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Abstract

We study the emission of Hawking radiation in the form of scalar fields frof@ -& n)-dimensional, rotating black hole on the brane. We
perform a numerical analysis to solve both the radial and angular parts of the scalar field equation, and derive exact results for the Hawkin
radiation energy emission rate. We find that, in 5 dimensions, as the angular momentum increases, the emission rate is suppressed in the Ic
energy regime but significantly enhanced in the intermediate and high-energy regimes. For higher wvalihestddwking radiation emission rate
on the brane is significantly enhanced, with the angular momentum, over the whole energy regime. We also investigate the energy amplificatio
due to the effect of super-radiance and demonstrate that, in the presence of extra dimensions, this effect is again significantly enhanced.

0 2005 Elsevier B.VOpen access under CC BY license.

During the past few years, great interest has been drawn tiicles, will settle down to Kerr-like, rotating black holes, and a
the concept of trans-Planckian collisions which can be realizegpin-down phase will commence[3], in which the black hole
in the framework of theories with large extra dimensi¢h  angular momentum will be gradually lost through the emis-
under the assumption that the colliding particles have a centesion of Hawking radiation and super-radianceSehwar zschild
of-mass energy larger than thg4 + n)-dimensional, funda- phasedescribing a non-rotating black hole will follow next with
mental Planck scal#f,. During such high-energy collisions, it the emission of Hawking radiation resulting in the decrease of
is natural to expect that the products will no longer be ordinarthe black hole mass.
particles but heavy objects, arising in the context of a funda- The emission of Hawking radiation during the Schwarz-
mental theory of interactions including grav[gj. schild phase has been studied both analyti¢éll§] and numer-
Small, (4 + n)-dimensional black holes are one of the ically [8] (se€[9], for a review and related works), however the
possible products of such collisiorfig—4]. As long as their same is not true for the spin-down phase which has been, apart
massMpy is larger than a few times the fundamental Planckfrom a few exception$10,11], largely ignored. In this short
scale M,, these black holes can be treated as classical, withetter, we present, for the first time in the literature, exact nu-
all the laws of black hole physics applying to them. One ofmerical results for the Hawking radiation energy emission rate
the most important characteristics would then be their decay inoming from a4 + n)-dimensional, rotating black hole. We fo-
time, through the emission of Hawking radiatifij, a charac- cus our attention on the emission of scalar field radiation on the
teristic that will also be the most striking observable effect ofbrane where, according to the assumptions of the naiehe
their existence. The produced black holes, after shedding argbserver is situated. After formulating the problem, we numer-
additional quantum numbers inherited from the colliding par-ically solve both the angular and radial scalar field equations to
determine the exact angular eigenvalues and radial wavefunc-
tion, respectively, for arbitrarily large black hole angular mo-
" Corresponding author. mentum and energy of the emitted particles. Then, we derive the
E-mail address: panagiota.kanti@durham.ac.(ik Kanti). absorption coefficient and subsequently the differential energy
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emission rate for Hawking radiation and the energy spectrum By using the Newman—Penrose formalism, the equation for

amplification due to the super-radiance effect. the propagation of a field with spin 0/2 and 1, in the grav-
The line-element describing @ + n)-dimensional, rotat- itational background induced on the brane, can be fd@hd

ing, uncharged black hole was found by Myers and PErgy. Here, we will focus on the emission of scalar fields leaving the

A black hole created by the collision of particles moving in aanalysis for non-zero spin fields for a subsequent b4k By

(44 n)-dimensional spacetime can have ugne-3)/2 angular  using the field factorization

momentum parameters. However, in the context of the theory o

with large extra dimensionfd], the colliding partons are re- ¢(t.7.0,9) =e™'“'e™ R(NT;"(9), (6)

stricted to propagate on an infinitely-thin 3-brane and thereforg\,hereTZm (6) are the so-called spheroidal harmonjits], we

they have a non-zero impact parameter only on a 2-dimensionghiain a set of decoupled radial and angular equations,
plane along our brane; thus, it is reasonable to assume that

they will acquire only one non-zero angular parameter aboutd ( dR n K_2 _Am\R—0 )
an axis in the brane. The 4-dimensional induced spacetime ogy dr A ¢ -
]Ehe brgne, in which the emitted particles propagate, takes theq . edTe'"(Q)
orm [9] sine do do
P I o 2ap Sinf o x5, 2
ds®= <1 - Ernl) di*+ — Lo dide — Sdr + <_s|mTe +a2w? cod 6 + E@”) T}"(0) =0, 8)
2 .
_xdo?_ <r2 +a?+ w) sif0dg?, ~ (1) respectively, where we have defined
2
where K = (r>+a®)w—am,
A — E™M + 2.2 2a ) 9
A=r2+a2—% and ¥ =r?+a’cosh. 2) ¢ = Taw e ©
r

The Hawking temperature of th@ + n)-dimensional, rotat-

The parameterg anda are related to the mass and angularing black hole is found to be

momentum, respectively, of the black hole through the defini- )

tions[12] L (n+1)+ (n — Dag
(n+2)A,2 4 (1 + a2)ry

Men = 167G # I = n+2 and leads to the emission of scalar Hawking radiation on the

In the above is the (4 + n)-dimensional Newton’s constant, brane, with the corresponding differential energy emission rate

and A, the area of an + 2)-dimensional unit sphere given 9iven by the expression

(10)

MpHa. (3

by: Apy2 = 273/2/T[(n + 3)/2]. Note that the induced £ (w) ) w dw
line-element on the brane has an explicit dependence on thej,— = D 1Al Xt —m2)/ Tq] 127" (11)
numbern of extra dimensions. tm

The black hole horizon is given by solving(r) = 0. Un-  |n the above, the rotation velocity is defined as

like the 4D Kerr black hole for which there is an inner and
outer solution forry, for n > 1 there is only one solution of 2 = s
this equation. In addition, in the = 0 andn = 1 cases, there A+adm
is a maximum possible value af otherwise there are no solu- \yhile | A¢.m|? is the absorption probability for a scalar parti-
tions of A = 0 and thus no horizon to shield the singularity at cle propagating in the background induced on the bia)e

r =0. On the other hand, for > 1 there is no fundamental up- |ts presence in the expression for the emission rate modifies the
per bound orz and a horizony always exists. For general  plackbody profile of the spectrum due to its explicit dependence
the horizon radius is given by ™* = 11/(1+ a?), where we  on the energy» of the emitted particle, its angular momentum
have defined:, = a/rn. An upper bound can nevertheless benympers(e¢, m), and the number of extra dimensions The
impOSEd on the angular momentum parameter of the black hO@(act form OﬂAZ,m |2 can be found by So|ving the radial equa-
by demanding the creation of the black hole itself from the col+jon (7), a task which we have performed by using numerical
lision of the two particles. The maximum value of the impactanalysis. The numerical solution obtained fo) interpolates
parameter between the two particles that can lead to the cr@etween the asymptotic solutions at the horizon of the black
ation of a black hole was found to &3] hole and infinity. Near the horizon, E}) leads to the asymp-

oo 1 totic solution
bmax=2| 14+ ("22) | T @)
max = 2 n . Rh(r*) _ Aleikr* + Azefikr*’ (13)
If we, then, writeJ = bMgn/2 [11] for the angular momentum  \hereA , are integration constants,

of the black hole, and use the second of &), we obtain13] na

k=w——5—, 14

Ay

(12)

max __
a, =
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T T T T T T

andr* is the tortoise coordinate defined by 12
ar* r2 +a?
dr — A(r)
A boundary condition must be applied in the near-horizon __ 8

regime, namely that the solution must contain only incoming 3 6
modes; this is satisfied if we sdt = 0. On the other hand, for —

(15) o

fixed a, and larger, the solution at infinity takes the form o 4} i
eiwr e*iwr
Roo(r) = B1 + B ; (16) 2 =1, m=1 1
r r
whereBj 2 are again integration constants. or 1
However, before the numerical integration of Ed@) can

take place, the value of the constatft, or equivalently, the an- 25 05 1 15 2 25 3
gular eigenvalue&E}’, must be determined. The eigenvalues of aw

the spheroidal harmonics are functionsaef, and an analytic Fig. 1. The angular eigenvaludg’, for s = 0, as a function ofiw for three
form can be found only in the limit of smadkv [16]—the only  angular momentum modes=m =1, ¢ = m =2, and¢ = 3, m = 2.

work in the literature on the Hawking radiation coming from a

(4 + n)-dimensional, rotating black ho[@1] employs this ap-
proximate expression fat;’, and the corresponding analysis is
valid only in the limit of low energy and low black-hole angular
momentum. The exact value &f, for arbitrarily large values

of aw can be obtained by using a continuation metfk®J17] 3
This is a generalization of perturbation theory which can be ap + 0.006
plied for arbitrarily large changes in the initial Hamiltonian for ~—~
which the eigenvalues are known. Here, we briefly describe thi:LE,ﬂ
technique for the case= 0. Eq.(8) can be alternatively written 20'004 ’ \
as =

0.01 T T T

0.008

Geometrical optics

T
Q0
]
o

(Ho+HDT" (0, aw) = —EJ (aw)T}" (9, aw), (17) 0.002 - \
whereHg stands for the first two terms of the differential opera-

‘\ a.=0.5

tor in Eq.(8), andH1 = a?w? cos 6. Foraw = 0, H1 vanishes, 0 05 i 15 2
and7;" (¢, 0) reduce to the usual spherical harmon#%©), Wy

with Ey'(0) = £(¢ + 1). To employ the continuation method,
we write theT;" (0, aw) functions in the basis of the-parts of
the spherical harmonics:

Fig. 2. Power spectra for scalar emission on the brane from rotating black holes,
for n =1 and various values of;.

to integrate Eq(7) and derive the solution for the radial func-
tion R(r). The integration starts at the horizon of the black hole
and proceeds towards infinity. Comparing our numerical results
with the asymptotic solution at infinit{16), we determine the

"0, aw) = ZBZ'(C’“))SZI ). (18 Having derived the eigenvalugs;’, we can now proceed
Z/

By differentiating Eq(17)and applying the same techniques as
in perturbation theory, we obtain the equation

dE} R integration constantB; and Bz. The absorption probability for
dlaw) Z BioBig(|B). (19)  scalar fields can then be derived from the relation

a’/B

2
— i B

Wh_ere (a|B) = (amld?_-[lgd(aa_))mm)._ The cqefflc_lentng'jl |A€)m|2 —1_ IRe,mIZ B ’ 1)
satisfy themselves a similar differential equation, i.e., B>
dByy By Beg B 20 whereR, ,, is the reflection coefficient given by the ratio of the
daw) ﬁz:# E — Em (@lB)Bye, (20) outgoing and ingoing amplitudes at infinity.

a.p.y

The value of the absorption probabilityl, , | is then in-
with initial condition By, (0) = ;.. By integrating Eqs(19)  serted into Eq(11) to determine the differential energy emis-
and (20) it is possible to obtain the eigenvalues of the sphersion rate per unit time and frequency by the black hole on
oidal functions for any andm and for arbitrarily large values the brane. This rate is shown iRig. 2, for the case of a

of aw. This integration was performed numerically by using a5-dimensional black hole:(= 1). For convenience, we assume
Runge-Kutta methodrig. 1shows the angular eigenvalug$ that the black hole horizon value remains fixed, and-get 1.

for scalar fields as a function afv, for some indicative angular Fig. 2 shows the emission spectrum on the brane for various
momentum modes. values of the angular momentum parameitgrup to the value
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aM = 15 defined by the black-hole-creation constrai(g). 0.035
The dimensionless parameter,, on the horizontal axis ade-
quately covers the low, intermediate and high-energy regimes %03 a=1.17

The different curves in the figure allow us to compare the en-

. . . . 300251
ergy emission rates for black holes with the same horizon radiu~s
and different angular momentum. Whenis kept fixed, asin =~ = ;501
this case, the temperature of the black hole decreases shar;E
with a,, leading to the observed suppression of the energy emis)s o.o15 |
sion rate in the low-energy regime—this is in agreement with &
the behaviour found by analytical methods in the townd low 0.010 |
a limit [11]. As the energy increases further, however, the ab.
sorption probability is significantly enhanced; this enhancemen
gradually overcomes the decrease in the black hole temperatu ‘ ,
leading to the observed increase in the energy emission rate, 05 1 15 2 ., 25

: . : : . e w  (in units of M,)
a, increases, both in the intermediate and high-energy regimes.
T_h i_S in turn Iea_ds to a significan_t enhancement of the_ total emiqfig. 3. Power spectra for scalar emission on the brane from rotating black holes,
sivity of a 5-dimensional rotating black hole (that is, energysor » = 2, ;. = 1m;3 and various values of in units of M; L.
emitted per unit time over the whole frequency band) compared
to that of a non-rotating black hole of the same dimensionality.

The numerical results produced above allowed the statemehble compared to the one of a non-rotating black hole with the
made in[3], according to which the emission of Hawking radi- same mass.
ation is dominated by modes with=m, to be tested. We have An interesting effect which takes place during the propaga-
found thatFig. 2looks the same at the 90% level if only the  tion of a bosonic field in the background of a rotating black hole
£ =m modes are included in the sum of K1), a result that is super-radianc9], thatis, the amplification of the amplitude
confirms this statement. of the incident wave. This becomes manifest when the reflec-

Keeping the black hole horizon valug fixed during our tion probability becomes larger than unity, or equivalently when
analysis was a convenient choice from a calculational point ofhe absorption probability becomes negative. In the context of
view. However, as varies, this leads to the comparison of en-a higher-dimensional model, the only studies in the literature
ergy emission rates for black holes with different masses. Frorare an analytic approadthO] which confirmed super-radiance
a phenomenological point of view, fixing the mass parametefor bulk scalars incident on five-dimensional black holes, and
wu of the black hole, instead, makes more senséi¢n 3 we  a sole numerical result for = 6 and¢ = m = 1 [20]. In the
present the energy emission spectrum on the brane for a @entext of our numerical analysis, we have investigated this ef-
dimensional black hole, i.e., for =2 andu = 1M_3. The  fect for various values of the angular momentum of the black
angular momentum parameter now varies from zero to the maxiole and number of extra dimensionsHig. 4, we compare the
imum value—derived from Eq$4)—(5)—of aM™®* = 1.17M*—1, energy amplification due to super-radiant scattering of scalar
where M, is the fundamental Planck scale. For fixadthe fields for a 4-dimensional, maximally-rotating black hole with
black hole temperature again decregsasy increases; how- a, = 1 (equivalent toa = MpH), and a 6-dimensional black
ever, the increase in this case is only a mild one, which allow$ole with agairu, = 1. The vertical axis is the absorption prob-
for the enhancement of the absorption probability to dominatebility (in fact —|flg,m|2) expressed as a percentage so that it
the spectrum. This leads to a significant enhancement of the egives the percentage energy amplification of the incident wave.
ergy emission rate on the brane in all energy regimes, and thusg. 4(a) shows excellent agreement with the results produced
to a clear enhancement of the total emissivity of a rotating blackor » = 0 anda, = 1 in [21]. Comparing the vertical axes of

Fig. 4(@) and (b), we clearly see that, in the presence of extra di-
mensions, the peak amplification is more significant. For small

R ) ) ) values ofa,, it is found that theZ = m = 1 mode provides the

In terms of fixed mass parametey the maximum value of is 0.83,/1. e L . . ;
Had the angular momentum parameter been allowed to increase indefinitely, tl%rea‘teSt amp“flcat'on as in the 4__d|menS|0n_a,‘| Ca,‘se' However,
critical value for the existence of the horizon, i@+ /fZ, would have been 10T larger values of., or n, the maximum amplification can oc-
reached. For this value, both the black hole horizon and the temperature vanisbyr in modes with larger values éf for n = 6, anda, = 4.0,
the latter leading to the suspension of the emission of Hawking radiation. Thghe maximum energy amplification is found to be around 9%
non-vanishing value of the area of the black hole induced on the brane, given hé(nd occurs in thé = m = 7 mode.

Af_f) =4n(r§+a2),as opposed to the vanishing one of ¢he-n)-dimensional In summary, in this work we have studied the emission of
br:ac';ho'ex g?ve” b_y‘fjﬁn) =21 l(gﬁl +‘éz) [with E?Z+n Fhle solid angle Off A Hawking radiation in the form of scalar fields from(@&+ n)-

the (2 + n)-dimensional space], would lead to a substantial suppression of the;: ; :

emi(ssi—gn )of energy in thepbulk] compared to the one on the brgﬁe during thesedelmensmnal’ rOt‘_’ﬂmg bIaCk_ hole on the brane. We have per-
last stages, in addition to the suppression found in the non-rotating&;a8¢ formed a numerical analysis to solve both the radial and an-
2 To be exact, the temperature decreases up to the peint.1m; L, and ~ gular parts of the scalar field equation on the brane, and de-

then starts increasing upad@ = 1.17M; 1; however, the increase inits value  'ved exact results for the Hawking radiation energy emission

is only 0.5%, which leads to no observable effect. rate. We found that in the case of a 5-dimensional black hole,

a=1.0

a=0.8

0.005 |
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Fig. 4. Left: super-radiant scattering of scalars by a maximally rotating=(1) 4-dimensional black hole; right: super-radiant scattering of scalars by an in-
duced-on-the-brane 6-dimensional black hole with= 1.
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