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A group G is called Galois-theoretical if CaC,~(tt) = H for any subgroup !! of G 
and CACa(B)=B for any subgroup B of A =Aut(G). This paper shows that a 
group G is Galois-theoretical if and only if G is isomorphic to the trivial group, to 
the cyclic group of order 3, or to the symmetric group of degree 3. D 1992 Academic 
Press, Inc. 

1. INTRODUCTION 

Let A be a group acting on a group G. We say that (A, G) satisfies the 
double centralizer property (or DCP)  if CaC,~(H) = H for any subgroup H 
of G and CA CG(B) = B for any subgroup B of A. We see by [2]  that the 
subgroup lattices of A and G are dual (anti-isomorphic). 

The Galois theory of field extensions establishes a one-to-one corre- 
spondence between the lattice of intermediate fields of an extension and the 
subgroup lattice of its Galois group. This paper looks at a similar relation 
between a group G and Aut(G). A group G is called Galois-theoretical if 
(Aut(G), G) satisfies DCP. This paper classifies all such groups, by proving 
that: 

THEOREM 1.1. A group G is Galois-theoretical i f  and only i f  G is 
isomorphic to the trivial group, to the cyclic group o f  order 3, or to the 
symmetric group o f  degree 3. 

Theorem 1.1 proves an unpublished conjccture of Nigel Boston. 

2. PRELIMINARIF.S 

LEMMA 2.1. I f  G is a Galois-theoretical group, then G is finite. 

Proof  Since G-has a dual, by [3, 4] we get that G is the direct product 
(non-Cartesian) of finite subgroups Gi for i i n / ,  where each G,. is coprime 
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to Gj for all j #  i, and each G i is a P-group or an M-group of prime power 
order (for definitions of P-group and M-group see 1-1 ]). 

Assume that G is not finite. For  each G~, we have that IG~I =p~.'qi where 
q~ divides ( p ~ -  1) and q; is 1 or a prime. Without loss of generality we may 
assume I is the natural numbers and p~<p~+~ for all i. For  each G~ choose 
a fli in Aut(G;) with order (fli)=P~, or p ~ -  1. Define fl for all g=g~l "" "g i k  

in G where gi/is in G,.j by fl(g)=flil(gil)'''fl~k(gi*)" We see that fl is in 
Aut(G) = A and order (fl)--oo. Therefore A is not a torsion group, but A 
has a dual contradicting Proposition 4.1 of I l l .  | 

LEMMA 2.2. I f  G is a nontrivial Galois-theoretical group and coprhne 
indecomposable, then G and Aut(G) are P-groups. And we have IGI = 
3 "+ 12 = [Aut(G)[ or [G[ = 3 "+ l and [Aut(G)l = 3"2 where n >10. 

Proof. Since G is a finite group, and (Aut(G), G) satisfies DCP, we see 
by Theorem 2 of [2]  that G and A = Aut(G) are P-groups. And we also see 
that IAI--q, IGI =p ,  or IAI =p"q, IGI--p"r, or IAI =p"q, IGI =p~+~, where 
n > 0, p, r, and q are primes, q and r divide p -  1. In each case we see that 
( p -  1) divides IA I- Therefore we get that p = 3, and q = r = 2. | 

LEMMA 2.3. I f  G is a nontrivial Galois-theoretical group, then G is 
Coprime hldecomposable. 

Proof.. Assume that G=G~ x .. .  x G, where each G~ is nontrivial, 
n >  1, and fiG,l, Iajl)--1 whenever i~ j .  Then A = A u t ( G ) = A ~  x - - - x A ,  
where each Ai=Aut(G~). By Theorem 5 of I-2] we get that (A,-, G;) satisfy 
DCP for all i. Therefore each G; is a nontrivial Galois-theoretical group. So 
by Lemma 2.2 we get that for each G~, 3 divides IG;I, contradicting that 
(IG,-I, IGj[)= 1 whenever i~ j .  | 

3. PROOF OF TttEOREM 1.1 

Proof of  1.1. By Theorem 3 of I-2] we get that the trivial group, the 
cyclic group of order 3, and the symmetric group of degree 3 are Galois- 
theoretical groups. 

If G is a nontrivial Galois-theoretical group by Lemma2.2, G is a 
P-group. Suppose that IGI = 3"2 or 3", n > 1, then GL,(3)  is isomorphic to 
a subgroup of Aut(G). In the case that n > 3  we get that 3 "+L divides 
IAut(G)l contradicting Lemma 2.2. For  n =  3 or 2 we have IGL,(3)I does 
not divide 3"2 again contradicting Lemma 2.2. Therefore [GI = 3 or 6 and 
G is isomorphic to the cyclic group of order 3, or the symmetric group of 
degree 3. | 
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