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Abstract

We compute perturbative corrections to B — s form factors from QCD light-cone sum rules with
B-meson distribution amplitudes. Applying the method of regions we demonstrate factorization of the
vacuum-to- B-meson correlation function defined with an interpolating current for pion, at one-loop level,
explicitly in the heavy quark limit. The short-distance functions in the factorization formulae of the corre-
lation function involves both hard and hard-collinear scales; and these functions can be further factorized
into hard coefficients by integrating out the hard fluctuations and jet functions encoding the hard-collinear
information. Resummation of large logarithms in the short-distance functions is then achieved via the
standard renormalization-group approach. We further show that structures of the factorization formulae
for f ;ﬂ (q2) and fgn (qz) at large hadronic recoil from QCD light-cone sum rules match that derived
in QCD factorization. In particular, we perform an exploratory phenomenological analysis of B — 7
form factors, paying attention to various sources of perturbative and systematic uncertainties, and extract

[Vup| = (3.05'_"8:23 lth. 0.09|exp.) x 1073 with the inverse moment of the B-meson distribution amplitude

¢§ (w) determined by reproducing f ; o (g% = 0) obtained from the light-cone sum rules with 7 distribu-
tion amplitudes. Furthermore, we present the invariant-mass distributions of the lepton pair for B — m v,
(¢ = ., 7) in the whole kinematic region. Finally, we discuss non-valence Fock state contributions to the
B — 7 form factors f ;ﬂ (qz) and fg - (qz) in brief.

* Corresponding author.
E-mail address: yuming.wang @tum.de (Y.-M. Wang).

http://dx.doi.org/10.1016/j.nuclphysb.2015.07.016
0550-3213/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.


https://core.ac.uk/display/81137786?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.nuclphysb.2015.07.016
http://www.elsevier.com/locate/nuclphysb
mailto:yuming.wang@tum.de
http://dx.doi.org/10.1016/j.nuclphysb.2015.07.016
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2015.07.016&domain=pdf

564 Y.-M. Wang, Y.-L. Shen / Nuclear Physics B 898 (2015) 563—-604

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Making every endeavor to achieve precision determinations of heavy-to-light transition form
factors is of utmost importance to, on the one hand, test the CKM sector of the Standard Model,
and on the other side to sharpen our knowledge towards diverse facets of the theory of strong
interaction (QCD). We are continually surprised by complexities and subtleties of factorization
properties and heavy quark expansions of even the simplest B — m form factors in the context
of both QCD factorization and QCD sum rules on the light-cone (LCSR), not to mention more
sophisticated B — p, K* form factors with an unstable particle in the final states. The purposes
of this paper are to pursue an endeavor to understand factorization structures of B — m form
factors from the LCSR with B-meson distribution amplitudes (DAs) at O(ay) in QCD [1,2]
(see also [3,4] for an alternative formulation in the framework of soft-collinear effective theory
(SCET)); and to provide a complementary approach to anatomize the topical |V, | tension arising
from the mismatch in exclusive and inclusive determinations.

Constructions of the LCSR with B-meson DAs are accomplished by introducing the
B-meson-to-vacuum correlation function, demonstrating factorization of the considered cor-
relator in the proper kinematic regime, and applying the parton-hadron duality ansatz in the
light-meson channel. It is evident that proof of QCD factorization for the correlation function
defined with an on-shell B-meson state at next-to-leading order (NLO) constitutes a primary
task in such program, in addition to further refinements of the duality relation. Inspecting the
tree-level contribution to the correlation function shows that three different momentum modes
with the scaling behaviors

Pﬂz(n-P,fz-P,PL), Ph,,L~O(1,1,1),
Pc, o~ O(1, 2,312y, Py ~O0, A1), (1)

appear in the problem under consideration, where n;, and 7, are light-cone vectors, satisfying
n*=i%*=0and n -7 =2, and are chosen such that the four-momentum of the fast-moving pion
state has a large component » - p of order myp. Py, ,;, Ppc,, and Ps ,, corresponding to the four-
momentum of the external b-quark, of the interpolating current of pion and of the light-spectator
quark, will be called hard, hard-collinear and soft modes hereafter. The transfer momentum g, of
the weak current u I" b can correspond to either a hard mode or a hard-collinear mode dependent
on the kinematic region; a unified description for the purpose of demonstrating factorization of
the correlation function at NLO can be achieved by focusing on the kinematic variable - p. The
heavy-quark expansion parameter A scales as A/m; where A is a hadronic scale of order Aqcp.
It is well known that computing multi-scale amplitudes at loop level can be facilitated by ap-
plying the method of regions [5] in dimensional regularization, which has been extensively used
for evaluating multi-loop integrals in heavy quarkonium decays, top-quark pair production near
threshold, Higgs production at hadron colliders and last but not least B-meson decays. More
importantly, we also benefit from a separation of dynamics at distinct energy scales allowing
for resummation of large logarithms in the resulting matching coefficients and non-perturbative
distribution functions with the standard renormalization-group (RG) approach in the momen-
tum space. It is then our favored strategy to establish a factorization formula of the considered
correlation function at leading power in A /mj and at O(o;) using the method of regions.
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The fundamental non-perturbative inputs entering LCSR discussed in this paper are the
B-meson DAs defined by hadronic matrix elements of HQET string operators, which also serve
as essential ingredients for the theoretical description of many other exclusive B-meson decays,
e.g., the radiative leptonic B — y £ v, decays. It will be shown that the constructed B-meson
LCSR for B — & form factors are not only sensitive to the inverse moment of ¢;§ (w, n), i.e.,
Ap(w), but also dependent heavily on small w behaviors of the B-meson DAs (see also [4]). We
are therefore provided with a golden opportunity to probe more actuate images of the B meson in
terms of the elementary constituents (quarks and gluons), anticipating precision measurements
of differential ¢ distributions of B — £ v; at high luminosity experiments and alternative (re-
fined) determinations of | V,,;| exclusively (for instance, the leptonic B — tv; decay). We should
also mention that understanding renormalization properties of the B-meson DAs and perturbative
QCD constraints of ¢Ij§ (w, p) at high w are also of conceptual interests for many reasons.

As diverse techniques for computing B — 7 form factors have been developed so far and
theory predictions are continuously refined with yet higher precision, several comments on the
state-of-art of QCD calculations might be meaningful.

e The up-to-date calculations of B — m form factors from the LCSR with pion DAs are re-
stricted to NLO corrections to twist-2 and twist-3 terms [6—8] where asymptotic expressions
of twist-3 DAs were taken to demonstrate factorization of the relevant correlation functions
without bothering about mixing of the two- and three-particle DAs under renormalization. In
addition, next-to-next-to-leading-order (NNLO) perturbative corrections to the twist-2 part
induced by the running QCD coupling were fulfilled recently in [9]. Such computations
should however be taken cum grano salis, because the large-fBy approximation generally
overestimates the complete perturbative corrections strongly. Further improvements of the
pion LCSR, including complete NLO calculations of the twist-3 terms beyond the asymp-
totic limit and detailed analysis of the sub-leading power corrections from twist-5 and 6
parts, are highly desirable.

e The industries of investigating heavy-to-light B-meson form factors in QCD factorization
were initiated in [10] where O(«y) corrections were found to be dominated by the spectator-
scattering terms suffering sizeable uncertainty from A g (). Perturbative corrections to hard
matching coefficients were carried out at one loop [11,12] for A-type currents and [12,13]
for B-type currents, and at two loops [ 14—18] for A-type currents. The jet functions from in-
tegrating out dynamics of the hard-collinear fluctuation were accomplished at one-loop level
[13,19,20]. One should however keep in mind that hadronic matrix elements of A-type cur-
rents (up to perturbatively calculable contributions dependent on the factorization schemes)
cannot be further factorized in SCET(c, s) [21] and must be taken as fundamental inputs
from other approaches.

e Yet another approach to compute B — 7 form factors is based upon transverse-momentum-
dependent (TMD) QCD factorization for hard processes developed from the theory of
on-shell Sudakov form factor [22] and the asymptotic behavior of elastic hadron—hadron
scattering at high energy [23] with the underlying physical principle that the elastic scat-
tering of an isolated parton suffers a strong suppression at high energy from radiative QCD
corrections. Recently, computations of B — m form factors with TMD factorization ap-
proach have been pushed to O(wy) for twist-2 [24,25] and twist-3 [26] contributions of pion
DAs. However, one needs to be aware of the fact that TMD factorization of hard exclusive
processes becomes extraordinarily delicate due to complex infrared subtractions beyond the
leading order in o [27] and a complete understanding of TMD factorization for exclusive
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processes with large momentum transfer has not been achieved to date on the conceptual
side.

The remainder of this paper is structured as follows. In Section 2 we briefly review the method
of the LCSR with B-meson DAs by illustrating the tree-level calculation of B — m form fac-
tors. To facilitate proof of QCD factorization for the considered correlation function at NLO
we recapitalize basic of the diagrammatical factorization approach at tree level as an instruc-
tive example. We then generalize factorization proof of the correction function to the one-loop
order in Section 3 by showing a complete cancellation of soft contributions to the one-loop
QCD diagrams and infrared subtractions determined by convolutions of the one-loop partonic
DAs of the B-meson and the tree-level hard-scattering kernel, at leading power in A /my. Hard
functions and jet functions entering factorization formulae of the correlation function are simul-
taneously obtained by computing the relevant one-loop integrals with the method of regions.
Next-to-leading-logarithmic (NLL) resummation of the hard coefficient functions is performed
by virtue of the RG approach and a detailed comparison of the obtained perturbative matching
coefficients with the equivalent expressions computed in SCET is also presented in Section 3. We
further derive NLL resummation improved LCSR for B — 7 form factors in Section 4, which
constitute the main results of this paper. Phenomenological applications of the new sum rules
are explored in Section 5, including determinations of the ¢ shapes of B — 7 form factors, ex-
tractions of the CKM matrix element |V,,;| and predictions of the normalized ¢ distributions in
B — mlv. In Section 6 we turn to discuss the impact of three-particle B-meson DAson B — &
form factors, which is still the missing ingredient of our calculations. The concluding discussions
are presented in Section 7. Appendix A contains some useful expressions of one-loop integrals
after expanding integrands with the method of regions. Spectral representations of the convolu-
tion integrals for constructing the LCSR with B-meson DAs and two-point QCD sum rules for
the decay constants of the B-meson and the pion are collected in Appendices B and C.

2. Recapitulation of the LCSR method

We construct LCSR of the form factors f ;ﬂ (¢?) and f gﬂ (¢®) with the correlation function

M, (n-p,i-p) =/d4x ePHOIT {d (e ysu(x), i(0) yu b(O)} 1B(p + ¢))

=Mn-p.a-pn, +T(n-p,i-p)iy,, (2)

defined with a pion interpolating current carrying a four-momentum p,, and a weak b — u tran-
sition current. We work in the rest frame of the B-meson with the velocity vector satisfying
n-v=n-v=1and v =0. For definiteness, we adopt the following conventions
2 2 2
my+m; —q —
n.p~—-8_—* = —2F. . i-p~O(Aqcp). 3)
mp

The correlation function IT,(n - p,7 - p) can be computed from light-cone operator—product—
expansion (OPE) at nn - p < 0. Evaluating the diagram in Fig. 1 yields

¢g (@)

B 4 O(ay).
a)’—ﬁop—i0+ (0:)

fitn-p.it-p) = fa(wyms /da/
0
(- p.ii- p) = Oas). 4
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Fig. 1. Diagrammatical representation of the correlation function Iy, (n - p, 7 - p) at tree level.

The B-meson distribution amplitude (DA) ¢ (') is defined as [28]
(0ldg () [z71, 01ba (0)| B(p + ¢))

_ ifB(,U«)mB 1+9 T+ e T+
== { L2850+ (850 = 850 ] V5}aﬂ : 5)
where the light-cone Wilson line is given by
[tn,0] =P {Exp | igs / din-A(An) , (6)

0
with the convention of the covariant derivative in QCD as D), = 9, —i gs T“ Aj,, and the Fourier
transformations of (]3§ () lead to

+00

, d'L' i T3 .
qﬁ;(a)):/ P ¢ (t —i0). (7)

—00

One then can construct the light-cone projector in momentum space [4]

Mﬁa:_ifgui)mg
1+9 , o, 20, 0
x {T [¢§(w)¢+¢3(w)%—m¢3(w)yf 8,%} V5}aﬁ ®)

in D dimensions. Here, fg (w) is the B-meson decay constant in the static limit and it can be
expressed in terms of the QCD decay constant

o= Fa) [1 + “ZCF (-3 m 2)} . ©)
v

mp

Note that a single B-meson DA ¢, (') appears in the tree-level LCSR (4) in contrast to fac-
torization of B — y £ v where only ¢§ (") enters the factorization formulae of the form factors
Fy 4 (E,) at leading power in A /mj, [29]. The discrepancy can be traced back to the longitudi-
nally polarized interpolating current for the pion in the former and to the transversely polarized
photon in the latter.

Factorization of I, (n - p, i - p) at tree level is straightforward due to the absence of infrared
(soft) divergences. The hard-collinear fluctuation of the internal u-quark guarantees light-cone
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expansion of the non-local matrix element defining the B-meson DAs. For the sake of a clear
demonstration of factorization of IT,(n - p,n - p) at one-loop order, we write down the tree-
level approximation of the partonic correlation function' (defined as replacing |B(p + ¢)) by
|b(pp — k)d(k)) in Eq. (2) with pp = p +q)

ne (- p.ii-p)= fdw T3 (- p.ii- p )@ (@), (10)

“ i)

where the superscript (0) indicates the tree level, the Lorenz index
right-hand side, the leading-order hard-scattering kernel is given by

is suppressed on the

TS (- p.it- pw)—i;[ﬂmy] (11)
’ 2a-p—w +i0 Hlap

and the partonic DA of the B-meson reads
dt - -
CDZg(w/) :f e (0ldp(t ) [t72, 016 (0)|b(pp — k)d (k) (12)
2
with the tree-level contribution
@0 (') =6(i - k — ) dp(k) ba(ps —K). (13)

It is worthwhile to point out that the variable ' is not necessarily to be the same as w =7 - k
despite the equivalence at tree level. The partonic light-cone projector can be obtained from
Eq. (8) via the replacement q&;f(a)’) — qbil-(a)’), and we can write down

0 0 0
N9 - poii-p) =T p.it- pyny + 20 p.it- p)ity
%d( w)
—i0’
With definitions of the B — 7 form factors and the pion decay constant

0% n-p.i p) = fs(uyms — Mm% p.ii-p)= (14)

2 2 2
_ - me—m mey—m
(m(p)liy,b| B(p)) = fa, (%) [pﬁp——qu ”q} +f§n(q2)73q2 Gy
n

((p)ldif ysul0) =—in-p fr. (15)
we obtain the hadronic dispersion relation for the correlation function
(- p,n-p)
fen-pmp | _ n-p .. 2 0 2
:2(m721—p2) nlL mp fBJT(CI)‘i‘an(‘])
mg n-p .4 2y 20 (2
e [mB f3n(@") = [ )”
+00 |
h ~h ~
+ / dw/m [,0 (@ n-pyny +p (a)/,n~p)nﬂ], (16)
Wy

I Perturbative matching coefficients entering the factorization formulae of IT, (n - p,n - p) are independent of the
external partonic state, and it is a matter of convenience to choose a certain configuration for the practical calculation.
More detailed discussions of this point in the context of factorization of B — y£v can be found in Ref. [30].
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where wy is the hadronic threshold in the pion channel. Applying the quark—hadron duality
ansatz, the integrals over the hadronic spectral densities can be approximated by the integrals
over the QCD spectral functions with the threshold parameter reinterpreted as an effective “inter-
nal” parameter of the sum rule approach. Then, one can derive the final expressions of the LCSR
after implementing the Borel transformation in the variable n - p — wy

~ 2 Wy
Jinta") = ffv(li).nf o[ ] [ oo s o,
0
fH="2L _— i (@) + Oley) (17)

which are in agreement with Refs. [2,3].
Albeit with the rather simple structures of the tree-level LCSR, some interesting observations
can be already made.

e Since the B- meson DA ¢} 5 (@') does not enter the factorization formulae of T, (n - p, 7 - p)
at tree level and qb 7z (@') do not mix under renormalization at one loop in the massless light-
quark limit, the convolution integrals of ¢ 4 (@) entering the contributions of the one-loop
diagrams of I, (n - p, i1+ p) in QCD must be infrared finite at O(«) to guarantee the validity
of QCD factorization of I1,(n - p, 7 - p).

e Since only a single invariant function I1(n - p,n - p) survives at tree level, one concludes
that the one-loop contributions to I1(n - p,n - p) in QCD must be infrared finite due to the
vanishing infrared (soft) subtraction at O(«y), provided that factorization of I, (n - p, 71 - p)
holds.

e The Borel mass wys and the threshold parameter w; enter into the LCSR from the dispersive
analysis with respect to the variable 7 - p, indicating that one needs to identify wy = M?/n -
p and ws = so/n - p with (M?, sg) from the dispersive construction of the LCSR in the
variable p?. From the scaling M2 ~ 5o ~ AZ, one then finds the power counting of f ;n and
fgn as ~ (A/mb)?’/2 at tree level, consistent with the observations of [10,21].

3. Factorization of the correlation function at O (o)

The objective of this section is to establish the factorization formulae for IT,(n - p,n - p) in
QCD at one-loop level. We adopt the diagrammatic factorization method expanding the correlator
I1,, g, the short-distance function 7" and the partonic DA of the B meson ®,; in perturbation
theory. Schematically,

_q© M —
Mg =T+ 4 =0 ®T
— 0@ 070 4 [¢©® o 70 4 o0 7O
=0T +ﬁM®T +@, )T Pﬂn, (18)

where ® denotes the convolution in the variable @’ defined in Eq. (12), and the superscripts
indicate the order of «. The hard-scattering kernel at O(«ay) is then determined by the matching
condition

(0) M _q® 4D o)
> T _H%M P QT (19)

where the second term serves as the infrared (soft) subtraction. One crucial point in the proof of
factorization of IT , ;7 is to demonstrate that the hard-scattering kernel 7' can be contributed only
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A A

Fig. 2. Diagrammatical representation of the correlation function I, (n - p,7 - p) at O ().

from hard and/or hard-collinear regions at leading power in A /mj, due to a complete cancellation
of the soft contribution to Hl(j)b 7 and CDI(;-) ® T©. In addition, since B-meson DAs can only
collect the soft QCD dynamics of IT, 7, we must show that there is no leading contribution to

the correlation function from the collinear region (with the momentum scaling /,, ~ (1, A2, 1)) at
leading power.

Following Ref. [30], we will evaluate the master formula of 7" in Eq. (19) diagram by
diagram. However, we will apply the method of regions [5] to compute the loop integrals in order
to obtain the hard coefficient function (C) and the jet function (J) simultaneously. To establish
the factorization formula

O, ,i=Pp; T =C-J®Py;, (20)

C and J must be well defined in dimensional regularization. This guarantees that we can adopt
dimensional regularization to evaluate the leading-power contributions of IT, ,; without intro-
ducing an additional “analytical” regulator. The strategies of our calculations are as follows:
(i) Identify leading regions of the scalar integral for each diagram; (ii) Simplify the Dirac algebra
in the numerator for a given leading region and evaluate the relevant integrals using the method
of regions; (iii) Evaluate the hard and hard-collinear contributions with the light-cone projec-
tor of the B meson in momentum space; (iv) Show the equivalence of the soft subtraction term
and the correlation function in the soft region; (v) Add up the contributions from the hard and
hard-collinear regions separately.

3.1. Weak vertex diagram

The contribution to 1'[,(}) from the QCD correction to the weak vertex (the diagram in Fig. 2(a))
is

o g2Cr abli 1
et 2@ p—w) J @OP [(p—k+ D2 +i0l[(mpv + )2 — m +i0][I2 + 0]
< d(kyfysit vo (b =K+ 1) v mpp + ] +mp) y” b(v), e2))

where the label “bd” of the partonic correlation function IT .. bd Will be suppressed from now on
and D =4 — 2 €. Since the perturbative matching coefficients are insensitive to infrared physics,
we thus assign the external momenta my, v to the bottom quark and k (with k2 = 0) to the light
quark. In accordance with the scaling behaviors

n-p~mp, n-p~A, ky~A, (22)



Y.-M. Wang, Y.-L. Shen / Nuclear Physics B 898 (2015) 563—604 571

we identify the leading-power contributions of the scalar integral

1
L= |[[dl
! /[ ][(p—k+1)2+i01[(mbv+l)2—mi+i0][12+i0]

(23)

from the hard, hard-collinear and soft regions and the power counting I; ~ A? implies that only
the leading-power contributions of the numerator in Eq. (21) need to be kept for a given region
taking into account the power counting of the tree-level contribution in Eq. (11). We define the
integration measure as

_@m)? (pPerE\© dPl
[di=— (471 ) @m)P - @4

Inserting the partonic light-cone projector yields the hard contribution of l'[fll’)w o At leading
power

¢, (@) daP1
n-p—ow) Qr)P

1
[24+n-pn-l+i0l[l2+2mpv-1+i0][I2+i0]

1), h . ~
Hl(L,)weak =1 8s2 Cr fB (u)ymp

x {ﬁﬂ [2mpn-(p+D+ D=2 ]| =, (D—2)(ﬁ~l)2}, (25)

where the superscript “#” denotes the hard contribution and we adopt the conventions

n*nY  n¥akt

2 2

Using the results of loop integrals provided in Appendix A, we obtain

w.n _%Cr ; Ppg@ (1 1 1" -
m - mp—d " Vil 42 (omt 1) +2m2 £
w, weak 47 fB(/L) Bn-p—a) 12 62 € n-p n-p

3 =g, =g —

(26)

om P 2oL (D) e+ 43
mp r r—1 12

o, [% (1+;lnr)] } @7)

withr =n-p/mpandr=1—r.
Along the same vein, one can identify the hard-collinear contribution of '

. weak At leading
power

~ ¢ - (w) dP1

(D, he _ . 2 bd
HM,Weak_lgx CFfB(M)mBﬁ.p_w (27)D
2mpn - (p+1)

- L , —, (28)
[n-(p+Dn-(p—k+1)+17 +i0llmpn -1 +i0][I1> +i0]

where the superscript “hc” indicates the hard-collinear contribution and the propagators have
been expanded systematically in the hard-collinear region. Evaluating the integrals with the re-
lations collected in Appendix A yields
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(a) (b) (©)

Fig. 3. One-loop diagrams for the B-meson DA @Zg (') defined in (12).

(1), he _(xs CF (p_t;(a)) _ 2 2 MZ
Hﬂ,weak fB( ym B pnﬂ E—Z—I—g ]nm+l
2 2 P
+ln?— ol _”_+4]' @)
n-p(@-—n-p) n-p(w—n-p) 6

1

Applying the method of regions we extract the soft contribution of IT Joweak

(s _ _ 8&Cr dP1 1
poweak =2 Gi-p—w) J @m)P [ (p—k+1)+i0][v-1+i0][12 +i0]
d(k) i vs it Vi b(py)

aCF ¢, (@) _
= fp(p)ym mp = b~ 7,
p—a)
1 2 372
« _+_1nL_+zln2L_+i , (30)
e € w—n-p w—n-p 4

[Tt}

where the superscript “s” represents the soft contribution.
Now, we compute the corresponding infrared subtraction term @lgg . ® T© as displayed in
Fig. 3(a). With the Wilson-line Feynman rules, we obtain

% (1)(0) w)=ig:C it !
hd gs d Q2m)P [n-1+i0][v-1+i0][I% +i0]
X [8(@ —w—n-1) =8 —o)]d®)] [b@)]s , (€29)
from which we can derive the soft subtraction term
o) 70 __8iCF a’1 !
bd, a 2-p—w) ) Qm)P [a-(p—k+1)+i0][v-I+i0][/2+i0]
d(k) i ys # vu b(v) , (32)
where the tree-level hard kernel in Eq. (11) is used. We then conclude that
M, M 0
Hp, wlak qud a ® T( ) (33)

at leading power in A /my, which is an essential point to prove factorization of the correlation
function IT,,.
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3.2. Pion vertex diagram

Now we turn to compute the QCD correction to the pion vertex (the diagram in Fig. 2b)

e)) _ g% CF le 1
wpon = p i p—w) ] @mP 1(p =D +i01[d — k)2 + 01112 +i0]
dkyyplhys B=Dy” B =B rub). (34)

One can identify the leading-power contributions of the scalar integral

1
L= |[1[dl 35
? /[ ][(p—l)2+i0][(l—k)2+i0][12+i0] 53
from the hard-collinear and soft regions, which have the scaling behaviors

by virtue of the power counting analysis. It is evident that the pion vertex correction would give
rise to the power enhanced effect in relative to the tree-level contribution of Eq. (11), provided
that no additional suppression factors come from the spinor structure. Closer inspection shows
that expanding the integrand of I, in the soft region will generate a scaleless integral which van-
ishes in dimensional regularization. For the hard-collinear loop momentum, the spinor structure
is reduced to

d®) [..1b@) =d k) ys[2(p = Dk |+ (D =D [ (p = D1 — ) b(v) (37

which indeed induces a power-suppression factor A. It turns out to be less transparent to extract
the leading-power contribution in the hard-collinear region with the insertion of the B-meson
light-cone projector. Instead, we first compute the loop integral of Eq. (34) exactly without resort-
ing to the method of regions; then we express I1
the momentum-space projector.

Employing the expressions of loop integrals in Appendix A we find

1, pion 1N tErms of the partonic DAs by inserting

1)) (M, he  osCr ~ 1 " n-p—w, n-p—w
M pion = Myu pion =~ fB(“)mBm M @y q(@) P ip

o 1 w? 2n-p  n-p—w
sy (g rm(-55)) (B m e+

i - nep— n-p— 2
LAY WA ‘“(m”_” ”+_”—4>+4}}. (38)
w n-p n-p n-p

While the soft contribution of Hf},)pion
demonstrate that the precise cancellation of HS’ pion a0d @p5 & T is independent of reg-

ularization schemes. Applying the method of regions yields

vanishes in dimensional regularization, it remains to
), s

(1)’5 —_ gSZCF le 1
W, pion 2-p—w) )] @Qm)P [a-(p—1+i0l[(—k)?+i0][2+i0]

dk)y it ]t ys it v b(). (39)
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The corresponding contribution to the partonic DA (the diagram in Fig. 3b) is given by

oD (e, o) =ig? C dP1 1
bd,b s 7F ) )P T -1+ i01[(k +-1) + i0][12 + i0]
x[8(0 —w—n-1) =8 — o) d&) i K+ Dl [b)]g . (40)
One then deduces the soft subtraction term
o) 70 __8Cr a’l !
bd, b 2(n-p—w) Q)P [n-(p—k—1)+i0l[(k+ 1% +i0][% +i0]
d(k)# (kD ik s it v b(), (41)
which coincides with 11" exactly after the shift of the loop momentum / — [ — k.

W, pion

3.3. Wave function renormalization

The self-energy correction to the intermediate quark propagator (the diagram in Fig. 2c) can
be written as

M g2 Cr / dP1 1

Miiwre = G o2 i p=a2 | @)D [(p—k+ 17 + 1012 + 0]

Ayt ys B =0 vp b —k+Dy” (B —P yub). (42)

Apparently, 1'[1(}’)wfC is free of soft and collinear divergences and a straightforward calculation
gives
o oCr
powfe = gn

s 2
fB(M)mBMﬁM I:l+lnu—_+1i|- (43)
n-p—w € n-pw—n-p)

Now we evaluate the perturbative matching coefficient from the wave function renormaliza-
tion of the external quark fields. It is evident that the wave function renormalization of a massless
quark does not contribute to the matching coefficient when dimensional regularization is applied
to regularize both ultraviolet and infrared divergences, i.e.,

(GO N ¢ ) ) _
M s = @3 gy @ T =0. (44)

The wave function renormalization of the b-quark in QCD gives

2
(1) _ (XsCF 3 22 (0)
M g = =g - [g+3lnm—i+4]nu : 45)

with H,(?) displayed in Eq. (14). The wave function renormalization of the b-quark in HQET is

(eY) o) _
i puwf © =0, (46)

due to the scaleless integral, we then find

2
IR o _ %Cr[3 I ©)
T pup = @y ®TY === L+31nm—%+4 n®. (47)
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3.4. Box diagram

The one-loop contribution to IT,, from the box diagram is given by

Hl(ll,)box = gsz Cr
dP1 —1
Qm)P [(mpv + 12 — mj +i0][(p — k + )% +i0][(k — [)> +i0][/> +i0]
dkyyp K =Dikys (b =K+ D) yu (mpp+ ] +mp) y” b(v). (48)

This is the only diagram at one-loop level without a hard-collinear propagator outside of the loop,
hence we must identify the enhancement factor m; /A from the corresponding scalar integral so
that it can give rise to the leading-power contribution compared to the tree-level amplitude in
Eq. (14). With the scaling behaviors of the external momenta, one can establish the scaling of

1
Iy= [ [dl
! /[ ][(mbv+l)2—mi+i0][(p—k+l)2+i0][(k—l)2+i0][12+i0]

(49)

as A~! (A72) in the hard-collinear and semi-hard (soft) regions.2 It is straightforward to verify
that the semi-hard contribution will be reduced to a scaleless integral, since there is no external
semi-hard mode in the box diagram. We are only left with the hard-collinear and soft regions at
leading power in A/my. The term (¥ — /) in the spinor structure will give a suppression factor
A in the soft region so that both the hard-collinear and the soft contributions are of the same
power. One might be curious about the observation that the box diagram contributes to the jet
function entering the factorization formulae of the B-meson-to-vacuum correlation function IT,,
at one-loop level while the hard-collinear contribution of the box diagram vanishes in the radia-
tive leptonic decay B — y£v [30,31]. The crucial discrepancy attributes to the longitudinally
polarized pion interpolating current in the former and the transversely polarized photon in the
latter. As a consequence, one is not able to pick up the large components of two intermediate
up-quark propagators

k=D& G—k+D (50)

simultaneously in the case of B — yfv, while this is possible in the contribution of the box
diagram for I, as indicated in Eq. (43).

()]

Evaluating the hard-collinear contribution of IT 1. box

jector yields

with the partonic momentum-space pro-

dPi

(1), he
I1 [
@2m)P

Wik =i82Cr o "2 [@=Dyn- 16/ +2mp 4, () ]

y n-(p+1)
n-(p+Di-(p—k+D+13 +i0lln-1ad —k)+12 +i0][12 +i0]

(51

2 No power enhanced factor can be induced for /4 in other regions by the power counting analysis, which are therefore
irrelevant here.
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Using the expressions of loop integrals collected in Appendix A we obtain

c S‘C —
Mo == fa) == L{¢;gw)le1+nq-—2%mam1m1+n)

e |
X|=t+Ihh——————+-In(l+n)+1] , (52)
€ n-plw@—n-p) 2

with n = —w/n - p.
Extracting the soft contribution of I'ILI’)b o With the method of regions gives

s __ &Cr aPi 1
) Qm)P [v-1+i0][n- (p—k+1)+i0][(k — )2 +i0][[% +i0]
d)p k=D ikys it yub). (53)
Now we compute the corresponding NLO contribution to the partonic DA (the diagram in Fig. 3c)
dPi 1
pe (@) =—iglCr 2P [ = k)2 +i0][v - +i0][2 + 0]
x 8@ —w+n-DIdE) P =Bl [b®)]g , (54)
from which one can deduce the soft subtraction term
o) T = 8 Cr / d’l 1
2 2m)P [v-14i0l[n- (p—k+1)+i0][( —k)? +i0][/> +i0]
dk)p(J =) hys it vub(v), (55)

which cancels out the soft contribution of the correlation function IT" )b completely. The ab-
sence of such soft contribution to the perturbative matching coefficient is partlcularly important
for the box diagram, since the relevant loop integrals in the soft region depend on two compo-
nents of the soft spectator momentum 7 - k and v - k, and the light-cone OPE fails in the soft

region.’

3.5. The hard-scattering kernel at O(ay)

The one-loop hard-scattering kernel of the correlation function IT,, can be readily computed
from the matching condition in Eq. (19) by collecting different pieces together

0) D_ | (eY] )] 1 1 1
OO @7 =[NP, o+ 1+ 10, en® end ]

n,wfe w, box w,bwf w, dwf

_|le® (6] (€)) (€)) (6] (0)
[q> i +q>bd h+q>h&,c+q>hd b f+q>bd d f]®T

), h (1) )
[H weak (Hu bwf (bba? bwf)]

(D, h (1), h (1, h (1), h
+ [H weak + Hp, pmcn + HM wfcc + Hp, bo;:l ’ (56)

3 The bottom and down quarks entering the B-meson state is not light-cone separated for the soft exchanged gluon
in Fig. 2d, therefore one is not allowed to use B-meson DAs to absorb the long-distance physics (i.e., non-perturbative
QCD dynamics). The construction of QCD factorization itself requires decoupling of soft contributions from perturbative
fluctuations in general.
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where the terms in the first and second square brackets of the second equality correspond to the
hard matching coefficients and the jet functions at O(«;). Finally, one can derive the factorization
formulae of IT and IT defined in Eq. (2)

2
= feumgy_ CO@-p, M)/ - J(")< 2 >¢>(k)(w,u),
= n-pw n-
Y ew Y (k)
M= fp(wyms C™(n-p, M)/ = J ( , = >¢ (w, 1),
= n-pw n-

(57)

at leading power in A /mj, where we keep the factorization-scale dependence explicitly, the hard
coefficient functions are given by

CH = 1,
c<—)—“‘CF1[§1 r+1],
4w 7
~ C r
C<—)=1—O‘S—F[212 K +51n——1nr—2L12< r)
4 n-p mp r
2— n?
=+ = 45 (58)
r—1 12
and the jet functions are
g g _wCr (1_” P>ln<1_ © >
r 41 1) n-p
J(_)ZI,
. asCr [, 5 n? np—o 1
JO =14 In —— —2In— In -
4 | nopl—i-p) icpnep@—i-p)
h-p— 2 - n-p— 2
e (o L et (59
n-p 1) n-p 6

Now, we verify the factorization-scale independence of IT and Masa consequence of QCD
factorization by construction. Note that the correlation function IT, is defined by the conserved
currents in QCD, hence the ultraviolet renormalization-scale dependence of I, is determined by
the renormalization constant of the strong coupling constant ¢« and no additional QCD operator
renormalization (ultraviolet subtraction) is needed in obtaining the renormalized hard coefficients
and jet functions. It is straightforward to write down the following evolution equations

~ 07 CF
dlnMC( Yn-p,p)=— Zn [Fég)spl —i-S] COm-p,w, (60)
d ;o w0 \_aCrlio , # ljo( # o
dinp n-pw n-p 47 Feusp n-pw n-pw n-p

o0
/

C y 2
+ots F /dw/w MNw, o, 1) J(_)( ad ,_w ), 61)
47 n-pw n-p
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i [T o5 . 0] == 52 [ry 2 = 5] [ Fa 65 0010
-0 [ dolo .o (a0 5@ 0] (62)
0

where the function I' is given by [32]

Fw,o, u)==TQ, % I odp [ j,(z;f_ﬁ) Z((Z__“;))L (63)
at one-loop order, with the @ function defined as

) )

/ do' [f (@, )], g(@) =/ do f(,0") [g@") — g@)], (64)

0 0

and Féusp = 4 determined by the geometry of Wilson lines. The renormalization kernel of
¢ (@, ) at one-loop level was first computed in [32] and then confirmed in [33]. We also men-
tion in passing that the RG equations of both the B-meson DAs and the jet functions take a
particularly simple form in the “dual” momentum space where the Lange—Neubert kernel [34] at
one loop is diagonalized. More details can be found in Ref. [35] (see also [36]) and we will not
pursue the discussions along this line further. With the evolution equations displayed above, it is
evident that

g [T poi-p). M- p,ii-p)]=0G). (65)

Inspection of Eqgs. (58), (59) and (9) indicates that one cannot avoid the parametrically
large logarithms of order In(m;/Aqgcp) in the hard functions, the jet functions, fB () and the
B-meson DAs concurrently, by choosing a common value of p. Resummation of these loga-
rithms to all orders of o can be achieved by solving the three RG equations shown above. Since
the hadronic scale entering the initial conditions of the B-meson DAs d):‘f(w, no), o = 1 GeV,
is quite close to the hard-collinear scale ppc >~ \/mp Agcep =~ 1.5 GeV, we will not sum loga-
rithms of wp. /o due to the minor evolution effect [29]. Because the hard scale pp; ~n - p in
the hard function € (n - p, u) differs from the one ;> ~ my in f B (), the resulting evolution
functions due to running of the renormalization scale from wj1 (up2) to pe in cO) (n-p,

(fB (1)) are

CO@-p,wy=Uin-p, pnt, ) CO(m - p, un),
() = Uz (una, ) f5(un2) - (66)

To achieve NLL resummation of large logarithms in the hard coefficient C(~) we need to gener-
alize the RG equation (60) to

dlid )(n - p, u)—[ rcusp(as)lnn +y<as)} CO@-p,w, (67)

where the cusp anomalous dimension, y («s) and the QCD S-function are expanded as
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(o2 CF 0 1 2 2
1—‘cusp(‘){s) = il-]'[ |: ((:uép + (4 ) éulp + (4 ) Féugp s
as Cr [ ©) ( ) () ]
ax UV * an) *

Blay) =87 [(:‘n) fot (52) B+ (2 )4ﬂ2+...]. (68)

The cusp anomalous dimension at the three-loop order and the remanning anomalous dimension
y (a5) determining renormalization of the SCET heavy-to-light current at two loops will enter
Ui(n-p, unt, 1) at NLL accuracy. The manifest expressions of Fcusp, y(i) and B; can be found in
[29] and references therein,”* the evolution function U; (7 - P, Ui, 1) can be read from Eq. (A.3)
in [29] with the replacement rules E,, — n - p/2 and u, — pp1. The three-loop evolution of the
strong coupling o in the MS scheme

2 2
as(u)zz—n{l P ln(2L)+ /il |:(ln(2L)—l) +ﬁ2_’23°_§]},

y(as) =

Bo 285 L 4p4 L2 2 B 4
L=In|-L (69)
A(nf)
QCD
is used with Ag():D =229 MeV.
The RG equation of fB(u) at the two-loop order is given by
d - . -
fe(w) =y (ays) fa(u), (70)
dinpu
with
2 Cr [0 ) S (1) ]
P ==L [70+(52) 70+
127 14w 5
50) _ 3 S 220 71
Y , ¢t 3 (71

where n y = 4 is the number of light quark flavors. Solving this RG equation yields

as (i) ~( )
VACH
Uz(/Lhz,M)=EX[ / da ]
P " Blay)
as(ih2)

:Z_;TgocF[Has(uhz)cF <ﬁ 798

1-2)+0@@?) |, 72
with 2 = ot (1) /s (). .
The final factorization formulae of IT and IT with RG improvement at NLL accuracy can be
written as

4 Note that there is a factor Cr difference of our conventions of ré{}sp and y ) compared with [29].
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~ n 2
1= [UaGuiz, 0 Fatui)] [ —22— A (“— >¢(+><w,u>
w—n- n-pw n-p
0
+mp [Ua(uiz: ) o (wi)] €O p, ) / oTi P @,
~ ~ i /J,z
fl=mp [UaGui, 1) F (i) / = T (— )¢>(+’(w,m
w—n- n-pw n-
0

+mp [Ur(n- p, i, ) Ua(pnz, 1) ] [fB(Mhz) COm- p, Mhl)]

o0
do 2
x/—f“( ”)qs;)(wm (73)
w—n-p n-pw n-p
0

where p should be taken as a hard-collinear scale of order v/mp A.

3.6. Comparison with previous approaches

The aim of this subsection is to develop a better understanding of the factorization structures
of I and IT obtained above. Inspecting Eq. (56) shows that the hard-scale fluctuation of the cor-
relation function I, (n - p, 1 - p) comes solely from the contributions of the weak vertex diagram
and the b-quark wave function renormalization. This demonstrates that the hard matching coef-
ficients C(™) and C~) can be also extracted from the one-loop hard matching coefficients of the
QCD current g y,, b in SCET [11]

G yub— [Caiiy+Csv,] & Wy Y by + ..., (74)

where Wy, and YST denote the hard-collinear and soft Wilson lines, the ellipses represent terms
with different Dirac structures and sub-leading power contributions. Inserting (57) into (2) and
comparing with (74) gives’

cO) = ! Cs CO=cCs+ 1 Cs (75)
27 2

The explicit expressions of C4 and Cs5 can be found in [11,12]

C
C4:1—as F|:2ln2M (4lnr—5)ln +2ln r+2Lix(1—=r)
mp
72 ,,2
4+ — + —2) Inr+ +61, (76)
12 —-r
2 2r
C5:—+_—21nr, (77)
ror

5 ¢ and ¢ correspond to the hard matching coefficients of A-type SCET currents. This can be understood from
the fact that factorization of the associated SCET matrix elements involve the same DA ¢§9_)(w) as in the tree-level

approximation. C™) and € are the hard matching coefficients of B-type SCET currents whose matrix elements start
at the first order of «y, therefore only the tree-level contributions of C () and €™ enter the factorization formulae of
the correlation function Iy, (n - p, 1 - p) at one loop.
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from which one can readily verify the relations in Eq. (75). Conceptually, this is just an example
to show that perturbative coefficient functions entering QCD factorization formulae are indepen-
dent of the external partonic configurations used in the matching procedure.

The jet functions J &) also confront with the earlier calculations in [4] with SCET Feynman
rules. It is a straightforward task to show that J ) coincides with (2.23) in [4] while J&® (J)
is in agreement with (3.9) of [4]. A final remark is devoted to /(). Because the corresponding
hard coefficient C(7) starts at O(a), only the tree-level jet function J() enters the one-loop
factorization of IT,.

4. The LCSR for B — = form factors at O (o)

Now, we are ready to construct the sum rules of f;ﬂ (¢%) and ft(})n (¢%) including the radiative
corrections at O(«y). Following the prescriptions to construct the tree-level sum rules in Section 2
and expressing the correlation function IT,, in a dispersion form with the relations in Appendix B,
we obtain

2 . n-p
fn e my /(n-pwpy) {m_Bf;n(qz), fgﬂ(qZ)}
ws

= [Uz(uhz,u) fB(Mhz)] / do/ e=/om [r Dp err(@' 10)

+[vie o €@ )| @)

n-p—mg
mp

+ (#h(@ 10 +CO - po g5 @) } : (78)

where the functions ¢);5 oif(@', p) are defined as

e ¢]

a; Cp dw
Phe(@'s 1) = Zn /;d’;(w,u«), (79)
w/
w/
- / - as; Cr 2 w? o —w
b (@, 1) =g (@, 1) + yp= dow S lnn.pw/—ZIn w/ .
0

® 2 2 /
x¢;@huy:/dw[m2 i ,—(2m “‘,+3>1n”_f
n-pw n-pw o)
w/

7 1} d¢§(w,u)}

+2m%+ (80)

6 dw

Several comments on the structures of the sum rules are in order.

e The symmetry-breaking effects of the form-factor relation (17) can be immediately read
from the last line of (78). The first term comes from the hard-collinear fluctuation and the
corresponding integral is infrared finite in the heavy quark limit. One can readily confirm that
this term gives an identical result of the spectator-interaction induced symmetry-breaking
correction shown in Eq. (56) of [ 10] in the leading approximation, provided that the tree-level
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sum rules of fr in Appendix C and the asymptotic expression of the twist-2 pion DA are
implemented [3]. The second term corresponds to the symmetry-breaking effect induced by
the hard fluctuation and it also coincides with the second term in the bracket of Eq. (30)
in [10].

e The scaling behavior of @’ in (78) is @' ~ A? /myp due to the bounds of the integration,
while the power counting of w in (80) is O(A) determined by the canonical behaviors of the
B-meson DAs ¢; (w, j1). It is then evident that In [ (w — @) /o'] and In (w/«') appeared in
¢p. off(@', 1) are counted as In(m/A) in the heavy quark limit. Such large logarithms are
identified as the end-point divergences in QCD factorization approach (see also the discus-
sions in [4]). However, we should also keep in mind that the NLL resummation improved
hard coefficient [Ul(n - D, Uhls L) 5(_)(n - p, ,uhl)] vanishes in the heavy quark limit.

5. Numerical analysis

In this section we aim at exploring phenomenological implications of the sum rules for
f ;7;0 (¢%) in Eq. (78) including the shapes of the two form factors, the normalized g2 spectra
of B— mlv for £ = u, t as well as the determinations of the CKM matrix element |V,;|. We
will first discuss the theory inputs (the B-meson DAs, the “internal” sum rule parameters, the
decay constants of the B-meson and pion, etc.) entering the sum rule analysis, compute the form
factors at zero momentum transfer, and then predict the shapes of f ;J;O(qz) in the small ¢? re-
gion and extrapolate the sum rule computations to the full kinematic region with the z-series
parametrization.

5.1. Theory input parameters

The B-meson DAs serve as fundamental ingredients for the LCSR of the B — 7 form factors
;7;0 (g%). Albeit with the encouraging progresses in understanding their properties at large
in perturbative QCD [37,38], our knowledge of the behaviors of ¢§ (w, ) at small w is still
rather limited due to the poor understanding of non-perturbative QCD dynamics (see [39] for
discussions in the context of the QCD sum rule method). To achieve a better understanding of
the model dependence of ¢>§(a), W) in the sum rule analysis, we consider the following four
different parameterizations for the shapes of the B-meson DA c/); (w, (o):

® _
b (@, o) = — e/,
@

(1)
1 k 1 2(0," — 1) w
¢pu(@, o) = [ 5 lnk} . k=

drag k241 | K241 2 1GeV’
B (@, 1) = oy Iy = 20
B, wow% T
w wr— 4w

(81)

O(w2 — ), = .
(@ —w), wy= —

+
w, =
¢B’IV( #o) w2 /o Qwy — w)
qbg’l(a), o) was originally proposed in [28] inspired by a tree-level QCD sum rule analysis.
qb;; (@, o) suggested in [39] was motivated from the QCD sum rule calculations at O(ay) with

the parameter o 1(31) defined as
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o0
dw I
o™ (W) = Ap(w) / L g .0,
0

oo

-1 do
Ap (M)Z/ > ¢p (@, ). (82)

0

qb;m(a), o) and ¢§’Iv(w, wo) are deduced from the two models of ¢z (w, uo) [4] with the
Wandzura—Wilczek approximation (i.e., neglecting contributions of B-meson three-particle DAs)
to maximize the model dependence of ¢§(a), o) in theory predictions, because these two mod-
els result in the same value of A g as ¢;§,1(“)’ o) while the derivative d¢§ (w, no)/dw at 0 =0

takes extreme values 0 and co. The corresponding expression of ¢ (@, o) for each model is de-
termined by the equation-of-motion constraint in the absence of contributions from three-particle
DAs [10]

1
sr = [ Tof (9,uo> . (83)
§ 3
0

We emphasize that the above models can only provide a reasonable description of ¢§(a), o) at
small @ due to the radiative tail developed from QCD corrections (except the second model) and
the mismatch of large w behaviors predicted from the perturbative QCD analysis [38]. Never-
theless, the dominant contributions of f ;;O (qz) in the LCSR (78) come from the small w region
due to the strong suppression of q% (w, o) at large w. This is also an essential prerequisite to
validate QCD factorization of the correlation function IT,, whose qualifications rely on the power
counting scheme w ~ A by construction.

As a default value, we take the factorization scale u = 1.5 GeV with a variation between
1.0 GeV and 2.0 GeV for the estimate of theory uncertainty. The scale dependence of Agl(u)

and of o 1(31) (u) are governed by the following evolution equations [32,35]

35 (0 = =35 () [Feap(@) 03 G0) + v @) |

dinp

din 178/ 0] = 14 Ta(@n [0 — o] (84)

at O(as), where the anomalous dimension y.4 (ay) is
_%CFr 1 0 &) ) ] o _

) == [0+ (=) i+ ] =2 (85)
Solving these equations yields

A 8 C

Aemo) _ gy sl Cr oy i [2—2111& —401(;)(“0)} +0(?), (86)

Ap(w) 47 Ko 7

s (o) C
|

o () =05 (o) +1n % <1 + 0 (uo))? — o (Mo)])

+0@@?), (87)
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2.5
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b5 (w, o) (GeV™) 85 (@, py) (GeV™)
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0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
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Fig. 4. Four different models of qb;(w, o) (left plot) and ¢ 5 (w, o) (right plot). A reference value of wg(ug) =
350 MeV is taken for all the models. Solid (red), dotted (blue), dashed (green) and dot-dashed (black) curves correspond

to ¢§ g ¢§ g ¢§ m and ¢§ 1v- respectively. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

where we need the evolution equation of 01(92) (w) [32]

[0 0] =204 (0 + Tap@y) [0 W o4 = o (0 + 4650 0|

+0(@@?) (88)

dinp

to derive the second relation (87) with ¢3 being the Riemann zeta function. As mentioned be-
fore we are not aiming at the resummation of In (u/up) here. The two logarithmic moments
will be taken as oy (1 GeV) = 1.4+ 0.4 [39] and o’ (1 GeV) = 3 + 2 [29]. The determina-
tion of Ap(1p), which constitutes the most important theory uncertainty in the B-meson LCSR
approach, will be discussed later. Note also that we will presume the validity of the parameteri-
zations of ¢>§(a), o) in (81) at a “hard-collinear” scale of order 1.5 GeV to avoid a complicated
RG evolution of qu;(a), W) in the momentum space. We will first determine Ap(ip) at a “hard-
collinear” scale and then convert it to Ap(1 GeV), using the relation in (86), for a comparison
of values determined in other approaches. To illustrate the features of four models displayed in
(81), numerical examples for the small @ behaviors of q&f (w, o) at no = 1.5 GeV are plot-

ted in Fig. 4 with a reference value of wg(up) = 350 MeV, where algl)(uo) is evaluated from
aél) (1 GeV) with the relation in (87).

Now we turn to discuss the determinations of the Borel parameter wjs and the effective thresh-
old wy. We first recall the power counting

ws ~ oy ~ A /my, (89)

in addition to which the following requirements

e The continuum contributions in the dispersion integrals of IT and IT need to be less than
50%.

e The sum rules for f ; 7;0 (¢?) are insensitive to the variation of the Borel mass wy;. For defi-
niteness, we impose the constraint proposed in [3]

dIn f

35%. 90
3wy ’ 0



Y.-M. Wang, Y.-L. Shen / Nuclear Physics B 898 (2015) 563—604 585

e The effective threshold needs to be close to that determined from the two-point correlation
function with pion interpolating currents:

so~= 4’ f2, 1)

indicated by the parton—hadron duality.

are implemented to determine these “internal” sum rule parameters. Proceeding with the above-
mentioned procedure yields

M?>=n-pwy=(1.25+025) GeV?, so=n-p ws = (0.70£0.05) GeVZ, (92)

in agreement with the intervals in [2].

The static decay constant fB () entering the sum rules (78) will be traded into the QCD
decay constant fp with the relation (9), which is evaluated from the two-point QCD sum rules
at O(ay) as presented in Appendix C. The Borel parameter and the effective duality threshold

are taken as Mz =5.0+ 1.0 GeV? and S0 = 35.6:2):& GeV? [8]. The pion decay constant f5
determined from the sum of branching ratios of 7~ — puvand 7~ — puvy is fr = (130.41 £
0.03 £0.02) MeV [40]. To reduce the theory uncertainties induced by the “internal” sum rule
parameters we will instead use the two-point sum rules of f;; presented in Appendix C for the
numerical analysis. We will return to this point later on.

A “reasonable” choice of the factorization scale is u© = 1.5 GeV with the variation in the
interval 1 GeV < p <2 GeV and the hard scales w1 and wjy will be set to be equal and varied
in [mp/2,2mp] around the default value mj. Following [41], we adopt the bottom-quark mass
in the MS scheme mp(mp) = (4.16 = 0.03) GeV taken from [42] with a doubled uncertainly,
which is still in agreement with the most recent determinations from the non-relativistic sum
rules at next-to-next-to-next-to-leading order (NNNLO) [43] and from the relativistic sum rules
at O(a) [44].

5.2. Numerical results of the form factors f;;o(qz)

Now we are in a position to discuss the inverse moment Ap(1 GeV) whose determination is
also of central importance in the theoretical description of the radiative leptonic B-meson decays
as well as the semi-leptonic and charmless hadronic B decays. Unfortunately, the favored values
of Ap(1 GeV) implied by the hadronic B-decay data in QCD factorization [45] are not supported
by the NLO QCD sum rule calculation [39] (see also [46] for a discussion). Recent searches of
the radiative leptonic B — £vy (£ = e, u) decays from the Belle Collaboration [47] only set a
boundary Az(1 GeV) > 238 GeV.°

Given the poor knowledge of Ap(1 GeV) we will attempt to determine this parameter by
matching the B-meson LCSR of fj (¢?) at zero momentum transfer to a given input value
computed from a different method. Taking f ;n (0) =0.28 £0.03 [48] evaluated from the LCSR
with pion DAs (see [49] for a recent update with somewhat larger values) and proceeding with
the matching procedure yields

6 We were informed by M. Beneke that a slightly different constraint 1 g (1 GeV) > 217 GeV is obtained with the
formulae presented in [29].
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Fig. 5. The shape of f g’ - (qz) with the value at zero momentum transfer fixed to the prediction from the LCSR with pion
DAs, from which the parameter wg(1 GeV) is determined for a given model of ¢§ (w, o). Solid (blue), solid (black),
dotted (black), dashed (black) and dot-dashed (black) curves are obtained from the pion LCSR and from the ones with
the B-meson DAs qb;l, ¢§,II’ qu; o and d);; 1v- respectively. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

wo(1 GeV) = 354738 MeV, (Model-I)

wo(1 GeV) =368732 MeV,  (Model-II)

wo(1 GeV) = 389733 MeV, (Model-III)

wo(1 GeV) =303 MeV,  (Model-IV) (93)

where the four models correspond to that shown in (81). It is evident that the extracted values
of wo(1 GeV) are sensitive to the specific models of qbf,? (w, o) entering the LCSR of f ;&O(qz)
in (78), because these sum rules cannot be controlled by the inverse moment Az (1 GeV) of the
DA ¢§ (w, no) to a good approximation and the precise shapes of B-meson DAs at small w are
in demand for the sum rule analysis [4]. In other words,

oy o
/ do' e=*M ¢ (w, 119) = ¢ (@ = 0, o) / do/ e=/om 94)
0 0

should not be taken seriously as one would expect at first sight. Mathematically, the precision of
such approximation depends on the fluctuant rapidity of ¢z (@, o) at small w. A similar obser-
vation was already made by inspecting the LCSR with pion DAs in the heavy quark limit [3],
where the knowledge of the two lowest-order Gegenbauer moments is not sufficient to determine
the key non-perturbative object ¢/ (1) which is highly dependent on the exact form of ¢ (u).
We stress that the quantity Ap(1to) itself is well defined at the operator level and is independent
of the specific models of qb;(w, o). A precision determination of Ap(1t9) by other means (e.g.,
Lattice QCD simulation) would be of great value to discriminate certain models of the B-meson
DAs.

To reduce the sizeable uncertainty from modeling the B-meson DAs, we will merely aim at
predicting the shape of f ;T (qz) which is insensitive to the precise behaviors of ¢§ (w, o) at
small w, as displayed in Fig. 5, due to a large cancellation of the model dependence in the form-
factor ratio f ;n q>/f ;ﬂ (0). We also find that the results of f ;ﬂ (¢%) evaluated from different
models of qbg (w, o) are systematically lower than that obtained from the LCSR with pion DAs
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Fig. 6. Dependence of the form factor f;ﬂ (0) computed from the NLL resummation improved sum rules (78) on the
Borel parameter (left panel) and on the effective threshold (right panel). The solid, dashed and dot-dashed curves cor-
respond to sg = 0.70 GeVZ, 0.65 GeV2,0.75 GeV? (left panel) and M2 = 1.25 GeVZ, 1.0 GeV2, 1.25 GeV? (right
panel), respectively.

confirming an earlier observation from the tree-level calculations [2]. The underlying mechanism

responsible for such discrepancy might be due to the yet unaccounted sub-leading power correc-

tions and/or the different ansatz of the parton—hadron duality in the constructions of sum rules,

and we will return to this point later on. Hereafter, we will take qbfyl(a), o) as the default model

to study the implications of the sum rules in (78) and the systemic uncertainty from the model

dependence of the B-meson DAs will be included in the final predictions of the two form factors
5@,

To demonstrate the stability of the LCSR predictions we show the dependencies of f I;r - (g%) on
the “internal” sum rule parameters M and s in Fig. 6 where the two plots on the top are obtained
from NLL resummation improved sum rules (78) with f; extracted from the experimental data
as explained before; while the two-point QCD sum rules of f,; are substituted in the LCSR
to produce the two plots on the bottom. One can readily find that the systematic uncertainties
induced by the Borel parameter and the effective threshold are significantly reduced in the latter
case, albeit with the absence of a model-independent justification of correlating the “internal”
parameters in the two types of sum rules.

Now we come to investigate the factorization-scale dependence of the NLL and the leading-
logarithmic (LL) resummation improved LCSR for f ; 7;0 (¢%), where the LL predictions can be
achieved by employing the cusp anomalous dimension at O(asz) as well as y (os) and y (o) at
the one-loop order in the evolution functions Uy (n - p, un1, u) and Uz (up2, ) of (78). Fig. 7
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Fig. 7. Hard-collinear scale dependence of the form factor f ;r - (0) (left panel) and q2 dependence of the NLO radiative

correction to f ;ﬂ (qz) with both hard and hard-collinear scales varied in the allowed regions as explained in the text
(right panel).

shows that the scale dependence of the NLL predictions is not significantly reduced compared
to the LL approximation for the hard-collinear scale varied in the interval [1.0, 2.0] GeV and the
discrepancy of the scale dependency for the NLL and LL predictions will be more visible for
a somewhat “unrealistic” hard-collinear scale i < 1.0 GeV which is therefore excluded in the
plot. The dominant radiative effect arises from the NLO QCD corrections to perturbative match-
ing coefficients instead of resummation of the parametrically large logarithms in the heavy quark
limit. However, the resummation improvement stabilizes the factorization-scale dependence in
the allowed region and strengthens the predictive power of the LCSR method. One can also find
that the NLO QCD correction is stable against the momentum-transfer dependence of f I;r - (g%
in contrast to the case of B — y£v [29].
Understanding the pion energy and the heavy quark mass dependencies of the form factors
B+ 7;0 (g?) are of both theoretical and phenomenological interest in that different competing mech-
anisms appear in the theory description of heavy-to-light form factors in the large recoil region
and a better control of the form factor shapes can be achieved by incorporating the energy-scaling
laws and the Lattice (sum-rule) calculations of form factors at high (low) q2. In accordance with
the factorization formulae [20]

fgﬂ(En>=ci<En>sn<En)+f dt CBV(E, 1) Bu(r, En).

e’} 1
Em,En):/dw/du )T, @) F3 () 85 (@, 1) fo bt 1) (95)
0 0

one can readily deduce that both terms in the first line of (95) scale as 1/ E?T in the large energy
limit and as (A /mp)3/? in the heavy quark limit [10,50]. It is our objective to verify such scal-
ing behaviors from the NLL resummation improved sum rules (78). In doing so we define the
following two ratios [4]

fa (Ex)

_JBx T _mg fp() [on(mo/2)
f;n(mB/z) 7

~mp fo(u) fa.(m/2)’

Ri(Ex) = Ry(mg) (96)
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Fig. 8. Left: The pion energy dependence of the ratio R{(Ey ). The black curves correspond to the sum rule predictions
with the Borel mass taken as 1.25 GeV (solid), 1.0 GeV (dashed) and 1.5 GeV (dot-dashed). The two green curves
illustrate a pure 1/E; and a pure 1/E. 72, dependence. Right: The heavy-quark mass dependence of the quantity Ry (mg).
The three curves are predicted from the sum rules with the Borel mass varied between 1.0 GeV and 1.5 GeV around the
default value 1.25 GeV. Note that in both plots we take the pion decay constant f; = 130.41 MeV [40] instead of using
the two-point QCD sum rules in Appendix C as done in the remainder of this paper. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

where the argument of the form factor refers to n - p/2 different from that (¢%) used in the re-
maining of this paper, the pre-factors in the definition of R>(mg) is introduced to achieve a
simple scaling R, (m o) — 1 in the heavy quark limit. The expression of fgn (n- p/2) can be ob-
tained from Eq. (78) via the replacement (m, ,mpg) — (m g, mg). One should also keep in mind
that the scalings of the “internal” sum rule parameters shown in (89) need to be respected when
deriving the power-counting laws of the large energy and the heavy quark mass dependencies.
We present the sum rule predictions for the two ratios R1(E;) and Ry(m ) in Fig. 8, where we
observe that the yielding energy dependence is indeed close to the 1/E ,2T behavior and the heavy-
quark mass scaling is also justified from the LCSR with B-meson DAs. However, the sum rule
results become more and more instable at m o > 2m p where the Borel parameter dependence is
not under control any more as displayed in Fig. 8, and one can also find that the continuum effect
dominates over the ground state contribution in the dispersion integral of the correlation function
[T, (see also the discussions in [4]).

One more comment concerns the ratio Ry(m ) which allows to estimate D — 7 form fac-
tors from the corresponding B-meson cases in the leading-power approximation. However, this
statement needs to be taken with a grain of salt in reality in view of the sizeable power correction
in the decay-constant ratio fp/fp which is determined as

Iz _ [’"_DT/Z [as(mcqj_go Cr {1 o (mp) — a1 Cr
I o (mp) 47

A A }

280 283

20.69, (97)

mp

X | =2+

significantly lower than the QCD sum rule prediction 0.93 < fp/fp < 1.19 [51] and the Lattice
QCD result computed from fp = (190.5 +4.2) MeV and fp = (209.3 £ 3.3) MeV with Ny =
24 1[52].
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To validate the light-cone expansion of the correlation function IT, in the region |z - p| ~
O(A) we need to keep the photon energy as a hard scale, above the practical value of a hard-
collinear scale ~ 1.5 GeV, then the LCSR with B-meson DAs can be trusted at g% < g2, =
8 GeV? (see [2] for more detailed discussions) on the conservative side. To extrapolate the com-
puted form factors from the LCSR method at large recoil toward large momentum transfer g2
we apply the z-series parametrization based upon the analytical and asymptotic properties of the
form factors, where the entire cut g2-plane is mapped onto the unit disk |z(g2, f0)| < 1 via the
conformal transformation

R T v
Viy —q? + i =1

where t,. = (mp +m)? denotes the threshold of continuum states in the B*(1~) meson channel.

The free parameter #o € (—o0, #;) determines the value of ¢ mapped onto the origin in the z

plane and can be adjusted to minimize the z interval from mapping the LCSR region qy%”-n <q¢’<
g2, For definiteness, we follow [48]

to=12 —\Jtx —1_+\Jts — g2, (99)

with qfnin =—6.0GeV2andt_ = (mp — mﬂ)z, and we also refer to [48,53] and the references
therein for more discussions on different versions of the z-parametrization and to [49] for a new
implementation of the unitary bounds for the vector B — 7 form factor.

Employing the z-series expansion and taking into account the threshold ., behavior implies
the following parametrization of the vector form factor [48]

+ 0 N-—1
fan(@h) = %:1 +> b (z(qz, 10)* — 2(0, t9)*

1 _q2/m%§’* k=1

2(¢%, 10) (98)

- (—1)Nk§[z(q2, t0)N — z(0, m)ND } : (100)

where the expansion coefficients by can be determined by matching the computed f;n (g?) at
low ¢ onto Eq. (100) and we truncate the z-series at N = 2 in the practical calculation. One can
keep more terms of the z expansion in the fitting program to quantify the systematic uncertainty
induced by the truncation, however, one could also run the risk of increasingly unconstrained fit
when introducing too many parameters [54], and we will leave a refined statistic analysis for the
future. Along this line, one can further parameterize the scalar form factor as

N
f3:@*) = [, (0):1 +Y b (z(qz, t0)* — z(0, lo)k> } : (101)

k=1

where the pole factor is removed because the lowest scalar B(0™) meson is located above the
continuum cut 74, and the series is truncated at N = 1 with fgn 0 =7f ;‘n (0) by definition.
We also implement the unitary bound constraints on the coefficients of by and by in the fitting
program, which are however too weak to take effect for the truncation at N = 2 for f ;n (¢%) and
at N =1 for fgn (g?).

Fig. 9 shows the ¢ dependence of the two form factors f ;7;0 (¢%) computed from the LCSR
with B-meson DAs at g2 < 8 GeV? with an extrapolation to ¢g> = 12 GeV? (pink band) using



Y.-M. Wang, Y.-L. Shen / Nuclear Physics B 898 (2015) 563—604 591

1.0 1.0

0.8 Fix (g%

0.6
0.4
0.2
0.0 0.0
0 2 4 6 8 10 12 0 2 4 6 8 10 12
¢ (GeV?) 7 (GeV?)

Fig. 9. q2 dependence of the vector form factor f;ﬂ (qz) (left) and of the scalar form factor fgﬂ (qz) (right). The pink
(solid) and the blue (solid) curves are computed from the LCSR with B-meson DAs and with pion DAs, respectively, and
the shaded regions indicate the estimated uncertainties. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

the z expansion, and theoretical predictions from the LCSR with pion DAs [48] without any
extrapolation at g2 < 12 GeV? (blue band) are also presented for a comparison. It is evident
that the predict shape of fgn (g?) is in good agreement with that computed from the sum rules
with pion DAs while a similar comparison for the vector form factor f ;‘n (q?) reveals perceptible
discrepancies in particular at high ¢2 as already observed before.

As the first attempt to understand this issue it would be interesting to inspect influence of the
matching condition of wo(1 GeV), described before Eq. (93), on the final predictions of the form-
factor shapes. Taking fl;rn(17.34 GeVz) = 0.94J_“8:8§ from Fermilab/MILC Collaborations [55]
as an input and proceeding with the matching procedure we obtain wg(1 GeV) = 525 +29 MeV
for the default model of ¢>§ (w, o), which is significantly larger than the determinations dis-
played in (93). The resulting shape of the re-scaled form factor (1 — q%/ m%*) f ;,, (g% is
presented in Fig. 10 where the Lattice data from HPQCD Collaboration [56], RBC/UKQCD
Collaborations [57] and Fermilab/MILC Collaborations [55] are also displayed for a compari-
son. One can readily observe that the higher ¢ shape of f ;n (¢?) predicted by Fermilab/MILC
[55] lies in between that obtained from the LCSR with B-meson DAs and the one with pion DAs.
In fact, the recent Lattice calculations [55] (see Fig. 24 there) already revealed a faster growing
form factor f ;’H (¢%) in the momentum transfer squared compared to that computed from the
LCSR with pion DAs. We should stress that the new matching procedure discussed here needs to
be interpreted more carefully, because extrapolating the sum rule computations toward large mo-
mentum transfer with the z expansion is also implemented for the sake of determining wg (1 GeV)
from the Lattice input at a high ¢ = 17.34 GeV>.

We present the fitted values of f ;ﬂ (0) and of the slop parameters by and b in Table 1 where
breakdown of the numerically important uncertainties is also shown. A few comments on the
numerical results obtained above are in order.

e The very limited information of ¢>?; (w) (indicated by the variations of wg and by the model
dependence of qb:,f(a)) in the table) remains the most significant source of theory uncertain-
ties.
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Fig. 10. q2 dependence of the re-scaled form factor (1 — q2 / m%*) f;ﬂ (qz) predicted from the sum rules with B-meson
DAs and the parameter wy(l GeV) determined by matching the Lattice point at q2 = 17.34 GeV? [55]. The Lattice
data are taken from Fermilab/MILC [55] (pink band), HPQCD [56] (blue squares), RBC/UKQCD [57] (green triangles).
The blue curve is again obtained from the sum rules with pion DAs [48] with central inputs. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

Table 1

Fitted values of the form factor f B’+ = (q2) at zero momentum transfer and of the slop parameters by, by entering the
z expansions (100) and (101). The notation “default” means that all the parameters are taken as the central values in
the numerical evaluation. Note that the central value of f B’+ - (0) is taken from [48] to determine wq(1 GeV) from the
matching condition, whose variations induce the combined uncertainty estimated in [48] by construction. Negligible
uncertainties induced by variations of the remaining parameters are not shown but are taken into account in the combined
uncertainty.

Parameter Default w( (71(31) n Hh1(2) {M2 , 50} {M2 , 50} (Z)IJ; (w)
) 0.281 —0.029 —0.008 +0.015 +0.005 +0.008 +0.012
Br . +0.027 +0.008 —0.031 —0.004 —0.014 —0.007
b 392 —0.10 —0.03 +0.06 —0.01 +0.08 B +0.14
1 : +0.09 +0.03 —0.00 +0.06 —0.09 —0.95
i 537 —0.13 —0.03 +0.21 +0.05 +0.11 _ +0.17
1 : +0.12 +0.03 —0.41 —0.00 —0.12 —1.15

e Comparing the new predictions in Table 1 with that of [48] we notice again the greater
slop parameters for both the vector and scalar form factors determined by the LCSR with
B-meson DAs.

e Since the prediction of f;n (0) from the LCSR with pion DAs is taken as an input to de-
termine the inverse moment Ap(1 GeV) and resummation of large logarithms in the hard
function C~) is implemented in the B-meson LCSR, theory uncertainties of the slop pa-
rameters b and by in Table | are comparable to that presented in [48] where the scale
variation induces sizeable errors. However, one should keep in mind that power suppressed
contributions induced by the higher twist pion DAs are taken into account in the traditional
LCSR calculations [8]; while power suppressed effects to the B-meson LCSR generated by
the sub-leading B-meson DAs and/or the sub-dominant hard scattering kernels are not in-
cluded in the current analysis. In addition, we do not consider the correlation between the
normalization and the slop parameters of the form factors as carried out in the LCSR with
pion DAs [49].
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5.3. |Vup| and the normalized q? distributions of B — mw€v,

The CKM matrix element |V,;| can be determined from the (partial) branching fraction of
B — mlyy

r GrlVl* 5 55 - m2\ 5 -
—(B—)JTKV(): F (q _ml) |pn||:<1+—>m3|pr[| |f+ (q )|
2 2 2 B
dq 2473 g4 my, 2q ™
3m?
"‘_qul (m%—miﬁlfg,,(qz)ﬂ, (102)

where |py | is the magnitude of the pion three-momentum in the B-meson rest frame, and in the
massless lepton limit the above equation can be reduced to

_ GEVawl?

r =3 + 24,2
W(B_)HW“)_WW’T' | /5 @I (103)

Following [48] we define the following quantity

G? %
AL(0,90) = 2,75 / dq® 1= 1 £ (@D (104)
0

which allows a straightforward extraction of |V,;| when compared to experimental measure-
ments for the partial branching ratio of B — muv,, integrated over the same kinematic region.
Implementing the computed form factor f ;n (¢%) from the sum rules with B-meson DAs and

performing the extrapolation to g = 12 GeV? with the z-series parametrization yield

2 +1.12 +0.30 +0.60| +0.21 +0.34 +0.52 -1
A£(0,12Gev?) =5.89 ‘ * ‘ * ‘ * * ‘ * ‘_ ps
1.10 @0 0.29 ‘71(;1) 1.22 u 0.21 e 0.53 M.so 0.25 M50
=5.89" 1S ps7!, (105)

where the negligibly small uncertainties from variations of the remaining parameters are not
presented but are included in the final combined uncertainty.
Employing experimental measurements of the integrated branching ratio

ABR(0, 45) = [Vun|* AL (0, 45) (106)
of the semi-leptonic B® — 7+ v, decay [58,59]:

ABR(0, 12 GeV?) = (0.83 £ 0.03 + 0.04) x 107*, [BaBar 2012]

ABR(0, 12 GeV?) = (0.808 £ 0.062) x 1074, [Belle 2013] (107)

and taking the mean lifetime tg0 = (1.519 £ 0.005) ps [40] we obtain
Vs | = (3.05i 034 & 0.09|exp_) x 1073, (108)

where the reduction of |V,;| compared to [48] is attributed to the rapidly increasing form factor

;n (g%), with respect to g2, computed from the sum rules with B-meson DAs, and the dimin-
ishing ABR(0, 12 GeVz) from the new measurements [58,59] in relative to the previous BaBar
measurements [60,61]; the theoretical uncertainty is from the computation of A (0, 12 GeVz)
as displayed in (105).
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Fig. 11. Top: The normalized differential q2 distribution of B — muv, computed from (103) with the form factor
f ; . (q2) predicted from the sum rules with B-meson DAs and fitted to the z-parametrization (red band), and that pre-
dicted from the sum rules with pion DAs and z-parametrization (blue band). The experimental data bins are taken from
[58] (brown spade suits), [59] (green five-pointed stars), [60] (purple squares), [61] (orange triangles), [62] (magenta
full circles). Bottom: The normalized differential distribution of B — mwtv;. The red and blue bands are obtained with
the form factors computed from the B-meson LCSR and from the pion LCSR, respectively. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

Now we turn to compute the normalized differential ¢ distributions of B — 7 £v; using the
form factors obtained with the B-meson LCSR and extrapolated with the z-series parametriza-
tion. Our predictions of the normalized ¢? distribution are plotted in Fig. 11 where the available
data from BaBar and Belle Collaborations are also shown for a comparison. We observe a rea-
sonable agreement of our predictions for the ¢ distribution of B — 7 uv, and the new Belle
and BaBar data points [58,59], but a poor agreement when confronted with the previous mea-
surements [60—62] in particular in the low ¢2 region. It is evident that the theory uncertainty of
the normalized differential distribution of B — 7 v, is somewhat smaller than that of the form
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factors shown in Fig. 9 because of the partial cancellation in the ratio of the differential and the
total branching ratio with respect to the variations of theory inputs. The g2 shape of the nor-
malized distribution for B — m vy, is also confronted with the prediction from the pion LCSR
in [48]. As a by-product, we further plot the normalized differential distribution of B — wtv; in
Fig. 11, which provides an independent way to extract |V,;| with the aid of future measurements
at the Belle-II experiment.

6. Three-particle DAs of the B meson

We have not touched three-parton Fock-state contributions to the form factors f I;;O(qz) in
the context of the LCSR with B-meson DAs. This topical problem has triggered “sophisticated”
discussions in the literature from different perspectives, see [21,63—-66] for an incomplete list.
We will first make some general comments on non-valence Fock state contributions to B — 7
form factors, and then discuss how B-meson three-particle DAs could contribute to the sum rules
presented in this work briefly.

e The representation of the heavy-to-light currents in the context of SCET (c, s) indicates that
three-parton Fock-state contributions already appear at leading power in A/my [21] and
these contributions preserve the large-recoil symmetry relations at leading power albeit with
the emergence of endpoint divergences [21,63]. This observation was confirmed indepen-
dently by QCD sum rule calculations of B — 7 form factors with pion DAs [64].

e The tree-level contribution of three-particle DAs in B — m form factors is of minor im-
portance numerically (at percent level) confirmed by two different types of sum rules with
B-meson DAs [2] and with pion DAs [8], respectively. The insignificant tree-level effect can
be understood transparently from the sum rules with pion DAs, where the collinear gluon
emission from the b-quark propagator yields power suppression in A/mj;. However, this
power-suppression mechanism will be removed at O(«;), because the radiative gluon can be
emitted from the (hard)-collinear light-quark propagators in the evaluation of the correspond-
ing correlation function at NLO (for a concrete example, see [64]). A complete calculation of
three-parton Fock-state contributions to B — 7 form factors is unfortunately not available
in the framework of both sum rule approaches at present. In the following we will sketch this
absorbing and challenging calculation in the context of the LCSR with B-meson DAs.

e B-meson three-particle DAs could manifest themselves in the NLO sum rules in a variety
of ways. First, these contributions are essential to compensate the factorization-scale depen-
dence of ¢ (w, u) entering the factorization formulae of I1(n - p, 7 - p) and n - p,n-p)
at O(gs’) recalling the evolution equation [33]

d - as Cr (0) w _
mfﬁB (0, u) = —?{ [Fcuspln; - 2] g (@, 1)

o0
+/ do o T(@, o' 11) ¢ (. 1)
0

+ / do / &'y (o, o & ) [Wa — wv]«o’,s’,u)},
0 0

(109)
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HA A

[

Fig. 12. Top: Contributions of B-meson three-particle DAs to the correlation function IT,, at tree level (the diagram (a))
and at one-loop order (typical diagrams displayed in (b), (c) and (d)). Bottom: Typical diagrams for renormalization of
two-parton (the diagram (e)) and three-parton (the diagram (f)) DAs at O(gf,’ ). The black blob in the diagram (f) indicates
the external gluon field in the string operator defining three particle DAs of the B-meson.

where the mixing term is solely governed by the light degrees of freedom in the com-
posite operator [67]. A sample diagram is shown in Fig. 12(b) whose soft divergences
can be reproduced by adding up amplitudes of the two effective diagrams displayed in
Figs. 12(e) and 12(f) convoluted with the corresponding tree-level hard-scattering kernel.
Second, B-meson three-particle DAs can induce leading-power contributions without re-
course to the above-mentioned mixing pattern and one also expects that the soft subtraction
is not needed here due to power suppression of the tree-level contribution from three-particle
DAs. One should notice that renormalization of B-meson three-particle DAs will not gen-
erate the inverse mixing into two-particle DAs, at least, at O(w), while a similar statement
holds to all orders of o for pion DAs due to conformal symmetry [68]. Third, three-particle
DAs can revise the Wandzura—Wilczek relation (83) which needs to be generalized into [35]

w

wdg (@) — f dn ez — 5]

=2/d /?_s (WA &) — Wy (n.6)] . (110)
0

w—

=

7. Conclusions and discussion

We have carried out, for the first time, perturbative corrections to B — m form factors from
the QCD LCSR with B-meson DAs proposed in [1,2] where the sum rules for heavy-to-light
form factors were established at tree level including contributions from both two-particle and
three-particle DAs. We placed particular emphasis on the demonstration of factorization of the
vacuum-to- B-meson correlation function IT,(n - p,n - p) at O(ay) taking advantage of the
method of regions which allows a transparent separation of different leading regions with the
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aid of the power counting scheme. Precise cancellation of the soft contribution to the corre-
lation function IT,, and the infrared subtraction was perspicuously shown at the diagrammatic
level. The short-distance function obtained with integrating out the hard-scale fluctuation re-
ceives the contribution from the weak-vertex diagram solely because the loop integrals from the
remaining diagrams do not involve any external invariant of order 1. The resulting hard coeffi-
cients coincide with the corresponding matching coefficients of the vector QCD weak current
in SCET] indicating that perturbative coefficients in the OPE are independent of the external
partonic configuration chosen in the matching procedure as expected. The computed jet func-
tions from integrating out dynamics of the hard-collinear scale are also in agreement with the
expressions derived from the SCET Feynman rules [3]. We further verified factorization-scale
independence of the correlation function at O(«;) employing evolution equations of the hard
function C), the jet function J) and the B-meson DA ¢ (@, 1), then summed up the large
logarithms due to the appearance of distinct energy scales by the standard RG approach in the
momentum space. We left out resummation of the parametrically large logarithms of wp./ o
due to the insignificance numerically. However, there is no difficulty to achieve this resummation
whenever such theory precision is in demand and an elegant way to perform resummation of
large logarithms in the presence of the cusp anomalous dimension in the evolution equations is
to work in the “dual” momentum space where the Lange—Neubert kernel of the B-meson DAs
are diagonalized [35].

With the resummation improved sum rules (78) at hand, we explored their phenomenolog-
ical implications on B — m form factors at large hadronic recoil in detail. Due to our poor
knowledge of the inverse moment of the B-meson DA q&g (w, i) we first determine this param-
eter by matching the B-meson LCSR prediction of f ;n (¢%) at zero momentum transfer to the
result obtained from the sum rules with pion DAs at NLO, utilizing four different models of
qﬁ? (w, p) displayed in (81). While these models do not capture the features of large w behav-
iors from perturbative QCD analysis, the power counting rule @ ~ A, thanks to the canonical
picture of the B-meson bound state, implemented in the construction of QCD factorization for
the correlation function IT, requires that the dominant contribution in the factorized amplitude
must be from the small w region. We then found that the obtained values of the shape param-
eter wo(1 GeV) from the matching procedure are rather sensitive to the shapes of qbg (w, 1)
at small w, pointing to the poor “local” approximation (94) and confirming an earlier obser-
vation made in [4]. However, the ¢ shape of f ;n (¢%) predicted from LCSR is insensitive to
the specific model of the B-meson DAs after determining wo(1 GeV) from the above-described
matching condition. This is not surprising because of a large cancellation of the theory un-
certainty in the form-factor ratio f ;n q>/f ;n (0). Moreover, we showed that the dominating
radiative effect originates from the NLO QCD correction instead of the NLL resummation of
large logarithms in the heavy quark limit, which does however improve the stability of vary-
ing the factorization scale. Proceeding with the resummation improved sum rules (78) in the
large recoil region, g2 < 8 GeV?, and extrapolating the computed from factors toward large
momentum transfer, we found that the obtained scalar form factor f gn (qz) is in a reasonable
agreement with that from the LCSR with pion DAs at q2 <12 GeVz; while a similar com-
parison of the vector form factor f Btz (¢®) calculated from two different sum rule approaches
reveals noticeable discrepancies particularly at higher g2. We made a first step towards under-
standing this intriguing problem by determining the parameter wo(1 GeV) from matching the
form factor f ;n(13.74 GeV?) to the Lattice data from Fermilab/MILC Collaborations. It was
then shown that the shape of f;n (g?) at high g2 predicted from Lattice QCD simulation lies
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in between that obtained from the two sum rule approaches. It remains unclear whether the
observed discrepancies arise from the sub-leading power contributions to both LCSR and/or
from the systematic uncertainties induced by different kinds of parton—hadron duality relations
in the constructions of sum rules and/or from the yet unknown leading-power contribution from
three-particle DAs in both approaches. As a result of the rapidly growing form factor f;ﬁ (g%

we obtain lower values of |V,;| = (3'05f8:§§|th- + 0.09|exp_) x 1073, in contrast to the predic-

tions of the pion LCSR [48,49], by comparing BaBar and Belle measurements of the integrated
branching ratio of B — 7 pv, in the region 0 < g% < 12 GeV? with the computed quantity
AZ(0,12 GeV?) in (105). The theory uncertainty is dominated by the rather limited information
of the B-meson DAs at small @ encoding formidable (non-perturbative) strong-interaction dy-
namics. Precision measurements of the differential q2 distributions of B — wfvy (£ = u, ) at
the Belle-II experiment might shed light on the promising orientation to resolve the tension of
the form factor shapes and subsequently to put meaningful constraints on the small w behaviors
of ¢ (w).

We further turned to discuss non-valence Fock-state contributions to the form factors
f ;;0 (¢%), which are the missing ingredients of our computations, and to illustrate modifica-
tions of the sum rule analysis in the presence of three-particle DAs of the B meson. Given the
fact that non-valence Fock-state contributions to the form factors f ;’TO (q?) are either suppressed
in powers of A/my at tree level or suppressed by the QCD coupling constant oy at NLO, one
may expect that including three-particle DAs of the B meson may generate a modest effect on
the form-factor predictions albeit with a high demand of computing their contributions at O(w)
in the conceptual aspect.

Developing the LCSR of B — 7w form factors with B-meson DAs beyond this work can
be pursued further by including the sub-leading power contributions of the considered corre-
lation function, which requires better knowledge of the sub-leading DAs of the B meson (e.g.,
off-light-cone corrections) and demonstrations of factorization for the correlation function at sub-
leading power in A /mj. Computing yet higher order QCD corrections of the correlation function
would be also interesting conceptually, but one would need the two-loop evolution equation of
¢ (@, ), which can be complicated by more involved mixing of string operators under renor-
malization.’

Moreover, we also expect phenomenological extensions of this work to compute NLO QCD
corrections of many other hadronic matrix elements from the LCSR with bottom-hadron DAs.
First, it is of interest to perform a comprehensive analysis of B — P,V form factors with
P=mn,K and V = p, K* from the B-meson LCSR at O(«y), which serve as fundamental
theory inputs for QCD factorization of the electro-weak penguin B — K™ £¢ decays and the
charmless hadronic B — PP and B — PV decays. In particular, such analysis could be of
value to understand the tension of form-factor ratios between the traditional LCSR and QCD
factorization firstly observed in [10], keeping in mind that these ratios are less sensitive to the
shapes of B-meson DAs at small w. Second, a straightforward extension of this work to com-
pute form factors describing the exclusive B — D® 1 v; decays will deepen our understanding
towards the topical R(D™) puzzles, referring to the 2o (2.7 ') deviations of the measured ra-
tios of the corresponding branching fractions in muon and tauon channels. Such computations
will enable us to pin down perturbative uncertainties in the tree-level predictions of B — D®)

7 The new technique developed in [69] using exact conformal symmetry of QCD at the critical point would be powerful
in this respect.
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form factors [70] and also allow for a better comparison of LCSR and heavy-quark expansion
in a different testing ground. A complete discussion of radiative corrections to B — D™ form
factors from the B-meson LCSR including a proper treatment of the charm-quark mass will be
presented elsewhere. Third, the techniques discussed in this work can be applied to compute
Ap — p, A transition form factors from the sum rules with the Aj-baryon DAs [71,72], which
are of phenomenological interest for an alternative determination of |V,,;| exclusively and for a
complementary search of physics beyond the Standard Model. However, one should be aware
of the fact that constructing baryonic sum rules are more involved than the mesonic counter-
part due to various ways to choose baryonic interpolating currents and potential contaminations
from negative-parity baryons in the hadronic dispersion relations [73]. To summarize, we foresee
straightforward extensions of this work into different directions.
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Appendix A. Loop integrals

In this appendix, we collect some useful one-loop integrals in our calculations.
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1 wor
——+2m s, (111)
€ my, F

Ih—f[dl] !
L [2+n-pi-1+i0][l2+2mpv -1 +i0][2 +i0]

-1 1 2 7 2
|:——|——lnL—l—ZlnzL—lnzr—2Li2(—£>+ni|, (112)

=2mhn~p e € n-p n-p r 12
[he = dPi 1
QP n-(p+Di-(p—k+1)+12 +i0l[n-1+i0][I% +i0]
1 1 1 2 2 2
= ——|——n'u—_+—1n2'u—_—n— , (113)
n-ple2 € n-pw—n-p) 2 n-pw—n-p) 12
l
L= [ldl £
e /[ G k02 41012 + 2my v -1+ 1012 + 0]
=Ci(p—Kbup+Compuy, (114)
h 1 1 7 r—2
Cl=———|-+2Ih—— Inr4+2], (115)
mbr € mp r —
h 1
Cr=C=———Inr, (116)
myr
he h 1 1 ”
G'=Ci—-Cl=—F|-tIh————FF——+2], (117)
myr L€ n-p(w—n-p)



Y.-M. Wang, Y.-L. Shen / Nuclear Physics B 898 (2015) 563—-604

n-ln-l

fa= /[dl][(p kD202 +2mpv -1 +i0][12 + i0]

171
=_[_+2lni+§mr+z], (118)
2 |e mp F
(it - 1)
Iip= | [dl
Lo /[ G k2 012 + 2my v [+ 1012+ 70]
1
=33 [r Inr+r], (119)
ly (p—1
b= [ N2 Al B—
[(p —D=+i0][( — k)= +i0][/= +i0]
1
= —&%ﬂ Iy — 7 (ko kp Iop — pa Pp I2.c — ko Pp 12.a + Pakp Ine] (120)
171 2 1
ha==|-+l(-%)- +nln(1+ﬂ)+3}, (121)
T2 p? n
2n—n*—=2In(l + 1 2
hy=21"1 nd+n) il L) =+ +3
293 € p
2 2
n* —In“(1+n)
B e 122
T (122)
In(1
[Z’czu, (123)
2n
In(1+n)—n 1 2 57 20+
b= =il “E)—ma+m+2 +L2’7), (124)
n? € p 2 27
n—1In(l+1n)
12,e=T, (125)
I /[dl] ! Ly w +2 (126)
= = — n——m——— s
. [(p—k+D2+i0l2+i0] € n-pa-k—p)
l Iz
L, = | [dl K T S 127
n /[ o oo~ 2P~ (120
Lo dPi n-(p+0
e | @mp n-(p+Dii-(p—k+D+12 +i0lln-1id —k)+ 12 +i0][12 +i0]
In(1 1 2 1
_In0+n —+lnM—_+—ln(1+n)+1i|, (128)
w € n-plw—n-p)y 2
I _/ dP1 n-ln-(p+1)
b QP n-(p+Di-(p—k+D+13 +i0lln-lad — k) +13 +i0][I% +i0]

=22 w1+, (129)
2w

withr =n-p/mp,r=1—r,wo=n-kandn=—-w/n- p.



Y.-M. Wang, Y.-L. Shen / Nuclear Physics B 898 (2015) 563—604 601

Appendix B. Spectral representations

We collect the spectral functions of convolution integrals entering the factorization formulae
of IT and IT in (73). These expressions were first derived in [4], we confirmed these spectral
functions independently and also verified the corresponding dispersion integrals.
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Appendix C. Two-point QCD sum rules for fp and f;

For completeness, we collect the two-point sum rules for the B-meson decay constant fp
in QCD [51,74] including NLO corrections to the perturbative term and to the D = 3 quark
condensate part:
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where Mz and 5¢ are the Borel parameter and the effective threshold, and the relevant NLO
spectral functions are given by

b (s, m2) = % {x [4Lir(x) +2 Inx In% — (5 — 2x) In ]
2 17-33
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with x = mlz’ /s, x =1 — x and the incomplete I" function defined as
o
F(n,x):/dt e, (138)

X

The two-point QCD sum rules of the pion decay constant f5; including the perturbative term
at O(ay) reads [75]

fT% = M2 I:L (] _ e*So/Mz) (1 + (XszM)> 1 1 (C(_SGG)
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