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Abstract

If V is a commutative algebraic group over a field k, O is a commutative ring that acts on V, and 7
is a finitely generated free (O-module with a right action of the absolute Galois group of k, then there is
a commutative algebraic group Z ®» V over k, which is a twist of a power of V. These group varieties
have applications to cryptography (in the cases of abelian varieties and algebraic tori over finite fields) and
to the arithmetic of abelian varieties over number fields. For purposes of such applications we devote this
article to making explicit this tensor product construction and its basic properties.
© 2007 Elsevier Inc. All rights reserved.
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Introduction

In this paper we study twists of powers of commutative algebraic groups. We have been using
and proving special cases of these results elsewhere, and believe that it would be useful to have
a complete theory and complete proofs in the literature in one place. Examples of applications
of these twists that already appear in the literature include: to polarizations on abelian vari-
eties [H], to cryptography ([F,RS1] in the case of abelian varieties over finite fields and [RS2] in
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the case of algebraic tori over finite fields), to constructing abelian varieties over number fields
with Shafarevich-Tate groups of nonsquare order [St], and to bounding below the Selmer rank
of abelian varieties over dihedral extensions of number fields [MR].

Suppose V is a commutative algebraic group over a field k, O is a commutative ring that acts
on V, and 7 is a finitely generated free O-module with a right action of the absolute Galois group
G of k. We will define a commutative algebraic group over k that we will denote Z ®» V', which
is a twist of a power of V.

The general theory underlying the construction of Z ® V is given in the standard sources dis-
cussing the homological algebra of tensor products of sheaves for the étale topology (see [GV],
particularly Proposition 12.7 on p. 205). In that language, Z ®» V is a tensor product in the
category of sheaves on the big étale site over Spec(k). This tensor product construction was
introduced by Serre (§2 of [Sel]) in the case where V is an elliptic curve with complex multi-
plication by O and 7 is a projective O-module with trivial Galois action. It is discussed in detail
by Conrad (§7 of [C]) in the case where V is a group scheme with O-action and Z is a projec-
tive O-module with trivial Galois action. Our main objective is to record, in some detail and in
a usable way, the basic features regarding the operation of tensoring an abelian group scheme
over k endowed with a ring O of operators (viewing the group scheme as a sheaf for the big étale
topology over Spec(k)) with a locally constant sheaf over Spec(k) of free O-modules of finite
rank, noting that the new sheaf given by this tensor product construction is again representable
as a group scheme over k with an O-action. To effectively make use of this construction in our
applications, we found that we must pin things down very explicitly. For ease of reading we
provide in this article a largely self-contained treatment.

In Sections 1 and 2, following Milne [Mi] who dealt with the case of abelian varieties, we give
a concrete definition of Z ® » V, and we prove some important properties. Some basic examples
are given in Examples 1.5. Our construction is functorial in both Z and V (Theorem 1.8), and
if 7 decomposes (up to finite index) as €D; J;, then Z @ V is isogenous to @, (J; ® V) (see
Corollary 2.5). Theorem 2.2 describes the action of G on the torsion points of Z ®» V. We
include a more general explicit construction of Z ®» V, without the assumption that 7 is a free
O-module, in an appendix.

If L is a finite Galois extension of k and G := Gal(L/k), then Z[G] ®z V is the restriction
of scalars Res,fV. Theorem 4.5 shows that Res,f V is isogenous to € p(Ip ®z V), where p runs
through the irreducible rational representations of G and Z,, is the intersection of Z[G] with the
p-isotypic component of Q[G]. In Section 5 we restrict to the case where L/k is abelian, which
is the case of interest in many of the applications. Similar results were obtained by Diem and
Naumann [DN] in the case of abelian varieties. In Section 6 we study cases where Gal(L/k)
is a semi-direct product, which are needed for the applications in [MR]. We study finite group
actions on Z ® V in Section 7; these results have cryptographic significance in the case of
algebraic tori.

We thank Dick Gross for drawing our attention to Conrad’s paper [C].

Notation. Let ZT denote the set of positive integers. If k is a field, k* will denote a separable
closure of k and Gy := Gal(k®/k). In this paper “ring” will always mean ring with identity, and
“commutative algebraic group” will always mean a commutative algebraic group variety (not
necessarily connected).

If n € Z7, let u, denote the group of n-th roots of unity in Q. If G is a finite group, then
Z[G] will denote the group ring, except that Z[u,, ] denotes the ring of integers of the cyclotomic

field Q(e,,).
Suppose k is a field and O is a commutative ring. We consider two categories:
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e FModp (k) is the category whose objects are finitely generated free O-modules with a con-
tinuous right action of G, and whose morphisms are G-equivariant O-module homomor-
phisms (the modules are given the discrete topology, so a continuous G-action is one that
factors through a finite extension of k).

o CAGp (k) is the category whose objects are commutative algebraic groups V over k with
an action of O, i.e., a ring homomorphism O — End,(V), and whose morphisms are O-
equivariant homomorphisms defined over k.

If 7,7 € FModp(k) we will view Homp(Z, J) as a left Gr-module, where for f €
Homp(Z, J), y € Gk, and x € Z, we define (f¥)(x) = f(xy)y~'. View O € FModp (k) with
trivial Gg-action.

1. Twisting commutative algebraic groups
Fix a field k and a commutative ring O. In this section we construct a functor
FModp (k) x CAGp (k) — CAGo (k),

which we will denote by (Z, V) +— Z ® V. This construction appears in §2 of [Mi] when V is
an abelian variety.

Definition 1.1. Suppose V € CAGp (k) and Z € FModp (k). Define the Z-twist Z®p V of V as
follows. Let d = rank (Z), and fix an O-module isomorphism j : O¢ => 7. The homomorphism
O — End; (V) induces

H'(k,GL4(0)) — H'(k, Aute (V) — H'(k, Autes (VY)),
and we let c7 € H' (k, Autys (V9)) be the image of the cocycle (y — j~! o j7) under this com-
position. Define Z ®o V to be the twist of V¢ by the cocycle c7. Namely, by Corollaire to
Proposition 5 on p. 131 in §III-1.3 of [Se3] (see also §3.1 of [V]), there is a pair (Z Qo V, ¢)

(unique up to isomorphism) where Z @ V € CAGp (k) and ¢: V¢ = T ®p V is an isomor-
phism defined over k® such that for every y € Gy,

cz()=¢ ' og?. (1.1)

Remark 1.2. Suppose L is a separable extension of k and G, acts trivially on Z. Then j¥ = j
forall y € Gr,s0 cz(y) =1, so ¢¥ = ¢ by (1.1). Thus the isomorphism ¢ : Ve TReVis
defined over L.

If we choose a different (-module isomorphism j’:(©¢ => T in Definition 1.1, then
j'=j o a for some a € GLy(O). The cocycles y — j~'j7 and

yis GG =a7 T e

represent the same class in H Lk, GL4(0)), so they give rise to the same class c7 €
H! (k, Autys (V4 )). Thus Z ®» V is independent of the choice of ;.
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If L/k is a Galois extension, V is a commutative algebraic group over k, Z € FModp (k), and
A is a commutative k-algebra, let y € Gy acton A®; Las 1 ® y andonZ ®p (V(A ®i L)) as
yleodey.

Lemma 1.3. Suppose T € FModp (k), V € CAGo (k), and L is a Galois extension of k such that
G acts trivially on T. Fix an O-module isomorphism j:O% = T, and let ¢: V¢ = T @0 V
be as in Definition 1.1. Then for every commutative k-algebra A, the composition

Z®0 V)(A®L) ~>I®0 (V(A®kL))
of the sequence of O-module isomorphisms

T ®0 V)AL L) 2 ViA @ L) = 0 g0 (VAo L) 225 Too (V(A® L))

is a Gg-equivariant O-module isomorphism that is independent of j and is functorial in A, V,
Z,and L.

Proof. Remark 1.2 shows that ¢ is defined over L, and therefore
p(VI(A® L) =T ®0 V)(A® L).

The Gy-equivariance of the composition and the independence of j follow from (1.1) and the
definition of cz. The functoriality is clear. O

Theorem 1.4. Suppose 7 € FModp (k) and V € CAGp (k). Let L be a Galois extension of k
such that G, acts triviallyon Z. Then T @ » V represents the functor on commutative k-algebras
A (Z®o (V(AQy L)SALIR)  More precisely, for every commutative k-algebra A, the iso-
morphism of Lemma 1.3 restricts to a functorial group isomorphism

(T ®0 V)(A) = (T ®0 (VA& L))",

Proof. This follows directly from Lemma 1.3, since (A ®; L)% = A and G, acts trivially on 7
and L. O

Examples 1.5.

(i) Suppose 0 < d € Z, and Z = O¢ with trivial Galois action. Then Z @ V = v,

(i1) Suppose x is a quadratic character of Gy, and 7 is a free, rank-one Z-module with Gy
acting via x. Then Z ®z V is the quadratic twist of V by x. More generally, if O =Z[pu,,],
X :Gr — R, is a homomorphism, and Z is a free, rank-one O-module with Gy acting via
X, then Z ®¢ V is the twist of V by x ~! (in this case the cocycle ¢z is x ).

(iii) Suppose V = G,,, the multiplicative group, and 7 is a free Z-module. Then Z ®z, V is the al-
gebraic torus whose character module Hom(Z ®z V, G,,) is Hom(Z, Z). See Corollary 1.10
below, and Example 6 in §3.4 of [V].

(iv) If L/k is a finite Galois extension then O[Gal(L/k)]®o V = Res,I;V (see Proposition 4.1
below).
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Proposition 1.6. Suppose T, 7 € FModp (k) and V, W € CAGo (k).
(1) There is a functorial G-equivariant O-module isomorphism
Homp(Z, J) ® Homys (V, W) = Homys (Z @0 V, J Qo W).
(ii) The isomorphism of (i) restricts to an injective homomorphism
Hompjg,1(Z, J) ® Homg (V, W) — Hom (Z @0 V, T @0 W).

Proof. Fix O-module isomorphisms O" =7 and O™ = J. These isomorphisms induce (see

Definition 1.1) isomorphisms V" = Z ®» V and W™ = J ®» W defined over k°, which
induce isomorphisms

Homp(Z, J) ® 0 Homys (V, W) = My, (O) ®0 Homys (V, W)
= Moyxn (Homks(V, W)) = Homys (V", W™) = Homys(Z @ V, T Qo W).

The proof of Gi-equivariance is similar to the proof of G-equivariance in Lemma 1.3. This
proves (i), and (ii) follows since G acts trivially on Hompyg,1(Z, J) ® o Hom (V, W). O

Corollary 1.7. Suppose Z, 7 € FModp (k) and V € CAGp (k).

(1) The isomorphism of Proposition 1.6(1) with W =V and the identity map in Homy(V, W)
gives a functorial Gy-equivariant O-module homomorphism

Homp(Z, J) — Homis (T Qo V., J Qo V).
(i1) The map of (i) restricts to a homomorphism
Hompyg,1(Z, J) — Homy (Z ®0p V, J ®o V).
(iii) If the map O — Endg (V) is injective, then the maps in (i) and (ii) are injective.
Proof. Assertions (i) and (ii) follow directly from Proposition 1.6. For (iii), tensoring the in-
jection O — Endg (V) with the free O-module Homp(Z, J) shows that Homp(Z, J) —
Homp(Z, J) ®» Endr (V) is injective. Now (iii) follows from the injectivity in Proposi-

tion 1.6. O

If f € Homp(Z, J) we will often write fy for the image of f under the map of Corol-
lary 1.7().

Theorem 1.8. The map (Z,V) — I Qo V is a functor from FModp (k) x CAGp (k) to
CAGp (k).

Proof. This follows directly from Proposition 1.6(ii). O
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Corollary 1.9. Suppose T, J € FModp(k), V € CAGo(k), and k C F C k5. If T and J are
isomorphic as O[G pl-modules, then the group varieties T @ V and J Q@ V are isomorphic
over F.

Proof. If f:7 — J is a G p-equivariant isomorphism, then the image of f under the functorial
map of Corollary 1.7(i) is an isomorphism over F fromZ ®» V to J ®o V. O

Corollary 1.10. If Z € FMody,(k), then Homys (Z ®7 G, G;,,) = Homy(Z, Z).
Proof. Apply Proposition 1.6(i) with 7 =O=Zand V=W =G,. O
2. Properties of the twists Z @ o V

For this section, fix a field k, a commutative ring O, and a commutative algebraic group
V e CAGp (k).

Theorem 2.1. Suppose T € FModp (k). Then:

(1) Z ®p V is a commutative algebraic group of dimension ranky (Z) dim(V),
(i) Z ®@ V is connected if and only if V is connected,
(iii) if L is a separable extension of k and G acts trivially on Z, then T @ V is isomorphic
over L to Vako(@),

Proof. Fix a separable extension L/k such that G acts trivially on Z. Since 7 is isomorphic as
a G-module to O"0@) T @y V is isomorphic over L to O™ko@) @, v = yranko@) py
Corollary 1.9, giving (iii). The remaining assertions follow easily. O

Suppose n € Z+. If B is an abelian group, let B[n] denote the subgroup of elements of order
dividing n in B. If W is a commutative algebraic group over k, let W[n] denote the G;-module
W (k®)[n], and if £ is a prime let

To(W) = lim W[¢"],

the £-adic Tate module of W.

Theorem 2.2. Suppose T € FModp (k), n € 7, and € is prime. Then there are Gy-equivariant
isomorphisms (with y € Gy, acting on the right-hand sides as y~' ® y), functorial in T and V,

i) T®o V() =TI (V(K)),
(i) Z®o VNI=I®e (VIn)),
(i) T,(Z®o V) =L ®0o (Te(V)).

Proof. (See Proposition 6(b) of [Mi].) The first assertion follows from Lemma 1.3 with A =k
and L = k3. Since 7 is a free O-module,

(Z®o (V(K)))n=Z®o (VIinl),

so (ii) follows from (i), and (iii) follows by taking the inverse limit of (ii) with n = £". O



B. Mazur et al. / Journal of Algebra 314 (2007) 419-438 425

Lemma 2.3. Suppose I, J € FModp (k) with T C J and J /T is free (as an O-module). Then
the induced sequence of commutative algebraic groups over k

0—IR0V—>JI®0V— (J/I)®V — 0
is exact.

Proof. Since 7/7 is free, there is an O-module isomorphism J =7 & (J/Z). It follows by
Corollary 1.9 that 7 @0 V=(Z Q0 V) ® ((J/I) ®» V) over k%, so the sequence of the lemma
is a (split) exact sequence over k°. But then the sequence is exact over k. O

Define a k-isogeny in CAGp (k) or in FModp (k) to be a k-morphism whose kernel and
cokernel are annihilated by some positive integer.

Lemma 24. [f7, 7 € FModp (k) and s : T — J is a k-isogeny, then the induced map
sv: IV —>T®0V
is a k-isogeny.

Proof. Suppose n € Z™ is such that n - ker(s) = 0 and n - coker(s) = 0. Then there is a k-isogeny
t:J — T such that 7 o s and s o ¢ are both multiplication by n2, so sy oty € End (J ®¢ V) and
ty osy € Endy(Z ® V) are both multiplication by n?. Therefore sy is a k-isogeny. O

Corollary 2.5. Suppose Z, J1, ..., J; € FModp (k), and T @7 Q = @521 (J; ®7 Q) as O[G]-
modules. Then T ® V is k-isogenous to @;_,(J; ®o V).

Proof. In this case 7 is k-isogenous to €; J;, so by Lemma 2.4, Z ® V is k-isogenous to
(@i u7z) (200) V= @l(«z R0 V)- O

Proposition 2.6. Suppose I, 7 € FModp (k). Then there is a natural isomorphism
T I)B®0V=L®0(J®0V)
over k.

Proof. Suppose A is a commutative k-algebra. Then applying Theorem 1.4 and Lemma 1.3 with
L =k® (suppressing the subscripts O and k from the tensor products)

(T @V)WZ(Ie (T V)(Aek))™
= (e (T e (V(Aak)))%
= (TN e (V(AcK))*
=(ZT®JT)QV)(A.

These isomorphisms are functorial in A, so the proposition follows from a variant of the Yoneda
Lemma (see for example Proposition VI-2 of [EH]). O
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3. Annihilator modules

The results of this section will be used in Sections 4 and 7.

Fix a finite Galois extension L/k, a commutative ring O, and a commutative algebraic
group V € CAGp(k), and let G := Gal(L/k). Let FModp(L/k) denote the full subcategory
of FModp (k) whose objects are the O[Gy]-modules in FMod o (k) on which G acts trivially.

Definition 3.1. For Z € FMod» (L / k), define a left O[G]-module
7 :=Hompys(Z, O[G))

with O[G] acting by (@ - f)(x) =« - f(x) forevery @ € O[G], f € f, and x € Z. Also define an
O-module homomorphism 7 : O[G] — O by 7(}_,c ag8) = a1.

Part (i) of the following lemma shows that Tis independent of the choice of L.
Lemma 3.2.
(i) Foreach IKC € FModp (L/k), the map f +— 1o f defines an isomorphism of left G-modules
K= Homp (K, O).

(i) If Z,J e FModp(L/k), T C J, and J/T is a projective O-module, then the canonical
sequence 0 — ﬁ — J — 71— 0is exact.

Proof. For (i), see for example Proposition VI.3.4 of [B]. Assertion (ii) follows from (i), since
the exact sequence of O-modules 0 - 7 — J — J/Z — O splits if J /7 is projective. 0O

Lemma 3.3. Suppose Z, 7 € FModp(L/k), T C J, and J /T is a free O-module. Then

feJz

where fy is the image of f under the map
Homoyg1(J /Z, O[G]) < Hompg1(J, O[G]) — Homi (J ®o V, O[G]®0 V)
coming from Corollary 1.7(ii).

Proof. Choose an O-basis {f1, ..., fa} of Homp(J/Z, O). For every i let ¢; € j\/Z be the
inverse image of f; under the isomorphism of Lemma 3.2(i) (with I = J/7), so & o ¢; = fi,
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with 7 defined in Definition 3.1. Then there is a commutative diagram of (O-modules, with the
top line an exact sequence of O[G]-modules

®f; lnd 3.1)

Then (& f;) "' or? gives a splitting of the top exact sequence, so C is isomorphic as an O-module
to the kernel of 7%, which is free. Therefore we can apply Lemma 2.3 both to the top line of (3.1)
and to the exact sequence 0 - Z — J — J/Z — 0 to obtain an exact sequence

0>TI®0V—> T80V 2, (0[G180 V) > C®0 V — 0.
By Lemma 3.2(i), ¢1, ..., ¢4 generate j\/I, SO

I®o V =ker(®(¢i)v) = ﬂ ker(fy). O
feJz

Definition 3.4. If 7 is a right ideal of O[G], let T L denote the left annihilator of Z, i.e., Z+ is the
left ideal of O[G] defined by

I+ :={a € O[G]: aZ =0}.
A (right or left) ideal Z of O[G] is saturated if O[G]/Z is a projective O-module.

A finitely generated Z-module is projective (or equivalently, free) if and only if it is torsion-
free. Thus when O = Z, intersecting with Z[G] (inversely, tensoring with Q) gives a one-to-one
correspondence between the ideals of Q[G] and the saturated ideals of Z[G].

Lemma 3.5. Let A: O[G] — (7[5] be the ring isomorphism that sends a € O[G] to left multi-
plication by a. Then:

(1) If T is a right ideal of O[G] then the restriction of X induces an isomorphism
7t = OIGI/T.

(i) If T is a saturated right ideal of O[G], then T = {a € O[G]: T+ -« =0}.
(iii) If 7 is a saturated two-sided ideal of O[G], then X induces an isomorphism O[G]/T+ =
Endp1(Z) (and Endp(g1(Z) =1).
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—

Proof. Suppose 7 is a right ideal of O[G]. The map O[G] — O[G] defined by f +— f(1) is
aright and left inverse of A. Thus A is an isomorphism and there is a commutative diagram with
exact Tows

0 7l O[G] — O[G]/T+ ——= 0

R o

0 —= O[G]/T — O[G] 7

where the right-hand vertical map is injective by definition of Z+. The snake lemma shows that
the left-hand vertical map is an isomorphism, which proves (i).

Now suppose 7 is saturated. If 8 € O[G] — Z, then there is an O-module homomorphism
from O[G]/Z to O that is nonzero on 8. Now (ii) follows from (i), along with Lemma 3.2(i)
with £ = O[G]/Z.

Since 7 is saturated, by Lemma 3.2(ii) the bottom right-hand map of (3.2) is surjective,
and hence the right-hand vertical map is an isomorphism. If 7 is a two-sided ideal, then
AO[G]/TH) Endog)(Z) € 7,50 equality must hold and the proof of (iii) is complete. O

4. Decomposing the restriction of scalars

In this section we decompose the restriction of scalars of a commutative algebraic group.
Theorems 4.5, 5.2, and 5.5 were proved by Diem and Naumann in §3.4 and §3.5 of [DN] in the
case of abelian varieties.

Fix a finite Galois extension L/k, a commutative ring O, and a commutative algebraic group
V € CAGp(k), and let G := Gal(L/k). Let Reslé V denote the Weil restriction of scalars of V
from L to k (see for example §1.3 of [W] or §3.12 of [V]). Then for every commutative k-algebra
A there is an isomorphism, functorial in A,

(Resf V) (A) = V(A ® L). 4.1
Proposition 4.1. There is a canonical isomorphism over k, functorial in V,
O[G1®o V =ResFV.
Proof. Let O¢ := @geG 0,Vl .= @geG V,and for g € G let pg: VG — V be the projection
onto the g component. Using the O-module isomorphism j : O¢ — O[G] defined by j((x,)) =
Zg xgg_l, Definition 1.1 gives a pair (O[G] ®¢ V, ¢) where ¢: V¢ => O[G] ®¢ V is an iso-

morphism over L. Let ) := pjo¢~ ! :O[G]®p V — V. The cocycle oG] € H''(k, Autgs (V9))
of Definition 1.1 satisfies p o co[G)(g) = p,-1), for every g, h € G, so (using (1.1)),

n¥=pro(p ") =procog(g) ' op =pgogp!.

Therefore ®n8:O[G] ®n V — VY isan isomorphism (it is equal to ¢’1), so by the definition
of Res/V in §1.3 of [W], O[G]1®p V = RestV overk. O
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For the rest of this section we will take O = Z and write simply “®” in place of “®z”. The
functorial map of Corollary 1.7(ii) (with Z = J = Z[G]) and Proposition 4.1 give natural ring
homomorphisms

Z[G] = Endz6)(Z[G1) — Endi (Z[G] ® V) => Endi (Res/ V). 4.2)
If a € Z[G], then we denote its image under (4.2) by oy € Endg (Res,f V).

Proposition 4.2. If T is a saturated right ideal of Z|G], then:

(i) Z®V =(\yezr ker(ay :ReskV — Rest V).
(i1) For every commutative k-algebra A there is a functorial isomorphism

ToV)A)={veV(AL): It -v=0}.
(iii) If further I is a two-sided ideal, then there is a natural injective ring homomorphism
(ZIG1/T*) ® Endi(V) — Endi(Z ® V).
Proof. By Lemma 3.5(i), Z[/GVI ~7+ By Lemma 3.3 (with 7 = Z[G]) and Proposition 4.1,
we have (i). Assertion (ii) follows from (i) and (4.1).
If 7 is a two-sided ideal, then Z[G] /IJ- = Endz[)(Z) by Lemma 3.5(iii). Now (iii) follows
from Proposition 1.6(ii) (with 7 =Z and W =V). O

The group ring Q[G] is semisimple, and decomposes into a direct sum of minimal two-sided
ideals

QIG1=EPQidl, (4.3)
0

indexed by the irreducible rational representations p of G. Here Q[G],, is the p-isotypic compo-
nent of Q[G], i.e., the sum of all left ideals of Q[G] isomorphic to p.

Definition 4.3. If p is an irreducible finite-dimensional rational representation of Gy, choose
a finite Galois extension L/k such that p factors through G := Gal(L/k), define

Z, :=Q[Gl, NZ[G] € FModz(k),
and define the p-twist of V by
Vo=Z,Q®V.
Remark 4.4. Note that 7, is well-defined up to Z[Gy]-isomorphism, independent of the choice

of L, and therefore V,, is well-defined up to isomorphism over k. Since Q[G], is a Q-vector
space, I, is a saturated ideal of Z[G].
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Theorem 4.5. Suppose L/k is a finite Galois extension, V is a commutative algebraic group
over k, and G := Gal(L/k). Then ReslfV is isogenous over k to EBP V,, direct sum over all
irreducible rational representations of G.

Proof. This follows from Proposition 4.1, (4.3), and Corollary 2.5 with Z = Z[G] and with
{7,...., Tt} ={Z,: p anirreducible rational representation of G}. O

5. Abelian twists

Fix a finite abelian extension L/k and a commutative algebraic group V over k, and let G =
Gal(L/k) and O =Z.

The irreducible rational representations of G are in one-to-one correspondence with the cyclic
extensions of k in L. (See for example Exercise 13.1 of [Se2].) Namely, if p is an irreducible
rational representation let F,, be the fixed field of the kernel of p, and if F is a cyclic extension
of kin L let pr (or pp /i, if we need to specify the field k) denote the unique irreducible rational
representation of G with kernel Gal(L/F). If [F : k] = d then dim pr = ¢(d), where ¢ is the
Euler ¢-function.

Definition 5.1. Suppose F is a cyclic extension of k in L, and p is the corresponding irreducible
rational representation of G. Let Q[G]F denote the pf-isotypic component of Q[G], and let

Ir :=QIGlr NZ[G], Vi:=IrQV
(these were denoted Q[Gly,, Zp,, and V,, in (4.3) and Definition 4.3). When necessary to
specify the ground field k, we will write Zr/, and V. Let R denote the maximal order of the
field Q[G]F.
By Remark 4.4, 7r and VF are well-defined up to isomorphism, independent of the choice of

field L containing F, and Zr is saturated in Z[G].
The following result is a special case of Theorem 4.5.

Theorem 5.2. If L/ k is a finite abelian extension and V is a commutative algebraic group over k,
then Res,]; V is isogenous over k to @ Vr, direct sum over all cyclic extensions F of k in L.

IfkCFCL,let

Nyr= Y  geZ[Gl.
g€Gal(L/F)

Define
Qp:={fields F: kCFCL} D §:={F:kCFGCL,[L:F]prime}.

Then every element of £, is a subfield of some element of §2;, and we define

Wi = ﬂ ker(Np Frv) = ﬂ ker(NL/p,V)gRes,fV,
Fep Feg2)
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where Ny r v € Endy (Res,’; V) is the image of Ny ,r under (4.2). We will see in Theorem 5.8(1)
below that if L/k is cyclic, then Wz, = V. In the non-cyclic case we have the following.

Proposition 5.3. If L/ k is abelian but not cyclic, then dim(Wp) = 0.

Proof. Since L/k is not cyclic, there are a prime p and a field M such that k € M C L and
Gal(L/M) = (Z/ pZ)?. Since there are exactly p + 1 degree p extensions of M in L, in Z[G]
we have the identity

Z NLyp=p+NL/m.
MCFCL

Since Wy, is in the kernel of all the norm maps in this identity, it follows that W, is contained in
the kernel of multiplication by p, so dim(Wp)=0. O

Suppose for the rest of this section that L/ k is cyclic. Theorems 5.5, 5.8, and 5.9 below are our
main results about Vy, in the cyclic case. Let r := |G| = [L : k], and fix a generator 7 of G. For
d € 7" let &4 € Z[x] denote the d-th cyclotomic polynomial, and let ¥, (x) := (x?=1)/®y(x) €
Z[x].

Lemma 5.4.

(i) I = ¥ (1)Z[G] and I} = @, (1)Z[G].
(ii) Every isomorphism x :G => w, induces a ring isomorphism Ry = Z[p, ). This ring iso-
morphism is G-equivariant, with g € G acting on Z[p,.] as multiplication by x(g).
(iii) The projection Q[G] — Q[G]L given by (4.3) induces a G-module isomorphism

ZIG)/I; = Ry.

(v) Ip = nprimesar(Q — 1)Ry, where for each prime £ dividing r, {y is a primitive £-th root of
unity in Rp.

Proof. Let S = Q[x]/(x" — 1)Q[x]. Since G is cyclic of order r, the homomorphism
n:Q[G] — S that takes 7 to x is a Q[G]-module isomorphism, where 7 acts on S as multipli-
cation by x. Since Q[G]. = Q[x]/®, (x)Q[x] = ¥, (x)S C § as Q[G]-modules, and Q[G] (and
hence §) has a unique Q[G]-submodule isomorphic to Q[G]r, we have n(Q[G]L) = ¥, (x)S. It
follows that the isomorphism 7 : Z[G] = Z[x]/(x" — 1)Z[x] maps Z}. (resp., Ii-) isomorphically
onto the ideal generated by ¥, (x) (resp., by @, (x)). Both assertions of (i) now follow.

If x:G = u, is an isomorphism, then T — x — x(t) induces isomorphisms Q[G], —
Qlx1/®, (x)Q[x] = Q(m,). The composition maps the maximal order Ry isomorphically to
the maximal order Z[u, ], giving (ii).

Using (i) and (ii), there is a commutative diagram

0 — &, (x)Z[x]/(x" = DZ[x] — Z[x]/(x" — DZ[x] — Z[x]/®;(x)Z[x] — 0

s ;Tn ;T

0 7t ZIG] ’ Ry 0
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with vertical isomorphisms, where the map A is induced by Q[G] — Q[G].. Since the top row
is exact, so is the bottom row, giving (iii).
Let u denote the Mobius function. Then

U = (" — 1)/ = [[ (74-1)" (5.1)
d|r,d1
In Z[x]/®,(x)Z[x], x is a primitive r-th root of unity, so x4 has order d, so x/4 — 1 is a unit

in Z[x]/®,(x)Z[x] unless d is a prime power. When d # 1 is a prime power, u(d) = —1 if d
is prime, and p(d) = 0 otherwise. By (i), n(Zy) is generated by ¥, (x), so by (5.1), the ideal
A(ZL) of Ry is generated by ]‘[w(g —1). Since 71 € Q[G]L, A is the identity map on Z . This
proves (iv). O

Theorem 5.5. Suppose L/ k is a cyclic extension of degree r, and V is a commutative algebraic
group over k. Then:

(1) Vi is a commutative algebraic group of dimension ¢(r)dim(V).
(i) If'V is connected then Vi is connected.
(iii) Vy is isomorphic over L to V¥,
(iv) There is an injective ring homomorphism R; ® Endy (V) — End (V).

Proof. Parts (i), (ii), and (iii) follow from Theorem 2.1, since rankz Z; = dim p;, = ¢(r). Part
(iv) follows from Proposition 4.2(iii) and Lemma 5.4(iii)). O

Lemma 5.6. The ideal of Z[x]/(x" — 1)Z[x] generated by ®,(x) is also generated by each of
the following sets

D) {«" =D/ =D:d|r, d#r),
(i) {(" =D/t =1): €| r, £ prime)}.

Proof. The identity x” — 1 =[] dr Pa(x) shows that &, (x) divides (x” — 1)/(x¢ — 1) for every
divisor d < r of r. On the other hand, Theorem 1 of [dB] or [Re] shows that @, (x) is a Z[x]-
linear combination of {(x" — 1)/(x? —1): d | r, d # r}. This proves (i). Every element in the set
(i) is divisible by one of the elements in its subset (ii), so this completes the proof. O

Lemma 5.7. Each of the sets {®,(1)}, {Npjr: F € 21}, {Njr: F € §2}} generates the ideal
I} C ZIGI.

Proof. If k C F C L and [F : k] =d, then Ny F goes to (x" — 1)/(xd — 1) under the isomor-
phism Z[G] = Z[x]/(x" — 1)Z[x]. Thus by Lemma 5.6, the three sets of this lemma generate
the same ideal of Z[G]. By Lemma 5.4(i), this ideal is Ii-. O

Recall that if « € Z[G], then ay € Endy, (Res,lg V) denotes its image under (4.2).

Theorem 5.8. Suppose L/k is a cyclic extension of degree r, and V is a commutative algebraic
group over k. Then:
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i) VL = mFeﬂL ker(Np/r,v) = mFeQ/L ker(Nr rv) = ker(®,(1)y) € Res,I;V, where T is
any generator of Gal(L/ k).
@ii) If A is a commutative k-algebra, then

Vi(A) = {a e V(A® L): Npjr(a) =0 forevery F € 21 }.
In particular,
Vi (k) = {a € V(L): Npjr(a) =0 forevery F € 2.}

Both assertions also hold with $21 replaced by §2; .

Proof. Assertion (i) (resp., (ii)) follows from Lemma 5.7 and Proposition 4.2(i) (resp., (ii)).

Theorem 5.9. Suppose L/k is a cyclic extension of degree r, and V is a commutative algebraic
group over k. Suppose that £ is prime and g € Gy. Let d be the order of the restriction of g
to G := Gal(L/k). If the characteristic polynomial of g acting on Ty(V) is [[;(X — «;) with
o; € @g, then the characteristic polynomial of g acting on T¢(Vy) is

l_[(X _ aig)‘/’(’)/“’<d)
i

where ¢ runs through all primitive d-th roots of unity.

Proof. By Lemma 5.4(ii), the eigenvalues of the generator t € G actingonZ; @ Q = Ry ® Q are
exactly the primitive r-th roots of unity in Q, each with multiplicity one. It follows that the eigen-
values of g acting on 7 are the primitive d-th roots of unity, each with multiplicity ¢(r)/¢(d).
The result now follows from the isomorphism 7, (V) =Z1 @ T¢(V) of Theorem 2.2(iii). O

Proposition 5.10. Suppose L/k is cyclic, F and M are extensions of k in L, F N M =k, and
L =FM.IfV is a commutative algebraic group over k, then (Vg)y = Vi, over k.

Proof. Letd =[F : k] and e =[M : k]. Then de =r. Since L/k is cyclic, d and e are relatively
prime. By Lemma 5.4(ii,iv), there are isomorphisms of Z[G]-modules Zr = Z[py1, Zy = Z[ 1,1,
and Zy = Z[u, ], where the chosen generator t of G acts on the right-hand sides as multiplication
by ¢4, Ce, and ¢, respectively, and where the roots of unity are chosen so that ¢;¢, = &-. Then
the natural map Z[p,] ®z Z[p,] — Z[u,] is an isomorphism of Z[G]-modules. Hence 7 =
Iy ®7 ZF, and the proposition follows from Proposition 2.6. O

Remark 5.11. Suppose k € F C L. Let Np,r:Z[G] — Z[G] denote multiplication by
ZheGal(L/F) h.Then Ny F factors as

NuyrZIG] — o ziGalF /i) 2 2161
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where Ry, is the natural projection map. Since ker(Ry,r) and coker(iy,F) are torsion-free,
Lemma 2.3 shows that the induced maps Ry ,r,v and ¢z ,F,v in the composition

Ri/Fv LL/F,V
Ni/r,v:RestV ————>= Resf' V &——— RestV (5.2)

are surjective and injective, respectively. In [RS1,RS2,RS3], the primitive subgroup of Res,f Vv
corresponding to L was defined to be Ty, := ﬂngCL ker(Rp/Fr,v). By (5.2), ker(Rp/r,v) =
ker(Np,Fr,v). So when L/k is cyclic, T, =V = W (the last equality by Theorem 5.8(i)).

6. Semidirect products

Suppose for this section that L/k is a finite Galois extension, and G := Gal(L/k) is a semi-
direct product I" x H of a normal cyclic subgroup I" = Gal(L/K) of order r by a subgroup
H = Gal(L/M). There is a diagram

k

and we view Z[I"] and Z[ H] as subrings of Z[G], so Z|G| = Z[I"|Z[H] = Z[H1Z[I']. Let pr/x
be the (unique) irreducible faithful rational representation of I", and Q[/I"]/k the p; ,x-isotypic
component of Q[I']. Let 7; =1,k € Z[I"] be the ideal Q[I"].,x N Z[I"] of Definition 5.1, so
71, € FModz(K).

In this section we will show (Theorem 6.3 below) that the commutative algebraic group
Vijk =11 ® V € CAGz(K) of Definition 5.1 has a model over k of the form J, ® V €
CAGgz (k) for a suitable right ideal 77 of Z[G]. This is needed for the applications in [MR],
in the case where G is a dihedral group of order 2r.

Define

Ny = Z h e Z[H] € Z[G).
heH

Lemma 6.1. The abelian group Jr := NyZy is a saturated right ideal of Z|G].

Proof. For h € H, the representation Pﬁ/[( of I' defined by ,oﬁ/K(y) = pL/K(hyh’l) is an

irreducible faithful rational representation of I”, so pﬁ /K = pL/k - Hence hZIph~'=7; in QIaG1,
sofor h € H and y € I" we have

NHZLhZNHhZLZNHIL, NHZLJ/ZNHIL,

so NyZ;Z|Gl= NygZr.Since I; C Z[I']is saturated, J; C Z[G] is saturated. O



B. Mazur et al. / Journal of Algebra 314 (2007) 419-438 435

Definition 6.2. Define V. /; := J, ® V where J := Ny as in Lemma 6.1. This definition
depends on the subgroup H of G; if necessary we will denote Vi, by Vi, g. Theorem 6.3
below shows that if H' is another subgroup with G = I" x H’, then V /; ' is isomorphic to
Vi/k, 1 over K.

Theorem 6.3. Over K there is an isomorphism Vi i = Vi x, where Vi g (resp., VL i) is given
by Definition 5.1 (resp., Definition 6.2).

Proof. Left multiplication by Ny is an isomorphism Z; — 7y, of right G g -modules. By Corol-
lary 1.9 with F = K, Vi ,x = V7, is isomorphic over K to Vp;xy =Vyg,. O

7. Finite group actionsonZ ® V

In this section we study the action of symmetric groups on the group varieties Z ® V. When
V is an algebraic torus, these results provide insights into some known cryptosystems (see [RS2,
RS3]).

Fix a finite Galois extension L/k and let G := Gal(L/k) (and O = Z). Fix also a commuta-
tive algebraic group V over k that is not isogenous to the trivial group, i.e., so that the natural
map Z — Endg (V) is injective. If o € Endz(Z[G]), let oy € End, (Res,f V') denote the endomor-
phism given by the functorial map of Corollary 1.7(i) (with Z = J = Z[G]). If Z is a saturated
right ideal of Z[G], view Z ® V C Res,f V via Lemma 2.3 (with J = Z[G]) and Proposition 4.1.

Lemma 7.1. Suppose that T is a saturated right ideal of Z|G], and o € Endz(Z[G]). Then the
following are equivalent:

@ o@) <1
(i) ovy@®V)CIQV.

Proof. If o(Z) C 7 then 0|7 € Endz(Z). By the functoriality of Z = Z ® V, we have oy |7gy €
End; (Z ® V). Thus (i) = (ii).

Conversely, suppose oy (Z ® V) CZ ® V and let A:Z[G] — Endz(Z[G]) denote the map
that sends o € Z[G] to left multiplication by «. Suppose a € Z and 8 € Z*. Then «Z[G] C Z,
so ay € Endg(ResF V) factors through Z® V., i.e., ay (Resk V) € T ® V. Therefore

(A(B) oo or(@)), (Resg V) =By (ov(av (Res; V))) S By (T ® V) =0

by Proposition 4.2(i). By Corollary 1.7(iii), the map Endz(Z[G]) — Endys (Res,f V) is injective,
so A(B) oo oA(e) =0, and thus 8- o (a) = (M(B) 0 0 0 A())(1) = 0. Therefore Z1-o (Z) = 0, so
o (Z) € T by Proposition 3.5(ii). Thus (ii)) = (i). O

Let X' denote the group of permutations of a set H. If o € X, let 6 € Autz(Z[G]) denote
the automorphism induced by o, and let 6y € Auty, (Res,f V) denote the corresponding automor-
phism of Res,]; V.

Lemma 7.2. Suppose that L/k is cyclic and o € Xg. Then the restriction of &y to Vi is an
automorphism of Vi, if and only if
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(*) forevery g € G and subgroup H C G of prime order, c (gH) =0 (g)H.

Proof. Since o has finite order, the restriction of 6y to Vp is an automorphism if and only if
6v (VL) C Vi, whichby Lemma 7.1 happens if and only if 6 (Zp) C Zp. Write G = G| x - - - X G4
where each G; is of prime power order, |G;| = pl.ri, ordered so that p; < --- < p;. For 1 <i <1,
let H; be the subgroup of G; of order p;, and let Ny, = Zheﬂi h € Z[G]. By Lemma 5.7,

t
I} =Y ZIGINpg,. (7.1)

i=1

If o satisfies (*) then 6 (N, ) = Ny, - 6 () for every a € Z[G] and every i, so

I} -6(IL) =Y ZIGINp, -6(IL) =Y ZIG]-6(Ny, -I1) =0,

1 1

since Ny, - Z; = 0 for all i. By Proposition 3.5(ii) we conclude that 6(Z;) € 7, so by
Lemma 7.1, 6y |y, € Aut(Vp).

Conversely, suppose (*) fails to hold for some H. Take j minimal so that thereisa y € G
with o (y Hj) # o (y) H;. Replacing o by Tg(y)-100 0Ty (where 1, € X is left multiplication
by g € G) we may assume without loss of generality that o (1) =1, 0 (H;) # Hj, and 0 (gH;) =
o(g)H; forall g € G and i < j. It follows that 0 ~' (¢ H;) =o' (g)H; forall g € G and i < j,
SO

a_l(gl_[H,-> :a_l(g)HHi for every g € G. (7.2)

i<j i<j

Let r; : G — G; be the projection map. For 1 <i <1, fix 1 #§; € H; such that

i (o~ (H))) ifi > j,
o~ 1(H)) if i = j,
1
ni<o_l(Hj)08jl_[Hi> ifl1<i<j.
i<j

The first is possible since p; > p; if i > j; the second since o (H;) # H|; and the third because
it follows from (7.2) that the elements of o1 (H}) lie in distinct cosets of I—[i<j H;, and |H;| =
pi =3ifi > 1.

IfSC{l,...,t},let §s = ]_[l-es&-. Note that §g = 1 if and only if S = . We claim that if
o (8s) € Hj, then either S =, orelse S = {1, j} and j # 1 (in which case 85 = 5;). To prove
the claim, suppose S # ¥ (so 5 # 1) and o (8s) € H;. Then m; (8s) € m; (a_l(Hj)). Note that
m;i(8s) is 8; if i € § and is 1 otherwise. By our constraints on the §;,if i > j theni ¢ S.If j ¢ S,
then applying (7.2) with g = 1 gives o (§s) € (]_[l-<j H;) N Hj = {1}, contradicting that o (1) = 1
and ds # 1. Thus j € S, and again by our constraints, if 1 <i < j theni ¢ S. Since 0(§;) ¢ H;,
we cannot have S = {j}. We have thus proved the claim.

Leto =[], (1 = &) = ZS(—l)mch € Z[G], with S running over subsets of {1,...,7}.
By the claim above, 6 (@) = Y ¢(—1)Slo(8s) =1 + D¢, 48 01 L+0(818) + X 0y a8
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with ag € Z. It follows that Np; - 6 () # 0, since the coefficient of the identity element is either
1 or2,s06(x) ¢ Z; by Lemma 5.7. Since §; € H;, we have Ny, (1 — §;) =0 for all i. Thus
by (7.1), Zi-oc =0, so by Proposition 3.5(ii), & € Zy,. Therefore 6 (Z;) € Z1, so by Lemma 7.1,
oy(VL)Z V. O

If |G| is squarefree, and H is a subgroup of G, then there is a unique subgroup J € G such
that G = H x J, and this decomposition induces an inclusion X'y C Xg.

Theorem 7.3. Suppose L/ k is cyclic of squarefree degree, |G| = p1 - - - p; with distinct primes p;,
H; is the subgroup of G of order p;, and o € X. Then 6y|y, € Aut(Vy) if and only if 0 €
[Tizi 2 (€ Zo).

Proof. Suppose o € [[; Zn,. It is easy to see that for every g € G and every i, o (gH;) =
o(g)H;.By Lemma 7.2, 6y |y, € Aut(Vy).

Conversely, suppose 6y |y, € Aut(Vy). By Lemma 7.2, o (gH;) = 0 (g)H; for all g € G and
all i. Let m; : G — H; denote the projection, and let 0; = o|g; : H; — G. Lett; =m; o0; € Xy,
It follows easily thato =[[}_ i om €0 € [[; Ty, O

Appendix A. More general construction

Although in the above discussion we restrict to the case of free O-modules Z, the tensor prod-
uct construction (Z, V) = 7 ® V in the appropriate category of sheaves for the étale topology
(as alluded to in the introduction) is quite general. Moreover, this more general construction
can also be formulated in fairly concrete terms. For example, suppose that O is a commutative
noetherian ring, V € CAGp(k), and 7 is a finitely generated O-module with a continuous right
action of Gy, but do not assume that 7 is a free @-module. Let L be a finite Galois extension
of k such that G acts trivially on Z, and let G := Gal(L/k). Since O is noetherian, there is an
O[G]-presentation of Z, i.e., an exact sequence

o161° L 0161 — T —0

of right O[G]-modules. By basic properties of the functor V +— Res,I;V (or for example, by
Corollary 1.7(ii) and Proposition 4.1), ¥ induces a k-homomorphism

Yy : (Resp V) — (Resf v,

and we can define
ITQ®o V :=coker(yy) € CAGo (k).

One can show that this definition is independent of the choice of L and of the presentation of Z,
and it agrees with Definition 1.1 if 7 is a free O-module. Further, without the assumption that
the @-modules are free, Theorem 1.8, Corollaries 1.9, 1.10, and 2.5, and Lemma 2.4 all remain
true verbatim, Proposition 1.6 and Corollary 1.7 hold if Z and J are projective O-modules,
Theorem 2.2 holds if 7 is a projective O-module, and Lemma 2.3 holds if Z/J is a projective
O-module.

This definition of Z®e V is essentially the same as Conrad’s definition of his 7 ® o6 Res,]; Vv
in Theorem 7.2 of [C], using the action of O[G] on Res,f V given by (4.2) above.
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