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A generalized quadrangle of order 3 must be isomorphic either to the quad- 
rangle p4 or to its dual, where B, consists of all points of PG(3,3) and those 
lines of PG(3,3) self-conjugate with respect to a null polarity. 

1. PROLEGOMENA 

Throughout this note 8, will denote a generalized quadrangle of orders, 
i.e., a partial plane with 1 + s points (lines) incident with each line (point) 
and satisfying the following axiom: If x is a point of ~9’~ not incident with 
a line L of 8,) then there is a unique point y incident with L which is 
collinear with x. If x and y are distinct points of 8, , x - y denotes that 
x and y are collinear; otherwise we write x + y. Recall (c.f. [l and 21) the 
following terminology: For distinct points x and y, 

tr(x, Y> = {z I x Nzandy-z}. 

An easy argument shows j tr(x, y)I = 1 + s. Suppose 

tr(x, Y) = Go , zl ,..., 4. 

If tr(z, , z,), 0 < i <j < s, is independent of i, and j, we say the pair 
(x, y) is regular. The dual concepts for lines are assumed given also. 

Singleton [4] showed that if every pair of points is regular, then 9’* may 
be represented as consisting of the points of PG(3, s) and those lines of 
PG(3, S) self-conjugate with respect to a null system, with the incidence 
inherited from PG(3, s). If s is a power of 2, the resulting quadrangle is 
self-dual. If s is an odd prime power, the quadrangle is not only not self- 
dual, but each pair of nonconcurrent lines is antiregular, i.e., it fails to be 
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regular as strongly as possible. Precisely, we say a pair (x, y) of distinct 
points is antiregular provided there is no point w  different from x and y 
which is collinear with more than two of the points of tr(x, y). We make 
the following conjecture (cf. also [3, p. 331). 

CONJECTURE. If every pair of nonconcurrent lines of 8, is antiregular, 
then each pair of distinct points is regular. (Hence 8, is known and s is an 
odd prime power.) 

It is well known and easy to show that any quadrangle of order 2 has all 
pairs of points (lines) regular, so is unique. The purpose of this note is to 
show that any quadrangle 9, of order 3 either has all pairs of points 
regular and all pairs of lines antiregular, or is the dual of such a quadrangle. 
Hence all quadrangles of order 3 are known. 

Before starting the series of lemmas leading to the main result we recall 
a useful result from [2]. Let x and y be noncollinear points of 9d of order 
s, and put tr(x, y) = {z,, , z1 ,..., z,}. For each A C (0, l,..., s], let n(A) be 
the number of points w  not collinear with either x or y that are collinear 
with precisely those zi for i E A. Then (cf. [2, p. 2041) it follows that 

; (I A I - l>(l A I - (s + 1)) 44) = 0. (1) 

Here the summation is over all A C (0, l,..., s}. 
A triad (of points) is a set (x, y, z) of three, pairwise noncollinear points. 

A point w  such that x - w, y - w, and z - w  is called a center of (x, y, z). 
A triad (x, y, z) is acentric if it has no center, centric if it has at least one 
center, and unicentered if it has a unique center. In the notation of (I), 
n( ai) = ia (x, y) is the number of points z for which (x, y, z) is an acentric 
triad. And it follows immediately from (1) that for x + y, (x, y) is a regular 
pair if and only if (x, y, z) is centric for all triads (x, y, z). 

2. PROOF OF THE MAIN THEOREM 

LEMMA 2.1. Let ~9’~ of order s have an antiregular pair (x, y) of points. 
Then each triad (x, y, z) has either zero or exactly two centers. 

Proof. The number of points z for which (x, y, z) is a triad is s3 - s2. 
Then in the notation of (I), n(A) = 0 for I A I > 2. So (1) implies 

(S + 1) n( @a) = (s - 1) J2 n(A) = (s - 1) (” l ‘) (s - l)p 
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implying n(m) = 0(x, y) = s(s - 1)2/2. Then the number of points z for 
which (x, y, z) is an acentric triad plus the number of points z for which 
(x, y, z) has two centers is [s(s - 1)2/2] + [(s3 - s)/2] = s3 - s2. Hence 
all z for which (x, y, z) is a triad are accounted for. 0 

COROLLARY 2.2. If (x, y, z) is a unicentered triad, any two of (x, y, z) 
form a pair which is not antiregular. 

For the remainder of this note we assume s = 3. Under this assumption 
we have the following. 

LEMMA 2.3. Every pair of points (lines) is regular or antiregular. 

Proof. Suppose there is a pair (x, y) which is neither regular nor anti- 
regular. Then there must be some point w  collinear with exactly three 
points in tr(x, y) (since 2 < x < s + 1 implies x = 3). Say 

tr(x,y)={z,,z,,z,,z,},withw-zi,i=0,1,2. 

There must be a line through w  meeting the line xzs and one meeting the 
line yz3. There are only four lines through w, and the three through 
z,, , zl, z2 are not available. Hence the fourth line through w  must meet 
xza and yz, , at z3 of course. Hence w  cannot be collinear with precisely 
three points of tr(x, y). [7 

The following result is now clear. 

LEMMA 2.4. If (x, y, z) is any triad ofpoints of 8,) then 

(i) if (x, y, z) has 1 or 4 centers, any two of x, y, z form a regular 
pair, 

(ii) zf(x, y, z) has zero or two centers, then any two of x, y, z form an 
an tiregular pair, and 

(iii) no triad has exactly three centers. 

COROLLARY 2.5. If (x, y, z) is any triad, then either all pairs of x, y, z 
are regular or all are antiregular. 

LEMMA 2.6. All pairs of points of 9, are regular, or all pairs of non- 
collinear points are antiregular. The dual for lines also holds. 

Proof. We may suppose not every noncollinear pair is antiregular. 
Hence there is some regular pair (x, y), x + y. It follows from 
Corollary 2.5 that if z is any point for which x + z and y + z, then both 
(x, z) and (y, z) are regular pairs. If z - x and z - y, clearly (x, z) and 
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(y, z) are regular. If z - y, z + x, since s > 2 it is easy enough to t%rd a 
point w  such that y + w, z + w, x + w. Then y + w  and x + w  imply 
that (x, w) is regular. And (x, w) regular, (x, w, z) a triad, imply (x, z) is 
regular. Hence (x, z) is regular for all z # x if (x, y) is regular for even one 
point y + x. It follows readily that if some pair of noncollinear points is 
regular, then all pairs of (distinct) points are regular. 0 

It is now clear that if any pair of points or lines is regular, then the 
quadrangle is known. We can now prove the main theorem. 

THEOREM 2.7. Any generalized quadrangle CY4 of order 3 has allpairs of 
points regular and all pairs of lines antiregular, or is the dual of such a 
quadrangle. 

Proof. We may suppose all pairs of noncollinear points are anti- 
regular. Let (x, y, z) be any centric triad of points, so that the triad must 
have precisely two centers, sayw,and w2. Let L, be a line through x not con- 
taining w1 or w$, let L, be the line through y meeting L, , L, the line through 
z meeting L, , L, the line through x meeting L, , L, the line through y 
meeting L, , L, the line through z meeting L, , L, the line through x 
meeting L, . Since (x, y, z) has precisely two centers, L, # L, . Since 
L, , L, , and L, cannot be incident with w1 or w2, it must be that L, = L, . 
This means that (L, , L, , LJ is a triad with centers L, , L, , and L, . Hence 
(L, , L, , L3) must have four centers and any two of L, , L, , L, form a 
regular pair, from which it follows that all pairs of distinct lines are 
regular. q 
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