬁ*(X'),jj* <H Yz))

icl
> Hompy (jz*(Xo, sz*m)) .
iel

Since any complex Z' of D(ede) is isomorphic to j§*(Y") for some Y € D(4), by
Proposition 1.3 the above isomorphisms imply that j§*(X ") is a perfect complex of
D(ede). Therefore, j§,j5 (X ") is isomorphic to P for some P’ € Kb(add ed). [

Lemma 3.4. Let A, B be k-projective algebras over a commutative ring k, and e, f
idempotents of A, B, respectively. For X ,Y € D(B° ® 4), we have an isomorphism
in D((fBf)°):

JfB®p RHom(X',Y")®z Bf = RHom(f X', fY").
Proof. First, by Proposition 1.1, 2, we have isomorphisms in D((fBf)° ® B):
fB®pg RHom (X ,Y" )= Homp(Bf,RHom (X ,Y"))
= RHom (X ,Homp(Bf,Y"))
= RHom (X', fY").
Then we have isomorphisms in D((fBf)°):
fB®p RHom (X',Y')®p Bf =2 RHom (X', fY )@ Bf
= Homp(fB, RHom (X, fY"))
= RHom,(fX', fY"). 0

Theorem 3.5. Let A,B be k-projective algebras over a commutative ring k, and e, [
idempotents of A, B, respectively. Then the following are equivalent.

1. The colocalization {D(4),D(ede); j5,,j5} is triangle equivalent to the colocaliza-
tion {D(B),D(/BS); jhsJ4 "}
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2. There is a tilting complex P € Kb(projA) such that P = P; & P, in K®(proj4)
satisfying:
(a) B= EndD(A)(P‘),
(b) under the isomorphism of (a), f €B corresponds to the canonical morphism

P —P —F GEndD(A)(P'),

(c) P e K®(add ed), and JS$E(Py) is a tilting complex for eAe.

3. The recollement {D 4/404(4),D(A4),D(ede)} is triangle equivalent to the recollement
{Ds/5r5(B),D(B),D(fBf)}.

Proof. 1 = 2. Let G:D(B) — D(4), G” :D(fBf) — D(ede) be triangle equivalences
such that
D(B)<—= D(/B/f)
G GI/
D(4) &——= D(ede)

is commutative up to isomorphism. Then G(B) and G”(fBf) are tilting complexes
for A and for ede with B = EndD(A)(G(B)), fBf = EndD(eAe)(G”(B)), respectively.
Considering G(B) = G(fB) & G((1 — f)B), by the above commutativity, we have
isomorphisms:

G(/B)= Gjf(fBf)
= jaG"(fBf)
= juG"j3" (/B)
= jaii G(/B),
J§G(fB)= G j3 (fB)
=G"(fBf).
By Lemma 3.3, G(fB) is isomorphic to a complex of Kb(add ed), and j{*G(fB) is a
tilting complex for eAe.
2 = 3. Let pT; be a two-sided tilting complex which is induced by P;. By the
assumption, Res,(f77) = P; in D(4). By Lemma 3.3, y,7:/%,/5(fT )= fT" is an

isomorphism in D(4). By Remark 2.18, Proposition 1.1 and 5, we have fT 'e®§AeeA =
fT in D((fBf)° ®A). By Proposition 1.8 and Lemma 3.4, we have isomorphisms in

DSBS
fBf = RHom,(fT", fT")

=~ RHom),(fT e®L, ed, T ek, ed)

~ RHom(fT e, fT et ede)
= RHom,, (fTe, fT e).
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By taking cohomology, we have

fBf =Homp,,,(fT"e, fT e).
By the assumption, f7T e = j§"(fT") £ j{"(P;) is a tilting complex for ede. Since it
is easy to see the above isomorphism is induced by the left multiplication, by Rickard

[17, Lemma 3.2] and Keller [10, Theorem], fT e is a two-sided tilting complex in
D((fBf)° ®ede). Let

F=RHom/(T",—):D(B°® A4) — D(B° ® B),
F"” = RHom,,,(fT e,—):D(B° ® ede) — D(B° @ fBf),
G=-®5T :D(B° ®B) — D(B° ® A),
G" =—®%p, [T e:D(B° @ ede) — D(B° @ [Bf).
Using the same symbols, consider a triangle equivalence between colocalizations

{D(B° ®A4),D(B° ®ede); j4,j5} and {D(B° ® B), D(B° ®fo);j£!,j£*}. And we use
the same symbols

F=RHom)(T",—):D(4) — D(B),
F" = RHom,,,(fT e,—):D(ede) — D(fBf),
G=-@5T :D(B) — D(4), G"=-&hy, fTe:D(ede) — D(fBf).

For any X" € D(B°®4) (resp., X' € D(4)), by Proposition 1.1, 3, we have isomorphisms
in D(B° ® fBf) (resp., D(fBS)):

Jj4"F(X")2 RHomp( /B, R Hom ((T",X "))
= RHom (fT,X")
= RHom(j4,/5 (fT").X")
=~ RHom,,,(j5(fT"),j5 (X))
& F (X,

Since G, G” are quasi-inverses of F, F", respectively, for Be D(B° ® B) we have
isomorphisms in D(B° ® ede):

T'e=ji G(B)
>~ G"j}"(B)

= Bf @y [T e.
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Therefore, for any Y™ € D(ede), we have isomorphisms in D(B):
J8F"(Y') 2 R Hom’, (B, R Hom, (/T e.Y "))
> RHomy(Bf @y, fT e,Y")
= RHomy(T'e,Y")
= RHomp(j5(T),Y")
= RHomp(T", j5.(Y"))
= Fja.(Y).
For any Z" € D(fBf"), we have isomorphisms in D(A4):
JjnG"(Z)= Z'®§'BffT'e®£AeeA
= Z @y [T
=7 @Yy [BRp T
=~ G"jh(Z).

Since F, F” are quasi-inverses of G, G”, respectively, we have j},F" = Fj4. By
Proposition 3.2, we have the statement.
3= 1.1Itis trivial. O

Definition 3.6. Let 4 be a k-projective algebra over a commutative ring k, and e
an idempotent of 4. We call a tilting complex P' € K®(projA) a recollement tilting
complex related to an idempotent e of A if P satisfies the condition of Theorem 3.5
and 2. In this case, we call an idempotent f € B an idempotent corresponding to e.

We see the following symmetric properties of a two-sided tilting complex which is
induced by a recollement tilting complex. We will call the following two-sided tilting
complex a two-sided recollement tilting complex gT related to idempotents e € A and
feB.

Corollary 3.7. Let A,B be k-projective algebras over a commutative ring k, and e, f
idempotents of A, B, respectively. Let gT; be a two-sided tilting complex such that

(a) fTeeD((fBf)° ®ede) is a two-sided tilting complex and
(b) fTe®L,,ed= fT in D((fBf)° @ A).

Then the following hold:

1. Bf®§-3f»fT'e >~ Te in D(B° ® ede).
2. eTV [ is the inverse of fT e, where TV is the inverse of T'.
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3. de@t, eTV f =TV f in D(4° @ fBf).
4. eT" f@hy fB = eT"" in D((ede)® @ B).

Proof. Here we use the same symbols in the proof 2 = 3 of Theorem 3.5. It is
easy to see that F and F” induce a triangle equivalence between _bilocali_zations
{D(B° ® 4),D(B° @ ede); j4,. /5", /4, } and {D(B° @ B),D(B° ®fo)'j§.,jB*,jB*} By
the proof of Theorem 3.5, we get the statement 1, and jg*F &~ Fjex, ]B,F" = Fj,
and jg*F” Fj4,. Then we have isomorphisms ]f FjS, = F"j9j% = F”. Since
—®5Tl}/‘ =~ F, we have isomorphisms e7" f = RHom,,,(fT e,ede) in D((ede)® ®
fBf), and —®E, eTV" f = F". This means that eTV'f is the inverse of a two-sided

ede
tilting complex fT e. Similarly, j-l’;*F ~ F"je* and ]B,F " = Fj4, imply the statements
3 and 4, respectively. [J

Corollary 3.8. Let A,B be k-projective algebras over a commutative ring k, and e, f
idempotents of A, B, respectively. For a two-sided recollement tilting complex T

related to idempotents e, f, we have an isomorphism between triangles T ®A ¢, and
f/@BT in D(B° ® 4):

. L . L
T e®eAeeA —T—T @ 4,(e) —> T"e®y.eA[1]

N .

Bf® sy fT——T——Ay(f)QpT—Bf @5, fT'[1].

Proof. According to Proposition 3.2, for the triangle equivalence between colocaliza-
tions in the proof of Corollary 3.7 there exists ' : Dgogp/p8(B°®B) — Dpogajaea(B°®
A) such that the recollement

o o o . . NER
{Dacinsp(B° © B).D(B° © B).D(B° ® B ):if " ihsif's iy 74" b}
is triangle equivalent to the recollement

{DB°®A/AeA(BO ®A)7 D(Bo ®A)a D(Bo eAe) li*>lj*>iA aJA"]A 7]A*}

By Proposition 1.1, Lemma 2.7, the triangle T '®ﬁ£e is isomorphic to the following
triangle in D(B° ® 4):
Jadi (T) = T — g iy (T") — jajq (THI1].

On the other hand, the triangle ¢ f®§T " is isomorphic to the following triangle in
D(B° ® 4):

Fjhin*(B) — F(B) — Fi}, i} (B) — Fijjs (B)[1].

Since F(B) = T, Fjljh*(B) = j5,F" j4" (B) = j4,j5 F(B), Fi},il*(B) = i, F'i}* (B) =
9,0 F(B), by Proposition 2.2, we complete the proof. []
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Corollary 3.9. Let A,B be k-projective algebras over a commutative ring k, and e, f
idempotents of A, B, respectively. For a two-sided recollement tilting complex pT
related to idempotents e, f, the following hold:

L. T'®54,(e) = Ap(f)RET in D(B° @ A).
2. A(e)RETV = TV-@kAy(f) in D(A° @ B).

Proof. 1. By Corollary 3.8.
2. We have isomorphisms in D(4° ® B):

A ()RETY 2TV QLT QLA ()R5T
=~ TV Qh AT QLT
=TV @pdp(f). O

Definition 3.10. Let A, B be k-projective algebras over a commutative ring &, and e, f
idempotents of 4, B, respectively. For a two-sided recollement tilting complex 3T
related to idempotents e, f, we define

Ap =T @ A,(e)ED(B° @A), A} =A,(e)@5TY € D(4° ® B).

Proposition 3.11. Let A,B be k-projective algebras over a commutative ring k, and
e, [ idempotents of A, B, respectively. For a two-sided recollement tilting complex
pT; related to idempotents e, f, let

F' = RHom (47, ) Dasea(4) — Dppsp(B),

F =RHom/(T",—):D(4) — D(B),

F" = RHom,,,(fT e,—):D(ede) — D(fBf).
Then the following hold.

1. We have an isomorphism F' = —®jA\T/'.

2. A quasi-inverse G' of F' is isomorphic to RHomy(AY",—) 2 —@kA;.
3. F', F, F" induce that the recollement {D4/40,4(A4),D(4),D(ede)} is triangle equiv-
alent to the recollement {Dpp/(B),D(B),D(fBf)}.

Proof. According to Proposition 3.2, F’ exists and satisfies F’ = ig*Fij* & ié‘!Fif,*.
By Proposition 2.17, we have isomorphisms

i} Fi%, = RHom (T", —)@5A5(f)

> LTV @5 45(f),
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i} Fi4, = RHomy(Ap( /), R Hom'(T", )
= R Hom), (43(/)@4T", ~).
Let G = RHomy(T"",—). Since G’ = i%" Gig* = Gilf;*, we have isomorphisms
i Gi},, = RHomy(T"", —)®%4 4 (e)
= —@pT @545 (e),
i Gi, =~ RHom/(4,(e), RHomjy(T"", —))
~ R Homjy(4,(e)@5TY", ).
By Corollary 3.9, we complete the proof. [

Corollary 3.12. Under the condition of Proposition 3.11, the following hold:

1. ResyA4; is a compact object in Dy/y04(A).

2. Resgo Ay is a compact object in Dgprpye(B°).

3. RHom (4;,—): DZ/AQA(A)g Dp/prp(B) is a triangle equivalence, where = noth-
ing, +,—,b.

Proof. 1 and 2. By Corollary 2.9, it is trivial.
3. Since for any X~ € D/4e4(4) we have isomorphisms in Dg/z/p(B):

F'(X')= R Hom',(4,,X")
= RHom (T" @4 4,,(e),X")
= RHom(T', RHom)(4,(e),X"))
= RHom (T, X"),
we have ImF’|D:/AEA(A) C Dj/5/5(B), where = nothing, +, —,b. Let G'=R Homp(4y",

—), then we have also Im G’|D;m(3) C DJ/4ea(4), where x= nothing, +, —,b. Since
G’ is a quasi-inverse of F’, we complete the proof. [J

Proposition 3.13. Let A,B be k-projective algebras over a commutative ring k, and
e, [ idempotents of A, B, respectively. For a two-sided recollement tilting complex
pT; related to idempotents e, f, the following hold:

1. RHom', (A7, A7) & A7 @LAY = Ay(f) in D(BC).

2. RHomjo(Ay, A7) = AY @54 = A(e) in D(AC).

3. We have a ring isomorphism Endp , (47) = B/BfB.

4. We have a ring isomorphism EndD(BO)(A'T) > (A/AeA)°.
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Proof. 1. By Corollaries 2.19, 3.9, Proposition 3.11, we have isomorphisms in D(B°):
R Hom), (47, A7) = AphAY
= Ay()@HT DTV @5 A5(f)
= A3(/)@5A5(f)
= A5(1)
2. By Remark 2.20, Corollary 2.19, we have isomorphisms in D(A4°):
RHomj, (A7, A7) = RHomjo (T @44 (e), T" 24 4’ (e))
=~ R Hom’. (4,(e), R Homo (T, T'®54;(e)))
=~ RHom’,(4,(e), 4,(e))

=4(e)
and have isomorphisms in D(A4°):

A @5 A7 = A ()R4TY @FT @4y (e)
= Ay(e)@54;(e)
= A,(e).
3. By Corollaries 2.19 and 3.9, we have ring isomorphisms:

Endp (A7) = Endpy 5 (47@5TY")
= Endpy g (45(/)RFT @4TY)
~ Endp,, (45(/))

~B/BfB.

4. By taking cohomology of the isomorphism of 2, we have the statement by Remark
220. O

We give some tilting complexes satisfying the following proposition in Section 4.
Proposition 3.14. Let A, B be k-projective algebras over a commutative ring k, e an
idempotent of A, P* a recollement tilting complex related to e, and B = EndD(A)(P').
If P@LA,(e) = A,(e) in D(A), then the following hold.

1. A/AeA = B/BfB as a ring, where f is an idempotent of B corresponding to e.
2. The standard equivalence RHom(T",—):D(4) — D(B) induces an equivalence

R® Hom(T", —)IMod tes : Mod 4/ded — Mod B/Bf B, where pT} is the associated
two-sided tilting complex of P.
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Proof. 1. By the assumption, we have an isomorphism Res 47 = Resy4,(e) in D(4).
By Corollary 2.19, Proposition 3.13, we have the statement.

2. Let DY, .,(4) (resp., D}z/5(B)) be the full subcategory of Dyes(4) (resp.,
Dgsrp(B)) consisting of complexes X with H(X") =0 for i # 0. This category is
equivalent to Mod A/4eA (resp., Mod B/BfB). By Corollary 3.9, we have isomorphisms
in D(B):

AV = Ay(e)RhTY
=~ T REA()RETY
= Ay(f)@HT Q5T
= Ap(f)-
Define
F'= RHom (A7, —):Dyjuea(A) — Dppra(B),
G’ = RHom (4}, —): Dpprp(B) — Dajsea(4),

then they induce an equivalence between D 4404(A4) and Dg/p5(B), by Proposition 3.11.
For any X € Mod A/4eA, we have isomorphisms in D(k):

ResRHom;(47,X ) = Res,RHom (4 (e), X )
=X

This means that Im F”[\1o 44,4 is contained in D%/BfB(B). Similarly since we have
isomorphisms in D(k):

Res; R Homy(A}",Y) =2 Res; R Homj(A5(f),Y)
>y,
for any ¥ € Mod B/BfB, Im G'|\jod g5 1S contained in Dg/AeA(A). Therefore F’ and

G’ induce an equivalence between D J4e4(A) and Dg/BfB(B). Since we have isomor-
phisms in D(B):

RHom ((T",X)= RHom (T",i5,.(X))
=~ i/ RHom(4;,X)

for any X € Mod 4/4eA, we complete the proof. [

4. Tilting complexes over symmetric algebras

Throughout this section, 4 is a finite dimensional algebra over a field £, and D =
Homy(—,k). A is called a symmetric k-algebra if 4 =2 DA as A-bimodules. In the case
of symmetric algebras, the following basic property has been seen in [18].
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Lemma 4.1. Let A be a symmetric algebra over a field k, and P € Kb(projA). For a
bounded complex X of finitely generated right A-modules, we have an isomorphism:

Hom (P, X ) =2 DHom, (X ,P").
In particular we have an isomorphism:

HomK(A)(P',X'[n]) = DHomK(A)(X"P'[ —n])
for any ne Z.

Definition 4.2. For a complex X', we denote /(X")=max{n|H"(X") # 0} — min{n|
H"(X") # 0} + 1. We call I(X") the length of a complex X".

We redefine precisely Definition 2.12 for constructing tilting complexes.

Definition 4.3. Let 4 be a finite dimensional algebra over a field k£, M a finitely
generated A-module, and P : P~ — ... — P71 - PS¢ Kb(projA) a partial tilting
complex of length » + 1. For an integer n > 0, by induction, we construct a family
{4,(P",M)},>0 of complexes as follows.

Let Ay(P',M)=M. For n > 1, by induction we construct a triangle {,(P",M):

Piln+s—r—154_ (P M) AP M) — Pln+s—r]

as follows. If HomK(A)(P‘, A4, (P, M)[r—s—n+1])=0, then we set P, =0. Otherwise,
we take P, € addP" and a morphism ¢, : P, — 4, (P ,M)[r —s —n+ 1] such that

HomK(A)(P',gj,) is a projective cover as Endp , (P')-modules, and g, =g, [n+s—r—1].
Moreover, A4, (P',M)=hocolim4;(P',M) and O@,(P',M)=4,(P,M)®P[n+s—r].

By the construction, we have the following properties.
Lemma 4.4. For {A,(P",M)},>0, we have isomorphisms:
H (AP M) 2 H " (4, (PLM)
for all i >0 and oo = j = 0.
Lemma 4.5. For {A4,(P",M)},>0 and co =n > r, we have
HomD(A)(P', A4, (P,M)[i])=0
foralli#r—n—s.
Proof. Applying HomD(A)(P', —)to {y(P,M) (n>1), in case of 0 < n < r we have

Homp, (P"[s], 4,(P", M)[i]) = 0
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for i >r —n or i <0. Then in case of n > r we have
HomD(A)(P', A4,(P,M)[i])=0
fori#r—n—s. O

Theorem 4.6. Let A be a symmetric algebra over a field k, and P € K*(proj4) a
partial tilting complex of length r + 1. Then the following are equivalent:

1. H(4,(P",4)) =0 for all i > 0.
2. O,(P,A) is a tilting complex for any n > r.

Proof. According to the construction of 4,(P",A4), it is clear that ©@,(P",4) generates
Kb(projA). By Lemmas 4.1 and 4.5, it is easy to see that @, (P",4) is a tilting complex
for 4 if and only if HomD(A)(A;,(P‘,A),A,‘,(P‘,A)[i]):0 for all i > 0. By Lemma 4.4,
we have

H'(4,(P,4)) = H'(4,(P",4))
= Hompy (4, 4,(P", A)[i])
for all i > 0. For j < n, applying HomD(A)(—,A;,(P',A)) to {;(P,A4), we have
HomD(A)(Aji(P',A), A4,(P L A)i]) = HomD(A)(Aji,l(P',A),A,;(P',A)[i])

for all i > 0, because HomD(A)(P'[j+s—r—1],A;,(P',A)[i]):0 for all i > 0. Therefore
HomD(A)(A,A;,(P',A)[i]) =0 for all i > 0 if and only if HomD(A)(A;,(P',A),A;,(P',
A)Ji])=0foralli>0. O

Corollary 4.7. Let A be a symmetric algebra over a field k, P € K®(projA) a partial
tilting complex of length r + 1, and V" the associated bimodule complex of P'. Then
the following are equivalent:

1. Hi(A, (V")) =0 for all i > 0.
2. O©,(P,A) is a tilting complex for any n > r.

Proof. According to Corollary 2.16, we have A, (V') = A (P,4) in D(4). Since
Hi(A (P,4)) = H/(4.(P,A)) for i > 0, we complete the proof by Theorem 4.6. [

In the case of symmetric algebras, we have a complex version of extensions of
classical partial tilting modules which was showed by Bongartz [3].

Corollary 4.8. Let A be a symmetric algebra over a field k, and P € K®(proj4) a
partial tilting complex of length 2. Then ©,(P,A) is a tilting complex for any n > 1.

Proof. By the construction, 4%(P,4) =0 for i > 0. According to Theorem 4.6 we
complete the proof. [

For an object M in an additive category, we denote by n(M) the number of inde-
composable types in add M.
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Corollary 4.9. Let A be a symmetric algebra over a field k, and P € K°(proj4) a
partial tilting complex of length 2. Then the following are equivalent:

1. P is a tilting complex for A.
2. n(P)=n(A).

Proof. We may assume P :P~! — P° Since ©;(P',4)=P & 4,(P,4), by Corollary
4.8, we have n(4) =n(O@ (P ,4))=n(P )+ m for some m = 0. It is easy to see that
m =0 if and only if add @;(P,4)=addP". [

Lemma 4.10. Let H:ID(eAe) — j{ 7S be the adjunction arrow, and let X € D(ede)
and Y € D(A). For h eHomD(A)(jj,(X'), V), let @(h)=j5 (h)o0Ox, then ®: HomD(A)
(4 (X)), Y‘)lHomD(A)(X',jj*Y') is an isomorphism as EndD(A)(X')-modules,

Theorem 4.11. Let A be a symmetric algebra over a field k, e an idempotent of
A, O €K’(projede) a tilting complex for ede, and P = ju(0)e K°(proj4) with
I(PY=r+1. For n > r, the following hold.

1. ©,(P,A) is a recollement tilting complex related to e.
2. A/AeA = B/BfB, where B = EndD(A)(@,;(P',A)) and f is an idempotent of B
corresponding to e.

Proof. We may assume P :P~" — ...P~! — P° Since j4, is fully faithful, HomD(A)
(P,P[i]) =0 for i # 0. Consider a family {4,(P',4)},>0 of Definition 4.3 and
triangles {,(P",A):

Piln—r— 1154, (P A AP, 4) — P,ln—r].

The morphism @ of Lemma 4.10 induces isomorphisms between exact sequences in
Mod B:

Homp , (P, P,[n —r — 1 +i]) ——————Homp ,,(P", 4, (P, 4)[i]) —
® ®
Hompy Q5 Pyl — 7 — 1+ i]) ——— Hompy, ,,,(Q", 5 4, (P, A)[i]) —
HomD(A)(P', 4, (P )i]) ——— HomD(A)(P',P,;[n —r+i]),
® ®

Hompy, 4,,(Q 5" 4,(P', A)[i]) ——— Homp (0,5 Py[n — r + i)

for all i. By Lemma 4.10, we have j§*({,(P,4)) = (,(O',j{*A) in D(ede), and then
{4, (P A ns0 =2 {4,(0",4e)}n>0. By Lemma 4.5, it is easy to see that

Homp, (0", 4.,(Q, 4e)[i]) = 0
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for all i € Z. Since Q' is a tilting complex for ede, 4. (O, Ae) is a null complex, that is
Hi(A (O ,A4e))=0 for all i € Z. By Lemma 4.4, for n > r we have H'(4,(Q",4e))=0
for all i > 0. By the above isomorphism, for n > r we have H'(4,(P',4)) € Mod 4/AeA
for all i > 0. On the other hand, 4,(P",4) has the form:

R:R"—----R R —... 5 R

where R’ € add e for i # 0, and R°=A®R® with R € add ed. Since Hom(e4, Mod 4/
AeAd) =0, it is easy to see that 4, (P,4) = o<od,(P,A) (£ 0<0...0<,—24,(P,A4)
if » >2). Therefore, H(4,(P,4)) = 0 for all i >0, and hence ©;(P,4) is a rec-
ollement tilting complex related to e by Theorem 4.6. Since @,(P,4) = P'[n —r] ®

R and jj,(X')®ﬁA;,(e) =i (X) =0 for X" € D(ede), we have an isomorphism
@h(P',A)@AAA(e) = A,(e) in D(4). By Proposition 3.14, we complete the proof. [

Corollary 4.12. Under the condition of Theorem 4.11, let 3T, be the associated
two-sided tilting complex of ©,(P",A). Then the standard equivalence R Hom (T, —):
D(4) = D(B) induces an equivalence R°Hom (T, _)|M0dA/AeA :Mod 4/ded =
Mod B/B fB.

Proof. By the proof of Theorem 4.11, we have T'®/L4Al'4(e) = A,(e) in D(4). By
Proposition 3.14, we complete the proof. [

Remark 4.13. For a symmetric algebra A4 over a field £ and an idempotent e of
A, ede is also a symmetric k-algebra. Therefore, we have constructions of tilting com-
plexes with respect to any sequence of idempotents of 4. Moreover, if a recollement
{D4juea(4),D(4),D(ede)} is triangle equivalent to a recollement {Dgz/5(B), D(B),
D(fBf)}, then B and fBjf are also symmetric k-algebras.

Remark 4.14. According to [17], under the condition of Theorem 4.11 we have a
stable equivalence mod 4 = mod B which sends A/ded-modules to B/B fB-modules,
where mod A, mod B are stable categories of finitely generated modules. In particular,
this equivalence sends simple 4/4eA-modules to simple B/B fB-modules.

Remark 4.15. Let 4 be a ring, and e an idempotent of 4 such that there is a finitely
generated projective resolution of Ae in Mod ede. Then Hoshino and Kato showed that
O, (ed,A) is a tilting complex if and only if Ext,(4/4ed,ed)=0 for 0 <i < n [8]. In
even this case, we have also 4/4ed = B/BfB, where B = EndD(A)(@,‘i(eA,A)) and f
is an idempotent of B corresponding to e. Moreover if A, B are k-projective algebras
over a commutative ring k, then by Proposition 3.14 the standard equivalence induces
an equivalence Mod 4/4e4 = Mod B/B fB.
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