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Abstract Laminar natural convection from a horizontal isothermal square cylinder is numerically

investigated. The study covered a range of Rayleigh number, Ra from 103 to 106. A computer pro-

gram is developed to solve the continuity, momentum and thermal energy equations together with

their boundary conditions by using a finite volume method. Streamlines and isotherms were gener-

ated to describe the flow around the square cylinder. The local and average Nusselt numbers are

calculated and plotted over the four sides of the square cylinder. The numerical results were corre-

lated and compared with previous work.
� 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The convective heat transfer is an important problem, because
it affects the performance of thermal equipment in various
engineering applications such as heat exchangers, natural cir-
culation boilers, nuclear reactors, solar heating systems, dry

cooling towers, and cooling of electronic equipment.
Churchill and Usagi [1] proposed a method for correlating

convective heat transfer using two asymptotes. Oosthuizen and

Bishop [2,3] investigated numerically and experimentally the
mixed convection heat transfer over a square cylinder. Hassani
[4] introduced an expression for predicting free convection

from isothermal two-dimensional bodies of arbitrary cross sec-
tion. Clemes et al. [5] investigated experimentally natural con-
vection heat transfer in air for horizontal, relatively long
isothermal cylinders of different cross sections (circular,
square, semi-circular, etc) for Rayleigh numbers ranging from
103 to 109. Yovanovich [6] studied the laminar natural convec-

tion from isothermal convex bodies of complex shapes. Mah-
mud et al. [7] performed numerical investigation to predict
the fluid flow and heat transfer characteristics around a square

cylinder at different orientations from 0� to 90� for a range of
Grashof number from 10 to 105. Radziemska and Lewan-
dowski [8] presented the results of theoretical and experimental

studies of the natural convection heat transfer from isothermal
cuboids. Popiel and Wojtkowiak [9] presented the results of
experimental investigations on natural convection heat trans-
fer from the isothermal vertical surfaces of a vertical short

and slender square cylinder to air. These results were obtained
with a lumped capacitance method. Zeitoun and Ali [10] inves-
tigated numerically the natural convection heat transfer from

square and rectangular cross-sectional ducts for wide ranges
of Rayleigh number from 700 to 108. Kumar and Dalal [11]
studied numerically the natural convection heat transfer

around a tilted heated square cylinder kept in an enclosure
in the range of Ra from 103 to 106. Khodary and Bhat-
tacharyya [12] studied numerically and experimentally laminar
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Nomenclature

a side length of the square test cylinder, m

B duct aspect ratio, B = b/a
b duct horizontal width, m
Cp specific heat at constant pressure, J/kg K
g gravitational acceleration, m/s2

Gr Grashof number, Gr = a3bg(Tw � T1)/m2

H dimensionless duct height, H= Ld/a
h average heat transfer coefficient on all cylinder

sides, W/m2 K
hl local heat transfer coefficient on cylinder side,

W/m2 K

k fluid thermal conductivity, W/m K
Ld duct height, m
Nul local Nusselt number on cylinder sides
Nun average Nusselt number for natural convection

pd dynamic pressure, N/m2

Pd dimensionless dynamic pressure
Pr Prandtl number, Pr = Cp l/k
Ra Rayleigh number, Ra = Gr�Pr
T local fluid temperature, K

u velocity in x-direction, m/s

U dimensionless velocity in x-direction
v velocity in y-direction, m/s
V dimensionless velocity in y-direction
x, y Cartesian coordinates, m

X, Y dimensionless Cartesian coordinates

Greek symbols
a thermal diffusivity, a= k/q Cp, m

2/s

b coefficient of volumetric thermal expansion, K�1

l dynamic viscosity, kg/m s
h dimensionless temperature
q local fluid density, kg/m3

t kinematic viscosity, t = l/q, m2/s

Subscripts
1 at free stream conditions and outside thermal

boundary layer
n natural
w at cylinder wall
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natural convection from a horizontal isothermal square cylin-
der inside a vertical adiabatic parallel plate channel for duct

aspect ratio, B from 1.25 to 10 and different lateral locations
for values of Grashof number, Gr between 1 and 3 � 106.
Davis et al. [13] investigated numerically and experimentally

the confined flow around a rectangular cylinder in a horizontal
channel. Igarashi [14,15] performed a series of experiments
investigating fluid flow and heat transfer around a square/rect-

angular cylinder. He measured local and average heat transfer
rates on a square cylinder at various angles of attack and on a
rectangular cylinder at various width–to–height ratios. He then
correlated heat transfer coefficients with flow characteristics.

Goldstein et al. [16] reported the effects of multiple vortices
formed around a square cylinder mounted vertically on a base
plate on the mass transfer. Yoo et al. [17] investigated the con-

vective mass transfer process from a square cylinder and its
base in a flow of air. Breuer et al. [18] carried out a 2-D study
for the confined flow around a square cylinder in a channel

with Finite–Volume Method (FVM). They used non-
equidistant staggered grids for a fixed blockage ratio, 1/B of
1/8. Rosales et al. [19] investigated numerically the unsteady
flow-field and heat-transfer characteristics for a tandem pair

of square cylinders in a laminar channel flow. Turki et al.
[20] studied numerically the effect of three blockage ratios, 1/
B = 1/8, 1/6 and 1/4 on the 2-D unsteady and laminar flow

past a square cylinder inside a horizontal channel. Sharma
and Eswaran [21] investigated numerically the flow and heat
transfer of an isolated square cylinder in cross flow for both

steady and unsteady periodic laminar flows in the two-
dimensional regime. Dhiman et al. [22] investigated numeri-
cally the effect of blockage ratio on the flow characteristics

of power-law fluids across a square cylinder confined in a
channel for B = 4, 6, and 8.

Dhiman et al. [23] investigated numerically the effects of
cross-buoyancy and Prandtl number on the flow and heat

transfer characteristics of an isothermal square cylinder in a
channel for B = 8.
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The objectives of the present study were to investigate
numerically the heat transfer and flow characteristics for natu-

ral convection from a horizontal isothermal square cylinder
over a wide range of Ra. Also, local and average values of
Nu are to be investigated and a heat transfer correlation is to

be presented.

2. Mathematical formulation

The steady–state dimensionless governing equations for the
two-dimensional laminar heat transfer in Cartesian Coordi-
nates system (X-Y) including the Boussinesq approximation

are given by (see Fig. 1):
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þ @V

@Y
¼ 0 ð1Þ
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The following dimensionless variables are used:

X ¼ x

a
; Y ¼ y

a
; U ¼ u

ðm=aÞ ; V ¼ v

ðm=aÞ ; Pd ¼ pd

qðm=aÞ2

h ¼ T� T1
Tw � T1

; Pr ¼ Cpl
k

¼ m
a
; and Ra ¼ gbðTw � T1Þa3

ma

B ¼ b

a
and H ¼ Ld

a
ð5Þ
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Figure 1 Boundary conditions of the natural convection

problem.

Table 1 Effect of grid size on Nu.

Grid Nu % Dev.

61 � 187 14.342 3.151

73 � 225 14.298 2.853

85 � 263 14.119 1.621

97 � 299 13.890 0
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The above equations are subjected to the following bound-
ary conditions:

At
B� 1

2
6 X 6 Bþ 1

2
and Y ¼ H� 1

2
or Y ¼ Hþ 1

2

also at
H� 1

2
6 Y 6Hþ 1

2
and X ¼ B� 1

2
or X ¼ Bþ 1

2

U ¼ 0; V ¼ 0; h ¼ 1 ð6aÞ
at 0 6 X 6 B and Y ¼ 0

U ¼ 0;
@V

@Y
¼ 0;

@h
@Y

¼ 0 ð6bÞ

at 0 6 X 6 B and Y ¼ H

U ¼ 0;
@V

@Y
¼ 0;

@h
@Y

¼ 0 ð6cÞ

at 0 6 Y 6 H and X ¼ 0 or X ¼ B

U ¼ 0; V ¼ 0;
@h
@X

¼ 0 ð6dÞ

The calculation domain for the natural convection problem
is shown in Fig. 1.

2.1. The Nusselt number

The local Nusselt number, Nul at any location of the cylinder
sides is defined as follows:

Nul ¼ h1a

k
¼ @h

@n
ð7Þ

where, ‘‘n” is the normal to cylinder surface.
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The average Nusselt number for natural convection, Nun
over the inner hot square cylinder sides is defined as follows:

Nun ¼ ha=k ð8Þ
where, ‘h’ is the average heat transfer coefficient over the cylin-

der surface.

2.2. The calculation grid

The grid used in the numerical solution is square but non-
uniform. The grid spacing in the vicinity of the cylinder in both
X- and Y-directions is smaller than the rest of the grid to pick

up fine changes in the boundary layers. Different values of grid
size were examined to determine the suitable grid size to get an
accurate solution. Table 1 shows the effect of grid size on the

average Nusselt number for one run. Increasing the number of
nodes in X- and Y-directions more than (85 � 263) did not
increase the accuracy of Nu more than 1.62%. It was found
that it is good enough to use the mesh size (85 � 263). The

solution domain is taken with duct aspect ratio, B = 10 and
H= Ld/a= 10. Therefore, the centered square cylinder occu-
pies the space 4.5 6 (X or Y) 6 5.5.

2.3. The numerical solution

The governing equations along with the boundary conditions

cannot be solved analytically. So, the numerical solution
remains the only possible solution one could take. The com-
puter program used to solve the governing equations is based

on the finite volume method (FVM) developed by Patankar
[24]. This was based on the discretization of the governing
equations using the central differencing in space. The dis-
cretization equations were solved by the Gauss-Seidel elimina-

tion method. The iteration method used in this program is a
line by line procedure, which is a combination of the direct
method and the resulting Tri-Diagonal Matrix Algorithm

(TDMA). The procedure used by Patankar [24] is to solve
simultaneously the continuity and momentum equations and
then the thermal energy equation.

3. Results

3.1. Streamlines and isotherms

The streamlines and isotherms for the flow over an isothermal

horizontal square cylinder due to natural convection are plot-
ted with the aid of the Surfer software version 6.01. The results
are obtained at different values of Rayleigh numbers from 103

to 106, Prandtl number, Pr = 0.7 for duct aspect ratio of 10 as

shown in Fig. 2(a)–(d).
nsfer from an isothermal horizontal square cylinder, Alexandria Eng. J. (2016),
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Figure 2 (a–d) Streamlines and Isotherms for Pr = 0.7, Ra from 103 to 106.
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Figure 3 (a–c) Effect of Ra on local Nusselt number.
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0 2 4 6 8 10 12 14 16
Nucorr

0
2
4
6
8
10
12
14
16
18
20

N
u n

Experimental data[25]
Present numerical data 
Present correlation (9)

Figure 5 Correlation of numerical results.

Natural convection heat transfer 5

Please cite this article in press as: S.M. Elsherbiny et al., Natural convection heat transfer from an isothermal horizontal square cylinder, Alexandria Eng. J. (2016),
http://dx.doi.org/10.1016/j.aej.2016.09.020

http://dx.doi.org/10.1016/j.aej.2016.09.020


Gr

0
2
4
6
8
10
12
14
16
18
20
22
24

N
u n

Aspect ratio =10
Present numerical data
Present correlation (9)
Churchill and Usagi correlation [1]
Hassani [4] 
Zeitoun and Ali [10] 
Khodary and Bhattacharyya [12]

103 104 105102 106 107

Figure 6 Comparison between present and previous data.

6 S.M. Elsherbiny et al.
The streamlines indicate that the fluid, around the square
cylinder and far from it, is entrained toward the square cylin-
der and forced to flow vertically upward above the cylinder.

Also, the isotherms around the cylinder show a vertical narrow
plume.

Increasing the Rayleigh number from 103 to 106, speeds up

the flow toward the cylinder and the plume becomes thinner.
For the same case, the isotherms shrink around the cylinder,
as Ra was increased.

3.2. Local Nusselt number

The local Nusselt number distribution along all sides of the
square cylinder was affected by increasing the Rayleigh num-

ber from 103 to 106 for natural convection as shown in
Fig. 3(a)–(c). The figure shows that, the local Nusselt number
along all sides of the square cylinder except the upper side was

increased as Ra increased. For upper side, increasing Ra from
103 up to 105 decreased the local Nusselt number. A further
increase in Ra to 106 led to a large increase in local Nusselt

number as shown in figure.
The value of the local Nusselt number is always higher at

the edges of the horizontal sides of the cylinder. For vertical
sides, Nul is higher at the bottom edge and gradually decreases

along the vertical side.

3.3. Average Nusselt number

Fig. 4 shows the average Nusselt number for natural convec-
tion, Nun plotted versus Rayleigh number from 103 to 106

for Pr = 0.7. As shown in figure, the average Nusselt number

increases as Ra increases. However, a higher increase in Nun is
noticed for high Ra. For 105 < Ra< 106, the slope reaches a
value of 0.27 which indicates a laminar boundary layer regime.

4. Correlations and comparison with previous work

The heat transfer data are collected in one correlation as sug-

gested by Oosthuizen and Bishop [2]. The Least Squares
method is used to get the optimum values of the correlation
constants. This is given as follows:
Please cite this article in press as: S.M. Elsherbiny et al., Natural convection heat tra
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Nucorr ¼ 0:384Gr0:252 ¼ 0:42Ra0:252 ð9Þ
The present numerical results for natural convection are

shown in Fig. 5. The experimental measurements from one

of the authors [25] are also plotted. The maximum deviation
is 14.33% and the average deviation is 5.73% while the stan-
dard deviation is about 0.017.

4.1. Comparison with previous work

Present correlation (9) is compared with present and previous

work in Fig. 6. The comparison is limited to available data in
the range 1.428 � 103 < Gr 6 1.428 � 106.

For natural convection, Fig. 6 shows comparison between

present work and each of Churchill and Usagi [1], Hassani
[4], Zeitoun and Ali [10] and Khodary and Bhattacharyya
[12]. The present correlation (9) shows a very good agreement
in the low range 103 < Gr < 2 � 104. For Gr > 2 � 104 the

present correlation shows a good agreement with [4,12]. How-
ever, the present correlation overestimates Nun w.r.t. data from
[1,10]. The maximum deviation is 31.13% with an average

deviation of 13.41%.

5. Conclusions

Laminar natural convection heat transfer from an isothermal
horizontal square cylinder to air (Pr = 0.7) is numerically
investigated. Streamlines and isotherms are generated to

describe the flow around the square cylinder. The effect of
Ra was also investigated numerically for natural convection
and duct aspect ratio of 10 in the range (103 6 Ra 6 106).

The results are presented as local Nusselt number distributions
along the sides of the square cylinder, and average Nusselt
numbers for different values of the Rayleigh number. The
results are also presented in a simple correlation. The following

conclusions can be extracted:

1. The streamlines indicate that the fluid, around the square

cylinder and far from it, was entrained toward the cylinder
and forced to flow vertically upward. Also, the isotherms
around the cylinder show a vertical narrow plume. Increas-

ing Ra from 103 to 106 increased the mass entrained and the
plume became thinner than before.

2. The local Nusselt number distributions along left and right
sides of the cylinder are identical which ensures the accu-

racy of the numerical solution. The values of the local Nus-
selt numbers increased with Ra on all sides except the upper
one. These values are higher at the left and right corners

and the lower side gives higher values than the upper side.
3. The average Nusselt number increases with increasing Ra

from 103 to 106.
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