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1. Introduction

Population systems are often subject to environmental noise and there are various types of environmental noise e.g.
white or color noise (see e.g. [2,6,8,21,24]) and it has been shown that the presence of such noise affects population
systems significantly. For example, Takeuchi et al. [26] consider a predator-prey Lotka-Volterra model with Markovian
switching between two regimes of environment. Although the predator-prey Lotka-Volterra model in each regime (without
switching) develops periodically [9,25], Takeuchi et al. [26] reveal a very interesting and surprising result: switching between
two regimes makes the system become neither permanent nor dissipative [4,5,7,14,15,27]. However, the situation changes
if the white noise is taken into account. In our previous paper [16], we show that under both telegraph and white noise,
the general Lotka-Volterra model will not explode to infinity or become extinct at any finite time with probability one.
Moreover, the model is not only stochastically ultimately bounded but the time-average of the second moment is also
bounded. These nice properties indicate that taking both telegraph and white noise into account produces more desired
results. It is in this spirit that we will consider both telegraph and white noise in this paper as well. However, the type of
white noise considered here is different from that in our pervious paper [16].

To explain, let us consider the Lotka-Volterra model under regime switching for a system with n interacting components,

namely
x(t) =diag(x1(t), ... x:(D)[b(r(®)) + A(r(®))x(®)], (11)
where r(t) is a Markov chain on the state space S as defined in the next section, x = (x1, ...,x,;)! and for each i €S,

b@) = (b1G). ... b)) . AG) = (@i®),,.,-
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Recall that the parameter b (i) represents the intrinsic growth rate of species j in regime i. In practice we usually estimate it
by an average value plus an error term. If we still use b;(i) to denote the average growth rate, then the intrinsic growth rate
becomes b (i) 4 error;(i). Let us consider a small subsequent time interval dt, during which x;(t) changes to x;(t) + dx;(t).
Accordingly, Eq. (1.1) becomes

dx;(t) = x;(t) (bj (r®)+ Z aji (r(t))xk(t)) dt + x;(t) error;(r(t)) dt (1.2)

k=1

for 1 < j <n. According to the well-known central limit theorem, the error term error;(i)dt may be approximated by a
normal distribution with mean zero and variance v?(i)dt. In terms of mathematics, error;(i)dt ~ N (O, v2(i) dt), which can
be written as error;(i) dt ~ v (i) dB(t), where dB(t) = B(t +dt) — B(t) is the increment of a Brownian motion (to be defined
in the next section) that follows N(0, dt). Hence Eq. (1.2) becomes the Itd stochastic differential equation (SDE)

dxj(t) = x;(t) [(b i(r®) + Za ik (r(t))xk(t)> dt+v(r()) dB(t)}

k=1

for 1 < j <n. That is, in the matrix form,

dx(t) = diag(x1 (), ... x:(0)) ([b(r(®)) + A(r(®)x(®) ] dt + v(r(t)) dB(t)), (1.3)

where v(i) = (v1(i), ..., va(0))T is the vector of the standard deviations of the errors, known as the noise intensities. These
intensities may or may not depend on population sizes. If they are dependent on population sizes, we may have

V(i) = Z 0 jc (DX ()

k=1
and hence Eq. (1.2) becomes

dx(t) = diag(x1 (), ..., x4(®)) ([b(r(®)) + A(r(®))x(t)] dt + o (r(t))x(t) dB(1)),

where o (i) = (0jk(i))nxn. This is the stochastic Lotka-Volterra model which we have discussed in our previous paper [16].
However, if the noise intensities are independent of population sizes, we can write v(i) as a constant vector o (i) =
(0101, ...,0n()T. As a result, Eq. (1.2) becomes an SDE under regime switching of the form

dx(t) = diag(x1 (), ... x.(0)) ([b(r(®)) + A(r(®))x(®)] dt + o (r(t)) dB(1)), (1.4)

and this is the model which we will discuss in this paper. As this is a population system, our natural aims of this paper are:

e to establish a sufficient condition on A(i) only under which the solution of Eq. (1.4) starting from anywhere in R, will
remain in R’} with probability one;

e to show that the solution is ultimately bounded in mean and the average in time of the variance of the solution is
bounded too;

e to reveal that a large white noise will force the population to become extinct;

e to give upper and lower bound for the solution under a relatively small white noise and, in some special but important
cases, to describe lim¢_, % fot x(s)ds precisely.

2. Stochastic Lotka-Volterra model under regime switching

Throughout this paper, unless otherwise specified, we let (2, F, {F;}r>0,P) be a complete probability space with a
filtration {F¢};>o satisfying the usual conditions (i.e. it is increasing and right continuous while o contains all P-null sets).
Let B(t), t > 0 be a scalar Brownian motion defined on this probability space. Let r(t), t > 0, be a right-continuous Markov
chain on the probability space taking values in a finite state space S={1,2,..., N} with the generator I" = (¥jj)Nnxn given
by

yis+0@)  ifi#],
1+ yid+0(8) ifi=j,
where § > 0. Here y;; is the transition rate from i to j and y;; > 0 if i # j while
Yii = — Z Vij-
J#
We assume that the Markov chain r(-) is independent of the Brownian motion B(-). We also fix the initial value r(0) =ip € S

arbitrarily so the Markov chain is fixed too. It is well known that almost every sample path of r(-) is a right continuous step
function with a finite number of sample jumps in any finite subinterval of R :=[0, 0c0).

P{r(t+8)=j|r(t)=i}:{
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We will need a few more notations. If A is a vector or matrix, its transpose is denoted by AT. If A is a matrix, its trace
norm is denoted by |A| = y/trace(AT A) whilst its operator norm is denoted by ||A|| = sup{|Ax|: |x| = 1}. We also introduce
the positive corn R = {x e R": x; > 0 for all 1 <i <n}. Please note the difference between R! = (0, c0) and R, = [0, c0).

In this paper we will use a lot of quadratic functions of the form xT Ax for the state x € R" only. Therefore, for a
symmetric n X n matrix A = (aji)nxn, We recall the following definition

T
A (A= sup  x'Ax,

xeR', |x|=1

which was introduced by Bahar and Mao [2]. Let us emphasise that this is different from the largest eigenvalue Amax(A) of
the matrix A. To see this more clearly, let us recall the nice property of the largest eigenvalue:

Amax(A) = sup xT Ax.
xeR", |x|=1

It is therefore clear that we always have
Ahax(A) < Amax (A).

In many situations we even have A}, (A) < Amax(A). For example, for

1 -1
(43

we have Al (A) = —1 < Amax(A) = 0. On the other hand, A{,,(A) does have many similar properties as Amax(A) has. For
example, it follows straightforward from the definition that

xTAX b (A)Ix?, VxeR"

and

Ahax(A) < JIA].

Moreover

Mhax(A+ O < Afhax (A) + A, (O)

if C is another symmetric n x n matrix. For more properties of A}, (A) please see [2,22].

As the mth state xp,(t) of Eq. (1.4) is the size of the mth component in the system, it should be non-negative. Moreover,
the coefficients of Eq. (1.4) do not satisfy the linear growth condition, though they are locally Lipschitz continuous, so the
solution of Eq. (1.4) may explode to infinity at a finite time [17,18,20]. It is therefore useful to establish some conditions
under which the solution of Eq. (1.4) is not only positive but will also not explode to infinity at any finite time.

Theorem 2.1. Assume that there are positive numbers c1 (i), ..., cy (i), i € S such that
A:]RX(C(i)A(i) + AT(i)C(i)) <0, (2.1)
where C(i) = diag(c1 (i), ..., ca(i)). Then for any system parameters b(-), o (-), and any given initial value xo € R"}, there is a unique

solution x(t) to Eq. (1.4) on t > 0 and the solution will remain in R, with probability one, namely x(t) € R”, for all t > 0 almost surely.

Proof. Since the coefficients of the equation are locally Lipschitz continuous, it is known (see e.g. [16, Theorem A.2]) that
for any given initial value xp € R"} there is a unique maximal local solution x(t) on t € [0, 7¢), where T, is the explosion
time. To show this solution is global, we need to show that 7, = co a.s. Let kg > 0 be sufficiently large for every component
of xo lying within the interval [1/kg, ko]. For each integer k > ko, define the stopping time

T = inf{t € [0, Te): xm(t) ¢ (1/k, k) for some m=1,...,n},

where throughout this paper we set inf) = oo (as usual, ¥ = the empty set). Clearly, 7} is increasing as k — oco. Set
Too = limy_, o0 Ty, Whence Too < Te a.s. If we can show that 7o, = 00 as., then 7e = oo ass. and x(t) e R} as. for all £ > 0. In
other words, to complete the proof all we need to show is that 7o, = oo a.s. For if this statement is false, then there is a
pair of constants T > 0 and ¢ € (0, 1) such that

P{teo < T} > &.
Hence there is an integer ki > ko such that

P{ty <T}>¢ forall k> k. (2.2)



580 Q. Luo, X. Mao /J. Math. Anal. Appl. 355 (2009) 577-593

Define a function V : R} xS — R, by

Vi)=Y cn()[xm —1—log(xm)]-

m=1
By the generalized Itd formula (see e.g. [22, p. 48] or [23, p. 104]), we have, for any t € [0, T],
EATE

EV (x(t A7), T(t ATy)) = V (X0, i0) + E / LV(x(s),7(s)) ds.
0

Here LV is a mapping from R, x S to R defined by

N
1 - 1
LV(x, 1) = xT C(D)b(i) + EXT [CHAG +ATHCH)]x— Ci)(b() + AG)x) + 5aT(i)C(i)a(i) +) YV ).
j=1
where C(i) = (c1(i), ..., cu(i)). By condition (2.1), it is easy to see that there is a constant K; such that
N
WV(x, i) < K1 (1+[x]) + Y 73V (X, ).
j=1
Let
Kzzmax{ Cm(l,): 1<m<nand i,jeS}
cm(J)
and

K3 =min{cn(i): 1<m<n, ieS}.
Then, by the definition of V, for any i, j € S, we have

n n
KoV (x.1) =Y Kocm(D)[xm — 1 —log(xm)] = Y cm()[¥m — 1 = log(xm)] = V (x. j)
m=1

m=1
and

n

n n
2 .
x| < me < Z[Z(xm —1—log(xm)) +2] <2n+ ra Z cm (D) (xm — 1 — log(xm))
m=1 m=1 m=1

=2n+ 2 Vx,i)

= X ).
Hence there is a constant K4 > 0 such that

LV(x, 1) < Ka(1+ V (x,1)).

It then follows from (2.3) that

EATE
EV (x(t A7), T(t ATy)) < V(x0,i0) + E / K4(1+ V(x(s),7(s)) ds
0

t
< Ks + K4/Ev(x(s AT), T(S A Ty)) ds,
0

where K5 =V (xg,ip) + K4T. The Gronwall inequality yields that

EV (x(T A7), 1(T A 7)) < Kg := KseX4T.

From here we can show that 7., = oo almost surely in the same way as in the proof of [16, Theorem 2.2]. O

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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3. Ultimate boundedness

Theorem 2.1 shows that under condition (2.1) the solutions of Eq. (1.4) will remain in the positive cone R',. These
properties of positivity and non-explosion are essential for a population system. On the other hand, due to the limit of
resource, the property of ultimate boundedness is more desired. To be precise, let us now give the definition of ultimate
boundedness.

Definition 3.1. Eq. (1.4) is said to be ultimately bounded in mean if there is a positive constant H such that for any initial
value xg € R, the solution x(t) of Eq. (1.4) has the property that

limsup E[x(t)| < H. (3.1)
t—00

The following theorem shows that a little bit stronger condition than (2.1) guarantees the ultimate boundedness in mean.

Theorem 3.2. [f condition (2.1) is strengthened by
—Ai= max Mhax (CAHAG) + AT ()C(D) <0, (3.2)
1€
then Eq. (1.4) is ultimately bounded in mean.

Proof. By Theorem 2.1, the unique solution x(t) will remain in R, for all ¢ > 0 with probability 1. Define
Vx,t,i)=e'Cix, (x,t,i)eR xRyx €S,

where C(i) = (c1 (i), ..., cp(i)). For each integer k > |xo|, define the stopping time
px=inf{t e Ry: |x(0)| > k}.

By the generalized It6 formula, we have, for any t > 0,

APk
EV (X(t A p). t A P, T(E A pr)) =V (x0,0,10) + E / LV(x(s),s,7(s)) ds, (33)
0
where LV is a mapping from R x R, x S to R defined by

N
WV(x,t, i) =V (x.t,0) + e (x" C(Hb() + X" CHADX) + Y yiV (X, ¢, ). (34)
j=1

By condition (3.2),
xTC(HA@)x = %XT[C(i)A(i) +AT(HCGH)]x < —rlx%.
Therefore
LV(x,t,i) < e ([|CO)| + |CbG)| + yi]Ixl — AlxI%) < K7e,
where y; =) ; YiIC(HI and
K =r¥1€asx;—k[|6(i)| +|Cbi)| +n]*. (3.5)
It then follows from (3.3) that
EV (X(t A p). t A P, T(E A pr)) < V (X0, 0, 10) + K7e'.
Letting k — oo gives
EV (x(t), t,r(t)) < V(x0,0, ig) + K7e".

Noting that

V(x@®),t, 1)

XOF < = qar

)
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where K3 has been defined in the proof of Theorem 2.1, we obtain
K
limsupE|x(t)| < —Z,
t—00 K3
which means Eq. (1.4) is ultimately bounded in mean. O

Theorem 3.3. Under condition (3.2), there is a positive constant H such that for any initial value xo € R", the solution x(t) of Eq. (1.4)
has the property that

t
1 ;
lim sup —/]E|x(s)|2cls < H. (3.6)
t—o0 t
0

Proof. We use the same notations as in the proof of Theorem 3.2. Applying the generalized Itd formula to C(r(t))x(t), we
can show in the same way as there that

APk
0< C(ro)xo +E / ([1C(r©)b(r®)] + vro) ] [x©)| = [x()|?) ds
0
EA Pk

<C(ro)xo+1(gt—%IE/ |x(s)|* ds, (3.7)
0

where
1 L 2
Kg = max ﬂ[}C(z)b(1)| +%]" (3.8)

Hence
EAPK
A 2
5]E / |x(s)|"ds < C(ro)xo + Kst.
0

Letting k — oo and then dividing both sides by At/2, letting t — oo, we obtain
1 ‘ 2K
lim sup —Ef |x(s)|2ds <8
t>oo L A
0

Finally, by the well-known Fubini theorem, we get assertion (3.6) with H =2Kg/x. O

Theorem 3.3 shows that the average in time of the second moment, hence the variance, of the solutions will be
bounded.

4. Extinction

In this section we will discuss another important issue in the study of population dynamics, namely the problem of
extinction. As pointed out in Section 1, Takeuchi et al. [26] have recently revealed a very interesting and surprising result:
the telegraph may make a population system become neither permanent nor dissipative. We will in this section reveal
another important fact: the white noise may make a population system become extinct with probability one. For this
purpose, we impose a new assumption in this section.

Assumption 4.1. The Markov chain r(-) is irreducible.

This is a very reasonable assumption as it means that the system will switch from any regime to any other regime. It is
known (see e.g. [1]) that the irreducibility implies that the Markov chain has a unique stationary (probability) distribution
T = (1, 2, ..., ty) € RPN which can be determined by solving the following linear equation

nl=0 (4.1)

subject to
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N
Zm:l and m; >0, VieS.
i=1
Theorem 4.2. Let Assumption 4.1 hold. Assume that there are positive numbers c1, ..., ¢y such that
Mhax(CAG) + AT()C) <0, Vies, (4.2)
where C = diag(c1, . . ., ¢n). Then for any initial value xo € R;}, the solution x(t) of Eq. (1.4) has the property that
llm sup log (|x®]) < Zﬂl Tax(Q) as., (4.3)
leS
where Q (i) =b(i)1 + 17b(i) — o ()o T (i) fori e Swith 1= (1, ..., 1). In particular, if
Y mikha(Q@) <0, (4.4)
ieS
then the population will become extinct exponentially with probability one.
Proof. By Theorem 2.1, the solution x(t) will remain in Ri for all t € Ry with probability one. Let C=(c1,...,cp) and
define
n
v(x):Cx:Zcix,- for x e R'}.. (4.5)
i=1
By the Itd formula, we have
1
d[log(V (x(®)))] = T (t)) X'@OC([b(r®) + A(r©)x(®)]dt + o (r(£)) dB(t))
T 2
- t)C t dt. 4.6
2V2(X(m Ix" () Ca (r®))]| (4.6)
But, by condition (4.2),
X (OCA(r(®)x(t) <0,
while
1 T 1 T T T
tHCh(rt)) — ——— t)C t =————|[2x (t)Cb(r(t))Cx(t) — t)C t t))Cx(t
vaoy” © (rm) VD) KT 0 Co (ro) 2V2(x(t))[ X1 (O Ch(r(®)Cx(t) — x" (t)Co (r®)o " (r(®))Cx(0)]
1 -
= VD) [2x" () Cb(r(®))1Cx(t) — X () Ca (r(D))o T (r(0)) Cx(1)]
= t)C t))Cx(t
Ve T(cQ (r))Cx()
1
< 5max(Q(r©))-
Substituting these into (4.6) yields
1 X T(t)CB
log(V < = B(t). 4.7
This implies
1
log(V (x(t))) < log(V (x0)) + 5 (4.8)

t
f)» max r(s) ds+ M(t),
0
where M(t) is a martingale defined by

t
[ XT(5)Ca(r(s))

It is easy to show by the strong law of large numbers for martingales (see e.g. [19, Theorem 1.3.4, p. 12]) that
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M(t
lim & =0
t—oo

Dividing t on the both sides of (4.8), letting t — oo and then applying the ergodic property of the Markov chain, we obtain

llmsup log( (x1)) <= 11rr1 / rax(Q(r(s)))d ZJT, Ffax(Q@) as.

leS

which yields the required assertion (4.3) immediately. O

The following corollary shows that if the noise intensities are sufficiently large, then (4.4) will hold whence the popula-
tion will become extinct with probability one.

Corollary 4.3. Under Assumption 4.1 and condition (4.2), if moreover the noise intensities are strong enough in the sense that for each
ies,

oj(i)or(i) > b)) +br(i), 1<j,k<n, (4.9)

then the population system (1.4) will become extinct exponentially with probability one.

Proof. For each i € S, the jkth element of the matrix Q (i) defined in Theorem 4.2 is

b; (@) + bk (i) — oj(D)ow (i),

which is negative by condition (4.9). It is then easy to show that
Amax(Q () = — min [02(i) —2bj())] <0,
whence (4.4) holds and the assertion follows from Theorem 4.2. 0O

The above corollary requires that condition (4.9) holds for every i, but this is unnecessary. The following example illus-
trates this point clearly.

Example 4.4. To make it simple, we classify the environment of a population system for 2 interacting species as “good” and
“bad” seasons. Assume that in the good season, the environmental noise has little effect on the system so we can describe
the system by a deterministic Lotka-Volterra model

x(t) = diag(x1(t), x2()) [b(1) + A(Dx(1)], (4.10)
where b(1) = (b1(1), b2(1))T and A(1) = (@jk(1))2x2. Assume that the system parameters obey

bi(1),b2(1)>0;  an(1),a22(1) <0;  a2(D),a21(1) >0;  dan(Dax(l) > (012(1)+azl(1))2-

It is therefore well known (see e.g. [10-12]) that the population system (4.10) is persistent. On the other hand, in the bad
season, the environmental noise has a significant effect on the system so we describe the system by a stochastic Lotka-
Volterra model

dx(t) = diag(x1(t), x2(D) ([b(2) + AQR)x(D) ] dt + 0 (2)dB(1)), (411)
where b(2) = (b1(2), b22)T, AQ2) = (@jk(2))2x2 and o (2) = (01(2), 02(2))T. Assume that the system parameters obey
b1(2),b2(2) > 0;  an(2),a2)<0;  a12(2),a212) >0;  4a11(2)axn(2) > (a12(2) +an (2))2
and
07 (2) > 2b1(2); 03 (2) > 2b3(2); 01(2)02(2) > b1(2) + b2(2).

Assume furthermore that the switching between two seasons is governed by a Markovian chain r(t) on the state space
S = {1, 2} with the generator

= —Y12 Y12 .
Y21 —VY2
where states 1 and 2 stand for the good and bad season, respectively, while y12 > 0 and y»; > 0. Hence the system with
the Markovian switching between two seasons can be described by
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dx(t) = diag(x1(t), x2(0) ([b(r(©) + A(r(®©))x(D)] dt + o (r(t)) dB(t)), (4.12)

where we set ¢ (0) = (0, 0)7. It is easy to see that the Markov chain has its stationary probability distribution 7 = (71, 712)
given by

T = " and Ty = _rnz
Yi2+ya yiz + Y2

To apply Theorem 4.2, we let C be the 2 x 2 identity matrix. By the conditions listed above, it is easy to see
Ahax (CAD + AT()C) < hmax(AG) + AT()) <0, i=1,2.
It is also easy to show that Q (i)’s defined in Theorem 4.2 obey

Max(Q(D) =2[b1(1) vb2(D)] and A}, (Q2) = —[0E(2) —2b1(2)] A [0£(2) — 2b2(2)].
Hence, by Theorem 4.2, the solution of Eq. (4.12) has the property

1
li{n sup — log(|x(0)]) < 71 [b1(1) v ba(1)] - % [02(2) —2b1D)] A [0£(2) —2b2(2)] as.

We can therefore conclude that if

dar _[07Q2) =201 A [07(2) = 2b>(2)]
A1z 2[b1(1) v b2 (1)]

s

then the population system (4.12) will become extinct with probability one.
5. Small noise

We have shown in the previous section that a strong environmental noise could make the population system become
extinct. The interesting question is: what happens if the noise is not so strong? In this section we will discuss the asymptotic
properties of the solution of Eq. (1.4) when the noise is relatively small. Let us begin with the following theorem.

Theorem 5.1. Assume that condition (4.2) holds. Assume also that for eachi € S,

N 1 1
b(@i):= min bp(i) > = 2 (i) 1= =F2(i). 5.1
(i) 12}%2“ m (i) > Zlggénam(l) 50 () (5.1)
Then for any given initial value x(0) € R}, the solution x(t) of Eq. (1.4) has the property that

X2
liminflogqﬂ>—max<$> as. (5.2)
twoo logt ieS \ 2b(i) — 62(i)

Proof. The proof is very technical so we divide it into three steps.

Step 1. By Theorem 2.1, the solution x(t) will remain in R, for all t > 0 with probability one. Let V(x) be the same as
defined by (4.5). Define

y(t) = and z(t)=1+y() ont>0.

1
V(x(t))
We claim that for any 6 obeying

2b(i
0<6 <min( 220 _4), (53)
ies \ 02(i)
there is a positive constant K = K(6) such that
limsupE[2’ ()] < K. (5.4)
t—o00

To show this, we compute, by the It6 formula,

dv (x(t)) =x"C[b(r(v)) + A(r(®))x(®)] dt + x" (t)Co (r(t)) dB(t); (5.5)

and then
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dy(t) = —y*(OdV (x(©)) + y> O [x" () Co (r(t))]2 dt
= (—y2Ox" C[b(r®) + A(r®)x®] + y* O [x" (D Ca (r(t))]z) dt — y2(Ox" () Co (r(t)) dB(¢); (5.6)

and furthermore
dz’ () =021t dy(t) — %9(1 -0 20 y*o[x" (HDCo (r(t))]2 dt
=02272(t) (z(t){— Y2OXTC[b(r(®) + A(r@®)x®)] + y> ©O[x" () Co (r(t))]z}
- %(1 -0)y*o[x" (Co (r(t))]2> dt — 0271 () y* (X" (t)Co (r (1)) dB(0). (5.7)
Dropping t from x(t), etc. we compute that
2{—y2X" C[b(r) + AMX] + Y3 [x co ]’} - %(1 —0)y* X" com]’

= — 2" Cb(r) — y2X" CA(MX — )T Cb(r) — )T CAMx + Y2 [x" Co (0]’ + %(1 +6)y* [x" co ]

xXTCA(Mx  (xTCo(r)? —xTCA(r)x (xT Cb(r) 1 &Tcom)?\ ,
— - —-(+0)—— |y
V2(x) V2(x) V) 2 V2(x) )

It is easy to see that for all (x,1) € R’]r xS,

T T T 2
_x'CAMx <K, and X' CANx+ (x' Co (1) < K1,
VZ(x) VZ(x)
where Ky is a positive constant, while
T T 2
Cb A C .
X ) >b(r) and m <52@).
V(x) VZ(x)
Hence

2{=y*TC[b() + A + y*[xT Co ]’} - %(1 —0)y [ Co]’ <Ki(1+y) - [Bm - %(1 - e>&2<r>]y2.
Substituting this into (5.7) yields

dz’ () <022 (1) <1<1 (1+y®) - [B(r(t)) - %(1 + 9)62(r(t))} yz(t)> dt

— 0271 (Oy? O (OCo (r(t)) dB ). (58)

Now, choose ¢ > 0 sufficiently small for

& N 1 v,

g < rlnelsn[b(l) — 5(1 +6)o (1)]. (5.9)
Then, by the Itd formula,

d[e®'2’ ()] = e [e2” () dt + d2’ ()] < 02" 2 (1) (g (1+y®)* + K (1+y@®) — [B - %(1 + 9)62];/2(0) dt

— &0’ 1) y* OxT (O Co (r(t)) dB(0).
It is easy to see that there is a constant Ky such that
~ 1

o(1 +y)9_2(g(1 +y2+Ki(A+y) — [b(r) -5 +9)&2(r)]y2> <K (5.10)
for all (y,r) € Ry x S. Thus

d[e®'2% ()] < Ka&® dt — e¥'02° 71 () y* (Ox" (1) Co (r(D)) dB(0).
This implies

E[e“ze 0] < 22(0) + K?Ze“,

and (5.4) follows by setting K = K;/¢.
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Step 2. Using (5.10), we observe from (5.8) that

dZ’ (t) < Ko dt — 02° 1 () y* (©x" (1) Co (r(6)) dB(0).
This implies that
u

/ 02 1()y* (5)x" (s)Co (r(s)) dB(s)

IE( sup ze(u))éE[ze(t)]—H(z +IE< sup
t

t<u<t+1 t<u<t+1

), (5.11)

But, by the well-known Burkholder-Davis-Gundy inequality (see e.g. [22, p. 76]), we compute

1
u 2

/ 02°7 1y ()x" (s)Co (r(s)) dB(s)

t

t+1
) < 39]E< / 2292(s)y4(s)xT(S)Co(r(S))2d5>
t

E{ sup
t<ut+1
t+1

T 2 >
<36E< / 229(5)M dS)
t

V2(x(s))

2

t<s<t+1

t+1
g396E<[ sup zg(s)]/zg(s)ds)
t

£
252
g E/z"(s)ds,

t

—_

90
< fIE[ sup 29(5)} +
2 Ligs<ett

where 62 = max;cs 02(i). Substituting this into (5.11) gives

t+1
IE( sup zg(u)) <2E[Z (0] + 2K, + 90252 / EZ (s) ds.
t<u<erl J
Letting t — oo and using (5.4) we obtain that
lim sup]E( sup 72 (u)) < 2K + K (24 96262) := K. (5.12)

t—00 t<u<e+1

Step 3. We observe from (5.12) that there is a positive constant K4 such that

]E( sup z9(r))<1<4, k=1,2,....
k<t <k+1

Let € > 0 be arbitrary. Then, by the well-known Chebyshev inequality, we have

1 Kg
]P’{ sup ze(t)>k1+6}< _, k=1,2,....
k<t <kt1 k1+é

Applying the well-known Borel-Cantelli lemma (see e.g. [19]), we obtain that for almost all w € £2,

sup 27 (t) <k'*E (5.13)
k<t<k+1

holds for all but finitely many k. Hence, there exists a ko(w), for almost all w € §2, for which (5.13) holds whenever k > k.
Consequently, for almost all w € 2, if k>kp and k<t <k+1,

log(Z? (t)) _a +&)logk s

< 1 .
logt logk te
Therefore
1 t 1+¢
limsu 08(z() < +e a.s.
t— 00 logt 0

Letting € — 0 and recalling that z(t) =1+ y(t) we obtain

i log(y(®) 1
msup ———— < —
t—00 logt 0
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This implies, by recalling that y(t) =1/V (x(t)),

i log(V (x())) 1
msup ———— > —— as.
t—00 logt &

Since V (x(t)) < |C||x(t)|, we then have

1 t 1
fimsup PEIXOD 1

> a.s.
t—00 logt 0

But this holds for any 6 that obeys (5.3), we must therefore have the assertion (5.2). O

If we set the right-hand side term of (5.2) to be 0, Theorem 5.1 shows that the solution will not decay faster than t=@+e)
asymptotically for any & > 0, with probability one. In the following theorem, we will show that the solution will not grow
faster than t1+¢,

Theorem 5.2. Under condition (3.2), the solution x(t) of Eq. (1.4) obeys

1 t
lim sup w <1 as. (5.14)
t—o00 logt

for any initial value x(0) € R} .
Proof. By Theorem 3.2, the solution obeys (3.1). Define
V(x,i)=C()x forxeR] xS,
where C(i) = (C1 (i), ..., Ca(i)). By the generalized Ité formula, we have

dV (x(t), r(0)) = LV (x(t), r(t)) dt + x" () C (r(®))o (r(t)) dB (D),
where LV : R} x S — R is defined by

LW(x, i) =x"CD)[bG) + ADX] + D vV (x, ).
jes
By condition (3.2), it is easy to show that there is a constant Hy > 0 such that
LV(x, i) < H1, VY(x,i)eR" xS,
Hence
dV (x(t), r(t)) < Hydt +x" ()C(r(0))o (r(t)) dB(©). (5.15)

From here, we can show, in the same way as in Step 2 of the proof of Theorem 5.1, that there is a constant Hy > 0 such
that

IE( sup |x(t)})<H2, k=1,2,..., (5.16)
K<tk

and then show the required assertion (5.14) in the same way as in Step 3 of the proof of Theorem 5.1. O

We should point out that Theorem 5.2 holds for arbitrary growth rates b;; (i) and noise intensities oy, (i). In other words,
under condition (3.2), the population will not grow faster than t'+¢ asymptotically for any & > 0 with probability one no
matter the growth rates and noise intensities are small and large.

Theorem 5.3. Let Assumption 4.1 and condition (5.1) hold. Assume that there are positive numbers c1, ..., ¢, such that
—ri= r?easxkfgax(CA(i) +AT(i)C) <0, (5.17)
where C = diag(cq, ..., ¢p). Then for any given initial value x(0) € R", the solution x(t) of Eq. (1.4) obeys
t —
li{llsogp %/ |x(u)|du < ? gg:m [B(i) - %&Z(i)] as. (5.18)
0

and
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¢
1
liminf—/|x(u)‘du Zn, [b(l) S (1):| >0 as., (5.19)
t—>oo t
0 ieS
where C = (c1, ..., ), b(i) = Maxq <men b (i), 62 (1) = ming <men 0,2 (i), € = Ming <men cm and

*= max[xj]ax( CA(>) — AT(i)C)] > x> 0.

Proof. Let V(x)=Cx for x € 7. It is easy to observe from Theorems 5.1 and 5.2 that

1
tl_l)rlgo ?log(V(x(t))) =0 as. (5.20)
By the Itd formula, we can derive from (5.5) that

T T T 2 T
d[log(V (x(©)))] = (x OCbr®) | A OCATOXE) (& ©Co (D)) ) gy M OCOTO)

dB(t). (5.21)
V(x(t)) V(x()) 2V2(x(t)) V(x(@®))

By condition (5.17) and the definitions of B(i) and 62(i), we see that

xT(t)Co (r(1))
d[log(V (x(®)))] < ( (r®) — |x(t)} S r(t))) dt + Vo) dB(t). (5.22)
Hence
t t T c
log(V (x(1))) + /\x(u)}du log(V (x(0)) +0/( r(s)) ——cr (r(s))) ds—i—!%dms). (5.23)

However, it is straightforward to show by the strong law of large numbers of martingales (see e.g. [19, Theorem 5.4, p. 12])
that

lim

t
T
H(X)%/Mcw(s):o as.

V(x(s))

We can therefore divide both sides of (5.23) by t and then let t — oo to obtain

2?@\ (h{iioup 0/]x(u)]du) llm /( r(s)) — (r(s))) ds = Zm [E(i) — %62(1')] a.s.

ieS

which implies the required assertion (5.18).
To prove another assertion, we observe from (5.21) that

xR 1 xT(®)Co (r(t))

. ~ 1, K (Co (r(t)
d[log(v(x(t)))]>(b(r(t)) VD) 50 (r(t)))dH— VO) dB(t). (5.24)

Note that
Mhax (=CA®@) — AT()C) = —rf (CAG) + AT()C)
for every i € S, whence
A= max| — A7 (CAG) + AT )] =— min . (CAG) + AT(@HC) =1 > 0.

It is also easy to see that V (x(t)) > ¢|x(t)|. It then follows from (5.24) that

t

t
A T(s)C
log(V (x(1))) + %f‘x(u)|du >1og(v(x(0)))+/< (r(s)) — —0 (r(s))) /des). (5.25)
0 0 0
Dividing both sides by t and then letting t — oo gives the another assertion (5.19). O

This theorem shows that the average in time of the norm of the solution of Eq. (1.4) is asymptotically bounded by a pair
of positive constants with probability one.
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6. Case studies
Let us now discuss two important cases for illustrations.
6.1. Asingle species population system
Let us consider a single species population system under regime switching described by the following SDE

dx(t) = x()([b(r(®)) — a(r@®)x®)]dt + o (r(t)) dB(1)), (6.1)

where b(i),a(i) and o (i) are now all positive numbers for i € S. Assume that the Markov chain r(-) obeys Assumption 4.1.
Given an initial value x(0) > 0, the solution will remain positive for all t > 0. Set y(t) = 1/x(t). Then

dy() =[a(r®) + [-b(r®)) + a*(r®)]y®)]dt — o (r(®)) y(©) dB(®).
By the variation-of-constants formula (see e.g. [19, p. 96]), we can show that this equation has its explicit solution
t
y0 =60y + [ a(r)6~s)ds,
0
where
t t
G@t) = exp(/ [—b(r(s)) + %oz(r(s))] ds — / o (r(s)) dB(s)).
0 0
Hence, Eq. (6.1) has the explicit solution

1

x(t) = : . (6.2)
G(t)/x(0) + [y a(r(s))G(t — s)ds
By Theorem 5.2, the solution of Eq. (6.1) obeys
lim sup log(x(t)) <1 as. (6.3)

t—00 lOgt

Let us furthermore assume that b(i) > %02(1’) for all i € S. Then, by Theorem 5.1, the solution of Eq. (6.1) also obeys

2 .
liminf log(x(tt)) > —masx(ai(l)> as. (6.4)
ie

t— 00 lOg Zb(l) — 0—2(1')
Consequently,
o1
t1_1>n010 z log(x(t)) =0 as. (6.5)

By the Itd formula, it is easy to show that

t t t
log(x(t)) =log(x(0)) + / (b(r(s)) — %UZ(r(s))> ds — /a(r(s))x(s) ds + / o (r(s)) dB(s).
0 0

0

Dividing both sides by t and then letting t — oo we obtain

t
tl_i)nolo%/a(r(s))x(s) ds = Zm [b(i) - %Uz(i)] as. (6.6)
0

ieS
This implies
Yies Tilb () — 302(0)]

1
limsup — /x(s) ds < - : a.s. (6.7)
t—soo L min;es a(i)

while
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> ies ilb() — 302(0)]

t

1
liminf—/x(s) ds >
t—>oo t

: (6.8)
maxies a(i)
0
In particular, if a(i) =a > 0 then
t
lim ds = . b - Lo 6.9
tl)rgo? x(s) S_Ean (z)—zo i) ] as. (6.9)
0 ieS
6.2. Multi-dimensional system of facultative mutualism
Let us now return to Eq. (1.4) but impose the following condition:
—A(i) is a non-singular M-matrix for every i € S. (6.10)

By the definition of M-matrices (see e.g. [3,22]), we observe that A(i) = (ajx)i))nxn has negative diagonal elements and
non-negative off-diagonal elements, that is
aji() <0, @) >0, 1<j.k<n, j#k (611)

In such a system, each species enhances the growth of the other, as the parameters aji (i) > 0 (j # k). This type of ecological
interaction is known as facultative mutualism (see e.g. [11,21]).

Non-singular M-matrices have many very nice properties (see e.g. [3,22]). In particular, (6.11) is equivalent to the follow-
ing statement:

e For each i €S, there is a positive-definite diagonal matrix C(i) = diag(c1(i), ..., ca(i)) such that C()A + ATC() is a
negative-definite matrix.

This implies that

Mhax (CAHA + ATC(0)) < Amax(C()A + ATC(i)) < 0.

By Theorems 2.1 and 5.2, we observe that, under condition (6.10), Eq. (1.4) has a unique solution x(t) € R’} on t € Ry which
obeys

log(x(®)D) _

lim sup <1 as. (6.12)

t—o00 logt

Moreover, we note that, for each 1 <m <n,

n
dXm (t) = Xm () [(bm (r®) + Z amj (r(©)x; (t)) dt + o (r(t)) dB(t):| .

j=1
Introduce the corresponding stochastic differential equation

d&m(6) = &m(©O)[ (bm (r©)) + Gmm (r(£))Em (©)) dt + om (r(£)) dB(1)]

with initial value &;(0) = xp,(0). By the classical comparison theorem (see e.g. [13]) we have x;(t) > &n(t) a.s. for all t > 0.
If we further assume that

1
bm (i) > 5a,,%(i), 1<m<n, i€, (6.13)
then, by Theorem 5.1, we have
1 t 1 t 2 (i
liminf 28Xn©) & i jng 108Em©) —max(%) as. (6.14)
t—00 ogt t—00 logt ieS \ 2by (i) — 02 (i)

Combining the results above we can conclude that, under conditions (6.10) and (6.13), the solution of Eq. (1.4) obeys
1
lim —log(xn(t)) =0 as., 1<m<n. (6.15)
t—oo t
Define 9y (t) = log(xm (t)) (1 <m < n)and n(t) = (N1 (t), ..., na ()T, It is easy to show that

dn(®) = (¢(r®)) + A(r®)x®)) dt + o (r(t)) dB(®), (6.16)
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where ¢(i) = (¢1(), ..., ;)T with ¢ (i) =bm (i) — %an%(i). Hence
1 1 ‘ 1 : 1 ‘
F(n(t) —1(0)) = - / (r(s))ds + - / A(r(s))x(s)ds + : /G(r(s))dB(s).
0 0 0
Letting t — oo, by (6.15) and the large number theory of martingales, the left-hand side term and the last term on the right-
hand side tend to zero while, by the ergodic theory, the first term on the right-hand side tends to ) ;g 7;¢ (i), whence

t
> mig (i) + lim % / A(r(s))x(s)ds =0 as. (617)
ieS 0

In particular, if A(i) = A with —A being a non-singular M-matrix, then the above equality becomes

t

1
S gty + Af lim © / x(s)ds| =0 as.
ieS t=>oo f 0

which implies

t

1 _ 1 o

Jim / x(s)ds = (—A) %n,;(l) as. (6.18)
0 1

It should be pointed out that by condition (6.13), > ;s 7i¢ (i) € RY ; whence, by the theory of M-Matrices (see e.g. [3,22]),
(—A)1 Y ies it (i) € RY.. We form the above result as a theorem to conclude this section.

Theorem 6.1. Let Assumption 4.1 and condition (6.13) hold. Assume also that A(i) = A for all i € S with — A being a non-singular
M-matrix. Then for any initial value x(0) € R}, the solution of Eq. (1.4) obeys (6.18).

7. Conclusions

As in our previous paper [16], we consider a population system under both telegraph and white noise. The white noise
considered here is independent of the population size so is different from that considered in [16]. We show that this type
of white noise has some significant effects on the population system. In particular, we reveal that a large white noise will
force the population to become extinct while the population may be persistent under a relatively small white noise.

Acknowledgments

The authors also wish to thank the financial supports from the National Natural Science Foundation of China (No. 60874110) as well as the EPSRC (UK),
the London Mathematical Society and the Edinburgh Mathematical Society.

References

[1] WJ. Anderson, Continuous-Time Markov Chains, Springer, 1991.
[2] A. Bahar, X. Mao, Stochastic delay population dynamics, Int. J. Pure Appl. Math. 11 (2004) 377-400.
[3] A. Berman, RJ. Plemmons, Nonnegative Matrices in the Mathematical Sciences, SIAM, 1994.
[4] D.H. Boucher (Ed.), The Biology of Mutualism, Groom Helm, London, 1985.
[5] G. Butler, H.I. Freedman, P. Waltman, Uniformly persistence systems, Proc. Amer. Math. Soc. 96 (1986) 425-430.
[6] N.H. Du, R. Kon, K. Sato, Y. Takeuchi, Dynamical behaviour of Lotka-Volterra competition systems: Non-autonomous bistable case and the effect of
telegraph noise, ]. Comput. Appl. Math. 170 (2004) 399-422.
[7] H.I. Freedman, S. Ruan, Uniform persistence in functional differential equations, J. Differential Equations 115 (1995) 173-192.
[8] T.C. Gard, Introduction to Stochastic Differential Equations, Marcel Dekker, 1988.
[9] MLE. Gilpin, Predator-Prey Communities, Princeton University Press, 1975.
[10] K. Gopalsamy, Stability and Oscillations in Delay Differential Equations of Population Dynamics, Kluwer Academic, Dordrecht, 1992.
[11] X. He, K. Gopalsamy, Persistence, attractivity, and delay in facultative mutualism, J. Math. Anal. Appl. 215 (1997) 154-175.
[12] V. Hutson, K. Schmitt, Permanence and the dynamics of biological systems, Math. Biosci. 111 (1992) 1-71.
[13] N. Ikeda, S. Watanabe, Stochastic Differential Equations and Diffusion Processes, North-Holland, 1981.
[14] W. Jansen, A permanence theorem for replicator and Lotka-Volterra system, J. Math. Biol. 25 (1987) 411-422.
[15] G. Kirlinger, Permanence of some ecological systems with several predator and one prey species, ]. Math. Biol. 26 (1988) 217-232.
[16] Q. Luo, X. Mao, Stochastic population dynamics under regime switching, J. Math. Anal. Appl. 334 (2007) 69-84.
[17] X. Mao, Stability of Stochastic Differential Equations with Respect to Semimartingales, Longman Scientific and Technical, London, 1991.
[18] X. Mao, Exponential Stability of Stochastic Differential Equations, Marcel Dekker, New York, 1994.
[19] X. Mao, Stochastic Differential Equations and Applications, Horwood Publishing, Chichester, 1997.
[20] X. Mao, Stability of stochastic differential equations with Markovian switching, Stochastic Process. Appl. 79 (1999) 45-67.
[21] X. Mao, G. Marion, E. Renshaw, Environmental noise suppresses explosion in population dynamics, Stochastic Process. Appl. 97 (2002) 95-110.



Q. Luo, X. Mao /J. Math. Anal. Appl. 355 (2009) 577-593 593

[22] X. Mao, C. Yuan, Stochastic Differential Equations with Markovian Switching, Imperial College Press, 2006.

[23] A.V. Skorohod, Asymptotic Methods in the Theory of Stochastic Differential Equations, Amer. Math. Soc., 1989.

[24] M. Slatkin, The dynamics of a population in a Markovian environment, Ecology 59 (1978) 249-256.

[25] Y. Takeuchi, Global Dynamical Properties of Lotka-Volterra Systems, World Scientific Pub., 1996.

[26] Y. Takeuchi, N.H. Du, N.T. Hieu, K. Sato, Evolution of predator-prey systems described by a Lotka-Volterra equation under random environment, J. Math.
Anal. Appl. 323 (2) (2006) 938-957.

[27] C.L. Wolin, L.R. Lawlor, Models of facultative mutualism: Density effects, Amer. Natur. 124 (1984) 843-862.



	Stochastic population dynamics under regime switching II
	Introduction
	Stochastic Lotka-Volterra model under regime switching
	Ultimate boundedness
	Extinction
	Small noise
	Case studies
	A single species population system
	Multi-dimensional system of facultative mutualism

	Conclusions
	Acknowledgments
	References


