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1. Introduction

In this work, we consider the Lengyel-Epstein reaction-diffusion system:

4uv
u=Au+a—-u———, xef2, t>0,
14+ u?
vi=cAv+blu uv xe2,t>0
= _75 9 > 9
t 14 u? (11)
0 d
M_T_y, X€d, t>0,
v dv
u(x,0) =up(x), v(x,0)=vox), x5,

where £ is a bounded domain in RN with sufficiently smooth boundary 8£2. Here u = u(x,t) and v = v(x,t) denote the
chemical concentration of the activator iodide (I7) and the inhibitor chlorite (CLO; ) respectively, at time t > 0 and a point
x € 2. The parameters a and b are parameters depending on the concentration of the starch, enlarging the effective diffusion
ratio to c. We shall assume accordingly that all constants a, b and ¢ are positive.

Problem (1.1) is based on the well-known chlorite-iodide-malonic acid chemical (CIMA) reaction, see [5,6]. A more
detailed historical account of the development of CIMA reaction model and experiments can be found in [1]. In the past
decade, some mathematical investigations are conducted, see for example [3,4,7-9].

From these papers, we notice that the dynamics of (1.1) is rich because of Turing instability and bifurcation phenomena.
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In [3], Jang, Ni and Tang proved a global bifurcation theorem which gives the existence of non-constant steady states for
the c suitably chosen. In [7], Ni and Tang considered the Turing instability and Turing patterns. In [8], Yi, Wei and Shi derived
precise conditions for the diffusion-driven instability with respect to the spatially homogeneous equilibrium solutions; they
also performed a detailed Hopf bifurcation analysis for both ODE and PDE models, deriving a formula for determining the
direction of the Hopf bifurcation and the stability of the bifurcating homogeneous periodic solutions. In [9], Yi, Wei and Shi
proved that the constant equilibrium solution is globally asymptotically stable when the parameter a is small, and showed
that for small spatial domains, all solutions eventually converge to a spatially homogeneous and time-periodic solution.

The purpose of this work is to find some spatially non-homogeneous periodic solutions, i.e., the periodic solutions caused
by diffusion.

Furthermore, the referee comments us that J. Jin et al. [4] considered the same model using the similar methods, but
chose the different bifurcation parameter.

2. Main result and the proof

While our calculations can be carried over to higher spatial domains, we restrict ourselves to the case of one-dimensional
spatial domain £ = (0,Ir), | e R, that is

4uv
Ut:uxx‘i‘a_u_l—i_—uz, XE(O,IT[),t>O,
uv
Vf:CVXX+b<u_H_—le>’ xe 0,lm), t>0, 21
Ux(0,t) = v4(0,t) = uy(l,t) = vx(,t) =0, t>0,
ux,0) =ug(x), vx,0) =vox), xe (0,Ilm).

The unique constant steady state is (u*, v*) = («, 1 +«2), here o = a/5. We shall maintain the basic hypothesis 3 > 5 in
the rest of this paper. This is important because it is the sufficient and necessary condition to ensure that the system (2.1)
is an activator-inhibitor system, see [3] for details. In the following we shall fix a,c and use b as the main bifurcation
parameter.

To cast our discussion into the framework of the Hopf bifurcation theorem, we translate (2.1) into the following system
by the transition &t = u — u* and v = v — v*. For sake of convenience, we still let u and v denote @i and Vv respectively, then
we have

du+o)(v+1+a?)
U — Uyy =4 — U — Tt a2 , xe (0,lm), t >0,
U+a)(v+1+a?)
vt—cvxx:b<u+oc— TTwra? ) xe(0,lm), t >0, (2.2)
ux(0,t) = vx(0,t) = ux(l, t) = vx(l,t) =0, t>0,
u(x,0) =up(x), v(x,0)=vo(x), x € (0,lm).

Define

4u+a)(v+1+a?)
1+ U+ a)?

Wt 41 +a2)>
1+ W+ a)?

f,u,v):=4a —u —

)

g, u,v) ::b(u + o

here f,g:R x RZ — R are C*® smooth with f(b,0,0) = g(b,0,0)=0.
Now we define the real-valued Sobolev space

2
X:={(u,v) € [H*(0,1m)]": (ux, V)lx=0.1x =0},
and the complexification of X:
X =X@iX={x1 +ix2: x1,%x € X}.
The linearized operator of the steady state system of (2.2) evaluated at (b, 0, 0) is

) (% +A®b) B )
cth)y 2 +Db)

ax?
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with the domain D) = X¢, where

302 -5 4Aa
AMb) = fu(b,0,0) = — Bb)=f,(b.0.0) = ———
(b) = fu(b,0,0) Tra?2’ (b) = fv(b,0,0) a2’
2a%b ab

C(b)=guy(,0,0) = Tra?

5 D)=8u(b.0.0) =

142

The following condition is essential to guarantee that the Hopf bifurcation occurs:

(H) There exist a number b" € R and a neighborhood O of b* such that for b € 0, £(b) has a pair of complex, simple,
conjugate eigenvalues a(b) % iw(b), continuously differentiable in b, with a(bH) = 0, wg := w(b") > 0, and o’ (b™) £ 0;
all other eigenvalues of £(b) have non-zero real parts for b € O.

Now we can recall the Hopf bifurcation result appeared in [10] and apply them to analysis our model.
It is well known that the eigenvalue problem

—¢" =pnp, xe(0,lr); P'0)=¢'(r)=0
has eigenvalues u, = ’,172 (n=0,1,2,...), with corresponding eigenfunctions ¢, (x) = cos % Let
¢\ _ . an nx
v)= Z by cos T
n=0

be an eigenfunction of £(b) corresponding to an eigenvalue B(b), that is, L(b)(¢, ¥)T = B(b)(¢, ¥)T. Then from a straight-
forward analysis we obtain the following relation:

En(b)<g:>=ﬂ(b)<g:>, n=0,1,2,...,

where
2
-z +A®b B(b)
Ln(b) = , .
C(b) —C% + D(b)
It follows that eigenvalues of L(b) are given by the eigenvalues of £,(b) for n =0,1,2,.... The characteristic equation of
Ln(b) is

B2 — BTa(b) + Dn(b) =0, n=0,1,2,...,

where
302 -5 ab 1+ c)n?
Tuby= 2 —>_ b ULom
14+« 1+o [
2 2 /.2 2 (2.3)
Dy (b) = 5ab n ab n +Cn n 3 -5
T e 122 T R2\R 1402 )
Therefore, the eigenvalues are determined by
Tn(b) £+/T2(b) — 4Dy (b
B(b) = n(b) nz() n()’ n=0.1.2.. ...

If the condition (H) holds, we see that, at b = bH, £(b) has a pair of simple purely imaginary eigenvalues =iwg if
and only if there exists a unique n € N U {0} such that +iwg are the purely imaginary eigenvalues of £, (b). In such case,
denote the associated eigenvector by q = gy = (an, by)" cos %¥, with a,, b, € C, such that £,(b™)(an, by)T = iwo(an, by)T, or
L(b)qg =iwoq.

We shall identify the Hopf bifurcation value b which satisfies the condition (H), taking the following form now: there
exists n € NU {0} such that

Ta(b")=0,  Dn(b")>0, and T;(b")#£0, D;j(b")#0 forj#n (2.4)

and for the unique pair of complex eigenvalues «(b) + iw(b) near the imaginary axis

o (b") £ 0.
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It is easy to derive from (2.3) that T,(b) <0 and Dy (b) > 0O if

302 -5
>0

b>bj:=

and one of the following holds:

5 5, 1+52 . o 1452 Pab
e - > - - -
(i) 3\01 S3Eo7 (i) o T and 0<c<312_1a2_],
14512

which implies that (0, 0) is a locally asymptotically stable steady state of system (2.2). Here we discuss the potential bi-
furcation point in the interval (0, bj]. For any Hopf bifurcation point bH in (0, bg1, a(bf) +iw(b") are the eigenvalues of
La(bH), here

a(b) = 3Ta(b"), @ (b") = \/Da(b¥) —a2(bH),
and
o/ (b") = S Th(b") <0
From the discussion above, the determination of Hopf bifurcation point reduces to describing the set

A= {bM € (0,b}]: for somen € NU {0}, (2.4) is satisfied},

when a set of parameters (c,a) are fixed.

Firstly, b := b}, is always an element of A since To(bf) =0, T;(bl) <0 for any j > 1, Dy (b)) > 0 for any m € NU {0}
and all ¢ suitably large under a rather natural condition. This corresponds to the Hopf bifurcation of spatially homogeneous
periodic solutions which have been studied in [8]. Apparently bg’ is also the unique value for the Hopf bifurcation of the
spatially homogeneous periodic solutions for any I > +/3/3. Hence in the following we look for spatially non-homogeneous
Hopf bifurcation points.

. 2_ . . .
Notice that when b < by, 31°‘+a25 - ]j‘igz > 0. It is easy to see that T,(b) =0 is equivalent to

302-5  ab  (1+on?

1+a2 14+a2 2z
that is
302 -5  (14+o0n?\1+a?
b= - .
14 o2 2 o

For such value of b, we have

Dn(b)=ﬁ(f—3a2_5>+ﬁ ab N 5ab

2\2 14«2 Pl+o?2 14a?
cn? (n? 3a?-5 n? /3a?2 -5 (1+4c)n? 302 -5 (1+0o)n?
:lT<17_1+a2> 17<1+er_ I2 >+5<1+a2_ I2 )
n* n?/3a?-5 53a? —5)
:_F_F<W(C_”+5+SC>+W

Let
302 -5

Bo:= (c—1)+501+0),

1+ 2
then Dy, (b) > 0 if and only if

2_
n2  —Bo+ B3+ 2B
I2 2 '

So all the potential bifurcation points can be labeled as A = {b,’f},’;’:o for some N € NU {0}, here

(2.5)

pH 302 -5 B (14 o)n? 1+oe2.
" 1+ a? I2 o
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That is

0<b%<b57]<~~<b€'<bg:=b3, (2.6)
satisfying

3a2-5 _ bje /g2 4 203225
0< Ate?  1+a? Bo+ /By + =5
< < .
1+4+c

2

Now we only need to verify whether Di(b,lf) # 0 for i # n. Here we will derive a condition on the parameters so that
Di(bl) > 0, for each i =0,1,2,....
Since

4 2 H 2 H
n i b 300 -5 5ab

D,-(b,’f):c——}-— Dn __ 2 YOn ,
#2\1+a? 1+ a2 1+ a2

we can choose the diffusion coefficient ¢ as small as possible so that

H
lof(’;z - 6310:3;25 >0, ie., given the fixed N defined
by (2.6), for every 0 <n < N, ¢ < M(«, N, 1), where
3a2-5 N2
14+a? 2
M(Ol,N,l) :=3(;L20i571\]2>0, (27)
1+a? a2
therefore D;(b!) > 0.

du

To adopt the framework of [2], see also in [10], we rewrite system (2.2) in the abstract form
— =L((b)U+F(@b,U),
Q@ (b)U + F(b,U)

(2.8)
where
_ ( fb,u,v) = Ab)u — B(b)v
Fb,U) = (g(b, u,v) —Cu—-Db)v )’
with U = (u,v)T e X. At each b=b, n=1,2,3,..., N, system (2.8) can be reduced to
du
= L(bMU + Fa(U), (2.9)

154

where F,(U) :=F(b, U)|b:b#. Let (-,-) be the complex-valued L? inner product on Hilbert space Xc defined as

(U1,Up) = /(fhuz +Vivy)dx,
0

with U; = (u;, vi)T € Xc (i =1, 2). Throughout this paper, we use f denote the conjugate of f. Then (bUq, Uz) =b(Uq, Us).
Let £*(bH) be the adjoint operator of £L(bf), i.e. (u, L(bF)v) = (L£*(bi)u, v). Then £*(bl) is also defined on X, and

02 H H
z:*(b”) _ [ +A®b) Coy)
nie H 32 Hy /'
B(b;) o + D(b;))
From (H), we can choose q := (ay, by)T cos % q*:=(aj, b;)T cos % € Xc satisfying

£ (bf)g* = —iwfg*, (g%.q)=1, (a.4)=0,

(2.10)
here wf, q, g* will be given concretely by (2.27)-(2.29) in the sequel.
We decompose X = X P X°, with

Xi={2q+2q:zeC), X :={ueX: (¢*,u)=0}.

For any (u, v) € X, there exists z€ C and w = (w1, w3) € X® such that

uy _ —— w1
<V>_zq+zq+(wz>,
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or
nx
U = za, cos — ] +zancos ] + w1,
(211)
nx nx
v _zbncosT + zby, cos — | + wo.
Now system (2.9) can be reduced to the following system in (z, w) coordinates:
n =iwjz +(q*, Fn),
(212)
dw H
=L(b])w+H(z,Z,w),
dr
where
H(z,z,w):= Fn_(q*,Fn>q_(EI*’Fn>f_I, Fn:=Fn(zq+2q+w). (213)
As in [2], we write Fj, in the form:
1 1
Fa(U):=5QU,U) + =C(U, U, 1) + 0(jU[*), (2.14)

here Q, C are symmetric multilinear forms. For simplicity, we write Qxy = Q (X,Y), Cxyz = C(X, Y, Z). For later uses, we
calculate Qqq, Qqg and Cqqq as follows:

nx nx nx
Qg = (d )cos2 T Qa= (f )cos2 T Cag= (i’i)cos T

where (with the partial derivatives evaluated at (b,’;’ ,0,0))

Ch = fuuag + 2 fuvanbn + fvvb%,

dp = guua,% + 2guvanbn + gvvbﬁy

€n = fuu|an|2 + fuv(aan + dnby) + fvv|bn|2,

Fn= guulan|? + guv (@nbn +nbn) + gvvIbnl*,

&n = fuuu|an|zan + fuuv(2|an|2bn +a%5n) + fuvv(2|bn|2f1n +b%an) + fvvv|bn|2bna
hp = guuu|an|zan + guuv(2|an|2bn + agl_)n) + guvv(2|bn|2an + bﬁan) + gvvv|bn|2bn-

(2.15)

Let
_ H _ Hp._
H(z z, w)=%zz+anz+ ¥22+0(|z|-|w|), (2.16)
then by (2.13) and (2.14), we have

Hy0=Qqq — <q*’ Qqq>q - <C-I*7 Qqq)f_l,
Hi1=Qq5— <q*, Qq[}>q - (‘_1*7 thj)@
It follows from Appendix A of [2] that system (2.12) possesses a center manifold. We can write w in the form:
w _ Wo2 _
w:%zz-kwnzz-l- %zz+o(|z|3). (217)
By (2.16) and (2.17), together with
LMW +H@zz,w) = dw _ 9w dz + dw dz
dt oz dr | 9z dt’
we have

wao = [2iwf] — ﬁ(bf)]qHzo, wi = _[ﬁ(bfl’)]’]H“.

Actually, by [10] we have

s12iwfl — LB [(cos 2 + 1)(§)] ifneN,
W20 = o Hya—1 . o ) (2.18)
[2iwgl — £bH1 [ (G ) (T, Qqq) (5 ) @, Qqq)(l‘,o)] ifn =0,
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and

—3LLBIHT [(cos 2% + 1) ()] ifneN,
1= Heied . o ) (2.19)
—LLGOITH(R) — (@ Qaa) (b)) — (@ thi)(Bo)] ifn=0

Notice that the calculation of [2iw}l — £(bF)]~T and [£(bf)]~! in (2.18) and (2.19) are restricted to the subspaces spanned

by the eigen-modes 1 and cos 2’1”‘

Now the reaction-diffusion system restricted to the center manifold can be given by

=iofz+ (g R =iofz+ Y g” 270+ 0(121*). (2.20)

V4
dt 1j!
2<1+]<3

where
220=1{0"Qqq).  811=1(0".Qqg).  go2=(a". Qg5).

g21= Z(q*, Qqu> + (q*’ QW205> + (q*’ qurj>-

The dynamics of (2.12) can be determined by the dynamics of (2.20). As in [2], we write the Poincaré normal form of (2.8)
(for b in a neighborhood of bf,’) in the form:

M
z=(a®) +iwb)z+2z)_cjb) ), (2.21)
j=1

where z is a complex variable, M > 1 and c;(b) are complex-valued coefficients. Then following [2], we have

c1(b) = 8208113 (b) +iw(b)) 1g11/2 |g02|? g
T T 2@20) + 2(b) a(b) +iw(b)  2(a(b) + 3iw(b))
Thus
1
€ (brl;l) = 2:‘)8 <g20g11 - 2|g11|2 — §|g02|2> + %
1 * * * ] * 1 «
= m(q ) QQQ> . (q ) qui) + <q ) anq) + E(q ) sz0q> + E(Q , quq> (2.22)

with wyg and wq; in the form of (2.18) and (2.19), respectively. From Theorem II and Section 3 in Chapter 1 of [2], under (H),
we can establish the main result of our work:

Theorem 1. For any b,’f, defined by (2.5), if there exists M = M(«, N, ) defined by (2.7), such that 0 < ¢ < M, then system (2.2)
undergoes Hopf bifurcation at each b = b,’f, 0 < n < N. With s sufficiently small, for b = b(s), b(0) = b,’{’, there exist a family of T (s)-
periodic continuously differentiable solutions (u(s)(x, t), v(s)(x, t)), and the bifurcating periodic solutions can be parameterized in the
form of

u(s)(x, t) = s(ane® /7O 4 g,e=2mit/T®) cos =X l +o( 2),
(2.23)
v(s)(x,t) =5(bn e27it/TG) 4 p, e_z’“t/m))cos l +0( %),

where ay, by, will be given concretely by (2.30),

T = (4 +olst), ra=— o (im(er ) -

0 0

H
gt
and
, 4 4 uw Re(cify) , 4
0= - —W(Im(ﬁ I )
If all eigenvalues (except *iwg) of L(b,ﬁ' ) have negative real parts, then the bifurcating periodic solutions are stable (resp. unstable) if

Re(cq (b,’;’)) < 0 (resp. > 0). The bifurcation is supercritical (resp. subcritical) if — ’(b” Re(cq (b”)) < 0 (resp. > 0).
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Moreover:

(1) The bifurcating periodic solutions from b(’)" are spatially homogeneous, which coincides with the periodic solutions of the corre-
sponding ODE system.
(2) The bifurcating periodic solutions from b,’j, n > 0, are spatially non-homogeneous.

Proof. Following the bifurcation formula (pp. 28-32, [2]), we observe that (2.21) is rotationally invariant: if z is a solution

then so is zel® for any real number ¢, and the trajectories of (2.21) are circles with centers at z= 0. This simple geometry

is reflected in efficient computation of the Maclaurin expansions of b(s) and T(s). Forming 2% +z% from (2.21), we obtain

M
d _ _ .
T =2 (oe (b) + ; Re(c; (b))(zz)f). (2.24)
The right-hand side of (2.24) is zero if and only if z=0 or
M .
a(b)+ ) "Re(cj(h))(z2)! =0. (2.25)
j=1

Since z(t) # 0, (2.25) is a proper condition to ensure that the right-hand side of (2.24) is zero. In such case, z(t)z(t) is a
non-negative constant, denoted by s2 for some s > 0. Thus, (2.21) can be written as

M
=iz |:a)(b) + Im(ch(b)szfﬂ. (2.26)

j=1
It follows from (2.26) that z(t) = se®™t/T®) and by expansion, we have

2 2 4 1 H Re(C] (bil‘;l)) /(WH

T = — 1 N = - l b e b .
(s) a)g( +0s%) +o(s?), a)g<m(c1( 7)) o« bF) o' (b))
From (2.11) we get solutions of (2.2) in the form of (2.23).

Since q and g* satisfy (2.10), it is easy to get

nx 302-5 (14+a®n? o'(d+a®)\T  nx
= (an, bp)" cos — = ( 1, - -0 i] cos—, 2.27
9= (@n-bn) I ( 4o 4al? 4o ) l (227)
nx 4o (1 +a?) 302 -5 (1+a?)n? T nx
* = (a*, b’ T cos — = 0 — i,—i) cos—, 2.28
4" = (a3 br) I wy(1+a?)lr ( 4a + 4o 412 I (2.28)
where
8a3bl n?  3a%-5\*"?
l=|—n (o =2 . 2.29
0 |:(1+Ol2)2 <12 1+oc2> ] (229)
This implies that
302 -5 (1+a®n?  wj(l+a?),
ap, =1, b, = — — 1,
4o 412 4o
4 ol (14 a? 302 -5  (1+0a?)n? 4
@ = — o ' |: o )+< o _ +012) >:|’ b::—i%- (2.30)
wy(1+a)lr 4o 4a 4al wy(1+a)lr

Now we consider the stability and bifurcation direction. Since (x’(b,’;’) < 0, we only need to compute the sign of
Re(c1(by)).
By (2.22), we have

1 1
Re(ci(by)) = Re(q*, Quyiq) + 5 Re(q™, Quaq) + 5 Re(q*, Cgqq)- (2.31)
From [10], we get (q*, Qqq) = (%, Qq3) = 0. In order to calculate Re(cq (b,’f)), it remains to calculate

(q*7 Qw11q>s (q*’ QWZOC_I> and (q*’ quti>'



L. Du, M. Wang /J. Math. Anal. Appl. 366 (2010) 473-485

It is straightforward to compute that

; 302-5 _ 4n? 4a -1
g a0 T e
0 2n\Fn = 2a2b! den?
T 1+a? leO ozz T
son 4cn? 4a
= (o +a i)71 21600 + l+oz2 + Tz T 1ta2
=™ 2 2a2pH Zico! 3025 + '
T+a? 1@Wo ~ Fia2 12
2iwh — 3025 4a -1
; Hy1~-1 0 1402 1+ao?
[2iwjl — Lo(b))] = ( 2 )
— e 2wy n o+ 1+a2
. on, abf 4o
=1 210)0 + 1+a? T 1+a2
= (03 + a4i)
zazb# 2ie? — 302-5
1+a? @ 1+a?
where
o = —a(al)? - abl! N 4en?\ (30> =5 4n? 4o 202bH
0 1402 @ P2 1+a2 P2 1+a21+a2’
oy = 20" abl N 4cn? B 302 -5 N ﬁ
N1+a2 ' 2 1+a2 2 )
s = —a(al)? - abfl 302 -5 4o 202bH
0 14+a?2 14+a2  14+a21+a?’
s — 208 abll 30?2 -5
T e T 1xa? )
By (2.18), we have that, when n e N,
Wap = [2iwg] — Lon(bH]! cos 2nx i [2iwdl — Lo(bi)]7! Cn
2 l 2 dy
. 4 4
_ lon il [ Giepl + i+ e — 1+‘22dn c0s 2y
2 2a2bH -
110{2 Cn+ (21600 3103,-0125 + 12 )d" :
. o n
(a3 +agi) ! [ (2iwg W)Cn Tiazdn
2pH
2 21(:_22 Cn+ (Ziwg - 310:_(;25 )dn
Likewise, when n € N, we get
1 _ ablf 4cn 4o -1 _ oabff 4o
W11 = 5 ( T+aZ g Jen + T+a? fn g Traz6n + 1+oz2 fn
2 202bH _ 2 2 202bH ’
a 1O-l§—a2 n+ (310:-1125 o %)f” lo-lq-ozz en + 1+ot2 o
where
. 2a2bH abl N 4cn?\ (30?2 -5 4n?
>T1ra21+a? 1+a2 2 1+ a2 2 )
- — 5abl!
e 11 a2

The direct computation yields

_ 8a(3—0a?) ) o
fuu—m7 uvy — — (1 2)27 fvv—fvvv—fuvv—o,
; 24t —6a?+1)

8a(3 — a2
1+a?2)3 ~° Juur = e

1
W, Suu = quu» vy = Guvv =0, (232)

1 1
guvzzfuw guuuzzfuuuy guuvzzfuuw gvwv =0.
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Here and in the following we always assume that all the partial derivatives of f and g are evaluated at (b¥, 0, 0). It is easy
to get
fuuf"l‘fuvn‘f‘fuvl;n-‘;: 2nx nx fuuf‘f‘fuv{"—fuvl;nf nx
Qwyg = _ €0S — C0S — + _ cos —,
Zuué + Guvl + Guvbné GuuT + Guv¢ + Guvbnt !

I I
(fuué‘f‘fuvﬁ‘i‘fuvbng) 2nx nx <fuuf+fuvg+fuvbnf> nx
Qwg= C Ccos —

0S — COS — +

Zuué + Suvil + Guvbn ! I\ guuf + guvl + Guvbnt I’
where
&= o) +2azi)—1 :(210)3 + ff’:’:z + 4(1:;12>Cn —7 iaazdn],
n— (a1 +20tzi)*l ?"fi’z Cn + (2@3 - 310i—;25 + %)dn],
ro ool :(210)8 + 10ffzz>cn - dn],
‘= (a3 +2a4i)*1 f‘fi’xfz cn+ (2@3 — iﬁ%)dn],

P 1 abll  4cn? - 4o f
T 2es5[\ 1+ B )" T 14a2")
. 1 [ 20%bf 302 -5  4n?
1=l T3 T\ T5az ~ 2 )In|

205 1+« 14+« [
5 1 abl 4o
T=——|— e s

2a6< 1+a? "+1+oc2f")

1 202bH 3a2 -5

- fn

en +
T+a2 " 1402
By (2.15) and (2.32), we have

cn = fuu + 2 fuvbn, dn = guu + 28uvbn, en = fuu + 2 fuv Re by, fn = &uu +2guv Re by,
&n = fuuu + BReby +Imbyi) fuuy, hy = guuu + 3Re by + Imbyi) guyy.

Notice that for any n € N,

I 1 (4 5 1 I 3
/coszﬁdxz—ln, /cosﬂcoszgdxz—m, /cos“ﬁdx:—ln,
l 2 l l 4 l 8
0 0 0
SO
I _, - . -
(q*v szocj> = Z[a” (fuué + fuvn + fuvEbn) + by (guué + guvn + guvgbn)]
I, - . -
+ 7[an(fuuf + fuv¢ + fuvThn) + by (GuuT + Suvl + guvfbn)]»
I _ - . ~ - - ~ -
(q*7 Qw11q> = Z[a;(fuug + fuv) + fuvébn) + b:(guus + guvll + guvsbn)]
I _ - ~ - - . - .
+ ?[a:(fuuf + fuv¢ + fuvThn) +b:(guuf + guvl + guvan)]7
* 3 % h*
(q ’ CQQ@> = glJT (angn + bnhn)-
Since

_ 302 -5 n? \. - da
lna*:1—(n72—Tz)l, lnb;:nizlv
oi(1+02)  wjl i (1+a?)
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it follows that

3 9/3w2-5 3(1+a?)n?
Re<q*, qu(?) = gfuuu + g( 40 - g 2ol ) uuv

3/ 30%-5 n? \ wi(1+a?) 3
— == - —_— , 2.33
(a)g(l Ya?) w812> . Suuy + guuv ( )

wj(1+ a?)

|:fuu($R+2'fR)+fuv<ER + 28R — 2
{04

¢+ 2‘61))

I

Re<q*’ QWon) =

(3a2 -5 (1+a®)n?
_|_ —

4a aal? )fuv(gR +2‘L’R)i|

1( 32 -5 n2

W - W) |:fuu(fl +217) + fuv (1 +2¢1)

wj(1+a)
+ - @
4o

3025  (1+a?)n’
qu($R+2‘CR)+qu< aa aal2 )(§I+2‘L’1)i|

o
- W {guu(fl +271))

302 -5 (1+a®)n? ol (1+a?)
+ uv [’71 +2¢8 + & + 21’1)( i daB ) +Gr+ ZTR)T] } (2.34)
1 zon z 4z s
Re<q*, Qw“q) = Zl(fuu(&_ +27) + fuv(§ +28) + guv (€ + 27:)), (2.35)

where we have denoted I'r =ReI" and [7=Im[ for I"=§,n, 7, {. More precisely,

n

o abll  4cn? 4a aza)
Er = 1 [( ot >(fuu + 2 fuvbn) = —— (Guu + 2guvbn)] o (Fuu + 2 fuvbn),
2(011 +a2) 14+« 1+a ] o?
o ablf 4cn2> 4a ] @
= + +2 b +2 b . S— +2 b ,
& 2(061 +O(2) |:(‘1 ) 2 (fuu fuvbn) — 1to (guu 8uvbn) a%+oz§ 0 (fuu Suvbn)
o1 20°bH <4n 302 — 5) } o
= + 2 fuvbn) + S +2g,,b) | + wh +2g,,by).
UIs 2(0[%—1—0[3)[14-0(2 (fuu fuvbn) 2 1+o? (8uu Zuvbn) Ol%-i-a% 0 (&uu Suvbn)
2 H 2
o n o b, (4n 3« —5) ]
=550 + 28uvb + 2 fuvbn) + - +2guvbn) |,
uli oef—i—ot% 0 (&uu + 28uvbn) — 2(0(1 +a§)|:1+a2 (fuu Suvbn) 2 1+ a2 (&uu + 28uvbn)
= < @b (fuu + 2 fuvbn) — Ao (Suu + 28uvb )) M o fuu + 2 fuvbn)
- 2(0(%4—0531) 12 uven 1+a? Buu &uvbn 3 ai o (Juu uvbn),
a3 oy abl 4o )
U= 7y a8 w2 uh +2fub T 2gub
1= + ()(fuu fuvbn) — 2(()[3 +0(4)(1+Ol2 (fuu Suvbn) — 1to (guu Zuvbn)
2 H 2
o3 by 3a* -5 ) o
== 2 fuvbn) — 22 (guu + 28uvbn) ) + ot @ (Guu + 28uvb).
CR oz%—i—ozﬁ (1 e z(fuu Suvbn) — 1+ a2 (8uu Zuvbn) % Oli 0 (8uu 8uvbn)
a3 o 2a2pl 302 — )
&= o2 P o(guu Zuvbn) — 2(06% n )<1 ) (fuu Juvbn) — 1+a? (guu Zuvbn)

Finally, substituting (2.33)-(2.35) into (2.31), we get the expression of Re(cq (b,’,’)). The proof is completed. O
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3. Discussion

In this section, we give some discussion on the system (2.1).

1. The sign of Re(cq(b})) is important for determining the stability of the bifurcating periodic solutions and bifurcation
direction. Although we have given the expression of Re(c1(b,’f )), since this expression is very complicated, it is not easy to
judge the sign of Re(cq (bi)).

2. We summarize some known dynamics of system (2.1). Note that the system (2.1) is an activator-inhibitor system if
and only if 3a% > 5. So we assume that 3a2 —5 > 0. Since our model is a little different from [3,7-9], to cast our discussion,
we change their results into the uniform expressions by some computation.

Conclusion 1. (See [8].) When b = bj;, the system undergoes a Hopf bifurcation at (o, 1+ a?). Moreover,

(a) if
1+ 5/ Pab
2 > Ij— and ¢ > T,
=1 et — 1

the bifurcating homogeneous periodic solutions are unstable;

(b) if
1+ 52 Pab
2/31:_ 3 and O0<c< P15
e 1
or

2
égazgﬂ,
3 312 -1

the bifurcating homogeneous periodic solutions are stable.

Conclusion 2. (See [3,7-9].) When b > bg, the equilibrium (e, 1+ a?) is local asymptotically stable for ODE version. More-
over,

(a) if
, 1+5P Pab
> ﬁ and ¢ > W,
e 1

then the Turing instability happens;

(b) if
1+ 512 Pab
3 T’ — 1
or

5 5, 1+5P
S AR

3 32 -1’
then (o, 1+ «?) is local asymptotically stable for the system (2.1).

The final conclusion is the main result of the present paper:

Conclusion 3. When b < bj; and ¢ is suitable small, multiple spatially non-homogeneous periodic orbits occur while the
system parameters are all spatially homogeneous.
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