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We provide a new formulation of non-relativistic diffeomorphism invariance. It is generated by localis-
ing the usual global Galilean symmetry. The correspondence with the type of diffeomorphism invariant 
models currently in vogue in the theory of fractional quantum Hall effect has been discussed. Our con-
struction is shown to open up a general approach of model building in theoretical condensed matter 
physics. Also, this formulation has the capacity of obtaining Newton–Cartan geometry from the gauge 
procedure.
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1. Introduction

Recently there has been a spate of papers in the literature 
[1–4] which use the non-relativistic diffeomorphism invariance to 
analyse the motion of two-dimensional trapped electrons which is 
directly connected with the theory of Fractional Quantum Hall Ef-
fect (FQHE). The relevant field theories involve some variant of the 
Schrödinger field theory in the framework of 3-d manifold with 
time running universally. These works are done at the effective 
field theory level and no attempt has been made to formulate the 
theories from some fundamental premises. The theories thus for-
mulated are also endowed with gauge symmetry that corresponds
to the trapping fields. Thus in these theories gauge invariance and 
non-relativistic diffeomorphism invariances are introduced sepa-
rately. It would be indeed very nice if these symmetries emerged
systematically from some basic principles.

The way the Galilean symmetric model of the Schrödinger field 
is conventionally attributed diffeomorphism invariance to even-
tually discuss FQHE also raises some more questions. The set of 
transformation of the basic fields is not only model specific but 
also different for different types of diffeomorphism parameters. 
The basic fields obey tensor transformation rules when the dif-
feomorphism invariance is given by xi → xi + ξ i with time inde-
pendent ξ . When attempts are made to include time varying dif-
feomorphism parameters, special transformation rules of the fields 
are assumed which lack motivation. In fact, the authors of [1] have 
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themselves admitted that they have found the transformations by 
‘trial and error’.

We further observe that an important requirement of such a 
construction would be to obtain the global Galilean group of sym-
metry in the flat limit. In the usual approaches [1] it is not ap-
parent how the translation is distinguished from spatial rotation 
in this limit. Secondly, an intriguing situation occurs for the case 
of Galilean boost where to restore the Galilean symmetry in the 
flat limit one has to invoke a relation between the gauge param-
eter and the boost parameter [1]! Obviously it is very difficult to 
motivate such an interrelation.

The last issue in particular shows that it may not always be 
consistent to impose diffeomorphism in the 3-d space by invok-
ing effective field theories. One requires a systematic approach 
towards diffeomorphism in the 3-d space. In this connection we 
note that in the non-relativistic scenario there is no natural con-
cept of spacetime manifold. The geometric approach developed by 
Cartan [5] and later elaborated by other stalwarts [6–13] is of no 
direct avail in formulating diffeomorphism in the 3-d space. This 
has been discussed in several recent papers [14,15].

In this paper we present a systematic procedure to obtain non-
relativistic diffeomorphism invariance. The method is to localise
the Galilean symmetry of a non-relativistic field theory. The start-
ing point is a non-relativistic field theory invariant under global 
Galilean transformations with constant values of the translation, 
rotation and boost parameters. We then make the Galilean trans-
formations local. Following the nature of Galilean spacetime the 
time translation parameter is assumed to be function of time 
whereas the other parameters are assumed to be functions of 
space and time. Anticipating the emergence of non-relativistic
 under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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diffeomorphism invariance in space we construct a set of coor-
dinate axes at every spatial point which are trivially connected 
with the global coordinate system. This connection is subsequently 
shown to be non-trivial. As an effect of making the parameters 
local the transformations of the derivatives of the fields are now 
different from those under global transformation. The Galilean 
invariance of the original model is thus broken. To restore the 
symmetry it is required to introduce new fields whose variations 
would cancel this difference. These new fields enter through co-
variant derivatives that replace the ordinary derivatives. The co-
variant derivatives are defined in two stages. In the first stage the 
covariant derivatives with respect to the coordinate basis are de-
fined. New fields At and Ak (k = 1, 2, 3) are introduced at this 
stage. Finally, additional fields are introduced to define covari-
ant derivatives in the local basis. Additional fields θ(t), Ψ k(t, r), 
Σa

k(t, r) appear now. The transformation rules of the new fields 
are chosen so as to transform the local covariant derivatives in 
the same way as the transformations of the ordinary derivatives 
under global transformation. Apart from restoring Galilean invari-
ance, this localisation, subject to a further restriction, introduces 
diffeomorphism in 3-d space as we shall see.

2. Localisation of Galilean symmetry

Let us consider a non-relativistic model invariant under global 
Galilean transformations given by the action

S =
∫

dtd3xL(φ, ∂tφ, ∂kφ) (1)

Our strategy will be to try to make the symmetry of the model (1)
local. We assume that φ is a scalar under the Galilean transforma-
tions. Apart from this simplification our model is perfectly general. 
The global Galilean transformations under which (1) is invariant 
are given by

ξ0 = −ε, ξ i = ε i + C i
jkω

j xk − vit (2)

where ε , ε i , ωi and vi are constants and C i
jk are the structure 

constants of the rotation group. These structure constants are an-
tisymmetric under interchange of any pair of indices.

Localisation of (2) demands careful consideration. Non-relativis-
tic Newtonian gravity was formulated on 4-dimensional spacetime 
manifold by Elie Cartan. There the gravitational structure was de-
fined in terms of an affine connection compatible with the tem-
poral flow tμ and a rank-three spatial metric hμν . Keeping this in 
view we localise (2) in the following way

ξ0 = −ε(t), ξ i = ε i(t, r) + C i
jkω

j(t, r)xk − vi(t, r)t (3)

For later calculations it will be advantageous to write ξ i as

ξ i = ηi(t, r) − vi(t, r)t (4)

where ηi(t, r) = ε i(t, r) + C i
jkω

j(t, r)xk .
To achieve the localisation, it will be helpful to understand 

the mechanism of global Galilean invariance under (2). Under the 
general coordinate transformation xμ → xμ + ξμ , the action (1)
changes by

�S =
∫

dtd3x�L (5)

with

�L = δ0L+ ξμ∂μL+ ∂μξμL (6)

Here δ0 denotes the form variation given by

δ0ψ = ψ ′(r, t) − ψ(r, t) (7)
and xμ ≡ t, x, y, z. For invariance we require1

�L = δ0L+ ξμ∂μL+ ∂μξμL = 0. (8)

For global Galilean transformation this is ensured by two condi-
tions,

1. ∂μξμ = 0, which may be explicitly checked using (2). So the 
invariance condition (8) reduces to

�L = δ0L+ ξμ∂μL = 0 (9)

2. The form variations of the field and its derivatives are given 
by

δ0φ = ε∂tφ − εk∂kφ − C i
jkω

j xk∂iφ + tvk∂kφ − imvkxkφ

δ0∂kφ = ε∂t(∂kφ) − ηi∂i(∂kφ) + (
vit∂i − imvi xi

)
∂kφ

− Cl
mkω

m∂lφ − imvkφ

δ0∂tφ = ε∂t(∂tφ) − ηi∂i(∂tφ) + (
vit∂i − imvi xi

)
∂tφ + vk∂kφ

(10)

In writing the form variation of φ we have exploited the fact 
that it is a complex Galilean scalar [16,17]. In particular this 
explains the appearance of the last term in the transformation 
δ0φ. The variations (10) are such that the simplified condition 
(9) is satisfied.

When the symmetry group is local Galilean, it will be advanta-
geous to introduce local coordinates xa at each point of space. The 
corresponding local basis ea is in general related with the global 
basis ek by

ea = Λa
kek (11)

where Λa
k is the vielbein. Now, in flat spacetime it is always pos-

sible to choose Λa
k = δa

k assuming inertial coordinates. In that case 
the vectors in the local basis are orthogonal just as happens for the 
global basis.

The first step in the process of localisation is to convert the 
ordinary derivatives into covariant derivatives with respect to the 
global coordinates. To begin with, introduce the gauge fields At

and Ak such that

Dkφ = ∂kφ + i Akφ

Dtφ = ∂tφ + i Atφ (12)

We retain the freedom of choosing the transformation rule of At

and Ak at this stage.
As explained above, the intermediate covariant derivatives (12)

will now be used to define the covariant derivatives with respect 
to the local coordinates which will be required to have the appro-
priate transformation property to ensure the local Galilean symme-
try. Introducing additional new fields θ(t), Ψ k(t, r) and Σa

k(t, r),
we define the new covariant derivatives as

∇aφ = Σa
k Dkφ

∇tφ = θ
(

Dtφ + Ψ k Dkφ
)

(13)

The term involving Ψ k might appear mysterious. However the 
process of gauging naturally leads to a construction of the covari-
ant derivative w.r.t. the local time that involves both Dtφ and Dkφ

1 Of course invariance is preserved if L changes by a total derivative. However 
we only consider such theories where �L= 0.
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type terms. Similar features prevail when the Poincaré group is 
gauged [18].

After a long algebra we find that these transform covariantly, 
provided the additional fields transform as

δ0 Ak = −∂kη
i Ai + t∂k vi Ai + ε Ȧk − ηi∂i Ak + tvi∂i Ak

+ mvk + m∂k vi xi − mΛa
k va

δ0 At = mv̇ixi + ε Ȧt + ε̇ At − ηi∂i At + vit∂i At − η̇i Ai + v̇ it Ai

+ vi Ai + mΛa
kΨ

k va (14)

and

δ0θ = −θε̇ + εθ̇

δ0Ψ
k = εΨ̇ k + ε̇Ψ k − 1

θ
vbΣb

k + ∂

∂t

(
ηk − tvk)

− (
ηi − vit

)
∂iΨ

k − tΨ i∂i vk + Ψ i∂iη
k

δ0Σa
k = εΣ̇k

a + Σa
i∂iη

k − tΣa
i∂i vk + Cb

caω
cΣb

k

− ηi∂iΣa
k + tvi∂iΣa

k (15)

where Λa
k is the inverse of Σa

k ,

Σa
kΛa

l = δk
l (16)

Observe that the transformations (14), (15) are, in general, differ-
ent from those given in [2]. For the special case of ξ0 = −ε(t) = 0
and ξ i = ε i(r) + C i

jkω
j(r)xk (i.e. time independent translation and 

rotation), they agree, as will be shown subsequently (around (43)). 
That the agreement does not hold in general is not surprising as 
our transformations involve fields Ψ k which are not there in [2]. 
Only in the special case mentioned above Ψ k may be taken to be 
zero in which case the agreement holds.

It is easy to show that

δ0Λ
a

k = εΛ̇a
k − Λa

l∂kη
l + tΛa

l∂k vl − Ca
ecω

eΛc
k

− ηi∂iΛ
a

k + tvi∂iΛ
a

k (17)

We have finished the first stage of localisation of the Galilean sym-
metry (2). If in the Lagrangian L(φ, ∂tφ, ∂kφ) we substitute ∂tφ, 
∂kφ by ∇tφ, ∇aφ such that

L(φ, ∂tφ, ∂kφ) → L′(φ,∇tφ,∇kφ)

then under the local Galilean transformations the modified La-
grangian L′ satisfies

δ0L′ + ξμ∂μL′ = 0 (18)

which is the analogue of the condition for global Galilean invari-
ance given in (9) where ∂μξμ = 0. This condition (∂μξμ = 0) does 
not however hold when the Galilean transformations are localised. 
Thus the modified Lagrangian L′ is still not invariant under local 
Galilean transformations. We require a further modification as

L = ΛL′ (19)

To make the action invariant under the whole local transformation 
we have to satisfy (8). This in turn leads to the following require-
ment

δ0Λ + ξμ∂μΛ + ∂μξμΛ = 0. (20)

It is not difficult to find a Λ, which solves the above equation. We 
make the following Ansatz

Λ = M
(21)
θ

where

M = detΛa
k. (22)

Now we will show that this expression of Λ satisfies (20). The 
transformation of M can be calculated using the well known for-
mula of differentiation of a determinant.

δ0M = −MΛa
kδ0Σa

k (23)

The transformation rule of θ is obtained from (15) and δ0 M can 
be calculated using δ0Σa

k from (15) in (23). By direct substitution 
of δ0Λ obtained in this way and ξμ from (3) one can verify that 
Eq. (20) holds. Note that the transformation rule of Λ is already 
predetermined by the transformation (15) of the new fields intro-
duced in order to transform the covariant derivatives with respect 
to global coordinate to the corresponding covariant derivative with 
respect to the local coordinates (see Eq. (12)). Thus the satisfaction 
of (20) is indeed remarkable. Specifically it points to the logical 
consistency of our construction.

We thus derive the rules of localising the Galilean symmetry 
of a non-relativistic model. The algorithm is as follows. Introduce 
local coordinates at each point of 3-d space. The local basis is 
trivially connected to the coordinate basis by (11). If the original 
theory is given by the action

S =
∫

dtd3xL(φ, ∂tφ, ∂kφ) (24)

invariant under the global Galilean transformation

xμ → xμ + ξμ (25)

where ξμ is defined in (2), then

S =
∫

dtd3x
M

θ
L(φ,∇tφ,∇aφ) (26)

is invariant under the corresponding local Galilean transforma-
tions (3).

Observe that till this point we have worked solely on a flat 
space. Since we localised the global symmetry it was essential to 
introduce the local coordinates vis-à-vis the global ones. The two 
bases are related by (11). This procedure is completely analogous 
to what is done in the localisation of the Poincaré symmetry [22].

3. Non-relativistic diffeomorphism invariance

The importance of the construction (26) cannot be overem-
phasised. As we now show this construction naturally leads to 
non-relativistic 3-d diffeomorphism invariance. In order to achieve 
this we observe that ξ0 = −ε should be vanishing. Then the local 
Galilean transformation is equivalent to the transformation

xi → xi + ξ i(r, t) (27)

where ξ i is an arbitrary function of r and t .2 From the first of the 
set of transformations (15) we find that when ε = 0, θ = constant. 
Without any loss of generality we can take θ = 1. Now we intro-
duce the ‘metric tensor’ gij

gi j = δcdΛ
c

iΛ
d

j (28)

Using the transformation relation of Λa
k from (17) we find

δ0 gij = −ξk∂k gi j − gik∂ jξ
k − gkj∂iξ

k (29)

From the transformation relation (29) it appears that gij may 
serve as a viable definition of the metric in non-relativistic dif-
feomorphism invariant 3-dimensional curved space. This is further 

2 Note the connection between the local and the global basis (11).
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supported from the observation that M = √
g where g is the de-

terminant of gij . This relation follows from the definitions of M
(22) and gij (28). Using these in (26) the local Galilean invariant 
action reduces to

S =
∫

dtd3x
√

gL(φ,∇tφ,∇aφ) (30)

It is easy to appreciate that this theory (30) is invariant under 3-d 
non-relativistic diffeomorphism (27).

As a concrete example let us consider the Schrödinger field the-
ory

S =
∫

dt

∫
d3x

[
i

2

(
φ∗∂tφ − φ∂tφ

∗) − 1

2m
∂kφ

∗∂kφ

]
(31)

which can be shown to be invariant under the global Galilean 
transformations (2) as follows.

At first we have to compute the variation of L under (2) as 
follows,

δ0L = L′ −L

= i

2

[(
δ0φ

∗)∂tφ + φ∗δ0(∂tφ) + i

m
δ0

(
∂kφ

∗)∂kφ

]
+ c.c. (32)

Analysing the individual terms in (32) we will get

i

2

(
δ0φ

∗)∂tφ

= i

2

(
ε∂tφ

∗ − ηi∂iφ
∗ + vi(t∂iφ

∗ + imxiφ
∗))∂tφ (33)

i

2
φ∗δ0(∂tφ)

= i

2
φ∗(ε∂t(∂tφ) − ηi∂i(∂tφ) + (

vit∂i − imvi xi
)
∂tφ + vi∂iφ

)
(34)

i

m
δ0

(
∂kφ

∗)∂kφ

= i

m

[
ε∂t

(
∂kφ

∗) − ηi∂i
(
∂kφ

∗) + (
vit∂i + imvi xi

)
∂kφ

∗

+ ∂kη
i∂iφ

∗ + imvkφ∗]∂kφ (35)

Considering only the contribution of the boost part of the global 
Galilean transformation, and using (32), δ0L becomes

δ0L = i

2

[
vit∂iφ

∗∂tφ + imvi xiφ
∗∂tφ + φ∗vit∂i∂tφ

− imvi xiφ
∗∂tφ + φ∗vi∂iφ − vit∂iφ∂tφ

∗ + imxi viφ∂tφ
∗

− φvit∂i∂tφ
∗ − imvi xiφ∂tφ

∗ − φvi∂iφ
∗]

− 1

2m

[(
vit∂i + imvi xi

)
∂kφ

∗ + imvkφ
∗]∂kφ

− 1

2m

[(
vit∂i − imvi xi

)
∂kφ − imvkφ

]
∂kφ

∗

which reduces to

δ0L = vit∂iL (36)

We are therefore led to the following result,

�L = δ0L+ ξμ∂μL
= vit∂iL− vit∂iL
= 0 (37)

In a similar manner, it can be shown that the other parts of the 
global Galilean transformation also render the action invariant. We 
thus conclude that the action is invariant under the global Galilean 
transformation.

Note that in addition to the global Galilean symmetry, the 
theory (31) is invariant under the global phase transformation, 
δ0φ = iαφ where α is the gauge transformation parameter.

To obtain the corresponding theory of (31) invariant under the 
3-d diffeomorphism (27) we follow the prescription of (30). This 
leads to the action

S =
∫

dt

∫
d3x

√
g

[
i

2

(
φ∗∇tφ − φ∇tφ

∗) − 1

2m
∇aφ

∗∇aφ

]
(38)

Now

∇aφ
∗∇aφ = δab∇aφ

∗∇bφ

= δabΣa
kΣb

l Dkφ
∗Dlφ

= gkl Dkφ
∗Dlφ (39)

where

gkl = δabΣa
kΣb

l (40)

Using (28) and (16) we observe that

gkl gln = δk
n (41)

Hence gkl is indeed the inverse metric.
Note the dual role played by the field Σa

k . In Section 2 they 
were introduced to define the local covariant derivatives from the 
global covariant derivatives in a theory defined on flat space. Now 
in the above equation they act as vielbeins connecting the tangent 
space and the curved 3-d space on which the theory is now for-
mulated. This dual aspect which is observed here has an analogy 
in Poincaré gauge theory as has been discussed for instance in [18, 
p. 61].

Using (39) in (38) we obtain the most general 3-d diffeomor-
phism invariant Schrödinger action as

S =
∫

dt

∫
d3x

√
g

[
i

2

(
φ∗∇tφ − φ∇tφ

∗) − 1

2m
gkl Dkφ

∗Dlφ

]

(42)

Such theories have recently been used in theoretical condensed 
matter physics. Note that it is very easy to take the flat limit of 
(42), one just has to replace gkl by δkl , and substitute covariant 
derivatives by ordinary derivatives. This immediately reproduces 
(31).

As has been mentioned already in the introduction, the type of 
non-relativistic diffeomorphism invariant models as (42) are cur-
rently in vogue in condensed matter theory for the analysis of 
the motion of two-dimensional trapped electrons [1], specifically 
in connection with the study of FQHE. To understand this connec-
tion more explicitly let us consider a special case of (27) where ξ i

are time independent. From the second equation of the set (15) we 
find that Ψ k = 0 is admissible. Substituting these in (42) we get

S =
∫

dt

∫
d3x

√
g

[
i

2

(
φ∗(∂t + i At)φ − φ(∂t − i At)φ

∗)

− 1

2m
gkl(∂k − i Ak)φ

∗(∂l + i Al)φ

]
(43)

Note that this action is exactly of the same form as diffeomor-
phism invariant non-relativistic 3-d Schrödinger theory introduced 
in [1,2] as an effective field theory. In this limit, we get from (14):

δ0 Ak = −∂kξ
i Ai − ξ i∂i Ak

δ0 At = −ξ i∂i At (44)
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These transformation relations also exactly match with those given 
in [1]. Thus our formulation systematically leads to the model of 
[1] in the static transformation limit.

The question of time varying diffeomorphism parameters de-
mands careful considerations. Such situations will automatically 
appear if we include local Galilean boost in the effective 3-d dif-
feomorphism parameter ξ . The condition (15) clearly shows that 
when ξ is time dependent, Ψk cannot be zero. Thus one has to 
consider the general form (42) as the effective 3-d diffeomorphism
invariant theory if one adopts the approach of constructing the 
non-relativistic diffeomorphism invariant model by systematic lo-
calisation of Galilean symmetry. However there could be some 
other approach leading to a different non-relativistic diffeomor-
phism invariant model. An example of this sort is provided by 
Hoyos and Son [2] where a different model has been constructed 
which has diffeomorphism under spatial translation. Moreover, we 
have seen here that if we adopt the restriction of no time trans-
lation and further consider only time independent transformations 
then our results reproduce those of [2].

4. Conclusions

We have discussed a method of localisation of the global 
Galilean invariance of a general field theoretic model. Local coor-
dinate systems were erected at the different points of 3-d space. 
Though the connections between these local bases with the global 
basis are trivial, the distinction has been proved to be very use-
ful in constructing the covariant derivatives. We have first defined 
covariant derivatives with respect to the global coordinates and 
then transformed them to covariant derivatives with respect to 
the local coordinates. New fields are introduced in the process, 
the transformation of which are determined so that the local co-
variant derivatives transform under local Galilean transformation 
as the ordinary derivatives under global Galilean transformations. 
The localisation of the transformations also implies a change in the 
measure of integration. We have shown that the measure can be 
corrected appropriately by some functions of the newly introduced 
fields that were involved in the transformation of the global to lo-
cal covariant derivatives. Substitution of the ordinary derivatives by 
the local covariant derivatives in the original global Galilean invari-
ant action and correcting the measure of integration appropriately 
we obtain an action invariant under the local Galilean transforma-
tions. This procedure, as one can see, follows the Utiyama method 
of the localising the Poincaré gauge transformation [19–21].3

The process of localisation of the global Galilean invariance of 
field theories has been shown to provide a systematic algorithm 
for the construction of 3-d diffeomorphism invariant field theo-
ries which have been used ubiquitously in the theory of Fractional 
Quantum Hall Effect (FQHE) [1,2] in recent times. Our approach 
may be contrasted with the way of introducing such models as 
effective field theories. In the gauging of Galilean invariance sev-
eral new fields are introduced. These new fields along with their 

3 The Utiyama method has been used in the context of non-relativistic particle 
model [14,23,24], but as far as we know, it has thus far not been applied in the 
context of Galilean invariant field theories.
transformations obtained here will definitely be useful in phe-
nomenological model building in theoretical condensed matter 
physics.

The connection of our formulation with the research in con-
densed matter physics is however only an important special appli-
cation of the formalism developed in this letter. Comparison with 
the Poincaré gauge theory suggests that the process of localisa-
tion of the Galilean invariance should have connection with the 
geometric Newton–Cartan theory of Newtonian gravity. In fact, in 
the special case where time translation is ignored, our theory is 
already equivalent to matter coupled with external gravitational 
field. The next step is to give dynamics of the new fields in-
troduced in the localisation procedure. One may guess that the 
whole procedure can be given a geometric parallel, and thus we 
should be able to arrive at the Newton–Cartan geometry as a fall 
out of the localisation. These and similar works are currently in 
progress.

References

[1] D.T. Son, M. Wingate, Ann. Phys. 321 (2006) 197–224.
[2] C. Hoyos, D.T. Son, Phys. Rev. Lett. 108 (2012) 066805.
[3] D.T. Son, Newton–Cartan geometry and the quantum Hall effect, arXiv:

1306.0638 [cond-mat.mes-hall].
[4] Oleg Andreev, Michael Haack, Stefan Hofmann, Phys. Rev. D 89 (2014) 064012.
[5] É. Cartan, Sur les variétés à connexion affine et la théorie de la relativité gen-

eralisée (suite), Ann. Sci. Ec. Norm. Super. 40 (1923) 325–412.
[6] P. Havas, Four-dimensional formulations of Newtonian mechanics and their re-

lation to the special and the general theory of relativity, Rev. Mod. Phys. 36 
(1964) 938.

[7] J.L. Anderson, Principles of Relativity Physics, Academic Press, London, 1967.
[8] A. Trautman, Theories of space, time and gravitation, in: S. Deser, K.W. Ford 

(Eds.), Lectures on General Relativity, Prentice Hall, Englewood Cliffs, 1965.
[9] H.P. Künzle, Galilei and Lorentz structures on space–time: comparison of the 

corresponding geometry and physics, Ann. Inst. Henri Poincaré 42 (1972) 337.
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