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A “double” Pythagorean-hodograph (DPH) curve r(t) is character-
ized by the property that |r'(t)| and |r'(t) x r”(t)| are both polyno-
mials in the curve parameter t. Such curves possess rational Frenet
frames and curvature/torsion functions, and encompass all heli-
cal polynomial curves as special cases. As noted by Beltran and
Monterde, the Hopf map representation of spatial PH curves ap-
pears better suited to the analysis of DPH curves than the quater-
nion form. A categorization of all DPH curve types up to degree 7
is developed using the Hopf map form, together with algorithms
for their construction, and a selection of computed examples of
(both helical and non-helical) DPH curves is included, to highlight
their attractive features. For helical curves, a separate constructive
approach proposed by Monterde, based upon the inverse stereo-
graphic projection of rational line/circle descriptions in the com-
plex plane, is used to classify all types up to degree 7. Criteria to
distinguish between the helical and non-helical DPH curves, in the
context of the general construction procedures, are also discussed.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

In a companion paper (Farouki et al., 2009), the algebraic structure of polynomial curves r(t) =
(x(t), y(t), z(t)) in R® that incorporate a “double” Pythagorean hodograph property was described.
Namely, the components of the first derivative r'(t) and the cross product r'(t) x r”(t) of the first and
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second derivatives of these curves satisfy the Pythagorean identities
|l‘/|2 =X’2 +y/2 -|—Z/2 = 0,27 (1)
|l'/ % l_//|2 — /Z// _y//zr)z 4 (Z,XN _ Z//X/)Z 4 (X/y// _ X//y/)z = (Uw)z’ (2)
for polynomials o (t) and w(t). This structure was first implicitly recognized in the study (Farouki
et al., 2004) of helical polynomial curves — its significance was explicitly emphasized by Beltran

and Monterde (2007), who noted that the “DPH” curves satisfying (1) and (2) comprise the set of
polynomial space curves whose Frenet frames, defined (Kreyszig, 1959) by

r rxr’ r xr’
= — = ——— X = ——
e P T e xe Ch v x|’
and curvature k = |r/| 73| x r’| and torsion T = | x /|72 (' x r”) - ¥ are rational functions

(Wagner and Ravani, 1997) of the curve parameter t. Moreover, the DPH curves encompass all helical
polynomial curves (Beltran and Monterde, 2007; Farouki et al., 2004) as a proper subset.

Choi et al. (2002) introduced two algebraic characterizations of solutions to condition (1), based
on quaternions and the Hopf map, that are extremely useful in the construction and analysis of spatial
PH curves. In the quaternion model, the hodograph r’(t) is expressed as a product of the form?

r'(t) = A)iA), (3)

A(t) = u(t) + v(t)i+ p(t)j + q(t) k being a quaternion polynomial of degree m for a PH curve of
degree n = 2m + 1. Using the Hopf map, H : C?> — R, the hodograph is constructed from two
complex polynomials «(t) = u(t) +iv(t), B(t) = q(t) + ip(t) of degree m according to

r'(t) = He(t), B(1))
= (j®)]* — [B(®)]*, 2Re(@(t) B(1)). 2Im(e(t) B(1))). (4)

By identifying the imaginary unit i with the quaternion basis element i, the relation between the two
models may be expressed as

At) = a(t) + kB(t). (5)
Although the quaternion form (3) has seen more widespread use in developing practical algorithms
(Farouki et al., 2002, 2008) for the spatial PH curves, Beltran and Monterde (2007) have shown that
the Hopf map form (4) offers, in certain respects, a more natural context in which to study the double

PH structure (1) and (2). In the quaternion model, condition (2) requires the components u(t), v(t),
p(t), q(t) of the quaternion polynomial A(t) to satisfy

up’ —u'p 4+ vq —v'q = h(a® — b?),
uq' —u'q — vp’ 4+ v'p = 2hab,

o = 2h(@ + b?), (6)
for real polynomials h(t), a(t), b(t) where gcd(a(t), b(t)) = constant (Kubota, 1972). Using the Hopf
map model, this requirement acquires a simple expression in terms of the complex polynomials e(t),
B(t) — namely,

a(hB (6) — &' (OB) = h(t) W (1), (7)

where h(t) and w(t) = a(t) + ib(t) are real and complex polynomials, with gcd(a(t), b(t)) =
constant. As observed by Monterde (in press), the Hopf map also offers a more intuitive approach
to constructing helical polynomial curves.

The plan for the remainder of this paper is as follows. First, the double PH condition is thoroughly
analyzed in Section 2: after briefly reviewing the established forms of DPH cubics and quintics, three

2 Quaternions are denoted by calligraphic letters, complex numbers and vectors by bold letters (the meaning should be clear
from the context), and real numbers by italic letters.



R.T. Farouki et al. / Journal of Symbolic Computation 44 (2009) 307-332 309

distinct types of degree 7 DPH curves are enumerated, and systems of equations and constraints are
developed that facilitate their construction. The focus of Section 3 is on the helical DPH curves, using
the approach of Monterde (in press) based upon rational line/circle parameterizations in the complex
plane. Section 4 presents criteria to distinguish between the helical and non-helical DPH curves of
each type. Finally, Section 5 provides a comprehensive selection of examples of both the helical and
non-helical degree 7 DPH curves, computed using the procedures developed in the preceding sections,
while Section 6 summarizes key results of this paper and identifies some problems worthy of further
consideration.

2. Classification of low-degree DPH curves

Following Beltran and Monterde (2007) and Monterde (in press), greater emphasis will be placed
here on expression (7) of the double PH condition in the Hopf map model. Since the combination

a(t)p'(t) — o' (t)B(1) (8)

of the complex polynomials «(t), B(t) plays a prominent role in the ensuing discussion, it merits a
special name. We call it the proportionality polynomial for «(t) and B(t) — see Farouki et al. (2009). In
Section 2.1 we review how the proportionality polynomial for all PH cubics, and all helical PH quintics,
satisfies the DPH condition (7), and Section 2.2 then discusses the case of degree 7 DPH curves. The
polynomials e(t), B(t) are assumed to be specified in the Bernstein form,

m

olt) = ) o (T)U o™l B = Z/ﬂ(r?)u —ome,
=0

1=0
2.1. Double PH cubics and quintics

Spatial PH cubics are defined by two linear complex polynomials e(t), B(t). In this case, since
a(B'(t) — & (OP(L) = aoBy — a1y
is just a complex constant, we must have deg(h(t)) = 0 and deg(w(t)) = 0 to satisfy (7). We may,
without loss of generality, take h(t) = 1 and w(t) = wy, and the double PH condition then amounts
to
oy — o1 By = W,
Clearly, this is satisfied for arbitrary complex values ay, a1, B, B; by taking either of the complex

values /a8, — o1 8, for wy. Hence every spatial PH cubic is a double PH curve — and is also a helical
curve (Farouki and Sakkalis, 1994).

Spatial PH quintics are defined by quadratic polynomials e(t), B(t). In this case, the proportionality
polynomial (8) is the quadratic

2 (o1 — 01 By) (1 — 1)* + (0toBy — 02By) 2(1 — D)t + 2 (a1 B, — ez By) 1

and satisfaction of the double PH condition (7) can be achieved with either (a) deg(h(t)) = 0 and
deg(w(t)) = 1; or (b) deg(h(t)) = 2 and deg(w(t)) = 0.

2.1.1. The case deg(h) = 0 and deg(w) = 1
Choosing h(t) = 1 and a linear polynomial with Bernstein coefficients wy, w; for w(t) in (7) for
case (a), we obtain the equations

2(@ofy —aify) =wg, (0B — aafy) = Wowi, 2 (a1, — @affy) = Wi
These equations can be satisfied for some wy, wy if and only if the coefficients of a(t), B(t) satisfy

4 (aofy — a1fy) (18, — a2 81) = (0B, — azﬂo)z-
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2.1.2. The case deg(h) = 2 and deg(w) = 0

Taking a quadratic with Bernstein coefficients hq, h, hy for h(t) and w(t) = wy in case (b), and
equating coefficients of the quadratic polynomials on the left and right in (7), yield the system of
equations

2 (0‘0/31 - “1ﬂ0) = howg, (Oloﬂz - “Zﬂo) = h1W(2), 2 (“1.32 - 052.31) = hzwﬁ
which can be satisfied if and only if

arg(aofy — a1fy) = arg(aofB, — a2y = arg(en B, — a2 B;) (mod 7)
— i.e., the complex numbers oo f8; — a1, oo, — a2, 18, — o f; must be real multiples of each
other in this case.

2.2. Double PH curves of degree 7

Spatial PH curves of degree 7 are specified by two cubic complex polynomials e«(t), B(t). In this
case, the proportionality polynomial (8) is the quartic

3
3(opB; — a1y (1 — f)4 + 5 (oo, — a2 B) 4(1 — t)3t

1 3
+ |:2 (o3 — a3By) + 5 (018, — “zﬁl)] 6(1—1)°t?

3
+§ (185 — a3By) 4(1 — t)f3 + 3 (283 — azfy) t4,

and (7) may be satisfied with either (a) deg(h(t)) = 0 and deg(w(t)) = 2; or (b) deg(h(t)) = 2 and
deg(w(t)) = 1; or (c) deg(h(t)) = 4 and deg(w(t)) = 0. Note that the six complex values o;8; — o; B;
for 0 < i,j < 3 occurring in the coefficients of a(t) 8'(t) — o/ (t)B(t) are not independent: they must
satisfy the compatibility condition

(0oB1 — a1 By) (0285 — azfB;)
= (oo, — o By) (a1 B3 — a3By) — (a1 By — oz B1) (o3 — a3 fByy). (9)

2.2.1. The case deg(h) = 0 and deg(w) = 2
If we choose h(t) = 1 and a quadratic with Bernstein coefficients wg, wq, w, for w(t) in case (a),
we obtain from (7) the equations

3 (aofy — a1By) = Wé,
3 (aofy — @2By) = 2wWowy,
2
(o3 — a3fy) + 3 (18, — a2 fy) = 3 2w + wow,),
3 (o183 —azfy) = 2wiwy,
3 (052.33 - 0‘3/32) = W% (10)

Setting o1 8, — @28, = z, apP; — 3Py = 3W; + SWow, — 3z, and invoking (9), we note that the
values wg, w1, W, and z must satisfy

1.\ (1, 2 2 40,2 5
—W, —W: = —WoW —W{W —Z —W —WoW, — 5Z ),
370) 372 R A 31 3o

which reduces to the quadratic equation

277° — (12w + 6WoW2) Z + (4WF — WoW,)WoW, = 0
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in z. The solutions of this equation indicate that, in this case, &1 8, — oz 8; must be given in terms of
Wo, W1, Wy by

1 1
a1 f, —af = §W0W2 or 5(4W% — WoW3). (11)

2.2.2. The case deg(h) = 2 and deg(w) = 1
In case (b) we take h(t) quadratic and w(t) linear with Bernstein coefficients hg, h1, h, and wg, wy
and thus obtain from (7) the equations

3 (aofy — a1By) = hoW§,

3 (aoBy — @2By) = hiw + howowy,
1
(0oB3 — a3fy) + 3 (18, — 2 By) = 3 (haW§ + 4hywowy + how?),
3 (a1B; — a3By) = howow; + hyw?,
3 (B3 — a3fy) = hoywy. (12)
Setting o1 8, — 0281 =z, aoB; — a3By = § (haWj + 4hywow; + how?) — 3z, we see from (9) that
the values hg, h1, hy, Wg, Wy, Z must satisfy
T 5\ (1, .- 1 2 1 2
*hoWo *th] = *(h]WO =+ hoWoW]) *(h2WOW1 + h1W1)
3 3 3 3
1
—Z |:3(I’l2W(2) + 4h1W0W1 + hoW%) — 32] s

yielding the quadratic equation
27 Z2 -3 (thé + 4h]WOW1 + hoW%) z+ h]W()W] (hzw(z) + h]WOW] + hoW%) =0

whose solutions indicate that a1 8, — otz 8, must be given in terms of ho, hy, h; and wg, wy by

1 1
alﬂz — azﬂ] = gh]W()Wl or §(h2W% + h1WOW1 + hoW%) (13)

2.2.3. The case deg(h) = 4 and deg(w) =0
Finally, choosing h(t) as a quartic with Bernstein coefficients ho, . .., hy and w(t) = wy in case (c),
and equating coefficients of the quartic polynomials on the left and right in (7), yield the equations

3 (0B — o1By) = howp,
3 (@B, — 2fBy) = 2 hywy,
(2oB; — a3By) + 3 (a1, — axBy) = 2 howj,
3 (o183 — a3 By) = 2 hawy,
3 (@2f; — a3f,) = hawy. (14)

Setting a8, — B, = z, &Py — @3B, = 2h,w — 3z, and invoking (9), we see that the values
ho, ..., hg, Wg, and z must satisfy

1 1 2 2
<§howg) <§h4w§) = <§h1w§> <§h3wg) — 2 (2hyw) — 3z),

which reduces to the quadratic equation
277° — 18h2Wg z + (4h hs — h0h4)Wg =0
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in z. The solutions of this equation indicate that, in this case, a1, — a2 ; must be given in terms of
ho, .. .,h4andw0 by

1
B, —af, = 5 (3112 + \/9h§ + 3hohy — 12h1h3> w;. (15)

2.3. Construction of degree 7 double PH curves

The above characterizations for degree 7 double PH curves of different types furnish algorithms for
constructing examples of these curves.

First, we assign numerical values for the coefficients of h(t) and w(t) on the right-hand side of
Egs. (10), (12), or (14). An appropriate value for z = o, — &, is then determined through the
corresponding compatibility constraint from expression (11), (13), or (15). This assignment, together
with Egs. (10), (12), or (14), defines a system comprising six bilinear equations in the eight unknowns
O(Q,...,Ot3aﬂdﬂo,...,ﬁ3.

Since these equations are (by construction) consistent, and the variables are inherently complex,
one can in principle assign two of them arbitrarily, and then solve the six equations for the remaining
variables. Of course, this purely algebraic process is not suited for constructing curves with prescribed
geometrical properties. We expect that it can be suitably modified to furnish more geometrically-
intuitive constructions for double PH curves of different types, but the formulation of such algorithms
is deferred to a future study.

Remark 1. Since Egs. (10)-(11), (12)-(13), or (14)-(15) depend only on the combinations &;8; — o;8;,
if (g, B;) for0 < k < 3isany solution, then (ez, B,/z) for0 < k < 3isalsoasolution foreachz # 0.
Hence, one may initially assign arbitrary complex values to any three of the coefficients (o, 8,) for
0 < k < 3, and then determine corresponding values for the other five. This yields another freedom
of initial assignment, beyond the two arising from the difference between the number of unknowns
and equations.

3. Hopf map form of helical curves

A helical curve r(t) may be characterized by the fact that the locus traced by its unit tangent vector
t =r'/|r'| - ie., the tangent indicatrix of r(t) - is a circle® on the unit sphere (Farouki et al., 2004). This
characteristic property has been used by Monterde (in press) to give a geometrically-intuitive and
quite general construction of helical polynomial curves, based on the Hopf map model, as follows.

For the hodograph defined in terms of complex polynomials «(t), B(t) through the Hopf map
construction (4), the tangent indicatrix is given by

_ H@p _ (e? - 1B 2Re(ef), 2Im(af))
o2 4 | B2 o2 4 | B2 '

The final expression above defines the normalized Hopf map, which we denote by A (o, B). Note that

H maps complex values o, B with |a|? 4+ |8]> = 1 to a unit vector in R? or, equivalently, a point on
the unit sphere §2.
As noted by Monterde (in press), the normalized Hopf map satisfies

H(a, B) = A@/B, 1),
and hence, for the purpose of investigating the tangent indicatrix, it suffices to consider only the ratio

a(t)/B(t) of the complex polynomials in (4). Thus, different spatial PH curves defined by integrating
(4) with different choices for a(t), B(t) may nevertheless exhibit identical tangent indicatrices, if

3 Plane curves (which are trivially helical) have great-circle tangent indicatrices, while proper helical curves have small-circle
tangent indicatrices. The center of the circle and its angular radius identify the helix axis a and pitch angle {» — see equation
(3) in Farouki et al. (2009).
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they have the same ratio a(t)/B(t). Such curves differ in the magnitude, but not the direction, of their
hodograph vectors r’(t) at each parameter value t.

Now the ratio z(t) = a(t)/B(t) of the polynomials «(t), B(t) specifies a rational curve in the
complex plane, and through the normalized Hopf map an image c(t) = I:I(z(t), 1) of this curve on the
unit sphere S? in R? is defined, with |c(t)| = 1. In fact, as observed by Monterde (in press), the map
z— I:I(z, 1) from C to S? is just the inverse of the familiar stereographic projection, used in complex
analysis to visualize the “extended” complex plane (Needham, 1997). Drawing rays from the north
pole of §? through each point z € C, we associate with each z the point of S? at which such a ray
pierces the sphere. In this manner, “infinitely distant” points in C - regardless of direction - are all
mapped to the north pole of $2, and we regard the extended complex plane as comprising all finite
complex values z augmented by the single value co.

As is well known (Needham, 1997), all circles on S? are mapped to either lines or circles in C
by stereographic projection, depending on whether or not the circle on S? passes through the north
pole. Monterde (in press) thus observes that, if we are interested in helical polynomial curves, with
circular tangent indicatrices on S?, their construction can be reduced by the above arguments to
identifying those pairs of complex polynomials a(t), B(t) whose ratios z(t) = a(t)/B(t) define
rational parameterizations of lines or circles in C.

3.1. Complex representation of lines/circles

Given complex numbers ag, a;, by, by that satisfy agpb; — a;by # 0, consider the complex-valued
function

(1 —t)+agt

()= ————
bo(1 —t) + byt
of a real parameter t. This may be viewed as a mapping t — z(t) of the real axis to a locus in the
complex plane, as specified by a Mébius transformation. Form (16) defines all lines and circles in the

complex plane (Needham, 1997; Schwerdtfeger, 1979).
If bibg — b1bg = 2iIm(b;bg) # 0, expression (16) defines a circle — one can easily verify that

(16)

a;by — agh
z. = a0 0T and R=
biby — byby
identify the center and radius, so that

|z(t) — z.|*> = R®.

aob1 — ai bo
biby — b;byg

If byby — b;by = 0, however, z. and R become infinite, and z(t) degenerates to a straight line. This
may be seen by noting that the derivative

dz _ a1b0 — aob1
dt ~ [bo(1—t) + byt]?

has direction specified by

d
a@(é)=mﬂm%—aﬁﬂ—2mﬂ%ﬂ—ﬂ+bm.

Writing by = bg 4+ i o and by = by + i 81, we note that

_1 Bo(1 —1t) + Bt
bo(1 —t) + byt
Now [Bo(1—t) + B1t] /lbo(l -+ bltj = constant, so arg(dz/dt) = constant (mod ), if and only
if b1 — b1fo = Im(bybg) = (byby — bibg)/2i = 0.
The condition by 81 —b1 8o = 0 implies that the complex coefficients in the denominator of (16) are
of the form (bg, b1) = (kow, kyw) for some complex value w and real values kg, k1. Writing cg = ag/w,

arg(bo(1 —t) + bqt) = tan (mod ).
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¢, = a;/w we see that, for a straight line, form (16) can be reduced to

Co(] — t) +cqt
ko(1 —t) + kqt’

i.e., straight lines may be characterized by real denominators.

In order to construct different helical curve types, there are two ways to generate higher-order
line/circle parameterizations from the basic form (16). We may multiply both the numerator and
denominator of (16) by a complex polynomial, to obtain z(t) = a(t)/B(t) where gcd(a(t), B(t)) #
constant — this does not change the tangent indicatrix, but it does alter the magnitude of
the hodograph r'(t) upon substituting a(t), B(t) into (4). Curves defined in this manner are
monotone helical, since they originate from faithful circle parameterizations. Alternatively, a rational
transformation t — f(t)/g(t) of the curve parameter may be invoked, defined by real polynomials*
f(), g(t) of degree > 2. This yields, in general, a parameterization z(t) = a(t)/B(t) with
gcd(a(t), B(t)) = constant that is not faithful, and the resulting curves are general helices — i.e.,
they may reverse their sense of tangent rotation. These “multiplication” and “re-parameterization”
procedures for generating helical curves may also be combined, but only for curves of degree > 7.

z(t) = (17)

3.2, Spatial PH cubics

The rational linear form (16) is the simplest (lowest-order) parameterization of lines and circles.
By substituting the linear complex polynomials

a(t) =ao(l —t)+a1t, B(t) =b0(1 —t)+b1t

into the Hopf map specification (4) of a spatial Pythagorean hodograph and integrating, we obtain a
spatial PH cubic. In this case, we have

a(t)B'(t) — o/ (t)B(t) = agby — a;by,

which may be interpreted as being of the form (7) with h(t) = 1 and w?(t) = agh; — a;by, i.e.,
deg(h(t)) = 0 and deg(w(t)) = 0. Hence, all spatial PH cubics are helical, and are also double PH
curves.

In Farouki et al. (2004) a curve was said to be monotone helical if its tangent indicatrix is a simply-
traced circle on the unit sphere — i.e., it does not indicate any reversals in the sense of the tangent
rotation. Since the rational linear form (16) is a faithful parameterization of lines/circles in the complex
plane, and the inverse stereographic projection from the complex plane to the unit sphere is one-to-
one, all PH cubics are monotone helical.

3.3. Helical PH quintics

To define helical PH quintics by means of the normalized Hopf map, we must use rational
quadratic parameterizations of lines and circles in the complex plane. These must be true quadratic
parameterizations, not degree-elevated versions of (16). There are two essentially distinct methods
of obtaining such quadratic parameterizations from the basic form (16).

3.3.1. Quadratic re-parameterization
The first method involves introducing a non-linear (real) transformation of the parameter t.
Imposing on (16) the parameter transformation defined by the rational quadratic function
L fO _ (-0 +A20 -0t + Lt
gt)  go(1—1)2+gi2(1— )t +gt?’

(18)

4 These polynomials are assumed to be relatively prime, i.e., gcd(f (t), g(t)) = constant.
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we obtain the quadratic line/circle parameterization
Cat)  ap(1 =17 +a2(1 — 0Ot + ayt?
B(t)  Bo(1 =02+ B12(1 = D)t + B,t?’

z(t)

where

o; = fi(a1 —ag) + gao, B =fi(bi —bo) +gbo, i=0,1,2.
We then find that the proportionality polynomial has the form

a(t)p'(t) — ' (t)B(t) = h(t) (aghy — asby),
where h(t) is the real quadratic polynomial defined by

h(t) = f'(Hg(t) — f(O)g'(©), (19)
with Bernstein coefficients
ho = 2(fig2o — fog1), hy = f280 — fo&2, hy = 2(f,g1 — f182)- (20)

This is an instance of (7) with deg(h(t)) = 2, deg(w(t)) = 0. The spatial PH quintics defined in this
manner are thus double PH curves — as observed by Beltran and Monterde (2007), they correspond
to general helical PH quintics.

Invoking relation (5) between the quaternion and Hopf map models, we see that these helical
quintics may be specified by a quadratic quaternion polynomial 4 (t) = a(t) + k (t) with Bernstein
coefficients of the form

A = fila; —apg + k(b; —bg)] + gi[ap +kbg], i=0,1,2. (21)

Since g, A1, /4, are linearly dependent upon just two quaternions, a; —ap+k (b; —bg) and ag +k by,
they reside in a two-dimensional subspace of H. Hence, as noted in Farouki et al. (2004), these helical
PH curves are characterized by the fact that 1 is linearly dependent on 4 and #5, i.e.,

A1 = Ag Cop + A Co

for appropriate values ¢y, c; € R. Substituting from (21) into this relation, we find that these
coefficients are given in terms of the quantities (20) by
h; ho

co=— and ¢ = .
TS >7 2nm

3.3.2. Linear polynomial multiplication

A different way of obtaining a quadratic rational parameterization from (16) is to multiply the
numerator and denominator by the same (complex) linear polynomial, w(t) = wy(1 — t) 4+ w;t. The
parameterization z(t) = a(t)/B(t) defined in this manner is specified by

a(t) =[ag(1 —t) +ast][wo(1 —t) + wyt],

1
aWo(1—6)* + E(aowl + a1wp)2(1 — )t + aw;t?,

B(t) = [bo(1 —t) + byt][wo(1 — ) + wit],

1
= bowo(1 — £)* + i(bowl +biwo)2(1 — )t + byw;t?,

and hence we obtain
a(®)B (t) — o (0)B(t) = (@b; — asbg) [wo(1 — t) + wyt]?.

Clearly, this corresponds to the case where deg(h(t)) = 0 and deg(w(t)) = 1in (7) — note that the
factor o/agh; — a;bg can be absorbed into wg, w;. As observed by Beltran and Monterde (Beltran and
Monterde, 2007), this case corresponds to the monotone-helical PH quintics. The reason for this is
clear from the present arguments: obviously, multiplying the numerator and denominator of (16) by
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the same complex polynomial w(t) does not change the faithfulness of the line/circle parameterization
(i.e., the monotonicity of the tangent indicatrix). The sole effect of this multiplication is to modulate
the hodograph magnitude |r’(t)| by the factor |w(t)|> — the direction of I’ (t) remains unchanged.

In Farouki et al. (2004) the monotone-helical PH quintics were characterized in terms of the
quaternion model by the fact that their quaternion coefficients satisfy

A1 = sAg €y + A2 C2, (22)

Co = Cg + Yo, € = ¢ + y» i being complex numbers (regarded as quaternions with vanishing j and
k components) that satisfy

4cocy, = 1. (23)

We can verify that this is equivalent to the above Hopf map characterization by invoking relation (5)
between the Hopf map and quaternion models.

For a(t) and B(t) as defined above, we obtain the quadratic quaternion polynomial 4(t) =
a(t) + k B(t) with Bernstein coefficients

Ao = (ap + Kbg)wy,

1
Al = 5 [(ap + kbo)w; + (a7 + kby)wp],
Ay = (a1 + kb)w;.

Bearing in mind that complex numbers have commutative products, one can then verify that
oW1 = (ag + kbo)wwy and  A;wWo = (a; + Kkby)wowy,
and dividing (on the right) by wy and wy, respectively, we obtain

wy Wo
0431 = Ao — | + Az — .
2wy 2w,

A1 is thus of the form (22) where ¢y = wy /2wy, €; = wy/2w; satisfy (23).

3.3.3. Degenerate common case

The cases discussed in Sections 3.3.1 and 3.3.2 are not entirely disjoint. There are specific
circumstances for these two cases in which a(t) 8'(t) — ae(t) B’ (t) will degenerate to a common special
form. Generically, the polynomial h(t) in Section 3.3.1 is a “true” quadratic — i.e., its discriminant
is non-zero, and it is not the square of a linear polynomial. If its coefficients satisfy hoh, = h?,
however, a(t)B'(t) — a(t) B (t) will be the product of a complex constant and the square of a real
linear polynomial.

Likewise, the coefficients of the polynomial wy (1 —t) +w;t in Section 3.3.2 are generically linearly
independent —i.e., (Wg, Wq) # (cwy, cw;) for some complex value c and real values wy, w,. However,
if the polynomial is of the form ¢ [wy(1 — t) + w1t], then a(t) B'(t) — o () B(t) in this case is also the
product of a complex constant and the square of a real linear polynomial.

3.4. Helical PH curves of degree 7

Helical PH curves of degree 7 may be generated through the normalized Hopf map using cubic
parameterizations of lines and circles in the complex plane. These may be constructed in three
essentially distinct ways — of which two are direct extensions of the methods employed above for
helical PH quintics, and the third is a “hybrid” of these two.

3.4.1. Cubic re-parameterization
By analogy with the method used in Section 3.3.1, a rational cubic line/circle parameterization is
defined by imposing the parameter transformation
f©) o =0° 430 =0t +£30 = OF + fst?

Lo _ (24)
g(t)  g(1—1034+g13(1 — )2t +g3(1 — )2 +gst3
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on (16). This yields
2(6) = a(t) _ oo(1— ) +a13(1 — )%t + 033(1 — )t + ast?
Bt)  Bo(1—10)°+ 31— )%t + B,3(1 — )2 + Byt
where

o; = fi(a1 —a9) + gao, B =fi(b1 —bo) +gbo, i=0,123.
For this type of circle parameterization, we find that
a(t)B'(t) — o (DB() = h(t) (agb; — asbp),
where the real quartic polynomial h(t) has the form (19), and its Bernstein coefficients are given by

3
ho = 3(figo — fog1), hy = E(fzgo — fog2),
3 1
hy; = E(fzg1 - f1&) + 5(f3g0 — fo&3),

3
hs = 5(f3g1 — f183), hs = 3(f322 — f>83)- (25)

This corresponds to the case deg(h(t)) = 4 and deg(w(t)) = 0 of (7), and it defines a general helical
double PH curve of degree seven.
In the quaternion model, such curves are specified by a cubic quaternion polynomial A(t) =
a(t) + k B(t) with Bernstein coefficients
A = fi[a; —ap + k(by — bo)] + gi[ap +kbe], i=0,1,2,3. (26)

Since A, /41, /A3, A3 are linearly dependent on the two quaternions, a; —ag+k (b1 —bg) and ap+k by,
they reside in a two-dimensional subspace of H. Hence, 41, 4, must be expressible in terms of g,
3 in the form

A1 = sAg C1g + A3 C13, Ay = g C0 + A3 (23, (27)
for suitable values cqg, €13, C20, C23 € R. Substituting from (26) into the above, these coefficients can
be expressed in terms of (25) and k = f3go — fogs as

2h; ho N 2hy

— - =1 28
3k €3 3k (28)

Cio =

3.4.2. Quadratic polynomial multiplication
Instead of a cubic re-parameterization, we now consider the cubic line/circle parameterizations
defined by multiplying the numerator and denominator of (16) by a complex quadratic polynomial.
Writing
a(t) = [ao(1—t) +art] [Wo(1 — £)* +wi2(1 — D)t + w,t?],
B(t) = [bo(1—1t) +byt] [Wo(1 — £)* +wy2(1 — £)f + wat?], (29)

the Bernstein coefficients of the cubics at(t) and B(t) are given by

1 1
oy = AWy, o = g(zaowl +a;wp), o = E(zalwl + agwy), a3 = a;wy,

1 1
Bo = bowy, B = E(Zbowl + biwy), B, = §(2b1W1 + bow;), B3 =biw;.

One can then verify that

a()B'(t) — o (1)B(t) = (ahs — arho) [Wo(1 — £)* +w12(1 — £)t + wpt*]%,
corresponding to deg(h(t)) = 0 and deg(w(t)) = 2 in (7) — note that the complex constant
+/agby — a;bg can be absorbed into wy, wy, w,. As with the case of Section 3.3.2, multiplying the

numerator and denominator of (16) preserves the faithfulness of the line/circle parameterization.
Hence, in this case, we have a monotone-helical double PH curve of degree 7.
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Comparing with the quaternion model for this case, the cubic quaternion polynomial A(t) =
a(t) + k B(t) has the Bernstein coefficients

1
o = (ap + Kbg)wyg, A1 = 3 [2(ag + kbg)w; + (a1 + kby)wp],

1
Ay =[2G + kb)w; + (ag + kbo)w,], A3 = (a; + kby)ws.

By arguments similar to those of Section 3.3.2, we may infer that a degree 7 PH curve is monotone
helical if and only if 41, 4, can be expressed in terms of g, 43 in the form

A1 = g €10 + A3 €13, Ay = o €0 + A3 €23, (30)
where the coefficients ¢y, €13, €30, C23 are given in terms of wy, wy, wy by

2w, Wy W, 2w,
Clo= 7, Ci3=—, €0 =", €3 =-——, (31)
3wy 3w, 3wy 3w,

and satisfy

Cio = 3C20C23 and Cy3 = 3C10C13. (32)

3.4.3. Degenerate common case

As with the helical PH quintics, there is a common special instance between the cases in
which the cubic line/circle representation is obtained purely by re-parameterization, and purely by
multiplication. If the real quartic h(t) in the former case is actually the square of a real quadratic,
and the complex quadratic wo(1 — t)® + w;2(1 — t)t + w,t? in the latter case can be written as
clwo(1 =) + w121 — )t + w,t?], then ae(t) B'(t) — o’ () B(t) is in both cases a complex constant
times the square of a real quadratic polynomial.

3.4.4. Re-parameterization and multiplication

A new approach becomes possible with the degree 7 helical PH curves, since cubic line/circle
parameterizations z(t) = o«(t)/B(t) can be generated from (16) in a “hybrid” manner: we
can combine a quadratic re-parameterization with multiplication by a complex linear polynomial.
Imposing the parameter transformation (18) on (16) and multiplying the numerator and denominator
by wg (1 — t) + wyt, we obtain the cubics «(t), B(t) with Bernstein coefficients

ap = [fo(@ar — ag) + goao] Wo,

1
oy 3 {[fo(@ar — ag) + goaol Wy + 2 [f1(a; — ap) + grap] Wo},

1
w0 =3 {[f2(a1 — ag) + Zaol wo + 2 [f1(a; — ap) + grap] w1},

a3 = [fr(a; — ag) + gao]wi,
Bo = [fo(by — bg) + gobo] wo,

1
B, = 3 {[fo(by — bg) + gobolw; + 2 [f(by — bo) + g1bo] wo},

B, % {[f2(b1 — bo) + gabol Wo + 2 [fi(b1 — bo) + g1bo] w1},

B3 = [f2(by — bg) + gbo] Wy, (33)
and in this case, we find that

a(t)B'(t) — o/ (OB(®) = h(t) @by — arbo) [Wo(1 — t) + wit]?,

h(t) being the real quadratic polynomial with the Bernstein coefficients (20). This corresponds to the
case deg(h(t)) = 2 and deg(w(t)) = 10of (7).
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It should be noted that the order of the operations characterizing this case (first re-
parameterization, then multiplication) is important, since it is not possible to achieve a cubic line/circle
parameterization through a polynomial multiplication followed by a re-parameterization. For this
case, setting

Vo = a4 —ao+l((b1 —bo) and V1 Zao+l(b0,

we find that the quaternion representation is defined by the cubic polynomial A(t) = e(t) + k B(t)
with Bernstein coefficients

Ao = (foVo + g V1)Wo,

1 2
Ay = g(fovo + &Viw + §(flV0 + g1V1)Wo,

Ay = %(fzvo + & Vi)wo + %(flvo + g1 Vwy,
A3 = (Vo + & Vi)W
As in the preceding cases 41, 4> can be expressed in terms of g, #A3 as
A1 = g C1o + A3C13, Az = g Coo + A3 C23. (34)

In this case, the complex coefficients ¢y, €13 and ¢y, €;3 are given in terms of wy, wy, w, and the

quantities (20) defined in Section 3.3.1 by

o hiwi + howy e howo o — haw o — hiwg + how;
0= 3h]W0 ’ B 3h]W] ’ 207 3h1W0’ 3 3h1W]

Note that the coefficients ¢4, €13 and ¢g, €3 depend only on the three ratios hy/hy, hy /hy, and wq /wg.
It can be shown that they must satisfy

(35)

(9¢13¢20 — 1)* = 9 (3€13€10 — €23) (3€23€20 — C1p). (36)

3.5. Higher-order helical PH curves

To construct higher-order generalizations of the helical PH curves of degree 5 and 7 described
in Sections 3.3.1 and 3.4.1, one may use re-parameterizations t — f(t)/g(t) of the line/circle (16)
defined by polynomials f(t) and g(t) with m = deg(f, g) > 4. Curves defined in this manner have
the common feature that the coefficients of (t), B(t) are of the form

a; = fi(@; — ap) + giao, B; =fi(by —bg) +gby, i=0,...,m.

Invoking relation (5) between the quaternion and Hopf map models, we see that such curves are
characterized by quaternion coefficients of the form

A = fila; —apg + k(by —bg)] + gi[ap +Kkbo], i=0,...,m

for real values fy, ..., fn and go, ..., gn The m 4+ 1 quaternions sy, ..., 4, are thus linearly
dependent on just two quaternions - a; — ag + k (b; — bg) and ag + kb - and reside within a two-
dimensional subspace of H. Hence, as observed in Farouki et al. (2004) for the PH quintics (m = 2)
and in Monterde (in press) for general m, such helical PH curves are characterized by the fact that the
interior coefficients 4, ..., 4A,_1 are linearly dependent on the outer coefficients A¢ and A,,.

As generalizations of the degree 5 and 7 monotone-helical curves discussed in Sections 3.3.2 and
3.4.2, a line/circle parameterization z(t) = a(t)/B(t) of degree m may be specified by multiplying
(1 —t) +ast and bo(1 — t) + byt by a polynomial w(t) of degree m — 1 with Bernstein coefficients

Wy, ..., Wy_1. The coefficients of a(t) and B(t) are then given by ag = agwy, &, = a;wp,_1 and
By = bowo, B, = byw,_; whilefork =1, ..., m — 1 we have
(m — k)aowy + kawy_q (m — k)bowy + kbiwy_4
oy = ) :Bk = B

m m
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and such curves satisfy a(t) 8'(t) — o (t) B(t) = (agb; — a;bg) w?(¢). As in Sections 3.3.2 and 3.4.2,
the quaternion form of these curves is characterized by the fact that 44, ..., 4, can be written as
linear combinations of g, A, with suitable complex coefficients ¢y, ¢y fork =1,...,m — 1.

Finally, as generalizations of the degree 7 helical curves in Section 3.4.4, one may invoke
any combination of (real) rational re-parameterizations and complex polynomial multiplications,
specified in a particular order.

4. Non-helical double PH curves

A helical PH curve must be a double PH curve, but not all double PH curves are helical. As observed
by Beltran and Monterde (2007), the lowest-order double PH curves that are non-helical have degree
7. We now seek criteria that serve to distinguish the non-helical double PH curves of degree 7 from
the helical curves, for each of the three types enumerated in Section 2.2.

Assuming e(t) # 0 and B(t) # 0in (4), we begin with some observations concerning the possible
common factors of these polynomials.

Lemma 1. For cubic polynomials a(t), B(t) let y(t) = gcd(a(t), B(t)) where r = deg(p(t)) satisfies
0 < r < 3,s0that a(t) = p()a(t), pt) = p(t) B(t) with ged(a(t), ﬁ(t)) = constant and
deg(a(t), B(t)) = 3 — r. Condition (7) for a DPH curve then becomes

~ ~/ ~ 7

Y2 [a(t)B () — & () B(D)] = h(t) w’(t), (37)
and we must have r < 1 for a curve satisfying this condition to be non-helical.
Proof. If r = 3, the cubics a(t), B(t) are proportional, and hence the curve degenerates (Farouki et al.,
2009)toa s~traight line — whichis trivially helical. Ifr = 2, we have a(t) = ):(t) a(t), B(t) = py(t) B(t)
with &(t), B(t) linear and p(t) quadratic, so that z(t) = «(t)/B(t) = a(t)/B(t) defines a line/circle of
the form (16) in the complex plane, and the double PH curve is helical (see Section 3). Thus, we must
have r < 1 for a non-helical DPH curve of degree 7. W
Lemma 2. For cubics a(t), B(t) let r be the degree of y(t) = gcd(a(t), B(t)) and let a(t) = p(t) a(t),
B(t) = y(t) B(t) as in Lemma 1. Then (7) cannot be satisfied with r = 1if h(t) is a constant or a perfect
square.
Proof. Ifr = 1, a(t) = y(t) a(t) and B(t) = p(t) B(t) with p(t) linear and a(t), B(t) quadratic and

relatively prime. In this case, a(t) B,(t) —a'(t) B(t) is quadratic, and it must be a perfect square if h(t)
in (37) is a constant or a perfect square, i.e., we must have

a0 (1) — & (OB() = 6(t) (38)
for some linear polynomial §(t). Then, if 7 is the root of §(t), we have
a(0)f (1) — & (0P(1) = &) (1) — & (1)B(r) = 0. (39)

Now since ged(a(t), /~3(t)) = constant, &(t) and ii(r) cannot be both zero. If we assume both are
non-zero, equations (39) imply that

~ ~ ~ ~ ~/ ~/

a(r) @' (r): &' (t) =B(x) : B (1) : B (7).
But since ~Et(t) and B(t) are quadratic, this implies that~ they are proportional — contradicting
ged(@(t), B(t)) = constant. If we assume @(t) = 0 # B(t), equations (39) imply that &'(r) =
a'(r) = 0,s0 a(t) = ap(t — 7)? for some constant ey # 0. Substituting in (38) and writing
8(t) = 8 (t — 7)% gives

200 B(t) = [ B (1) — 82t — D)1 (t — 1),

contradicting the assumption that B (t) # 0. A similar contradiction arises if we assume a(t) # 0 =

B(r). Hence, we infer that (7) cannot be satisfied by cubics «(t), B(t) with y(t) = gcd(e(t), B(t)) of
degree 1if h(t) is a constant or a perfect square. H
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The following lemmas give useful alternatives to the (rational) line/circle representations discussed
in Section 3.1, that will be invoked subsequently.

Lemma 3. Let a;, ay, by, b, be complex constants such that a;b, — a;by # 0, and let ¢ be a real variable.
Then if |bq| # |by| the function

alei‘f’ + a)
2(p) = ———— 40
@ =4 G, (40)
defines a circle with center and radius given by
3151 - 3252 a,b; —ab;
ze=———+—— and R=|_——F—F1,
[b1]% — by [b1]* — by

while if |b1| = |b,| the function (40) defines a straight line.

Proof. The condition a;b, —a,b; # 0 guarantees that the numerator and denominator of (40) are not
proportional, so z(¢) does not degenerate to a constant. By subtracting z. from z(¢) and simplifying,
one obtains

ab; —ab, bie ™ +b, .

2¢) -z = 201 10> bie ze,¢’

|by|2 — |by|? biel 4 b,
and since the two factors dependent on ¢ have unit magnitude, we see that |z(¢) — z.| = R. For the
case |by| = |b;|, in which z. and R become infinite, we have a circle of infinite radius — i.e., a straight
line. ®

Lemma 4. If 7y, T, are both real or complex conjugates,” the function
a;(t — )" +ax(t — )"
by(t — 7)™ + by(t — )™
of the real variable t defines, for integer m, a line/circle in the complex plane.
Proof. Writing f(t) = (t — t1)"/(t — 7)™ we have
2t) = a;f(t) +a .
bf(t) + by
If 71, 7, are real, f(t) becomes a real function f (t), and we may regard z(t) as arising from a real re-
parameterization t — f(t) applied to the rational linear form (16) of a line/circle. On the other hand,

if 71, 7, are complex conjugates, we have f(t) = exp(i 2m arg(t — t1)), and writing ¢ = 2marg(t — ;)
we see that z(t) has the alternative line/circle form (40). B

z(t) =

These lemmas simplify the identification of criteria to distinguish helical and non-helical degree 7
DPH curves, as described in the following sections.

4.1. The case deg(h) = 0, deg(w) = 2
In this case h(t) is a constant, hy. To identify the non-helical DPH curves of this type, we set
y(t) = ged(a(t), B(t)) and r = deg(p(t)) as in Lemma 1.

Proposition 1. A degree 7 DPH curve satisfying (7) with h(t) constant and w(t) quadratic is non-helical
if the roots 74, T, of w(t) are neither both real nor complex conjugates, and «(t), B(t) can be expressed in
terms of them as

a(t) = a(t — 1)’ + a(t — ), B() =bi(t — 11)® + bo(t — ), (41)
where albz — 32b1 # 0.

5 Here, the case of complex conjugates subsumes the case of a (real) double root, 7; = ;.
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Proof. By Lemmas 1 and 2, we need only consider p(t) = gcd(e(t), B(t)) of degree r = 0. For
relatively prime cubics a(t), B(t) satisfying

a(t)B'(t) — o (HP(t) = ho W (D), (42)
let 71, 7, be the roots of the quadratic w(t). Then 7;, T, must be double roots of (8), and we have

a(t)B' () — o () B(z) = a(w)B"(r)) — &’ (w)B(ri) = 0 (43)
fori = 1, 2. To study when these conditions can be satisfied, we note that if t; # 7, we may write

a(t), B(t) in the Bernstein-like form
3

2. /3 3
alt) =) P (,{) -0 *e—n)f,  BO=) qk<k> (ry — 07 7*(t — )"
k=0

k=0

for suitable complex coefficients py, q¢. We note that (a(7;), B(7;))) # (0,0) fori = 1,2 since
gcd(a(t), B(t)) = constant, and consider two possible cases:

case (a): o(t;) # 0 and B(t;) # 0fori = 1, 2. In this case relations (43) can be written as
o(@m B o (m) _ B'(w)
a(m) B’ am) BT
fori = 1, 2. In terms of the coefficients py, q; these imply that
P_® R_® PR_% P_Q
Po Qo Po P a P Q@

Now satisfying these conditions with p;, p, and q, g2 not all zero implies that a(t), B(t) are
proportional — contradicting gcd(ee(t), B(t)) = constant. We may satisfy them without contradiction,
however, by taking p; = p, = 0and q; = q; = 0, so that

a(t) = po(r2 — £)> + p3(t — 71)°, B(t) = qo(r2 — 1) + qs(t — 71)°,

where poqs —p3qo # 0 is stipulated to ensure non-proportionality. Hence, settinga; = ps3,a; = —po
and b; = q3, b, = —qq, polynomials (41) define a non-helical DPH curve provided that 74, 7, are not
both real and not complex conjugates since, by Lemma 4,z(t) = «(t)/B(t) does not define a line/circle
in the complex plane.

case (b): At least one of a(7;) and B(t;) fori = 1, 2 is zero. Assuming that e(7;) = 0, we have (1) #
0,i.e., qo # 0, since gcd(ae(t), B(t)) = constant. Equations (43) then imply that &'(77) = & (71) = 0,
sopg = p1 = P2 = 0and a(t) = p3(t — 7). From (43) with i = 2 we then infer thatq; = q, = 0,
and hence B(t) = qo(t2 — t)*> + q3(t — 77). Thus, a(t) and B(t) in this case are also of the form
(41), but with a; = p3,a, = 0and b; = q3, b, = —qp. Analogous results are obtained when
a(ty) = 0 # B(ry) ora(ry) # 0 = B(1y) or a(12) # 0 = B(12) — namely, one of the coefficients ay,
a and by, b, in (41) vanishes. Again, the curve is non-helical, since z(t) = a(t)/B(t) does not describe
a line/circle under the stated constraints on 7y, 75.

We assumed above that w(t) has distinct roots 4, 7. If T, = 12, so w(t) has a double root and w?(t)
is the fourth power of a linear polynomial, one may verify that (42) can only be satisfied with hg = 0
and a(t), B(t) proportional, contradicting gcd(ee(t), B(t)) = constant. M

4.2. The case deg(h) = 2, deg(w) =1

By Lemma 1 we need only consider cases in which y(t) = ged(«(t), B(t)) is of degree r = 1 or
r = 0. In the following propositions, we shall see that non-helical DPH curves can exist only in the
latter case.

Proposition 2. There are no non-helical degree 7 DPH curves satisfying (7) with h(t) quadratic, w(t)
linear, and y(t) = gcd(a(t), B(t)) of degreer = 1.
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Proof. By Lemma 2, we need only consider quadratics h(t) with two distinct roots t, 7, in this case,

and from (37) it is apparent that &(t)/}/(t) — &/(t)f}(t) and y(t) must be proportional to h(t) and w(t),
respectively. For suitable coefficients pg, p1, p2 and qq, q1, q2 we may write

a(t) = po(t2 — £)* + P12(r2 — O)(t — 71) + Pa(t — T1)%,
B(t) = do(r2 — 1) + @12(2 — O)(t — T0) + Gt — T1)%,

and the fact that &(t)ﬁ/(t) - &'(t)ﬁ(t) must vanish at 7; and t, implies that
Podi — P19 =0 and  pi1q; —p2q; = 0.

Now if py, q; are not both zero, these equations imply that e(t), /§(t) must be proportional,? which

contradicts ged (e (t), ﬁ(t)) = constant. But they are satisfied without contradiction if p; = q; = 0.
Taking a; = po, a; = p; and b; = qg, b, = q and a suitable choice of constants, we then have

a(t) = w(t)[ai(t — 1)* + a(t — ©)°],
B(t) = w(t) [by(t — 1) + by(t — 12)%],

where the roots 71, 7, must be both real or complex conjugates, since h(t) is a real polynomial. Hence,
Lemma 4 indicates that z(t) = a(t)/B(t) describes a line/circle in the complex plane, so the DPH
curve must be helical. m

If deg(h) = 2, deg(w) = 1 and «(t), B(t) are relatively prime, it is not so easy to derive a
characterization for these polynomials in terms of the roots of h(t) and w(t), analogous to (41), that
yields non-helical curves. However, we may appeal to the analysis of helical DPH curves in Section 3.4
to obtain a simple resolution of this question.

Proposition 3. All double PH curves of degree 7 that satisfy (7) with h(t) quadratic, w(t) linear, and
gcd(a(t), B(t)) of degree r = 0 are non-helical.

Proof. Section 3.4 enumerates all possible construction modes for degree 7 helical curves, starting
from a line/circle parameterization of the form (16) in the complex plane. These include a cubic re-
parameterization, multiplication with a quadratic polynomial, and a quadratic re-parameterization
followed by multiplication with a linear polynomial. Of these, only the latter mode (Section 3.4.4)
yields helical curves with deg(h) = 2 and deg(w) = 1in (7), and for such curves «(t) and 8(t) must
have the linear polynomial w(t) as a common factor. Hence, degree 7 DPH curves with h(t) quadratic,
w(t) linear, and gcd(e(t), B(t)) = constant are necessarily non-helical. =

4.3. The case deg(h) = 4, deg(w) = 0

In this case, we appeal to the characterization of degree 7 helical DPH curves derived in
Section 3.4.1, and find that a simple quadratic expression in the Bernstein coefficients of the real
quartic polynomial h(t) serves to distinguish between helical and non-helical double PH curves.

Proposition 4. A degree 7 double PH curve with deg(h) = 4 and deg(w) = 0 in (7) is helical or non-
helical according to whether or not the quantity

A =9h% 4+ 3hohy — 12 hyhs, (44)
defined in terms of the Bernstein coefficients of h(t), is non-negative.

Proof. As noted in Section 3.4.1, a degree 7 double PH curve with deg(h) = 4 and deg(w) = 0in (7)
is helical if and only if the real quartic polynomial h(t) can be written in terms of real cubics f (t), g (t)
in the form (19). This is equivalent to the requirement that the Bernstein coefficients of h(t) should
be such as to admit real solutions of equations (25) for the Bernstein coefficients of f(t), g(t). Now
system (25) may be interpreted as five linear equations in the six quantities fig; — fig; with i # j for

6 They are trivially proportional when one of them vanishes identically.
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0 <1i,j < 3.So we can choose one of these quantities arbitrarily. Setting f,g; — f1g2 = ¢, we obtain

1 2
f1& — fog1 = gho, 280 — fog2 = ghh f380 — fogz = 2h; — 3c,

2 1
hei—fig2=c, fi1g1—figz= gha, 28 — gz = §h4.
However, these equations in f;, g; for 0 < i < 3 may not be consistent. Since

(f280 — fog2) (f3g1 — f123) — (281 — f182)(f3g0 — fog3) = (12 — fog1) (382 — f283).

the values hy, . .., hy and ¢ must satisfy the consistency condition

2h 2h 2h; —3c) = ]h 1h
(5m) (5m) <t =30= () (5).

which can be reduced to a quadratic equation in ¢, namely
27 c® — 18 hyc + 4 hihs — hohy = 0.
Clearly, the solutions

1
c=hg —fig = 5 (3h2 + \/ghg + 3hghy — 12h1h3>

can be real if and only if the discriminant A defined by (44) is non-negative. In such cases, h(t) can
be expressed in the form (19) for real cubics f(t), g(t) and the degree 7 double PH is helical, since
a(t)/B(t) corresponds to the real cubic re-parameterization (24) of the line/circle (16).

In all other cases, no real cubics f(t), g(t) exist, such that h(t) is given by (19). Since these cases
do not correspond to real cubic re-parameterizations of the line/circle (16), they define non-helical
degree 7 double PH curves. W

5. Computed examples

For a spatial PH curve of degree 7, we use a cubic quaternion polynomial 4(t) in (3), specified in
the Bernstein form as

A=A (1= +A13(1 =0t + A3(1 — ) 12 + A3 L3, (45)
Integrating hodograph (3) then gives the Bézier form

a 7 T—i i
rt) =) pi <i>(1 -0t

i=0
of the degree 7 PH curve, with control points p; = x;i + y;j + z; k given by

P :P0+;A0ief¥§7

B2 = D1+ 1 (Api AT + Ay E4D),

p;=p2+ %(AOiA;+3A1iAT+A2iA§),

Pa=ps+ I%(A(Ji.fq—l—QA]iA;—}—QAziA’{+A3iA3),
Ps = P4+ %(AﬁA;—t—E%AziA;—kAgi,A’{),

Ps =DPs + %(Azief\é-i-a‘hia‘%;),

1
p7 =Ps + 7 A3 1A%, (46)

where we usually take po = (0, 0, 0) as the integration constant.
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5.1. Degree 7 helical DPH curves

We begin with examples that illustrate the direct construction of helical DPH curves of degree
7 from complex-plane line/circle parameterizations, through the Hopf map method of Monterde (in
press) described in Section 3.

Example 1 (Cubic Re-parameterization). Using the complex line/circle (16) defined by (ap,a;) =
(1, 141) and (bg, b;) = (1 — i, i) and re-parameterization function (24) specified by (fo, f1, >, f3) =
(1,2,2,1) and (g, &1,82,8) = (1,2,3,3) we obtain the form z(t) = a(t)/B(t) wit
(otg, a1, 0, 03) = (141,24 21,34+ 21,3+ i) and (By, B, By, B3) = (1,21, 1+ 1,2 — i). The
corresponding coefficients A; = a; + k §; of the cubic quaternion polynomial 4(t) are then

(Ao, A1, A, A3) = (1+1+j,2+2i+2j,34+2i+j+Kk 3+i—-j+2k)

and from (46) we obtain the control points

Po = (0.0000, 0.0000, 0.0000), p: = (0.1429, 0.2857, —0.2857),
p2 = (0.4286,0.8571, —0.8571), ps = (1.0000, 1.7714, —1.7143),
ps = (2.1000, 2.8286, —2.4857), ps = (3.6143, 3.9143, —2.6571),
Ps = (5.0429,5.0571, —1.9429), p, = (5.7571, 6.4857, —0.5143).

This helical curve has the curvature/torsion ratio |« (t) /T (t)| = «@/2.

Example 2 (Quadratic Polynomial Multiplication). Using (ag, a;) = (5i, 1 + i) and (b, b;) = (1 —
i,2 4+ 5i) in (16), and the complex quadratic specified by (wo, wy,w,) = (1,1 4+ i, 1) in (29),
yield the rational cubic z(t) = «(t)/B(t) with (e, a1, 062, 3) = (51, —3 + % i,3i,1 4+ i) and
(Bo. B1. By B3) = (1 —i,2+ 3i,—3 + 2,2 + 5i). For the coefficients A, = o + k B, of the
cubic quaternion polynomial +4(t), we then have

11 5
(‘74’07°A15¢A25A3) = <5i_j+ka_3+?i+ §j+ 21(7
. 13,05 .
3l+?]—§k,1+1+51+2k>

and from (46) we obtain the control points

Po = (0.0000, 0.0000, 0.0000), p1 = (3.2857, —1.4286, 1.4286),
P2 = (5.8571, —1.1905, 2.9524), ps = (8.4000, —0.1048, 4.7619),
ps = (9.4286, 3.5810, 6.5905), ps = (7.6857, 6.7238, 7.0286),

Ps = (5.4952,9.2476, 7.0286), p, = (1.6381, 11.2476, 6.1714).

These control points define a monotone-helical curve, with curvature/torsion ratio |« (t)/7(t)|

V/829/2.

Example 3 (Re-parameterization and Multiplication). The values (ag, a;) = (1 +1i, 1) and (bg, by) =
(1 —1,2) in (16), together with (fo, f1,f2) = (1,2, 1), (g, &1.8) = (1,2,2), and (Wp, W;) =
(1,14 i) in (33) yield z(t) = a(t)/B(t) with (atg, a1, 00, 3) = (1,3 + 11,2+ 2i,1+ 3i) and

(Bo. By By. B3) = (2, 2421, L+ 1, 442i). The coefficients 4, = a;+k B, of the cubic quaternion
polynomial A(t) are then

(:A A1, A A)— 1+2k*+*i+*.+ik
) ) s ) )
0 ! 2 ? 3 3 31 3

5. 7. 1 R
2+§1+ §J+?l(,1+31+2]+4k>

and from (46) we obtain the control points
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Fig. 1. The three types of degree 7 helical DPH curves (Examples 1-3).

po = (0.0000, 0.0000, 0.0000), p1 = (—0.4286, 0.5714, 0.0000),
p2 = (—1.1429, 1.5238, 0.0000), p3 = (—2.1905, 2.9524, 0.0571),
ps = (—3.5619, 4.9238, 0.3143), ps = (—5.2857,7.5714,0.9810),
ps = (—7.0476, 10.7143, 2.6000), p; = (—8.4762, 13.5714, 5.4571).

For this curve, the curvature/torsion ratio is |« (t)/z (t)| = +/10.

Fig. 1 illustrates the three degree 7 helical DPH curves constructed in the preceding examples,
together with their control polygons. The following examples will illustrate the construction of DPH
curves through the methods described in Section 2.3, for various combinations of the degrees of h(t)
andw(t) in (7). These examples also illustrate the use of the criteria in Section 4 to distinguish between
helical and non-helical DPH curves.

5.2. DPH curves with deg(h) = 0, deg(w) = 2

Example 4 (deg(h) = 0, deg(w) = 2, Helical). In equations (10) we choose the numerical values
hozl, wy =1, W1:1+i, WZZi.

Assigning values to ag, &1, B, and solving the bilinear system specified by (10) and the second
expression in (11) for the other coefficients, we obtain

5
oy =1, o = 21, o) = —4+ §i, o3 = —4 — 21,
. 5 10, .
Bo=1, ﬂl:_ga ﬂzz_l—?lv B;=2-3i

The resulting hodograph
X(t) =145 —28¢t° +14t* +7¢2,
y(t) = —12t54+28¢5 —20t* + 4¢3 —6t2 4+ 2¢,
Z(t) = —84t5+192t° —136t* + 3213 — 4612 + 12t — 2,

is non-primitive, since ged (X' (t), y'(t), ' (t)) = 2t* — 43 4+ 22 + 1. We have

o) =|F(t)] = @32 — 12t +2)2t* — 43+ 22 + 1),
@) x ()| =2Qt*—43 22 + Do (b),
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and a constant curvature/torsion ratio, |« (t) /7 (t)| = 1/7.This curve has an especially simple rational
Frenet frame, given by

(7, =6 +2t, 422 412t - 2)

4312 — 12t 42 ’
(=420 4+ 141, -7 — 12642, — 612 4 21)
- 4312 — 12t + 2 ’
b (—6t2—12t+2,42t> — 14t, —7t%)

4312 — 12t +2 ’

and the rational curvature function is just « (t) = 2/(43t> — 12t + 2) o (t). For this curve, we have
the quaternion coefficients

5
Ag = 1+], ,A1=2i—§k,

5. 10, . .
A2=—4+§l—?]—k, A3 =—4-2i—3j+2k.
Here A1, 4, can be specified in terms of Ay, +3 using (30), with the values
c 1(2—1—2') c Ly c Ly c 1(2 21)
= - 1 . = — — 1, = - 1’ = — —_ 1
10 3 13 3 20 3 23 3

for coefficients (31), which evidently satisfy relations (32).

Example 5 (deg(h) = 0, deg(w) = 2, Non-helical). Using the numerical values of the previous
example, but the first rather than the second expression in (11), we obtain

oy = 1, (X]ZZi, a2:—4+3i, (X3:—12—2i,
5 7 10 29

=i, =-2, =L —j =2- =i
Bo Bi=—3 Br=-3-3 Bs 3

The corresponding hodograph components

, 86
X(t) = — t+ t+14t+ t+7t

9

4
y'(t) =—§t6—4t5—4t4+4t3—6r2+2t,

124 80
Z'(t) :—Tt6—80t5—56t4—?t3—46t2+]2t—2,
possess no common factor, and we have
382 244

ot) =|r'@)| = —t +—t>+58¢t + r +47t2 — 12t +2,

IF(t) x ¥’ (t)] =2 (2 t4— 4t3 212+ l)a(t).
The curvature and torsion have a non-constant ratio « (t) /7 (t), namely
92t —43 +2624+1)2
46018 — 1840t7 — 2965 — 2688 > + 1272 t% + 6243 — 1802 + 144t + 63"
In the present example, the polynomial w(t) = wg(1 — t)> + w;2(1 — t)t + w,t? has roots

T1, Ty = %(1 +2+ i) that are neither both real nor complex conjugates, and one can verify that
a(t), B(t) can be expressed in terms of them in the form (41), with coefficients

a1=%[f2—1+(4ﬁ—5)i], azz—%[ﬁ+1+(4«/§+5)i],

b1=;[6—5\/§+(«/5—1)i], b2=%[6+5«/5—(xf2+1)i]-
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Since a;b, — a;b; = —+/2i/3 # O for these coefficients, the non-helical nature of the curve is
consistent with Proposition 1.

5.3. DPH curves with deg(h) = 2, deg(w) = 1

Example 6 (deg(h) = 2, deg(w) = 1, Helical). In equations (12) we choose the numerical values
h0=1, h1=2, h2=1, W0=i, W1=1.
Assigning values to «g, &1, B, and solving the bilinear system specified by (12) and the second
expression in (13) for the other coefficients then give
1

(¥0=1, 0{1=1, a2=2—§i, (¥3=2—5i,
4 8 2
=-1, =—-=, =—=-+ =i =-2+7i
Bo Bi=—3 Br=—3+ 3 Br=-2+
The corresponding hodograph components are
X(t) = —14t° —6t> +3t* — 43— — 21,

y(t) = =525 +4> — 18t + 43— 122 — 2t — 2,

Z(t) = —4t° -4 +2¢* - 2¢7
This hodograph is non-primitive: it has gcd(x'(t), y'(t), z/(t)) = 2t> — 2t + 1 as the common factor
of its components. For this case, we have

o) =F(t) =22 =2t + D7t +26t3+ 212+ 6t +2),

@) xr'(t)| =22t =2t —1|2t2 =2t + Do (t),
and the curvature/torsion ratio has the constant value |« (t)/t(t)] = 1/2. In this case a(t), B(t)

have the common factor w(t) = t — %(1 — 1), so the helical nature of the curve is consistent with
Proposition 2.

For this curve, the rational Frenet frame is defined by

e+ DA 43t +2), 213" + 126 + 106 + 3t + 1), 26 (6 + 1)° )
27t4 4 26t3 4+ 21t2 + 6t + 2
(2(11r4 +8t3 4+ 82+ 3t + 1), —t(t + 1)(7t> + 3t + 2), 2t(t + 1)(7t> + 3t + 2))
27t4 4 26t3 4+ 21t2 + 6t + 2
b (=26(t + 1)(76 + 3t + 2), 262(t + 1)?, 23¢* + 1813 + 1712 + 6t + 2)
27t4 + 2613 +21t2 + 6t 42 ’
and the rational curvature function is
() = |4t — 4t — 2|
Q12 =2t 4+1) (27t 42613 +2112 4+ 61 4 2)2°
The Bernstein coefficients of (45) for this curve are

4
Aozl—k, Alzl—gk,
A 2 l'+2' 8l A 2-5i+7j—-2k
=2— =1 —J— =K, =2—21 — ,
2 3 3J 3 3 J

and il‘l thlS case eA}‘l, Az can be expressed iI‘l tel‘l‘l‘lS Of AO, A3 in the fOl‘m (34), Wlth the ValueS
C 1), C 1, C 1, C + 1
! 6 B 6 2 6 2 6

of the coefficients (35). These coefficients satisfy (36), the expressions on the left and right having the
common value =.
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Example 7 (deg(h) = 2, deg(w) = 1, Non-helical). Using the numerical values of the previous
example, but the first rather than the second expression in (13), we obtain

(¥0=1, oc1=l, 0£2=2+i, 0[3=2—i,
4 8 2 5
=_17 = -7 = -7 — *i, =2 —1.
Bo B 3 B, 373 B + 3
The corresponding hodograph is primitive, with components
22 10
X(t) ==t — — >+ 11" — 4¢3 — 2 — 2,
9 3
/ 124 6 5 4 3 2
y(t):—Tt +68t> —26t" +4¢t° —12t° —2t — 2,
28 16
Z@t) ===t +12¢°+2t - —t3—2¢2,
3 3
and we have
382 206
o(t) =1r'(t) = t6—Tt5+25t4—4t3+13t2+2t+2,

9
IF@t) xr'(t)| =212t =2t = 1] 2t* =2t + D o (D).

The curvature/torsion ratio is non-constant, namely

k() 9I2t2 —2t—1|2t2 =2t + 1)?
T(t)  2(92t5 — 27615 — 604 + 22813 — 12612 + 54t +9)
In this case we find that gcd(e(t), f(t)) = constant, so the non-helical nature of the curve is

consistent with Proposition 3.

5.4. DPH curves with deg(h) = 4, deg(w) =0

Example 8 (deg(h) = 4, deg(w) = 0, Helical). In equations (14) we choose the numerical values
hoZ—l, h1:2, h2:3, h3:4, h4:—5, wy = 1.

Choosing complex values for a, &1, B, and solving for the five remaining coefficients from the system
of bilinear equations defined by (14) and (15) with the “+” sign, we obtain

a():], a]:]—i, a2:—1+4i, d3:—]+91,
1 5
Bo=—1+1i, Br=—3+2i By =—3 —5i. B; = —5— 10i.

The components of the hodograph defined through (4) by the cubic complex polynomials e(t), B(t)
are then

X(t) = —48t5 + 216> —276t* +48t> +20t> — 2t — 1,

y'(t) = —120t% +600t> — 872t* +208t> + 18t — 2t — 2,

Z/(t) = —80t° +384¢> —552t* + 128> + 122 — 2.

This hodograph is primitive, and we have
o(t) =|r(t)] = 1525 — 744> + 1068 t* — 248> — 26> + 2t + 3,
IF@t) xr'(t)| =2 12t* — 83 + 1212 — 12t + 1] o (t).

In this case, the curvature/torsion ratio has the constant value |« (t)/7(t)] = 1/8. Note that, with
the chosen values for the coefficients of h(t), the quantity (44) is 0, so the fact that the curve is
helical is consistent with Proposition 4. One can verify that for this curve, e(t) /B(t) may be regarded
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0-25

Fig. 2. The degree 7 non-helical DPH curves of Examples 9 and 10.

as arising from the re-parameterization defined by (24) with (fo, f1, f2,f3) = (1,2, =5, —10) and

(80,81, 8.83) = (—1,—2, 11, 7) applied to the line/circle form (16) with (ao, a;) = (—3—3i, = 5—

61i) and (bg, by) = (5,9 + ).

For the Bernstein coefficients 4; = o + k 8, of the quaternion polynomial (32) we obtain

1
A0=1+j—k, A1=1—i+2j—§k,

5
Ay =—1+4i-5j- Tk A3 =—1+4+9i—10j—5Kk,

and we note that 41, 4, can be written in terms of 4y, 43 in the form (27) where, with k = 3, the
values of coefficients (28) are
4
Clo = —, c3=——, Co = — —, Cy3 = —.
0=y 13 9 20 9 8=y

Example 9 (deg(h) = 4, deg(w) = 0, Non-helical). Using equations (14) again, we now choose the
numerical values

h0:1, h1:2, h2:2, h3:2, h4:1, Wozl.

Choosing complex values for ag, ¢4, B, and solving for the five remaining coefficients from the system
of bilinear equations defined by (14) and (15) with the “—" sign, we obtain

o = 1, o = 1, o = 2+ 1, o3 = 2+ 3i,
2 2
=1, - ——Z_j = —2i.
ﬂ() ﬁl 3 ﬂz 3 ﬁ3

These give the hodograph components
X(t)=2t"—4t> +6t*+ 32 + 21,
Y () =—4t°+16t> —28t* + 12> —8t2 + 2t — 2,
Z(t) =4t — 12 + 12t + 4¢3,
This hodograph is also primitive, with
o(t) =|r'(t) =6t5—20t°+30t* =863 +9t> —2t+2,
@) x ") =212t* — 43 + 662 — 4t — 1o (t).
In this case, the curvature/torsion ratio is non-constant, namely
K(t) 2t° =4+ 6t —4t— 1
T(t) 2t (43 +t2 -3t +6)

For the specified coefficients of h(t), the quantity (44) has the value A = —9, so the non-helical nature
of this curve is consistent with Proposition 4. This degree 7 non-helical DPH curve is illustrated in Fig. 2.




R.T. Farouki et al. / Journal of Symbolic Computation 44 (2009) 307-332 331

5.5. Example of Beltran and Monterde

Example 10 (Beltran and Monterde). Beltran and Monterde (2007) identify a degree 7 double PH
curve r(t), given by

1 7 15 3 14 2 3
)= —t' + -2+ -3¢, H=—-t"4+3¢6, z(t) = -2t
x(t) Uttt y(t) S0+ )

This curve has a primitive hodograph, and satisfies

5 +3t*+9t2+9
o(t) = * : +, K@) x 'O =2(>+1) (t°+3t* +9°+9).

The curvature/torsion ratio for this curve is non-constant, namely
k() 9 (t? 4+ 1)?
T(t)  2t54+9t4—-9°
The cubic polynomials a(t), B(t) have the Bernstein coefficients
1 . 1 1
i, o = — = —
V3 V3

ay =0, o = (1+21), a3 B+20),

Bo = B 21922133:\/§i7
and are thus given by
a(t) =+/3 [tz + <t - %P) i] . B =431

In this case, the proportionality polynomial is

a(t)B(t) — o (HB(t) = =3 (t +i)%

Hence, this curve satisfies the double PH condition (7) with deg(h) = 0 and deg(w) = 1. This is
a special (degenerate) DPH curve of degree 7 — for which a(t)8'(t) — o/ (t)B(t) is just quadratic,
and is thus deficient in degree compared to the generic case of a quartic. It may be interpreted as a
special coincidence of the cases deg(h) = 0, deg(w) = 2 and deg(h) = 2, deg(w) = 1 discussed in
Sections 2.2.1 and 2.2.2 — in the former case, w(t) is considered to exhibit a degree reduction from 2
to 1; in the latter case, h(t) is considered to exhibit a degree reduction from 2 to 0.

For this curve, the quaternion polynomial (45) has Bernstein coefficients

1 1 2
Ao = V3], m=f3<§i+j), Az=ﬁ<§+§i+j),
2, .
m:ﬁ(wgnﬂ).

Substituting into (46), the Bézier control points of this curve are found to be

Po = (0.0000, 0.0000, 0.0000), p: = (—0.4286, 0.0000, 0.0000),

P2 = (—0.8571,0.1429, 0.0000), ps = (—1.2571,0.4286, —0.0571),
ps = (—1.6000, 0.8429, —0.2286), ps = (—1.8476, 1.3571, —0.5714),
Ps = (—1.9429, 1.9286, —1.1429), p, = (—1.7524, 2.5000, —2.0000).

This curve is illustrated, together with its control polygon, in Fig. 2.
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6. Closure

A complete categorization of double Pythagorean-hodograph (DPH) curves of degrees 3, 5, and 7
has been presented, together with algorithms for their construction and a representative selection of
computed examples. Such DPH curves possess the attractive distinguishing property that their Frenet
frames, and curvature and torsion functions, have a rational dependence on the curve parameter, and
they incorporate all helical polynomial curves.

All spatial PH cubics are DPH curves — they are also helical, and admit simple characterizations in
terms of the Bézier control polygon geometry (Farouki and Sakkalis, 1994). As noted in Beltran and
Monterde (2007), the DPH curves of degree 5 correspond to the helical spatial PH quintics, discussed
in Beltran and Monterde (2007) and Farouki et al. (2004). The focus of this paper was therefore on
the degree 7 DPH curves, which admit both helical and non-helical instances (Beltran and Monterde,
2007). In particular, the Hopf map formulation (7) of the DPH condition - specified in terms of complex
polynomials e(t), B(t) — was invoked to categorize the degree 7 DPH curves in terms of the possible
combinations of the degrees for the real polynomial h(t) and the complex polynomial w(t) in (7).

For each category of the degree 7 DPH curves, a system of equations and compatibility constraints
was derived, whose solutions facilitate the construction of representative example curves. Moreover,
simple criteria were formulated to distinguish between helical and non-helical degree 7 DPH curves
in each category. For the helical DPH curves, a more intuitive construction — based on the approach
of Monterde (in press) that uses inverse stereographic projection of a line/circle to generate a
circular tangent indicatrix — was also described. Starting from lines/circles parameterized in terms
of rational linear complex functions, all higher-order representations are generated by multiplying
the numerator and denominator by a complex polynomial, by a (real) non-linear rational re-
parameterization, or by a combination of these schemes.

Although the results of this paper have been couched primarily in terms of the Hopf map
representation, they are easily translated into the language of the quaternion model (more commonly
employed in practice), as described in the companion paper (Farouki et al., 2009). Finally, we note
that the construction algorithms for degree 7 DPH curves described herein are mostly algebraic in
character, and hence do not offer much insight into the shape properties of the resulting curves.
For geometric design applications, it would be desirable to formulate more geometrically-intuitive
constructions, such as Hermite interpolation — such algorithms are a fruitful topic for further research.
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