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1. Introduction

The nonsymmetric algebraic Riccati equation arising in transport theory is

XCX — XD —AX +B =0,

(1)

where A, B, C, D € R™" are given by

A=A—eq’, B=ee,

Heree=[1,1,..., 11", =[q1. G2, . .., gn]" withq; = 5L,

C=qq'. D=T —ge.

Ci

2w;

A = diag([51. 5. ... 8,]) withs = —

cwi(1+ )

I = diag([y1, Y2, ---, ¥nl) withy; = ;,

cwi(1 —a)
and0<c<1,0<a<1,0<op<-<m<wr<,yi,6=16¢>0i=12,...,n

Let P = [Py] = [q;/ (& + )], Q = [Qy] = [q;/(6; + y»1,and T = [t;;] = [1/(8; + y;)]. It has been shown in [1-3] that

(1) has positive solutions (in the ¢

X=Towv") =@v)oT,

omponentwise sense), and the solutions must be of the form
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where u and v satisfy the vector equation

v=uvo (Qu)+e. (2)

{u:uo(Pv)+e,
The solution of practical interest of (1) is the minimal positive solution, which can be obtained via computing the minimal
positive solution of the vector equation (2). Several iterative methods have been proposed in literature for computing the
minimal positive solution (u,, v,) of (2). Lu [3] developed a simple iterative method to solve (2). A modified simple iterative
method was proposed in [4]. A nonlinear block Jacobi method (NBJ]) and a nonlinear block Gauss-Seidel method (NBGS)
were proposed in [5]. Wu and Huang [6] established two-step relaxation Newton method (TSRN). The iteration sequences
generated by these methods mentioned above are all strictly and monotonically increasing, and converge to the minimal
positive solution (u,, v,). Guo and Lin [7] analyzed the convergence rates of these iterative methods, and showed that
all of these iterative methods converge linearly when (&, c) # (0, 1), and however sublinearly when («,c) = (0, 1).
In [8-10], three quadratically convergent iterative methods were designed. As pointed out in [7], these three methods are
more appropriate for the case where («, c) is relatively close to (0, 1).
Recently, Lin [11] proposed a class of iterative methods for obtaining the minimal positive solution (u,, v,) of (2). Let

w = [u’, vT]" and
_|u—uo(Pv)—e
F(w)_[v—vo(Qu)—e]'

The basic iterative scheme in [11] is
wirr = wy — Ty 'Fwy), k=0,1,2,..., (3)

where wy, = [u{, v[]T with wg = 0, and Ty is an approximation to F’(wy). Here, F'(wy) denotes the Jacobian of F(w) at wy.
It has been shown that the vector sequence generated by (3) with

I, — [1 —diag(Pvy)  —diag(u)P ] (@)

0 I — diag(Quy)

is all strictly and monotonically increasing, and converges to the minimal positive solution w, = [ul, vI]".

In this paper, we will prove that the iterative method (3) with T given by (4) has the same asymptotic convergence rate
as the nonlinear block Gauss-Seidel method in [5], i.e., it converges linearly when (o, ¢) # (0, 1) and sublinearly when
(¢, c) =(0,1).

Throughout the paper, we use the following notation. For any matrices A = [a;],B = [b;j] € R™", we write
A > B(A > B)ifa;; > bj (a;j > by) holds for all i, j. The Hadamard product of A and B is defined by A o B = [a; - bj].
I denotes the identity matrix and 0 denotes the zero vector or zero matrix. The dimensions of these vectors and matrices are
conformed with dimensions used in the context. The superscript T denotes the transpose of a vector or a matrix. We denote
any consistent norm by | - || for a vector or a matrix.

2. Analysis of the convergence rate

It is easy to verify that the iterative scheme (3) with T given by (4) is equivalent to

U1 = € — U o (Pvr) + Upyq 0 Pup + Uy 0 Popya, (5)
Vky1 = Ukg1 0 Quy +e. (6)

It follows from (6) and the second equations of (2) that
Vy — U1 = Uy — € — Upq1 © QU = vy 0 (QUy) — Vpey1 © Quy. (7)
From (7) and

Vs 0 (Quy) — Vg1 © QU — Uy 0 Vg 0 Q Uy — Ug) = (€ — Vgy1) 0 Vs 0 (Quy) + (Vs — €) 0 Vgyq 0 Qi
= (e — Vpt1) o (vx —€) + (v — ) o (Vg1 — €)
= O7

we obtain

Vs — U1 = Vs O Vg1 © Q(Uy — Ug). (8)
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By using (5) and the first equations of (2), we have

Uy — U1 = Uy — €+ Uy 0 (Pg) — Ugt1 © Pug — Uk 0 Pogyg

uy o (Pvy) + ug o (Pvg) — Upqq 0 Pug — Uy 0 Py

u, o (Pv,) — uy o (Pvy) 4 uy o (Pvy) — Upqq o Py

+ug o (Pur) — ug o (Pvy) + g o (Pvy) — Uy 0 Puggq

= Uy 0 P(vyx — vk) + (Puk) o (U — Ugy1) — Uk © P(vy — k) + U 0 P(Vy — Vgy1)
(s — Ug) 0 P(vs — V) + (Pug) 0 (s — Upy1) + Uk © P(v4 0 Vpy1 0 QU — W),

which shows
(e — Puy) o (Uy — Upq1) = P(vy — 0p) 0 (Uy — Uy) + Uy 0 P(V4 0 U1 0 Q(Uy — Uy))
or
Uy — Uy = (diag(e — Pvy)) ™' (diag(P(vs — vy)) + diag(uy)Pdiag(vy 0 ves1)Q) (U — Ug).
Let
a=[i 2]
From (8) and (9), it follows that
diyr = Lide, k=0,1,2,...,
where

L — | (diag(e — Pv)~' (diag(P (v, — vy)) + diag(u)Pdiag(v. o v+1)Q) 0
o diag(v,. © ve41)Q 0]

By the first equations of (2), we get

(e — Pvy) ou, =e,

(diag(e — Pv,))~! = diag(us.).

Since limy_, oo Ux = Uy and limy_, o vx = vy, We have

lim L, — (diag(e — Pv*))’1diag(u*)P(diag(v* ovy)Q) O
koo K diag(vs o v:)Q 0
_ | diag(us o uy)P(diag(vi o v,)Q) 0] _
- [ G s ] =
Define
7 _ [ (diag(e — Pvy) ' diag(w)Pdiag(v.. o vis)Q 0
T diag(vs 0 ve+1)Q 0]’

where u; and vy are generated by the iterative method (3) with Ty given by (4).

Since0=ug <ty <Uy < - <U <Uy;<---and0=vg <V <V <--- <V < Vg1 < -, We have

0<lp<li<b<- <L <Ly <---.

Moreover, we have

.~ |(diag(u. o uy)Pdiag(v, ov,)Q) O
Jm L= [ diag(v. 0 1) o] = Huw)
Define

i1 = Ty, do = do.

By Theorem 4 in [7], we obtain

lim sup/ [ldill = p(L(w,)),

k— 00

where || - || is any matrix norm and p(-) denotes the spectral radius.
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Since

L—T, = [(diag(e — Po)” diag(P (v, — u) g} >0,

it is easy to obtain by induction
dp > ak >0 fork>0.

Thus, we have

p(L(w,)) = limsup/ |d|l < lim sup y/|[d]l-

k— o0 k— o0

From dy, = Ly_1Lx_3 - - - L1Lody, it follows that for any matrix norm || - ||,
ldill < k=10l 1Le—21l - - - IL1 11 Lol lldol-

Hence,

lim sup /[lde[l < Tim sup /[[Li—1 | L - - IL1ll L]l lidoll

k— o0 k— o0

= lim sup v/[ILi—1 | I L2l - - 1L+ 1 Lol

k— o0

Since limy_, oo Ly = L(w,), we obtain

lim sup /I Ll L2l - - 1L 1ol = IL(w.)II.

k— o0

Therefore, for any matrix norm || - ||,
liin sup v/ [ldill < IL(w.) 1,
— 00

which shows that

lim sup /||di || < p(L(wy)).

k— 00
In summary, we obtain the following result on the asymptotic convergence rate of the iterative method (3) with T, given
by (4).

Theorem 1. For the iterative method (3) with T, given by (4) and wo = 0, we have

lim sup /[ldi || = p(L(w.)).

k— o0

The following theorem shows that the asymptotic convergence rate of the iterative method is linear when («, c¢) # (0, 1)
and sublinear when («, ¢) = (0, 1).
Theorem 2. If («, c) = (0, 1), then p(L(w,)) = 1. If («, c) # (0, 1), then p(L(w,)) < 1.
Proof. Define

_Jo diag(u, o u,)P
Glwa = [o diag(v, o v,)Qdiag(u, o u*ﬂ’} ’

It has been shown in [7, Theorem 9] that p(G(w,)) = 1 when («, c) = (0, 1), and p(G(w,)) < 1 when (&, c) # (0, 1).
Then, this theorem follows from
p(G(wy)) = p(diag(vs o v,)Qdiag(uy o u,)P)
= p(diag(u, o u,)Pdiag(vs o v,)Q) = p(L(wy)). O

It has been shown in [7] that the NBGS proposed in [5] has the asymptotic convergence rate p(G(w,)). Thus, the iterative
method (3) with T, given by (4) has the same asymptotic convergence rate as the nonlinear block Gauss-Seidel method.
The iterative method (3) with

__ |1 — diag(Pvy) 0
T = |: 0 ’ I— diag(Quk)] (10)
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is also considered in [11]. It is equivalent to
{um = (I — diag(Pwy)) e,
V1 = (I — diag(Quy)) e,

and therefore is the same as the NB] proposed in [5].
The iterative method (3) with

I, — [1 — diag(Pvy) 0 ]

(11)

diag(v)Q I — diag(Quy)

is also mentioned in [11]. Following similar arguments as above, we can show that this method has the same asymptotic
convergence rate as the iterative method (3) with Tj given by (4), and therefore converges linearly when (o, ¢) # (0, 1) and
sublinearly when («, ¢) = (0, 1).

3. Comparison with NBJ, NBGS and TSRN
In this section, we will compare the method considered in this paper with NBJ, NBGS and TSRN on the computation

complexity and the parallel potential.
The iterative scheme (3) with Tj given by (4) can be formulated as

{uk+1 = (I — diag(Pvy)) e + (I — diag(Pvy)) " diag(u)P ((I — diag(Quy)) ~'e — vi) . (12)
vkt = (I — diag(Ques1)) e
The computational scheme for NB]J is given by (11), while the iterative scheme of NBGS is
{Uk+1 = (I — diag(Pvy)) e, (13)
V1 = (I — diag(Qui41)) e
Let @ and ¥ be diagonal matrices, whose diagonal elements are defined by
B — P;, ifiisodd, W — 0, ifiisodd,
710, ifiiseven, "7 1Qy, ifiiseven.
The iteration for TSRN was given in an elementwise fashion in [6]. It can be formulated as the following vector form
12 = (I — diag(Pvy)) e,
Uk+1/2 = (1 - diag(QUk))71e, (14)

Upr1 = (I — diag(Pvrs1/2)) "' (€ — (PUis1/2) © V12 + (I — diag(Quir1/2)) ™ (@ uyqr/2)),
Vi1 = (I — diag(Quys1/2)) "' (6 — (Wvks1/2) © Uky1/2 + (I — diag(Pvs1/2)) ™ (W kt1/2))-

We refer (14) to two iteration steps of TSRN.
Itis clear from these computational schemes that NB], NBGS, and TSRN have the same computational cost, about 8n? flops,

for two iteration steps, while the iteration (12) requires 12n? flops for two steps. Moreover, NBJ, TSRN, and the iteration (12)
are more feasible in parallel than NBGS.

4. Numerical experiments

In this section, we present a numerical example to confirm the convergence results. Let ITER denote the iteration scheme
(12). We compare ITER with NBGS.
Define

Ug+1 — Ukll2 I Vk4+1 — Vkll2
lERszmx{ll + lz llvkt l }

)
lltres1112 vl

where || - ||, is the 2-norm for a vector.

All the numerical experiments are performed in Matlab on a PC with the usual double precision, where the floating point
relative accuracy is 2.22 - 10716,

We consider (1) withn = 32. Asin [2], the constants ¢; and w; are given by a numerical quadrature formula on the interval
[0, 1], which is obtained by dividing [0, 1] into n/4 subinterval of equal length and applying a Gauss-Legendre quadrature
with 4 nodes to each subinterval.

We test three values of («, c¢) taken to be (0.1, 0.9), (0.01, 0.99), (0, 1).

Figs. 1-3 depict the numerical results for ITER and NBGS. It is easy to see that although NBGS is slightly faster than ITER,
they have almost the same convergence rate. Moreover, the asymptotic convergence rate of these two methods is linear
when («, ¢) # (0, 1) and sublinear when (¢, ¢) = (0, 1).
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Fig.1. («,c) = (0.1,0.9).
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Fig.2. (a,c) = (0.01,0.99).
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Fig.3. (a,c) = (0, 1).
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