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Let H be a two-dimensional real Hilbert space. We give a characterisation of
the extreme and the smooth points of the unit ball of the space of three-homoge-
neous polynomials on H in terms of the coefficients of the polynomial. We also
determine the smooth points of the unit ball of the predual of the space of
three-homogeneous polynomials. ~ © 2000 Academic Press

1. INTRODUCTION

In this paper we describe the geometry of the unit ball of the space of
three-homogeneous polynomials on a two-dimensional real Hilbert space.
In the last few years some work has been done in the geometry of spaces
of polynomials on low-dimensional spaces. Recently Choi and Kim [2]
studied the two-homogeneous polynomials on a two-dimensional Hilbert
space and obtained characterisations of smooth and extreme polynomials
in terms of the coefficients of the polynomial. The geometry of spaces of
polynomials has also been the subject of the papers by Boyd and Ryan [1],
Ryan and Turett [7], Sundaresan [8], and the author [5].

We start by presenting a general result about smooth polynomials in
finite dimensions. Then we deal with the three-homogeneous polynomials.
First we prove that the angle between any two unit vectors x and y at
which a three-homogeneous polynomial of unit norm P takes the value 1
is smaller than 27/3. Then we move on to space of the three-homoge-
neous polynomials on a two-dimensional Hilbert space H and find a
characterisation of the extreme and smooth points of its unit ball by the
number of the points at which a polynomial takes the value 1. Using the
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form of the extreme polynomials thus found, we give a characterisation of
the smooth points of the unit ball of the predual of the space of three-
homogeneous polynomials.

2. NOTATION, TERMINOLOGY, AND GENERAL RESULTS

We say that P is an n-homogeneous polynomial on a (real or complex)
normed space X if there exists an n-linear form B on the product X"
such that P(x) = B(x,..., x) for every x in X. We denote by 2("X) the
space of all continuous n-homogeneous polynomials on X endowed with
the natural norm || P|| = sup{|P(x)|: |lx|| = 1} and by Z("X) the space of
continuous symmetric n-linear forms on X with the sup norm. According
to the polarization formula [3] for each P there exists a unique A in
Z("X) such that P(x) = A(x, x, ..., x). We have

n

n
1Pl < L4l < —IIPI,
n

so these two spaces are isomorphic. Furthermore if X is a Hilbert space
then ||P|l = || All, so we have an isometry. 2("X) is always a dual space.
Indeed Z("X) is the dual of the n-fold symmetric projective tensor
product. The space ®"X can be renormed such that 2("X) becomes its
dual [6]. Denote by x" the tensor x ® x ® --- ® x. If u belongs to the
uncompleted n-fold symmetric tensor product, then u can be expressed as
a linear combination of tensors of the form x”. Define the norm

k k
lulle = inf¢ 30 (A" cu = 30 Ax]
j=1

j=1

We denote by ®" X the complemented tensor product endowed with this
norm. Then (" X ) is the dual space of ®] X, the duality being given by

P(u) = Tf_,A;P(x)). The unit ball of ®” X is the closed absolutely
convex hull of {x":xeBy}. If X is finite dimensional then so is the
n-fold tensor product, so its unit ball is the absolutely convex hull of that
set. For more details on polynomials and symmetric tensor products see
(3, 4].

A unit vector x in a normed space X is an extreme point of B, if x is
not the midpoint of a nontrivial segment lying in B,. A unit vector x is a
smooth point of B, if there exists exactly one linear functional ¢ in By
such that ¢(x) = 1.

We are interested in finding the extreme and the smooth three-homoge-
neous polynomials on a two-dimensional real Hilbert space. We start with
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a general result about smooth n-homogeneous polynomials on a finite-
dimensional normed space.

PROPOSITION 1.  Let X be a finite-dimensional (complex or real) normed
space and let P be a norm one n-homogeneous polynomial on X. The
polynomial P is a smooth point of By, if and only if for any two linearly
independent unit vectors x and y in X we cannot have |P(x)| = |P(y)| = 1.

Proof. Let P be a smooth polynomial. Since X is finite dimensional,
there exists x in By such that P(x) = A with [A| = 1. Thus Ax" e Q"X is
a norm one linear functional in #("X)* = (®" X)) =Q' X Wthh
norms P. Suppose there is another y in B, such that P(y) w with
| wl = 1. Then mx"(P) = 1 and since P is smooth, Ax" = y"; hence x
and y are linearly dependent.

Conversely, suppose that the second assertion holds. Since X is finite
dimensional there is a unit vector x such that P(x) = u with |u|= 1.
Then wx"(P) = 1. We will show that this is the only norm one element u
of Byn x such that u(P) = 1. Indeed let u € By, . It can be written as

k
u=Ax"+ Y AxJ,
i=1

with x, elements of By, all of them independent of x and XA, | + [Al = 1.
Then u(P) = AP(x) + LA P(x,). If one of the A’s is nonzero, then
lu(P)l < |Al + ZIA ] = 1. Thus [u(P)| =1 if and only if all the A,’s are
zero, so u = Ax". Then u(P) = Ap = 1 if and only if A = @ so u = ux".
Hence P is smooth. |

Remark 2. Sundaresan [8] obtained that a two-homogeneous polyno-
mial on an n-dimensional real Hilbert space is smooth if and only if just
one of the eigenvalues of the n X n symmetric matrix associated with P
has absolute value 1. This can be easily deduced from the proposition we
have just proved.

Let us note that the sufficient condition in the proposition above is
equivalent to |P| taking the value 1 on By only at the vectors Ax for some
x € By and \" = £ 1.

COROLLARY 3. Let X be a finite-dimensional real normed space and let P
be a norm one n-homogeneous polynomial with n odd. Then P is smooth if
and only if there is only one vector x in By such that P(x) = 1.

Proof. According to the proposition P is smooth if and only if the
points in By where |P| takes the value 1 are of the form Ax with A" = +1
for some unit vector x. Since n is odd, A" = +1 has only the solutions 1
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and —1. Suppose that P(x) = 1. Then P(—x) = —1, so there is just one
unit vector x such that P(x) =1. ||

3. THREE-HOMOGENEOUS POLYNOMIALS ON A REAL
HILBERT SPACE

Let P be a three-homogeneous polynomial on a real Hilbert space H
and let A be its associated symmetric three-linear form. By the Riesz
representation theorem there exists a symmetric bounded bilinear map-
ping B: H X H — H such that A(x,y,z) = {B(x,y), z). Furthermore
IBl| = |4l = [|PIl. Let Q: H — H be the two-homogeneous vector valued
polynomial defined by Q(x) = B(x, x). Since we are working on a Hilbert
space, ||Qll = ||B]| (see [3]. Therefore if we start with a norm one polyno-
mial P we obtain a norm one vector valued polynomial Q such that
P(x) = {Q(x), x). Thus if x is a unit vector then P(x) = 1 is equivalent
to OQ(x) =x and P(x) = —1to Q(x) = —x.

We are going to work on a two-dimensional real Hilbert space and we
shall classify the extreme and the smooth polynomials according to the
number of unit vectors where P(x) = 1. We shall see that we can have at
most three such distinct points.

Now let us consider a three-homogeneous polynomial P of unit norm on
a real Hilbert space H. We have:

PROPOSITION 4. Let P be a three-homogeneous polynomial of unit norm
on a real Hilbert space H. If there exist elements x and y of By such that
P(x) = P(y) =1 then {x,y) = —1/2 and so the angle between x and y is
at most 2 /3.

Proof.  Since P(x) = P(y) =1 we have Q(x) =x and Q(y) = y. Then
P(x+y)=A(x+y,x +y,x +y)
=P(x)+3A(x,x,y) +3A(x,y,y) + P(y)
= P(x) +3(Q(x),y) +3{0(y), x> + P(y)
=2+ 6<{x,y).

At the same time [P(x +y)| < llx +ylI> =@ + 2{x, y)¥2 Let a =
(x,y). We must have

2+ 6al < (2 + 2a)"7,
SO

4 + 24a + 364 < 8 + 24a + 24a* + 8a°,
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which yields
8a® — 12a* + 4 = 4(a — 1)’(2a + 1) > 0.

Thus 2a + 1 > 0; hence {x,y) = —1/2. |

From now on we restrict our attention to a two-dimensional real Hilbert
space that we denote by H.

4. EXTREME POINTS OF THE UNIT BALL OF 2#(CH)

Let P be a three-homogeneous polynomial of unit norm on the two-
dimensional real Hilbert space H. There exists a unit vector w such that
P(w) = 1. Consider an orthonormal basis {e,, e,} of H such that e, = w.
Since P(e;) = 1we have Q(e;) = ¢;,s0 Ale;, e;, x) = (Q(ey), x) = {ey, x)
for all x in H. Thus A(e,, e;, e,) = 0 and the expression of the polynomial
P in the basis {e;, e,} is

P(x) =x]3 + 3A(e,,e2,ez)x1x§ +P(‘32)x§~

For the sake of simplicity let b = A(ey, e,, €,) and ¢ = P(e,). Of course
|b] < 1 and |c| < 1 but the conditions ||P|| = 1 and P being extreme will
impose further restrictions on b and c.

We will associate a function f: [—m, 7] — R with the polynomial P in
the following way: each unit norm x can be written (cos a,sin «) with
a € [—, 7). Thus

P(x) =f(a) = cos® @ + 3b cos a sin* a + ¢ sin’ a.

Since P(—x) = —P(x) we have f(a — 7w) = —f(a), so it is enough to
study the behaviour of f on [0, 77 ].
Let us show that [|P|| = 1 implies b < 1/2. Indeed

f'(a) = 3sin a(2b cos* @ — cos* « — bsin® a + ¢ sin @ cos a)
=3sin ag(a).

Since |f(a)| <||P|l=1 for all « and f(0) = 1, the function f must be
decreasing after zero, so the derivative f'(«) must be negative for a in an
interval [0, 8). Since sin a > 0 for such «, we need to have g(a) < 0 in
this interval, so lim, _,, g(a) < 0. Thus 2b — 1 < 0; hence b < 1/2. The
same condition can be obtained by studying the behaviour of f around 7.

We will see that b =1/2 is a very special case. In this case the
condition ||P|| =1 implies that ¢ = 0. Indeed since b = 1/2 we have
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f'(a) = 3sin® a(ccos @ — 1/2sin a). As above f'(a) <0as a - 0., so
—1/2sina +ccosa <0as a — 0,; hence ¢ < 0. Since f(7) = —1 the
function f must be decreasing before 7, so we must have f'(a) <0 as
a — gr_. This gives —1/2sin @ +ccos @« <0 as a — 7; hence ¢ > 0.
Thus ¢ = 0, so P(x) =x;} + 3/2x,x3.

PROPOSITION 5. The three-homogeneous polynomial on the two-dimen-
sional real Hilbert space H given by

3
P(x) =x; + Exlxg

is an extreme point of By

Proof. 1In this case f'(a) = —3/2sin’ a <0 on (0,7) so —1 < f(a)
< 1 on (0, 7); hence |P|| = 1.

If there exist three-homogeneous polynomials of unit norm P(x) =
P(e)x; + 3a;x}x, + 3b;x, x5 + c,x3, with i = 1,2 such that P = (P, +
P,)/2 then P(e;) = P,(e;) =1 and consequently a, =a, =0 and b, <
1/2. But b, + b, =1,s0 b, = b, = 1/2. According to the remarks pre-
ceding the proposition, ¢; = 0, so P, = P, = P; hence P is extreme. [

From now on we concentrate on the case b < 1/2. In this case g(0) =
glamr) =2b —1<0,so0 for @ # 0,7 the condition f'(a) = 0 which is the
same as g(a) = 0 is equivalent to g(a)/sin*> @ = 0, i.e.,

(2b — 1)cot* @ + ccot a — b = 0.

Thus we can have at most two more points where g'(a) = 0 at which
points f and implicitly P could have extreme values. These extreme values
must be in [—1, 1] and this is where the restriction for b and ¢ will come
from. This also shows that a three-homogeneous polynomial of unit norm
on a two-dimensional Hilbert space can take the value 1 at no more than
three unit vectors. Three situations could arise:

(1) There are no more solutions. In this case ¢ + 4b(2b — 1) <0
and since b < 1/2 we get that necessarily b > 0.

We show that in this case P is not extreme. Since lim, _, g(a) =
lim, , _g(a)=2b—1<0and g is continuous, there is § > 0 such that
gla)<b—-1/2<00n[0,8) U (m— §,7], f(a) > 0o0n][0,5),and f(a)
<0on(w— 8§, ]

On [§, 7 — 8] we have |f(a)| < 1 for all «,so [f(a)l<m < 1.

Choose an ¢ > Osuch that e<1—-mand b —1/2 + £ < 0.

Let P(x) = P(x) + ex3 and Py(x) = P(x) — &x3. Thus f,(a) = f(a)
+ gsin® a and f,(a@) = f(a) — e sin® @. On [§, 7 — &), we have |f(a) —
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fla)=esin*a<e<1—m,so|f(a)l <1.If a €[0,8) then

fi(e) =f'(a) + 3esin® a cos a
= 3sin a(g(a) + esin a cos a)

<3sina(b—-1/2+ ¢) <0;

hence —1 < fi(a) < f(0) =1 0n[0,5). On (7 — 8, 7] we have 1 > f|(a)
> f(a) = —1. Thus |f(a)l <1 on [0, 7]. Thus ||P,|| = 1. Likewise [|P,l|
= 1. Obviously P, # P, and P = (P, + P,)/2 which shows that P is not
extreme.

(2) The equation has one more solution, B. In this case B is
necessarily a double zero, so ¢ + 4b(2b — 1) = 0 which gives b > 0. Of
course f'(B) =0 but on (0, 7) we have f'(a) < 0 for a # B. We are in
the same position as above, so the polynomial P is not extreme.

(3) The equation has two more distinct solutions, y and B with
0 < y < B < 7. Then f is decreasing on [0, y] and [ 8, =] and increasing
on (y, B). Let m = f(y) and M = f(B). Suppose b and ¢ are chosen so
that ||P|| = 1. This forces |m|, M| < 1.

(@) If Im| <1 and [M| < 1 then as in the first case the polyno-
mial is not extreme.

(b) M = 1. Let x5 = (cos B,sin B). Then P(xz) = 1, so Q(x,)
= xg. According to Proposition 4, we have 8 < 2m/3. If we go back to the
definition of Q we see that in this case

O(x) = (xf + bxj)e; + (2bx,x, + cxj)e,.
Thus Q(x) = x gives
cos? B + bsin? B = cos B
2b cos Bsin B + csin® B = sin B.
This system in b and ¢ has the unique solution

cos B — cos’ B cos B3
sin? B  1+4cosB

sin> B — 2cos? B + 2cos’ B
c= . 5
sin® B

so the polynomial is uniquely determined and therefore extreme, provided
the values of b and ¢ we have just found give that its norm is one. We will
see that the condition 8 < 27 /3 is enough to get that [|P|| = 1.
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Now P(e,) = P(xB) =1. On [B,7] we have |f(a)l <1 since f is
decreasing there. Let us see what happens on [0, B].

Let x = (cos a,sin a) with a € (0, 8). For each such x there is a
t € (0,1) such that

te; + (1 —1t)xg
x = .
llite, + (1 —t)x4ll

For ¢ = 1/2 we obtain the point x, ,, = (cos B/2,sin B/2). Then

£+ 36(1 = 1)Cep, xp) + (1 —1)°

P -
) (262 + 26 + 1+ 26(1 = 1) ey xp))

3t* =3t + 1+ 3t(1 —t)cos B
(262 =2t + 1+ 2¢(1 — t)cos B)°
u(t)

T ()

Let us observe that u(t) — u(1/2) = 3t> — 3t + 1 + 3tcos B — 3t*cos B
—1/4 —3/4cos B=3(1—cos BNt> —t+ 1/4) >0 for all t. At the
same time o(¢t) — v(1/2) = 2(1 — cos B)t> —t + 1/4) so v(t)*? >
v(1/2)*/? > 0 and consequently 1/v(t)*/* < 1/v(1/2)*/2.1f u(t) > 0, then
P(x) > 0> —1.If u(r) <0 then

_u) (o) u(12)
T T e T
=P(x1/2) _ 2+ 6c¢cos B

> —
(2 + 2cos /3)3/2

for B € (0,27/3] by the proof of Proposition 4.
Thus for b and ¢ above we obtain a norm one polynomial which is
extreme.

(¢ m= —1. Since f(a — 7) = —f(a) this case is equivalent
to (b). The only difference is that in the expression for b and ¢ the angle B
can take any value in [—27/3,0).

(d m = —1and M = 1. This case is implicitly contained in the
two above. Obviously the polynomial P is extreme. As in (b) this yields
P(x,,,) = —1 which gives cos B = —1/2,s0 B =27/3 and P(x) = x; —
3x,x5 with the associated function f(«) = cos3a and this is the only
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norm one polynomial which takes the value 1 at three points which must
be equally spaced.
The cases (b) and (c) yield the following.

PROPOSITION 6. A three-homogeneous polynomial of unit norm on a
two-dimensional real Hilbert space that takes the value one at more than one
unit vector is extreme.

Summarizing all the information contained in the analysis above we
obtain a characterisation of the extreme polynomials.

PROPOSITION 7. A three-homogeneous polynomial P of unit norm on a
two-dimensional real Hilbert space H is extreme if and only if there exists an
orthonormal basis {e,, e,} of H relative to which P has one of the following
forms.

() P(x)=x3}+3/2x,x3.
(1) P(x) =x;} + 3bx,x3 + cx3, where

cos B
1+ cos B
sin? B — 2cos? B + 2cos® B

sin® B

with B € (—2m/3,2m/3)\ {0}.
(i) P(x) =x} — 3x,x3.

Let us note that for 8 = 7/2 we obtain the polynomial P(x) = x} + x3
and for B = — 7/2 we obtain the polynomial P(x) = x; — x3.

The coefficients b and ¢ are continuous functions of B on
[—2w/3,27/3]. This can be used to show that the set of extreme three-
homogeneous polynomials is a continuous image of a torus. Indeed let us
fix a basis {e,, e,} and let P be an extreme polynomial. There exists a unit
vector f; such that P(f,) = 1. If we write f; = cos ae, + sin ae, and take
f, = cos(a + m/2)e; + sin(a + 7/2)e, with « in [—, 7] then the ex-
pression of P in the basis {f,, f,} is P(y) =y3 + 3by,y5 + cy3, where
y =y.fi +y,f, and b and c are given by the expression above for a B8 in
[—2m/3,2m/3]. This is the unique polynomial that takes the value 1 at the
points cos ae; + sin we, and cos(a + B)e; + sin(a + Ble, if B # 0. If
B = 0 then P takes the value 1 only at f,. If 8 = +2u/3 then cos(a —
B)e, + sinla — B)e, is the third point at which P is 1. The expression of
the polynomial in the basis {e}, e,} is given by the function
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u(a, B) = (x, cos a + x, sin oz)3
+ 3b(x, cos a + x, sin a)( —x, sin a + x, cos a)2

+c(—x, sin a +x,cos a)’.

Since bQ2m/3) = b(—27/3) and cQmu/3) = c(—2mw/3) for all a <
[— m, 7] the function u satisfies the relation u(a,27/3) = u(a, —27/3).
Obviously u(w, B) = u(—, B) for all B € [—2m/3,27/3]. The function
u is continuous and the remarks above show that the image of [— 7, 7] X
[—2m/3,27/3] under u is the set of extreme three-homogeneous polyno-
mials. However, the function u is not injective. It is easily seen that
u(a, B) =u(a + B, —B) and is the unique polynomial that takes the
value 1 at cos ae; + sin ae, and cos(a + B)e; + sin(a + B)e,. Thus we
can conclude that the set of extreme three-homogeneous polynomials is
the continuous (but not homeomorphic) image of a torus and consequently
is connected and compact.

Remark 8. 1In fact, if we fix an orientation for H the number of
orthonormal bases relative to which a polynomial of unit norm can be
written as P(x) = x; + 3bx, x5 + cx3 is exactly the number of the points
at which P is 1, so for each polynomial there exist one, two, or three such
bases.

The conditions in (ii) are equivalent to the relation
(1 —2b)° = (40> — 3b + 1)°,

with b € [—1,1/2]. Indeed it is easy to see that once there exists 8 €
[—2m/3,27/3] such that b and ¢ are given by the expressions in (ii), they
satisfy the equation above. Conversely, if b and ¢ satisfy the relation, then
writing cos 8 = b/(1 — b) we obtain that b and ¢ have the form in (ii).
Let us note that if b= —1 then ¢ = 0. Thus Proposition 7 can be
reformulated as:

THEOREM 9. A three-homogeneous polynomial P of unit norm on a
two-dimensional real Hilbert space H is extreme if and only if for any
orthonormal basis {e,, e,} of H relative to which P(x) = x3 + 3bx,x3 + cx3,
the coefficients b and c satisfy one of the following conditions.

@ b=1/2andc =0.
(i) c*(1 —2b)* =@h* —3b+ 1> withb €[—1,1/2).
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5. SMOOTH POINTS OF THE UNIT BALL OF 2(H)

Since we are working on a two-dimensional real Hilbert space and we
are interested in three-homogeneous polynomials, Corollary 3 gives that a
three-homogeneous polynomial of unit norm P is smooth if and only if
P(x) = 1 at just one point x in By. Thus we have:

PROPOSITION 10. Let H be a two-dimensional real Hilbert space. The unit
sphere of #CH) is the union of the set of its extreme points and the set of its
smooth points and these two sets have a nonvoid intersection.

Proof. Let P be a norm one polynomial. If P takes the value one at
just one point, then P is smooth. If P takes the value 1 at more than one
point then P is extreme according to Proposition 6.

If we consider P(x) =x;} + 3/2x,x5 this polynomial is an extreme
polynomial that takes the value 1 at just one point, so it is both extreme
and smooth. ||

Remark 11. Choi and Kim [2] observed that a two-homogeneous poly-
nomial on a two-dimensional Hilbert space is either extreme or smooth so
the unit sphere of #2(*H) is the union of the set of its extreme points and
the set of its smooth points. Although, as we have just proved, the result is
true for three-homogeneous polynomials as well, this is somewhat fortu-
itous. Indeed if we increase either the dimension of the space or the
degree of the polynomial, this is no longer valid. Consider for instance the
two-homogeneous polynomial P(x) =x? + x3 + 1/2x? on R® with its
Hilbert space structure. This is neither extreme [5, 8] nor smooth (Proposi-
tion 1). The same is true for the four-homogeneous polynomial P(x) = x}
+ x5 on the Hilbert space R It is not smooth since P(e,) = P(e,) = 1
and it is not extreme since P = (P, + P,)/2 with P(x) = x{ + 2x7x3 + x3
and P,(x) = x} — 2x?x3 + x3.

Since we have characterized the extreme polynomials by the number of

the points where they take the value 1, the analysis we have done also
gives a characterisation of smooth polynomials.

PROPOSITION 12. A three-homogeneous polynomial P of unit norm on a
two-dimensional Hilb.ert space H is a smqoth point. of Bo¢py if and only if for
any orthonormal basis {e,, e,} of H relative to which P(x) = x; + 3bx,x3 +
cx3 the coefficients b and c satisfy one of the following conditions.

@ b=1/2andc =0.
Gi) c*(1 —2b)* # @b* —3b + 1* withb €[—1,1/2).

Proof.  As has been shown, there exists a basis {e,, e,} of H such that in
that basis P can be written P(x) = x; + 3bx,x3 + cx3. Once the polyno-



228 BOGDAN C. GRECU

mial P has this form, according to the analysis carried out in the process
of describing the extreme polynomials, in the first situation the polynomial
P(x) = x; + 3/2x,x5 is extreme but, according to the proof of Proposi-
tion 5, e, is the only point where P takes the value 1, so P is smooth. In
the last situation the polynomial is not extreme (Theorem 9), so according
to Proposition 10, it is necessarily smooth. [i

6. THE GEOMETRY OF THE UNIT BALL OF ®i - H

In [7] Ryan and Turett showed that whenever X is a finite-dimensional
normed space the extreme points of the unit ball of ®] X are exactly the
points x"” with x in the unit sphere S . Thus the extreme points of the
unit ball of ® . H are the vectors x° W1th x in §y. Using the analysis
done in order to find the three- -homogeneous extreme polynomials we can
give a characterisation of the smooth points of the unit ball of ®f -

PROPOSITION 13.  Let H be a two-dimensional real Hilbert space. A unit
vector u is a smooth point of the unit ball of ®i - H if and only if u has one
of the following forms.

@ wu=A+puy’> with 0<\, u<1l, A+pu=1and x,y €Sy,
(x,y) = —1/2.

) u=rx3+puy’+ v withO<Auv<1,A+u+v=1and
X,9,2€ 8, {x,y) =Ly, z) =Lz,x) = —1/2.

Proof. Let u be an element of the unit ball of ®3 H It can be wrltten
as a finite convex combination of vectors of the form x* with x € Sy
u =Y Ax} and P is a three-homogeneous polynomial of unit norm on H
then P(u) = 1 if and only if P(x;) = 1 for all x;. But such a polynomial
can be one at no more than three points. Thus if u is smooth, then the
convex combination cannot contain more than three terms. According to
Proposition 4 for any two unit vectors x and y such that P(x) = P(y) =1
we have {x,y) > —1/2.

If a smooth u is a convex combination of three unit vectors x, y, z then
necessarily {x,y) = {(y,z) ={z,x) = —1/2. On the other hand if we
have three unit vectors x, y, z such that {x, y) = (y,z) = {(z,x) = —1/2
there exists only one three-homogeneous polynomial of unit norm such
that P(x) = P(y) = P(z) = 1. If we choose a basis for H such that ¢, = x
then P(x) =x; — 3x;x3. Thus u = Ax® + uy® + vz with 0 < A, p, v <
1, A + u + v = 1 is a smooth point.

If a smooth u is a convex combination of two unit vectors x and y then
(x,y> = —1/2. Conversely, for any two unit vectors x and y such that
(x,y> = —1/2 there is a unique three-homogeneous polynomial of unit
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norm such that P(x) = P(y) = 1. If {x, y) = cos 8 and we choose a basis
for H such that e, = x then P(x) = x; + 3bx,x3 + cx3 with b and c as in
Proposition 7. Hence u = Ax® + puy? with0 <A, u<1, A+ pu=1isa
smooth point.

No x* with x € By, is a smooth point since there are many three-homo-
geneous polynomials of unit norm such that P(x) = 1. |
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