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Abstract

Zetlberger’s algorithm provides a method to compute recurrence and differential equations from given hypergeometric
series representations, and an adaption of Almquist and Zeilberger computes recurrence and differential equations for
hyperexponential integrals. Further versions of this algorithm allow the computation of recurrence and differential equations
from Rodrigues type formulas and from generating functions In particular, these algorithms can be used to compute the
differential/difference and recurrence equations for the classical continuous and discrete orthogonal polynomals from their
hypergeometric representations, and from their Rodrnigues representations and generating functions

In recent work, we used an explicit formula for the recurrence equation of famihies of classical continuous and discrete
orthogonal polynomials, n terms of the coefficients of their differential/difference equations, to give an algorithm to identify
the polynomial system from a given recurrence equation.

In this article we extend these results by presenting a collection of algorithms with which any of the conversions
between the differential/difference equation, the hypergeometric representation, and the recurrence equation 1s possible

The main technique 1s again to use explicit formulas for structural identities of the given polynomial systems (©) 1998
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1. Structural formulas for classical orthogonal polynomials
A family
Wx)=p(x)=k,x"+--- (neNy:={0.1,2,...},k,#0) ()
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of polynomials of degree exactly » is a family of classical continuous orthogonal polynomials if it
is the solution of a differential equation of the type

o(x)y"(x) + 1(x)y'(x) + A, »(x) =0, (2)

where ¢(x)=ax?+bx +c is a polynomial of at most second order and 7(x)=dx +e is a polynomial
of first order. Since one demands that p,(x) has exact degree n, by equating the highest coefficients
of x" in (2) one gets

An= — (an(n — 1)+ dn). (3)

Similarly a family p,(x) of polynomials of degree exactly n, given by (1), 1s a family of discrete
classical orthogonal polynomials 1f it is the solution of a difference equation of the type

o(X)AVy(x) + 1(x)Av(x) + A, v(x) =0, (€))
where
Adv(xy=y(x+1)—y(x) and Vyx)=pyx)— p(x—1)

denote the forward and backward difference operators, respectively, and o(x)=ax* + bx + ¢ and
7(x)=dx + e are again polynomials of at most second and of first order, respectively. Again, (3)
follows.

Since AV =4 — V, (4) can also be written in the equivalent form
(o(x) + 1(x))Ay(x) — a(x)Vy(x) + 4 ¥(x) =0,
and replacing x by x + 1 we arrive at
(6(x + D)+ 1(x + INA p(x) + t(x + 1)Ay(x) + A, v(x + 1)=0. (5)

It can be shown (see e.g. [14] or [16]) that for A,#4, (n#m) any solution p,(x) of either (2) or
(4) satisfies a recurrence equation

Prn1(x) = (4,x + B,) pu(x) = C, ppi(x)  (n€Ng, p_y =0) (6)
or equivalently
xpn(x):anpn+l(x)+bnpn(x)+Cnpn—l(x) (7)
with
1 B C
= = — =, = —. 8
W= by 1 9T (8)

In [14] (compare [16], Egs. (5) and (10)) we showed that the coefficients 4,, B,, and C, are given
by the explicit formulas
kn+l

kn ’

_ 2bn(an+d —a) — e(—d + 2a) . Kt
"7 (d +2an)(d — 2a + 2an) k, °

A,=
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C,=—((an + d — 2a)n(4ca — b*) + 4a*c — ab® + ae* — dacd + db* — bed + d*c)

y (an+d —2a)n Kysi
(d —2a+2an)QRan —3a+d)2an—a+d) k,

m the continuous case, and by the formulas

kn-H
An: ]
ky
3 _n(d+2b)(d+an—a)+e(d—2a) kyy
" (2an — 2a + d)(d + 2an) k,’

C, = —((and — db — ad + a*n* — 2a°n + 4ca + & + 2ea — b*)
x(n—1)(d + an — a) — dbe + d*c + ae?)

o (an+d —2a)n ki
(d —a+2an)(d +2an — 3a)2an —2a +dy k,_

in the discrete case, in terms of the coefficients a,b,c,d and e of the given differential/difference
equation.

Orthogonal polynomials satisfy further structure equations. One of those 1s given by the derivative/
difference rules (see, e.g., [14])

a(x) Py(x) =0y prs1(X) + Bu pu(X) + 7 P (x)  (n€N:={1.2,3,..}), 9
and

o)V pu(x) =0y prt(x) + By pu(X) + 1u pur(x)  (mEN), (10)
or

(a(x) + 2(x)Apa(x) =S, pus1(x) + T, pu(x) + Ry pui(x)  (n€N), (11)
respectively. Here

Si=%. Ty=Py— 2. Ry=7n (12)
In [14] we showed that the coefficients «,, ,, and 7y, are given by the explicit formulas

Ky
o, = an P

bn(an +d —a)(2ea — db)
(d +2an)(d — 2a + 2an)’

Bn=

w=n—1)(an+d —a)(4ca — b*) + ae’ + d*c — bed)

y (an+d—a)(an+d —2a)n k,
(d —2a+2an)’(2an —3a+d)(2an —a+d) k,_,
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in the continuous case, and by the formulas

o, = an n
" kn+1 ’
§ = n(d + an — a)(2and — ad — db + 2ea — 2a*n + 2a*n?*)

(2an — 2a+d)(d + 2an) ’

v, =((n—1)(d + an — a)(and — db — ad + a*n* — 2a*n + 4ca + a* + 2ea — b*)
—dbe + d*c + ae?)

o (d+an—a)(an+d —2a)n k,
(d—a+2an)(d+2an —3a)(2an —2a+d) k,_,

in the discrete case, respectively.
Now, we develop further structural identities. Taking the derivative in (2), we get

0=0(x)p, (x) + (2(x) + 0'(x)) p,/(x) + (4 + T'(x)) P, (x)
= (ax’ + bx + ) p,'(x) + ((d +2a)x + (e + b)) p;/(x) + (2 +d) p(x),

hence y(x):= p)(x) satisfies a differential equation

(@x* +bx+)y'(x)+(d'x+€)y(x)+ A, y(x)=0
of the same type as (2) with

ad=a, =>b, '=c, d=d+2a, and ' =e + b. (13)
From this we deduce that the equation

XP(xX) = oty Py (0) + By p(x) + 7 Py (%), (14)
namely a recurrence equation for p/(x), is valid, and from (13) it follows that

o =a,(a,b,c,d +2a,e+b), BF=b,a,b,c,d+2ae+b),

v =c,(a,b,c,d + 2a,e + b),

where a,(a,b,c,d,e), b,(a,b,c,d,e), and c,(a,b,c,d,e), are given by (8) and the explicit formulas
for 4,,B, and C,.

Similarly in the discrete case, applying 4 to (4), we get for y(x):=Adp,(x)
0=(o(x+1)— 40(x))AVy(x) + (t(x + 1) + da(x))Ay(x) + (A, + A1(x)) y(x)
=(ax’ + bx + )AVy(x) + (d + 2a)x +d + e + a + b)Ay(x) + (A, + d)y(x),
hence y(x):=Ap,(x) satisfies a difference equation

(@x* + b'x +NAVY(x) + (d'x + € )Ay(x) + L, y(x)=0
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of the same type as (4) with

ad=a, =b, '=c, d=d+2a, and € =d+e+a+b. (15)
From this we deduce that the equation

XA py(x) =ty Apnar(x) + By Apu(x) + 7y Apai(x), (16)
namely a recurrence equation for 4p,(x), is valid, and from (15) it follows that

af =aya,b,c,d + 2a,d + e + a + b), ﬂ:‘ =b,(a,b,c,d +2a,d + e+ a+b),
and

y,’f =cq(a,b,c,d +2a,d+e+a+b),

where a,(a,b,c,d,e), b,(a,b,c,d,e), and c,(a,b,c,d,e), are given by (8) and the explicit formulas
for A,,B, and C,.
To obtain a derivative rule for y(x):= p/(x), we take the derivative of (9) to get

0(x) P,/ (x) + 6" () Pp(x) = 0 Pl 1 (%) + Bu P(x) + 70 Py (X)-
Applying (14) to replace xp/(x) results in a derivative rule of the form

o(x) py(x) = a, P (x) + b, P(x) + ¢, py_ (). (17)
Similarly in the discrete case a difference rule of the form

3(x)AV pa(x) = @y Appsi(x) + b, Apa(x) + ¢, 4 pp_i(x) (18)

can be obtained for y(x):= Ay(x).
Finally we substitute (17) in the differential equation. This gives

@y P (%) + B, p(X) + €,y (¥) + T(X) (X)) + A pul(x) =0,

and replacing xp)(x) by (14), again, we obtain an equation of the type

Pax) =y Pr (%) + ba (%) + &,y (3), (19)
in the continuous case, and a similar procedure gives

Pa(X) = nd Prei(x) + A pa(x) + Endpp_i(x) (20)

in the discrete case. Note that in the discrete case also corresponding equations concerning V' are
valid.

We note in passing that our development shows by simple algebraic arguments that whenever
pa(x) is a polynomial system of degree exactly n, satisfying a differential/difference equation of
type (2)/(4), a recurrence equation of type (6) and a derivative/difference rule of type (9)/(10),
the system p/,,(x) (4p.+1(x)) is again such a system. This has nothing to do with orthogonality.
Indeed, in our further development it will become rather important that in the continuous case the
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powers x" and in the discrete case the falling factorials
xt=x(x—-1)--(x—n+D=(x-n+1),=(=1)"(—x),

which by no means become orthogonal families, have these properties.
To deduce the coefficients o, 8*,v*, a/,b.,c!, and 4, b,.¢,, we can follow the above instructions,

n? n!)n’ n>=n’

or we apply the following method: Substituting
P =kyx" +E x" K x4

in the differential/difference equation and equating the coefficients of x” determines 4,, while equating
the coefficients of x"~' and x"~2 gives k!, and k., respectively, in terms of k,. These values can be
substituted in p,(x). Next, we substitute p,(x) in the proposed equation, and equate again the three
highest coefficients successively to get the three unknowns in terms of a,b,c,d,e,n, k,_,, k,, and k,,
by linear algebra.

These computations can be easily carried out by a computer algebra system, e.g. by Maple. With
a few seconds of computation time, we get

Theorem 1. For the solutions of (2) and (4), the relations (14), (17), (19), and (16), (18), (20),
respectively, are valid. The coefficients o, B, v¥, a.,b',c., and G,,b,,é,, are given by
Ot* - k * k" s
" n+1 kn+l
g = —2bn(an+d —a)+d(b —e)
" (d +2an)(d — 2a + 2an)

+_ ((n—1)(an+d —a)(4ca — b?) +ae* + d*c — bed)n(an +d — a) k,

Tn = (d —2a+ 2any(2an —3a+d)(2an —a +d) kot
, an(n—1) k,
a=—7->=":: ,
" n+1 kn+l

b __(n — D (an+d)(2ea — db)
" (d+2an)(d —2a+2an)’

_((n—1)(an+d —a)(4ca — b*) + ae’ + d’c — bed)(an +d)(an+d — a)n K,

C/

" (d —2a+2an)2an —3a+d)(2an —a+d) ko_\’
L1 ky

n_n+1 kn+l’
- 2ea — db

on = (a T 2an) (d = 24 1 2an)’

. _((n—=1)(an+d — a)(4ca — b*) + ae’ + d’c — bed)an  k,
=T (d—2a+ 2an)(Qan —3a+ d)(2an —a + d) ko
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in the continuous case, and
Ot* == " : k” s
" n+ 1 kn+l
= —n(d +2a+2b)(d+an—a)—d(e—a—b)
" (2an — 2a + d)(d + 2an)

)

¥ = ((n—1)(d +an—a)and — db — ad + a*n* — 2a’n + 4ca + a* + 2ea — b*)

—dbe + d*c + ae?)
o (d+an—a)n k,
(d —a+2an)(d +2an —3a)(2an —2a +d)? k.’
4 = an(n — 1) k,
" n+l kn+l,

_(n—1)(an+d)(2and — ad —db + 2ea — 2a*n + 2a*n?)

by = (2an — 2a + d)(d + 2an)

¢ =((n- 1)(d + an — a)(and — db — ad + a*n* — 2a*n + 4ca + a* + 2ea — b*)

—dbe + d*c + ae®)
o (d+an—a)(an+d)n _ k,
(d —a+2an)(d + 2an — 3a)(2an — 2a +d)* k..,
.1 ky
an - n + ] kn_H b

. —2an(d 4+ an — a) —db + ad — d* + 2ea
" (2an — 2a + d)(d + 2an)

[}

¢, = ((n—=1)(d +an — a)(and — db — ad + a*n* — 2a’n + dca + a* + 2ea — b*)

—dbe + d*c + ae?)

an kn
“(d —a+2an)(d 1 2an —3a)(2an —2a+d)y k,_,

in the discrete case.

Note that (19) gives an immediate formula for the antiderivative of a continuous orthogonal
polynomial in terms of its neighbors, so that definite integrals can easily be computed, whereas (20)
gives an immediate formula for the antidifference of a discrete orthogonal polynomial in terms of
its neighbors, so that definite sums can easily be computed.
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As a direct consequence of Theorem | we have the following representations. The definition of
the continuous and discrete families will be given in Section 3 and Section 5.

Corollary 1. The classical continuous orthogonal polynomials have the following antiderivative
representations:

Hn+l(x)

1
/H”(x)dxz 21 1)

(see e.g. [24], (5.5.10)),

/ LO(x)dx = L¥(x) — L, (x)

(see e.g. [25], VI (1.14)),

o 2n+ 1+ 2) 50
/B" = N antat Hanratr ™

(2)
T ot rar )l @

2n B®

t et T @nrar
x _ 1 o o
[ G =5 ) = 5 G
(see e.g. [25], V (7.15)),
(.5) 2n+oa+ B+ 1) @B
/P" = T fr Dantatfray ™ &
G (aﬁ)( )
(2n+oc+ﬁ)(2n+oc+ﬁ+2)
2(n+a)(n+ B)

(ﬁﬂ)(x)
T (nta+ B ntoa+P2n+a+f+1)"

(see [12], Theorem 6).
The classical discrete orthogonal polynomials have the following antidifference representations:

> e = — L i,

Zk“”(x N)=k\(x,N) — pkiP(x,N),

Do) = o Gy M ) e e,
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! ] (n—N)(n+N)
Ztn(xaN)“ 2(2—n+—i_) tn+1(x7N) - _2' tn(x9N) + 2(2n + 1) tn—l(xaN)9

n+0€+ﬁ+1 h(zq/j)

(2.8) —
Zh" (xN) CQn+oa+B+1DQ2n+a+p+2) !

X

(x,N)

2% +2n+42na+2nf+a—aN + BN +af + f+ B
Cn+a+PCn+oa+B+2)

(n+ta)y(n+B)y(n—N)(n+a+B+N) ey
(n+oa+B2ntatp@n+atp+1) "

K3, N)

(x,N).

Proof. Using the representations for 4, b, and ¢, of Theorem 1 with the particular values for
a,b,c,d,e and k, of the families (see, e.g., [1, 19}) give the results. O

Note that the representations for a,, b, and é, of Theorem 1, if applied to B(x)=x" or B(x)=x%,
respectively, yield the simple results

1
/x"dx: xn+l’
n+1

respectively. The latter is equivalent to the well-known identity

m n—!—k) 1 m 1m+n 1 1k=m+n
e S k)= S k= gt
Z:O( k al ,;f nt= k}; n+D |,
_ 1 n+1 n+m+1
Ty tm ‘( m )

The polynomial system

1 —n
K;“””(x) — (x + %ﬂ) S 1F1( 1+8

l—x—n-—

1
o
cx), (21)

which was given in [14], is not orthogonal (on the lattice Z), but Theorem 1 is still applicable, and
we get

—n,x + '—:E

=(—1)"'2E><

1
E : K (%8 — K (%5 K (2 8)
- n (x) o (n 1) ni—l (‘x) n (x)
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On the other hand, by the hypergeometric representation (compare Section 5), one sees also easily
that K*#)(x) are translated Charlier polynomials

K,(,*‘ﬁ’(x):(—l)" CL~1'1) (_x _ 1 ;OC) . (22)

2. Connection coefficients

In this section we would like to consider the problem to determine connection coefficients between
different polynomial systems. Here we assume that B(x)=k,x" + --- (n€Ny) denotes a family of
polynomuals of degree exactly n and O,(x)=k,x™ + --- (n€N;) denotes a family of polynomials
of degree exactly m. Then for any »n € N, a relation of the type

B(x)=Y_ Cu(n) Qulx), (23)

m=0

is valid, and the coefficients C,(n) (n€ Ny, m=0,...,n) are called the connection coefficients
between the systems FB(x) and Q,(x). For simplicity we assume that C,(n) are defined for all
integers n,m and that C,(n)=0 outside the above n x m-region.

The connection coefficients between many of the classical orthogonal polynomial systems had been
determined by different kinds of methods (see, ¢.g., [24, 10, 20]) until Askey and Gasper [6] used
recurrence equations to prove the positivity of the connection coefficients between certain instances
of the Jacobi polynomials. In a series of papers [21, 22, 3], Ronveaux et al. recently used such a
method more systematically. Here we will present an algorithmic approach different from theirs.

Hence, the main 1dea is to determine recurrence equations for C,(n). Since C,(n) depends on two
parameters m and n, many mixed recurrence equations are valid as we shall see. The most interesting
recurrence equations are those which leave one of the parameters fixed. We will determine those
recurrence equations, hence pure recurrence equations with respect to m and n. The success of this
method will heavily depend on whether or not these recurrence equations are of lowest order, i.e.,
whether or not no recurrence equations of lower order for C,(n) are valid. In cases when the order
of the resulting recurrence equation is one, 1t defines a hypergeometric term which can be given
explicitly 1n terms of shifted factorials (or Pochhammer symbols) (a)y =a(a+1)---(a+k — 1)
= I'(a+k)/T'(a) using the initial value C,(n)=k,/k,. We will see that there are many instances for
this situation.

Note that without loss of generality we could assume that k, =k, =1, i.e., that B,(x) and Qm(x)
are monic systems with connection coefficients C,.(n), because if P,(x) and Q,(x) have leading
coefficients &, and k,. respectively, then their connection coefficients C,(n) are given by

Cu(n)= /f—" C..(n).
km
In the last section we have already solved a rather special connection problem: (19)/(20) ex-
presses the connection between the polynomial systems F,(x)= p,(x) and Q,(x)= p,,. (x) or On(x)
= Apn+i(x), respectively. In this case the connection coefficients turn out to be rather simple:
almost all of them (namely all with m < n — 2) are zero.
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Now, we consider the generic case. We assume that P,(x) is a polynomial system given by (2)/(4)
with o(x) =ax? + bx + ¢, and 1(x) = dx + e, and that Q,,(x) is a polynomial system given by (2)/(4)
with G(x)=ax? + bx + ¢, and T(x) =dx + é.

We know then that both B(x) and Q,(x) satisfy a recurrence equation (7) whose coefficients
a,(a,b,c.d,e), b(a,b,c,d,e), and c,(a,b,c,d,e) were given explicitly in the last section. Note that
we will denote all coefficients connected with O,(x) by dashes. Hence we have

XP(x) = anB (x) + byB(x) + c,B 1 (%),
X0n(X) = @O 1(X) + bpOn(x) + En O 1(x),

all of a,,,b,,,c,,,ﬁm,l;m,ém given explicitly.

In three steps, we will now derive three independent recurrence equations for C,(#n). First we con-
sider the term xF,(x) (see, e.g., [22]). Using the defining equation of C,(n), and the two recurrence
equations for B (x) and Q,(x), we get

)CB,(X) = anBH—l(x) + anl(x) + CnPn—l(x)

= (@xCou(n + 1)Qm(x) + by Cn(n)Qun(x) + €, Crn(n — 1)Qm(x))

m=0
n

=Y Cu(n)xQu(x)
m=0

=3 Col 1)@ Qs (¥) + B Qo) + GO (1)).

m=0

By appropriate index shifts, we can equate the coeflicient of O, (x) to get the “cross rule”
ayConl(n + 1) + b,Cpu(n) + ¢aCo(n — 1) =Gt Cum1 (1) + buCoi(n) + Gy Crt(n)- (24)

To deduce a second cross rule in terms of the same variables C,(n+1),C,(n),C,(n—1), C,_1(n)
and C,i(n), we examine the term xP/(x) (or xAF,(x) in the discrete case). Using both recurrence
equations for the derivatives/differences

xXB/(x) =y B/, (x) + By B/(x) + 3y B (x),
QLX) = Tl (%) + BaQl(x) + TE0L_(x)
(or analogously
xAB(x) =2y AR 1(x) + B, AR(x) + 7y AR_\(x),
XAQu(x) = 8 AQpi1(x) + By AQu(x) + T AQm—1(x)
mn the discrete case), we get
xXB/(x) =} Bl ((x) + B} B/(x) + vy B (x)

= (a Culn+ 1) QL (x) + B Cul(n) Opp(x) + ¥F Culn — 1) OL(x))

m=0
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=3 Ca(m)x0h(x)
m=0

=3 CunX@E Dy (x) + By Q) + TE D, ().
m=0

Again, by appropriate index shifts, we can equate the coefficient of Q,(x) to get the cross rule
& Cou(n+ 1)+ ) Cu(n) + 7 Coln = 1) =3, Cui (1) + By Can) + Ty Cori() (25)

(and the same result in the discrete case). In a similar way the cross rule

GuCon(11 + 1)+ 5,Con(1) + E4Cn(11 = 1) = Gy G (1) + by Con(1) + st Cony 1 (1) (26)

can be obtained. It turns out, however, that this relation 1s linearly dependent from (24) and (25),
and hence does not yield new information.

Now, we specialize a little. First, we consider the continuous case. To obtain reasonably simple
results, we assume furthermore that (x) = g(x). We consider the term o(x)P/(x). Then, using both
derivative rules

() B(x) = ty Bt (x) + B B(x) + 70 By (%),
G(x) Q%) = 8Ost (x) + B On(x) + 7,01 (x),
we get

o(x) B/(x) = ay K1 (x) + Bu B(x) + ya Bimi(x)

= (0 Cu(1 + 1) Q%) + B C(1) Q%) + 70 Con(n — 1) Q)

m=0

= Culn)o(x) @, (x)

m=0
=" (W)@ Q1 (¥) + B Ou(x) + 7, O (x)).
m=0

Again, by appropriate index shifts, this results in the cross rule
Oln Cm(n + 1) + ﬁn Cm(n) + Yn Cm(n - 1): &m—l Cm—-l(n) + Bm Cm(n) + fm+l Cm+|(n)- (27)

To obtain a pure recurrence equation with respect to m, from the three cross rules (24), (25),
and (27) by linear algebra we eliminate the variables C,(n+1) and C,(n—1), and to obtain a
pure recurrence equation with respect to n, we eliminate the variables C,_(n) and C,,,(n). For
simplicity we consider the monic case.
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Theorem 2. Let B(x) be a monic polynomial system given by the differential equation (2) with
o(x)=ax*+ bx + c, and wx)=dx + e, and let Q,(x) be a monic polynomial system given by (2)
with 6(x) = a(x), and 7(x) =dx+é. Then the relation (23) is valid, C,(n) satisfying the recurrence
equation

—(m—n)(am+d —a+ an)(d + 2am)(d + a + 2am)(d + 3a + 2am)
x(d + 2am + 2a)* Cn(n) + (—dbnd + 2dam® b + dbd + 2damb + 2d éna
+ddé+2ddbm —mbd® — ed® — 4a*m*e — m*abd + bnda — 2eda
— 4a’me — 4edam + 2m’a* & + 2éa* n* — 2ea’n — mabd + 2md éa
+ 2méa® — bn*d a)(d + 2am + 2a)(m + 1)(d + a + 2am)(d + 3 a + 2am)
X Cpy1(n) = (d + 2am)(m + 1)(—am — 2a+an —d +d)am +an +a+d)
x(ab*m? — 4a*m’c — 8 a*mc + 2amb® — dadmc + mb*d — 4adc — a&® + ab* — c d
+béd — 4dPc + b dY(m+ 2) Cpya(n) =0
with respect to m, with initial values C,(n)=1,C,,(n) = 0. Furthermore, the recurrence equation
—(d + 2an)* (d — a + 2an)(d + 2an + 2a)(d +a + 2an)(—m + n + 2)
x(d +am+a+an)Cp(n +2)+ (d — a + 2an)(d + a + 2an)(n + 2)(d + 2an)
X(—2éad — bd*n — 2ma’e + 2m*dPe + 2a’en — 4éa’n* + 2dbd — 2dea
+ mbda — bd* + 2eda — 4 éadn + 2edan — a bdn® — bdna + 2a*en* — m*abd
— 42a’n — dmbd + 2danb + 2dan*b + 2ddbn + 2dm ea
—éd® +dde)Cp(n+ 1)+ (d +2an+2a)(n+2)(n+ 1)an —am +d — d)
x(an + am — a + d)(bed — ae* — d’c — dacnd — 4d’cn* + ab*n* + nb*d) C,(n) =0
with respect to n is valid.
Proof. Using the explicit representations given in the last section in combination with (24), (25),

and (27), and elimination of C,(n+1) and C,(n—1), or C,_,(n) and C, . (n), respectively, yield
the results. [J

Note that the recurrence equation given in Theorem 2 reduces to two terms, and hence can be rep-
resented by hypergeometric terms, for the connection between Laguerre polynomials (F,(x) = L{*)(x),
On(x)=L{P(x)), and between the Gegenbauer polynomials (B,(x)= C*(x), Ou(x) = C(x)). We will
consider these and more cases by another method in Section 4.

Now, let us switch to the discrete case. There are two possibilities to obtain a relation similar to
(27). Replacing the derivative by V, the same argument gives (27), again, valid for o(x) = &(x). If
a(x)+ 1(x)=0a(x) + 7(x), we can replace the derivative by 4, and adopt the above argument to get
the relation

Sy Cu(n+1) + T, C(n) + R, Crl(n—1)=S8,,_1 Cpu (1) + Ty C(1n) + Rops1 Conir (1), (28)

Hence we get
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Theorem 3. Let F(x) be a monic polynonual system given by the difference equation (4) with
o(x)=ax* + bx + ¢, and t(x)=dx +e, and let Q,(x) be a monic polynomial system gwen by (4)
with 6(x)=o(x), and T(x)=dx+¢& Then the relation (23) is valid, C,(n) satisfying the recurrence
equation
(d 4 2am + 2a)* (d + 3a + 2am)(d + a + 2am)(d + 2am)(—m + n)

x(an — a +d + am) Cp(n) — (d + 2am + 2a)(d + 3a + 2am)(d + a + 2am)(m + 1)

x(—add + an®* d* + 2 ead — 2d* ém* + bd*m — 2na’m* — 2a®nm — a*nd

+ a’n*d — and® — 2éadm + 4ea’m + badm® + 2a°m? n* + adbm

+ 2&°mdn® — 4d° m® — 2ad*m® — 4a° dm® + dnd® - 2a*°m* d — a*md — d*ma

—2d°ém +2a°mn® + and d — 2a°m* — 2d° én* — d*d — dbd — 2a°m* — 2a*md

+ 2dmand + 2a*m*nd + 4a’em” + 4aemd — 2aénd + 2a*ndm — 2a’mdn

— 3amdd — dm*ad — 2dbmd — 2am*bd ~ 2ambd — 5dm*a® + 2éa*n

—déd —d*md + ed® +dbnd + an*bd — anbd) Cppy (n) + (m+ 1)

x(d + 2am)(67 +am +a + an)(m + 2)(4d*cm® + 2d* ém* — bd*m — blam®

+ 2éadm — badm® + 4dcam + 2a* d + 4a’m — 2adbm + 4a*m’

— db’m + ad*m® + 2a* dm’® + 6 a*md + 2d*ma + 4a* ém + 6 a*m®

+ 4dca —2b%am + 8atem + 2a*é — ba+ a’m* + & + 4d*c — db* — bad + d°c

+ ad® — bd* + ad® — dbé + 2éad + 6dm*a®)

x(—am —2a —d + an + d)Cpy2(n) =0

with respect to m, with imitial values C,(n)=1,C,.(n) = 0. Furthermore, the recurrence equation

(d + 2an + 2a)(n + 2)(—n*ab® — d*bn — dbe + 2a’n’e + dn*a’c
+2dr’d® + d*an® — db*n + a*n* + d*c + ae® — dan’b + 2dane + 4dcna)
x(n+ 1)(an —a+d +am)(—am —d + an + d) C,,(n) — (d + 2an)
x(d — a+ 2an)(d + a + 2an)(n + 2)(—2ead — 2na’m* + ed d
+2a’nm + amd® — am*d* + d*nd — 2ea*m + an*d d — 2a°m*n*

— 2d®mdn* — d*bn — a*m*d — andb + 2a* n’e + 2a*mn’ + 3a’nd
+ 7a*n*d + and d + 2ead — dmd* + 4dn*d® — 4a* én®

— éd* + 2a’ne + d* d + 2d*an’ + 2dbd + 2a°n* + ad® — bd"

— dan’b + a*md + 2dane + 4a’n® + 2a°n* — 2dmand — 2a*m*nd
+ 2a*em? + 2aemd — 4aénd — 2aed + 2a*ndm

— 2d®mdn — amdd — dbmd — am*bd + ambd — 4 éa’n
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+ 2dbnd + 2an*bd + 2anbd + 3and®) Cp(n + 1)
+ (d + 2an)* (d + 2an + 2a)(d — a + 2an)(d + a + 2an)(—m +n + 2)
X(d +am+a+an)Cu(n+2)=0

with respect to n is valid. ) )
Next let 6(x)+ T(x)=0(x) + 1(x), hence a=a, b=b+ f, c=c+g,d=d — f, é=e — g for some
constants f,qg. Then the relation (23) is valid, C,(n) satisfying the recurrence equation
(=d + f —2am)(—d + f —2am — 2a)(—d + f — a — 2am)(—d + [ — 3a — 2am)
x(—m+n)(an —a+d+am)Cp(n) — (—d + f —2am — 2a)(—d + [ — a — 2am)
x(—d + f —3a — 2am)(m + 1)(2ea*m — 2a°m*n — d* + 2a°gm + 2ead — ad*
— bd* + d*bn + d*an* + a*n*d — 2a*n*e + 2a’ne — a*nd + dan’b — andb
— 2dane — 2aef — dan® f + 2a°m*n* + 2anmd* — 2a*m* — am*bd
— ambd — Ta*m*d — 3a*md — 3am*d* — 4amd® + *m — 4a’m® - 2a°m*
—amfb = 2a’mfn* + 2a*n*dm + 2a* fmn — 2a’mn + 2a°n*m — md®
+ fban + 2dgan + 2a*m*nd + d°n + 2a*em® + a’nf —dbnf —d*nf
—a*n*f — an*bf — 2ga’n + 2ga’n® — 2mfand + mfd* + 3 fad — 2f%a
—2f%d +2fd* + dam® fd + 2deam + d*g + Sa*mf + 9a’m® f — md*b
— fed — fgd — mf*d + 8amfd + f*e — 2aemf + 2adgm — 2a fgm
— 4a*dm® + 4a* fm’ + d fb+ f2bm — 3am® f* + 2a*m’g — am® fb — 6 fam
+ YCpii(n) — (—d + f — 2am)(m + 1)(4ed®m + 8a*cm — 2b*am
+ 4a’gm + 2ead + 4dca — db* + d*c + ad® — bd® — b*a + ae® + 2d%e
+ 2d°d + 4a’c + a@® — dbe — bad — 2aef + 6a°m* + 4a*m — am*bd
— 2ambd + 6a°m*d + 6a°md + am*d” + 2amd® + 4a’m® + *m*
— bram’ + da*cm® — 2amfb + 2dPem’ —mfd* — 3 fad + fla + f2d — fd*
— 3am’® fd + 2deam + d*g — 6a*mf — 6a*m® f — md*b + 2dga — fed
—2fga— fgd +mf*d — 6amfd + f’e — 2aemf + ag* + 4adcm + 2adgm
—dafem —2afgm+ fic —2dfc — 2aeq + dbg + fbe — fbg + 2a°dm’
—2a*fm’ —db*m+ fbPm+ fPbm 4 am® f? + 2a*m’g + f2b — am*fb —afb
+2f%am —2d* f + fb* +2a°g — 4afc)(m+2)(—d + f — am —an — a)
X(—am —2a+ f + an)Cpi2(n)=0
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with respect to m, with initial values C,(n)=1,C,.(n) = 0. Furthermore, the recurrence
equation
(n+2)(d + 2an + 2a)(2dn’°d® + a’n’ + d’c + ae’ — dbe — db’n — d*bn

— ntab® + d*an® + 2d*n’e + 4n*a’c — dan®b + 4dcna + 2dane)

x(n+ (an—a+d+am)(—am + f +an)C,(n) — (d — a+ 2an)(d + a + 2an)

x(d + 2an)(n + 2)(=2ea*m — 2a*m’n + d* + 4dn’a® — 2ead + 2a°n*

+ ad® + bd* + 4a°n’® + 2a°n* + d*bn + 3d*an® + dand* + Ta*n*d

— 2a*n*e — 2a’ne + 3a’nd + dan*b + andb — 2dane + 2aef — dan’f

— 2a°m’n* — 2anmd*® — am*bd + ambd — ’'m*d + a*md — am*d*

+ 2&°mfn’ — 2a*n*dm + 2a* fmn + 2a’mn + 2a*n*m — md®> — 2 fban

—dfan + 4dgan — 2a’m*nd + d°n + 2a’em® — 2dbnf — d*nf — 2an’b f

+ 4ga’n + 4ga*n® + 2mfand + mfd* + mfbd — fd* + 2deam + d’g

— md*b + 2dga — fed + amfd — 2aemf — 2d fb)Cp(n + 1) — (d — a + 2an)

x(d + a + 2an)(d + 2an)*(d + 2an + 2a)(—m +n+2)(~d + f —am — an — a)

XCp(n+2)=0

with respect to n is valid [

Note that the recurrence equation for 6(x)=o(x) given in Theorem 3 reduces to two terms, and
hence can be represented by hypergeometric terms, for the connection between Charlier polynomials
(B(x) = c¥(x), Om(x) = c!(x)), between Meixner polynomials (B(x)=m{"(x), Ou(x)=m{"(x)),
and between Krawtchouk polynomials (B(x) = k{"(x,N), On(x) = k") (x,M)). We will consider these
and more cases by another method in Section 6.

3. Hypergeometric representations: continuous case

Note that by E,(z'm(x), C’:(x),if)(x),lfl,,(x),Ei,d)(x) we denote the monic Jacobi, Gegenbauer,
Laguerre, Hermite and Bessel polynomials. Their non-monic counterparts have the standardizations

(see, [1], (22.3). and [2]; Al-Salam denotes the Bessel polynomials by Y{*(x))

system| £*P(x)  Ci(x) LP(x) Hi(x) BP(x)

kn

1 (2n+u+ﬁ) (@) 2" (=1 on (n+at1),
2 n nY n' 2"

We get
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Theorem 4. Let B(x) be a monic polynomial system given by the differential equation (2) with
o(x)=ax*> + bx + ¢, and 1(x)=dx + e. Then the power series coefficients C,(n) given by

Bx)= 3 Coln)x" (29)

m=0

satisfy the recurrence equation

(m—nXan+d —a+ am)C,(n)+ (m+ 1)(bm+ e)C,y1(n)
+ c(m + 1)(m + 2)Cpia(n)=0. (30)

In particular, if ¢ =0, then the recurrence equation
(m—n)an+d —a+ am)Cy(n) + (m+ 1)} bm+ e)C,,1(n)=0

is valid, and we have the hypergeometric representation

1>(x)=((”—2_))(L(—Zi%(h%)F,(“"dji —§x>, (1)
valid for a0, or

reo=(5) (5) m(‘i" - %x> (32)
valid for a=0,b # 0, or finally

reo=(5) 1F0<__" - gx) (33)

valid for a=0,b=0.
Therefore, the classical continuous orthogonal polynomials and their monic counterparts have
the following hypergeometric power series representations:

" n_’_a —n,n+0€+ +1 l*x
P”(‘m(x):( n )ZF‘< a+1ﬁ 2 )

(A

—n, 1
= () ZE( m thx)

N <2n +:+ﬂ) (x—; 1>"2E<—_2nn,:na_—ﬁﬁ lix)’
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1
; ’

(OC),, 2" x" —I’l/2, —I’l/2 + 1/2
R
n! —n—oa+1

—n/2,—n/2 + 1/2

Ci(x)=x" ,F,
n(x) 2 I< ——n—oc—}-l

Cix)=

1

x2 ]’
Py =0 +an(-tya|
n n 147 1+(X

(2) o n-+ o —h
Ln (.X')——< n ) 1E<1+dx

—n/2,—n/2 + 1/2‘ 1 )

x2

H,(x)=x" 2Fo<

—n/2,—n/2+1/2
Hn(x)zznx,,%( n/2,—n/2 + 1/ ‘ 1)7

| =

~ (%) 2" —n.n+a+1
B (x)=———— K
n() (n+0(+1),,20<

— " F —n
3 D P

—n,n+ o+ 1 x (n+oa+1), , —-n
—5 ) =" R
2 2" —2n—a

)
)

Proof. Substituting the power series (29) into the differential equation, and equating the coefficients
yield the recurrence equation (30).

For ¢ =0 this recurrence equation degenerates to a two-term recurrence equation, and hence es-
tablishes the hypergeometric representations (31)—(33), using the mitial value C,(n)=1.

A shift in the x-variable then generates the representations for the Jacobi polynomials. The two
points of development x; =1 and x, = —1 correspond to the zeros of a(x).

Note that some of the hypergeometric representations correspond to each other by changing the
direction of summation.

The other representations follow by substituting the particular parameters a,b,c,d, and e into the
recurrence equation (30), and using the initial value C,(n)=k, (or C,(n)=1 1n the monic case).

B(nx)(x) = 2Fo<

These results are all particular cases of the recurrence equation (30)

a

We would like to mention that the recurrence equation (30) carries the complete information about
the hypergeometric representations given in the theorem.

The method described results in four different hypergeometric representations for the Jacobi poly-
nomials. Many more hypergeometric representations exist, but the algorithmic procedure presented
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finds power series representations only. For example, the representation (see, e.g., [1] (22.5.45))

By (T B x—l)" —m—n—olx+ 1
156 (x)—< n )( 3 zﬂ( B+1 x—l)
cannot be discovered by this method.

The method was able to find hypergeometric series representations with point of development
xo =0 for the Gegenbauer polynomials which are specific Jacobi polynomials, but failed in the Jacobi
case, though. One might ask whether such a representation exists. This question can be completely
answered by an algorithm of Petkoviek [18]. Petkovsek’s algorithm finds all hypergeometric term
solutions of holonomic recurrence equations, i.e., homogeneous linear recurrence equations with
polynomial coefficients. Using the recurrence equation (30), an application of Petkovsek’s algorithm
proves that the Jacobi polynomials do not generally have a hypergeometric series representation at
the origin.

Note that the method of the last section, although more complicated, does also give the recurrence
equation (30), and hence the above results.

4. Power representations

Whereas in the last section we considered the specific connection coefficient problem for
On(x)=x™, in this section the opposite problem, having F,(x)=x", is studied.

In many applications, one wants to develop a given polynomial in terms of a given orthogonal
polynomial system. In this case handy formulas for the powers x" are very welcome.

Theorem S. Let Q,(x) be a monic polynomial system gwen by the differential equation (2) with
G(x)=ax? + bx + ¢, and T(x)=dx + & Then the coefficients C,(n) of the power representations

x" = Z Cm(n)Qm(x)

m=0
satisfy the recurrence equation
(n — m)(d + 2am)(d + 3@ + 2am)(d + a + 2am)(d + 2am + 2a)*C,(n)

+ (dé + bd + 2dbm + 2am*b + 2amb + 2éan — dbn)(d + 2am + 24)

x (m+ 1)(d + 3a + 2am)(d + a@ + 2am)Cpyi(n) — (m + 2)(—4a*cm?

+ab*m* + 2ab’m — 4acmd — 8a°ém + mb*d — a&* — d*¢ + béd — 4a*¢

— 4acd + ab* + b*dYam + an + a+ d)(m + 1)(d + 2am)Cp.(n) = 0. (34)
If ¢=0, then the recurrence equation

(n — m)(d 4 2am)(d + @ + 2am)Cyp(n) + (m + 1)(bm + &)(am + na@ + d)Cp . (n) =0 (35)
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is valid, and we get (@b +0)
(), (Y Cma(5), (), (4a
d “a) (&) (antd ' b/ (36)
(), (), (22),m!

Therefore, the following representations for the powers in terms of the classical continuous orthog-
onal polynomials are valid.:

Cu(n)=

a

e+ pf+2m+ DI (a+B+m+1)
1 —x)'=2"T" 1 —n), PP
(1=x) (ot + )mzzoF(a+m+1)F(a+B+n+m+2)( b x)
(see e.g. [20], 136, Eq. (2), or [17], Section 5.2.4; note the essential misprint in this formula!),

(a+B+2m+ DI+ B+m+1)
rB+m+1D)I(a+f+n+m+2)

(1+x)=2"T(B+n+ 1D _(-1)" (=) PP(x),
m=0

[n/2] .
n__ (—n/2)k(—n/2+ 1/2)k(—n—a)k _-1— .
tT Z0 (—n/2 — a/2%(—n/2 — a/2 + 1/2)k! < 4) C 2% (%),

(|n/2| denoting the largest integer smaller or equal to n/2)

[»/2]
. Z (2 =024 Dlon =) wen (o

(a)n2” (=n/2 — a/2)k!
[n/2]
n! n+o—2k
=5, G u(x)
2" kZ T N

(see e.g. [20], 144, Eq. (36), or [17], Section 5.3.4),

n . ('—n)m my(x
x"={14+a), mz::) m—!(—l) LP(x),

x —(1+a),,\;(f+”)’; o) =n 'Z( )( L)

(see e.g. [20], 118, Eq. (2), or [17], Section 5.5.4),

Li’” (=n/2)(— n/z +1/2) 5

n 2k( )
[n/2] [n/2)
" (=n/2)(—n/2 + 1/2); _nl 1
= Z kk!zn—Zk H,_s(x)= o % E’(———Z_k—)T n—2k(X)
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(see e.g. [20], 110, Eq. (4), or [17], Section 5.6.4),

oo (=2 Z (=1)m(%/2 + 1)m(/2 + 3/2)m
(2 +2), (n+2+ a)ym!

4 ( 2)" Z( n)m((x+1)m(°€/2+3/2)m (1)

2"B(x),

(x)

(oc+2),, (n+2+ a)(x/2 4+ 1/2),m! B,
o . (=) I'(x+m+1) B
=(=2)" ) (@m+atl) 'r(n+m+a+2) m (¥)

m=0
(see [2], (7.5); note the essential misprint in this formula!; compare [20], 150, Eq. (7)).
Proof. In Section 2 it was shown how one obtains three essentially different cross rules for the

connection coefficients between F(x) and Q,(x). We modify this method here. For Q,(x), we have
the differential equation

G()Q(x) + Ex)Qp(x) + AnO(x) =0

with G(x)=ax? + bx + ¢, and the derivative rule
G()Qp(x) = EnQmi1(X) + B On(x) + 5 Q1 (x),

and it is easily seen that our current F(x)=x" satisfies any of the derivative rules
G(x)P'(x)=anB,..(x) + bnP(x) + énP,_,(x). (37)

Hence in our situation, we get the two cross rules (24) with a,=1, b,=c¢,=0

Co(n + 1)=p—1Cpey (1) + BpCrn(n) + €y 1 Crr(n) (38)
and (26) with 4,=1/(n+ 1), b,=¢,=0
1
P w(n 4+ 1)=ap_1Cp_ 1(")+b C(1) + Emy1 Cri (1) (39)

which we had deduced in Section 2. Using the derivative rule (37), we obtain the third cross rule
anC(n + 1) + bnCp(n) + EnCp(n — 1) =Gy Cr1 (1) + B Con(1) + Ty Cons 1 (). (40)

To receive the recurrence equation (34), we use Theorem 1 writing the cross rules in terms
of 4,b,¢,d, and ¢, only. Then by linear algebra we eliminate the variables C,(n+ 1) and C,(n—1)
to obtain a pure recurrence equation with respect to m. (Similarly by elimination of the variables
Cn—1(n) and G, (n) a pure recurrence equation with respect to » is obtained.) A shift by one gives
(34).

If ¢=0, then the recurrence equation has still three terms, unfortunately. But since for c=0
in neither of the three cross rules (38)—(40) the variable C,(n — 1) does occur, we can do a
similar elimination, this time eliminating the variables C,(n + 1) and C,_(n), leading to the first
order recurrence equation (35). Hence the hypergeometric representation (36) follows. The power
representations for the Jacobi, Laguerre and Bessel polynomials are special cases thereof.
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In the case of Hermite and Gegenbauer polynomials, (34) contains only the two terms C,(n) and
C,.+2(n), which leads to the desired representations. [

Note that, again, the recurrence equation (35) carries the complete information about the hyper-
geometric type representations given in the theorem.

As an immediate consequence of the above theorem, we get the following connection coefficient
results.

Corollary 2. The following connection relations between the classical orthogonal polynomials are
valid.:

I'h+p+1)In+m+a+p+1)

I'm+B+1) I'n+a+p+1)
I"(m+y+ﬁ+1) (O‘_y)n—m (. B)
Fntm+y+6+2) omy m

(see e g. [4], (13)),

P*P(x) = i(zm +y+B+1)

m=0

I'h+a+ D) TI'n+m+oa+p+1)
Tm+oa+1) Tnto+p+1)

I'm+a+0+1) (B—0)mem
F(n+m+oc+5+2) (n — m)!
(see e.g. [6], (2.8)),

RO Lf (n—2k + B[k +a— B)[(n—k + a)c,j
T()I (@ — ) KIT(n—k+ B+ 1)

PP(x) = Z (-D)"™"2m+a+d+1)

m=0

(a.é)(x)

C,(x)= #(x)

(see e.g. [5], (3.42)),
o _ “ (O( - ﬁ)n—m B
L) =3 S )
(see e.g. [20], 119, Eq. (2)),

(_l)n(a_ﬁ)n - (—n)m(ﬁ+l)m(ﬂ/2+3/2)m(n+a+1)m 1y p(f)

B2 22 2t PR+ et = mi VB

(=)l P+m+ 1) n+a+ 1), l(f—a+1)
m'n+m+B+2 T (m—n+pf—a+1)

B™(x)=

BP(x),

=) (-D"C2m+ B+ 1)-
m=0
(see [2], (8.2); note the essential misprint in this formula!).

Proof. We want to find the coefficients C,(rn) in the relation (23)

B(x)= " Ca(n)Qn(x).

m=0
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Combining

P,,(x) = Z Aj(n)xj and x’/= Z Bm(])Qm(x)

JEZ mezZ

yields the representation

B(x)=) > A(n)Bu(J)Qn(x),

JEZ meZ

and interchanging the order of summation gives

C(n)=>_ A,(n)Bu())

JEZ

Similarly, if (as in the Gegenbauer case)

B(x)=Y_ A(nx"Y and ¥ =) Bu(j)O—am(x)

JEZ meZ

then one gets

D,(n)=>_ A4,(n)Bu_,(n - 2j)

JEZ

with

B(x)= Z Dm(n)Qn—Zm(x)-
m=0
Since the summand F(j,m,n):=A4,(n)B,(j) turns out to be a hypergeometric term with respect to
(j,m,n), i.e., the term ratios F(j + 1,m,n)/F(j,m,n), F(j,m + 1,n)/F(j,m,n), and F(j,m,n+ 1)/
F(j,m,n) are rational functions, Zeilberger’s algorithm ([26, 11], see, e.g., [9]) applies and finds
recurrence equations for C,(n) with respect to m and ».
In all cases considered, Zeilberger’s algorithm finds recurrence equations of first order with respect

to m (as well as for n). The given representations follow then from the initial value C,(n)=
ko/k,. O

For some applications, it is important to know the rate of change in the direction of the parameters
of the orthogonal systems, given in terms of the system itself. By a limiting process, these parameter
derivative representations can be obtained from the results of Corollary 2.

Corollary 3. The following representations for the parameter derivatives of the classical orthogonal
polynomials are valid.

n—1

. ptf)
G " ()= Z a+ﬁ+1+m+n

m=0

plh) a+B+1+2m (B+m+1)n 25)
X( Ot o G Brmr (x)>
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(see [7], Theorem 3),

n—1 — 2m+a+ff
- n—m 1 1 —m X
aP(“’ﬂ)(x)— Z 2 ( - ) a+p+14+2m  (B+m+1) Beh(n),

do " n—m () gt frltmtn(a+B+mt 1), ,
d = 1
P(uﬁ)x_
op" x) mz_ooc-l—ﬂ+1+m+n
X FB+1+2m (a+m+1),_,
P(a,lf) —1yr—m P(a,lf) >
x(" )+ (=) n—m (a+p+m+1)p " (x)

(see [7], Theorem 3),

2m+a+p

0 sy = 2 () at B 142m (et mt 1),
6_[3P" (x)—z (2"+:+ﬁ)°‘+ﬁ+1+m+n(0€+ﬂ+m+l)n_m

. 2(1 +m) 2 ;
_C ®)= mZO ((2oc+m)(2cx + 1+ 2m) Tt +”> )

(),

2 201 4 (=)™ (o + m)
+Z Ra+m+n)(n—m)

Co(x)

m=0

(see [12], Theorem 10),

0 pne oy — 5 gmenet @t (L (Z1)™™) (o +m) 5,
@C”(x)*z 2 @ @t m+ mn—m) )

[r/2] '

Z n—2k+o & ()
(ot + n — 2k )tk (n — 2k k(n — k + a) Cr-2el®),

L‘“’() Z —— L)

(see [12], Theorem 10),

¥ (o) =D""n Fe
L ()= Z —— L),
d .. nl 1
EB”(X)_'; a+nt+m+1

x (B:(x)+(—1)" -mZmtot] i (x))

(n—m) (x+m+1),_pm! "

d =, gl (=2)"m n!
5 L GG T D Gt 2m s D
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Proof. Given the connection relation

PA)=Y" Colms o, BYPAC)

m=0

we build the difference quotient

Pi(x) — Pi(x) G (n %B) i (x)
Py Z my
_GmaB) =1, o 2 Culmy 0, B)
= f;(x)+,§———a__ﬂ Plx)
so that with § — «
a o, Co(nyo, ) —1_, . Cu(nyo,B)
agtn 0= Jim = — P"(XH,,,ZZOIIM R a0 (41)

since the systems P7(x) are continuous with respect to «. This gives the results. [0

Note that for monic polynomials (and moreover if k, does not depend on a as in the Laguerre
case) the first limit in (41) equals zero. Hence the parameter derivative representations are simplest
in such a case.

S. Hypergeometric representations: discrete case

By A*#(x,N) and Q,(x;a, B,N) we denote two commonly used standardizations of the Hahn
polynomials (see [19], and [23]), and by m{*¥)(x), k{P(x,N) and c")(x) the Meixner, Krawtchouk
and Charlier polynomials are denoted, respectively. They have the standardizations

system| K N) - Ok BN)  mi0(x)  KP(GN) () KEP(x)

kn { (ot+l$+2n) (kfantl), (1 _ l)n 1 (_l)n o

n (=N )(a+1), i n' n

The polynomials #,(x,N):=h""(x,N) are the discrete Chebyshev polynomials. The polynomials
K{*P)(x) given in (21), are not orthogonal (see, however, (22)), but satisfy the difference equation

AVY(x) + (ax + B)Ay(x) + A, y(x)=0.

The monic counterparts of the discrete systems will be denoted by h(“ B (x, N /), QO (x a,B,N), [,(x,N),
w(x), kP(x,N) and ¢4(x), respectively. Observe that therefore by h, we do not denote the
Hahn—Eberlem polynomials h“”)(x N) as in [19].

In the continuous case, we looked for power series representations, i.e., we set Q,(x)=x". The
corresponding choice in the discrete case is a representation in terms of the falling factorial

On(x)=x:=x(x = 1) (x—m+1)=x —m+ 1) =(=1)Y"(=%).
We get
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Theorem 6. Let B(x) be a monic polynomial system given by the difference equation (4) with
o(x)=ax*+ bx + c, und 1(x)=dx + e. Then the series coefficients C,(n) given by

F(x)= i Cn(n)x™ (42)
m=0

satisfy the recurrence equation

(an+am—a+d)Yn—m)C,(n)
+(m + 1)(an* —2am* —an — am + nd — 2dm — bm — d — €)C,,..1(n)
—(m+ D)(m+2)(am* +2am +dm+bm+a+d+ b+ c+ e)Cpya(n)=0. (43)

If ¢ =0, then the recurrence equation
(n—m)am+d + an — a)Cyy(n) — (m + 1)(am* + mb + md + €)C,,.1(n) =0 (44)

is valid, and we have the hypergeometric representation

(4 1 b+d++/(b+d )y —4ae b+d—+/ (b+d) —4dae
a1,
n

2a

1), (45)

—n,—x,n—1+4

X 35 -
32N ptd4+rS(b—dV—dae b+d—+\/(h—d ) ~4ae

2a N 2a

valid for a#0, or

e b\ —n, —X
B1(x):<b+d>,,(l+2> 2F1( e

valid for a=0, b+ d #0, or finally

b+d

valid for a=0, d=—b.
Therefore, the classical discrete orthogonal polynomials and their monic counterparts have the
following hypergeometric series representations:
1)

—n,—x,n+14+o+p
B+1,1-N

(="

n!

h(nz./;)(xaN): (B + l)n(N - n)n 3E’_<
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).

(see e.g. [19], p. 54, Table 2.4),

A P(x,N)y=

(1+.B)n(1_N)n —n,—x,n+1+oc+ﬂ
(I+n+oa+p), ° B+1,1-N

).

—n,—x,n+1
1,L1-N

)
)

LGN)=(=1)(N —n), - 3Fz<

Fx,N)=

nl(1 —N), —n,—x,n+ 1
— e 35
(1/2),4" 1,L1-N

—n,—x.n+1+o+p

(x50, BN ) =3
On(x; 2, B,N) 32( o+ 1,—N

(see e.g. 23], 1.5),
Qn(x; «€, ﬁ,N):ilﬁ,ﬁ‘“)(x,N +1),

-1
u
(see e.g. [19], p. 54, Table 2.4),

AP = (1) (L) zFl(“"’ -

() =X
my () = (7)n 2By )

p—1 Y

KP(x,NY=(—1)" (N) " zFI('”’_"

1
- »
H
1
b

n -N

1 )
p ki

(see e.g. [19], p. 54, Tuble 2.4),

—n, —Xx

EPN)=(=N),p" F( o

r

(see e.g. [19], p. 54, Table 2.4),

—n,—X

cx)= 2Fb(

—h,—X

& (x) = (—n)" 2Fo(

1
7
These results are all particular cases of the recurrence equation (44).

Proof. Substituting the series (42) into the difference equation, and equating the coefficients of the
falling factorials yield the recurrence equation (43) which had been obtained by Lesky [16].
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This conversion can be easily done using a computer algebra system by bringing the given differ-
ence equation into the form (5), expanding it, and replacing any occurrence of Ay(x) by (m+1)C,.,,
any occurrence of a product xy(x) by C,_, + mC, and any occurrence of a shift y(x + 1) by
Cn+(m+ 1)C,,, since

m __ m—1 m__ _m+l m
AxB=mx"— |, xxZ=x"" + mxZ,

and
(x + 1)2 =x2 4+ mxn=!,

Iteratively for all nonnegative integers j,k any of the terms x’ 4* y(x) and x’ y(x + k) can be replaced
by these rules. Note that this method can also be applied for higher order difference equations with
polynomials coefficients.

Different from the continuous case, the recurrence equation (43) does not degenerate to a two-
term recurrence equation for ¢ =0. To get (44), nevertheless, we must use a different approach. One
possibility 1s to apply PetkovSek’s algorithm [18] to the recurrence equation (43), leading to (44).

Another possibility is to modify the method which will be used in the next section to deduce
representations of the falling factorials in terms of discrete orthogonal systems. This method yields
(44) directly.

As soon as (44) is deduced, the initial value C,(n)=1 gives the hypergeometric representations
(45)—(47) which include all other representations by substituting the particular parameters a,b,c,d,
and e. [J

We would like to mention that, again, a single recurrence equation, (43), carries the complete
information about the hypergeometric representations given in the theorem.

Note furthermore, that the radicals in (45) do only occur by the representation used: the radical
factors come in pairs whose product is radical-free. Note that the computation which gives (45),
answers a question raised by Koomwinder [15]. For more examples of this type see [13].

Our method was able to find hypergeometric series representations for the particular case ¢ =0.
This is the most important situation since all the classical discrete orthogonal families are of this
type, corresponding to the fact that their discrete support has zero as left boundary point (see e.g.
[19], Tables 2.1-2.3).

By construction, all the series representations determined have an upper parameter —x. The ques-
tion remains, however, whether or not such a hypergeometric series representation might be valid for
c#0, too. In general, the answer is no. Petkovsek’s algorithm shows that the recurrence equation
(43) does not generally have a hypergeometric term solution.

Note that the hypergeometric representation (21) for K*#)(x) is not of this type, and cannot be
obtained by the given method. By Petkovsek’s algorithm there is no representation (42) with a
hypergeometric term C,(n) for these polynomials.

6. Falling factorial representations

Whereas in the last section we considered the specific connection coefficient problem for Q,.(x)=
x2_ in this section the opposite problem, having F,(x)=x2, is studied.
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Theorem 7. Let Q,(x) be a monic polynomial system given by the difference equation (4) with
&(x)=ax* + bx + &, and 7(x)=dx + é. Then the coefficients C,(n) of the falling factorial repre-
sentations

x1= 3" Co(n)Qu(x) (48)
m=0

satisfy the recurrence equation

(2ma + a + d)(2ma + 3a + d)2ma + 2a + dY(2ma + d)(n — m)Cy(n)

+(2ma + a + d)(2ma + 3a + d)2ma + 24 + d)(m + 1)) 2m*n@ — 2m*a

+ m*ad + 2m*ab + 2mna@ + 2mnad — 2ma@* — mad + 2mab + md*

+2mdb + nad + 2naé — ndb — ad + db + dé)C,,.,(n)

+(m + D2ma + dY(m*@ + 4m’@ + 2m*@d + 6m*a@ + 6m*a*d

+ Am*FE + 2m*3é + mPad® — m*adb — m*ab® + 4ma@ + 6ma*d

+ 8ma*¢ + 4ma’e + 2mad® — 2madb + 4madc + 2madé

—2mab* — md*b — mdb* + @ + 23%d + 43°C + 23%e + ad"

— adb + 4ad¢ + 2adé — ab* + aé® — d*b + d*¢

—db? — dbé)(m + 2)(md + nd + a + d)Cpi2(n)=0. (49)
If ¢=0, then

0=(d +a+ 2am)(d + 2am)(—n + m)C,(n)

—(an +d + am)(m + 1)(@m* + md + mb + &)Cp1(n). (50)

Therefore, the following representations for the falling factorials in terms of the classical discrete
orthogonal polynomials are valid.

X = Xn: B+ D(1=N),(-1)'A+ o+ B+2m)(—n)u(l + %+ )

(2. 5)
(a+B+2(I+a+Pn+2+ 0+ BB+ Du(l —N), Byt (x, N),

m=0

o Z": (B+ Du(1 = N)u(—=1)" (=m)m(@/2 4+ B/2 + D)m(2/2 + B/2 + 3/2)m4"

AL
(a+F+2), T 2ot BB+ Dl — Nt )

m=0

w3 DN (@t ft 1+ 2m) (L4 o+ B

(4 f+2)n (x+B+1) (n+24a+ p).m! On(x;0, B, N)

m=0
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(compare [8], (4.2)-(4.3)),

_ A =Np(=1)" z": (=1)u(1 + 2m)
n+1 (n+2)u(1 = N)p

tn(X, N ),

oo =N G (=mw(3/2)04" .
— e ;) D] _N)mm'tm(x,N),

U ()
xt= Z (ygmm') (,.;)(x)’

m=0

o () T
> (7)o !

m=0

A (x),

y N~ G N P (=)
=3 N, kDN,

m=0

_1 n N,, n—m( __ T
T

_Z:u ( n)m (#)( )

m=0

oy CD T

m!

Proof. In Section 2 it was shown how one obtains three essentially different cross rules for the
connection coefficients between F,(x) and Q,,(x). We modify this method here. For Q,(x), we have
the difference equation

G(x) AVOu(xX) + T(x) A0u(x) + AnOn(x) =0
with §(x)=ax? + bx + ¢, and the difference rule (11)
(G(x) + T(x)) A0n(x) = EnQrrs1(x) + (B, = Zin) On() + 7, Oon1 (),
and it is easily seen that our current B,(x)=x” satisfies any of the difference rules

(6(x) + T(x)) AB(x) = anP1(x) + n(@8(2n — 1) + b+ d) B(x)
+n((n—1)an—1)+b+d)+ ¢+ &) B_i(x). (51)
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Hence in our situation, we get the two cross rules (24) with a,=1, b,=n, ¢,=0
Con(n + 1) =1 Cy (1) + bpCon(n) + i1 Cpy 1 (1) (52)
and (26) with 4, =1/(n + 1), b,=¢,=0
—Iiwqywq):@qc%mn+@amﬂ+&ﬂqmm) (53)
which we had deduced in Section 2. Using the difference rule (51), we obtain the third cross rule
anCu(n+ 1) +n@@n—1)+b+d)Cou(n)+n((n—1)an—1)+b+d)+ ¢+ &)Cp(n—1)
=y C s (1) + B,,Con(1) + 7,0 Cir (7). (54)

To receive the recurrence equation (49), we use Theorem 1 writing the cross rules i terms of
a.b,e,d, and &, only. Then by linear algebra we eliminate the variables C,(n—+ 1) and Cn(n—1)
to obtain a pure recurrence equation with respect to m. (Similarly by elimination of the variables
C,_((n) and C,,(n) a pure recurrence equation with respect to n is obtained.) A shift by one
gives (49).

If ¢ =0, then the recurrence equation has still three terms, unfortunately. For ¢ =0, we find a fourth
cross rule to eliminate one more variable in the following way. Since the (second) difference rule (10)

F(X) VOm(x) = 8 Qi1 (x) + By Q%) + T Om1(x)
is valid, we can use the fact that for ¢ =0 any of the difference rules
5(x)VR(x) = anP(x) + n(an + b) B(x),
and therefore the fourth cross rule
anCp(n + 1)+ n(an + b)Cp(n) = &y Cpur(n) + B,,C(n) + Tma1 Cog1(1) (55)

is valid.
Eliminating the variables C,(n+1), C,_1(n), and C,_,(n) from the four cross rules (52)—(55)
gives the first order recurrence equation (50). This leads to the desired representations. [J

Whereas we admit that all the shifted factorial representations of the theorem essentially were
known [8, 22], our presentation unifies this development. In particular, the recurrence equation (50)
carries the complete information about the falling factorial representations given in the theorem.

Petkovsek’s algorithm proves, again, that for the family K(*#)(x) there is no representation (48)
with a hypergeometric term C,(n).

As an immediate consequence of Theorem 7, we get the following connection coefficient results.

Corollary 4. The following connection relations between the classical discrete orthogonal polyno-
mials are valid.

hi,”ﬂ)(x,N): zn: (ﬁ - 6)n(1 - N)n (OC + 1)n

(2t atd)n!
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(a+d+142m) (=)l +a+0)u(n+1+0+ By
(a+d+1) (I=N),(a+Dp(a+2+n+0),(—n—LF+5+1),
x h I (x,N), (56)

T ) _\ @+ Dy =N)y(1+ 2+ B)(B—0)n
& W”j% QR+ a+8) (/2 + B/2+1/2), (/2 + B/2+ 1), 4
(=) (B 1+ 0+ By (/2 + /2 + 1), (/2 + /2 + 3/2), 4"

7(x.0)
(1=N)y@+ )y (@4+2+n+0)u(—n—f++ 1), m! M ?(x,N),

(xf) =1 (1 =N) (=) (1)
& (X’N)‘m; Q+B+7)un
B+y+1+2m) () (1 + B+ P+ 1+ o+ B (—1)"
B+y+1)y A=-N)B+Dn(B+y+n+2)u(y—a—n+1),
x B (x,N),

o (B, (= N) (14 ot B, (= ) (1)
W N =D o B w2 4 B U2 (a2 T B2+ 1
(Lt B (B2 4 3/2 4 Dy (B2 +9/2 4 3/2), (<4
Br7n+2m( =N B+ D7 —a = n ¥ D!

X B P(x, N,

h(x,N)

B Lf (=120 (=(n = 1)/2) (&= ) (N = n)/2)c (N = n4+ 1)/2)e (=1 —y — 1)2);
- (1/4 —9/2 = n/2)% (—n + 1/2 — )i (—n/2 — 1/4 — 9/2), k! 4%

k=0
X Zﬁ,’_z),‘(x,N), (57)
(2, 2) __(O(+ l)n (O(+ 1/2)n (2“/+ l)n
Ao N )= (7+ 1 (v 4+ 1/2), Qo + 1),
. (2 = (27, (22572, R (53, 4
= (=m0 (=72 = n/2 = /&) (—n —a+ 1/2) (=7 —n/2 + 1/2), k!
X Iy (e, N, (58)
o g Ny 2@+ 1,

(v +1/2)a Qa+ 1)y

) § /2 = 12 (3 9 (34 = 3/2 — m/2) (= m 12k
= (=y=n/2% (=92 =n/2 =14} (—n— o+ 1/2) (=7 —n/2+ 1/2) k!

X Qn_2(x57,7,N), (59)
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(B—=0) (1)
0sx k=3 G,
(at 64 142m) (cnn(1+ 2+ & (nt 1+t Bn(~1)" ‘
(a+d+1) (t+2+n+u(1 —B+6—n),m On(x32,0,N)

(compare [8], (4.1), (4.5)),

y)n(ﬁ+1)"
On(x; 2, p,N) = Z(a+1),,(2+/3+))n

B+y+14+2m) (—n)u(1+ B+ (3 + Du(n+1+ o+ By
B+y+1)  B+DuB+y+n+2)u(y—a—n+1),m!

(compare [8], (4.1), (4.5)),

L 5)n( n)m (0. 1)
() = Z(a = mt )

(compare [8], (5.5)),

S () — - £ =0 () ~(3.1)
e mgo(u—1> G—n+1—ppm " &

’”‘n""”("):i:(uzv—_ﬂl)y(” (=) (_v(u— 1))"’ )

powr (V) m! V- p

(compare [8], (5.4)),

( ) V- H o (’))n( n)m( ™ v
(x) = Z( 1)(V—1)> T ),

p) _ - o n—m (—N)n("n)m(_l)m (q)
knp (st)_g)(p q) n! (_N)m kmq (X,N)
(compare [8], (5.11)),

(_N)n (_n)m (_l)m

P NY=D " (p—gq) ™ F9(x,N),
m=0

n—m(M N n "
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(compare [8], (5.12)),
P (M = N)u (=n)m
L= (N—M—n+1),m!

l_ (—n)m

;T —=c
u m!

kP, Ny = kP(x, M),

w ()

cMy=> (-1y

m=0

(compare [8], (5.16)),
&)=Y (-1 =y 0 g,
m=0 :

21 —n)—f+d

K&P(x)= (ﬂ — 5) o }i‘ (=) ( 2 )m K&0(x),
n m=0

o m!

>"‘ K (x).

- 21 —n)—f+0
~ — 0 " (_n)m & l
Kﬁl“-/“(x): (ﬂ o ) Z (m‘

m=0
Proof. Combining the representations
R(x)=) A,(mx! and xl=3  B,(j)Onlx),
JEZ mez

and using Zeilberger’s algorithm, the method of Corollary 2 yields the results.
The connection relations for the polynomials K{*#)(x) cannot be obtamed by this method. Here
Theorem 2 leads straightforwardly to the result. O

Although besides (57)—(59) the connection results were essentially known {8, 3], our development
gives a unified treatment of them and makes new results like (57)—(59) easily accessible.

Note that some of the representations are rather complicated. We suggest the idea to use the
notation ,f, for the summand of ,F,, i.e.,

upper ad upper
pEI( x) :E:pfq( x;k).
=0

lower lower
With this notation, (56) could be written in the standardized hypergeometric notation
f—080,1—Na+1
1;n].
24a+0

—nl+a+dn+1+a+p,a/2+0/2+3/2,1
1—No+1,0/2+8/2+1/2,04+2+n+06,—n—p+5+1

hi]mﬁ)(xaN) = 3fl (

Xz:4f5

m=0

x K= x,N).

1;m>

Finally, we deduce the parameter derivatives for the classical discrete orthogonal polynomials.
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Corollary 5. The following representations for the parameter derivatives of the classical discrete
orthogonal polynomials are valid:

n—1
1
— KB Ny =
da " () mzz;)cx+ﬂ+m+n+l

(_1)n_m(a+ﬁ+1+2m)(l_N+m)"_’”(ﬁ+l+m)n—m (2. )
! (n—m)(@+p+14+m)_p, a(CAD)

(AP N)

(5. ) (1) (a+B+1+2m) (I=N4mhw(B+1+mhp_mn! = 1
h xN)= Z(a+/3+m+n+l)(n—m) (0+ B+ 142m)ry_omm! (6N,
0 = 1 1
@Q"(x’“’ﬁ’N):;(a+ﬁ+m+n+l_oc+m+1>'(Q"(x’“’ﬁ’N)

e+ B+1+2m)(B+14+m),_,n
(n—m)(x+14+m),_ m(oc+/3+l+m),, mm Q'"(x %p N,
n—1

(2,8) — 1 (BB

SN = > o F e B
1+ﬁ+1+2m (1_N+m)n—m(a+l+m)n—m (2 f)
+ n—m (a+p+14+m)y_m i "5 N)),
@ b vy = § a+p+1+2m (=N m)yp (@t 1+ m)n! 5, 5
6ﬂh" (x’N)—mZ:()(a+ﬁ+m+n+1)(n—m) (a4 B+ 142m)yy_ymm! b N,
1
BQn(x 10, B N) = ZHMM”H (Qn(x; % B,N)
(=1)y""(a+ B+ 1+2m) n!
* n—m (a+B+1+m)pm Q’"(X(XBN))
N G :n(—1—+—y+n) (u) n o)
ou" ® (1 —wu 1) = T —wu" )
(see, e.g., [12], Theorem 9),

i%v.t) _u ~(7,1)
a0 = s ),

TR g S M)

!
mom(n
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(see [12], Theorem 10),

0 Siop V" n!
AN — (,u)
S0 mz::o(u—l) )

m!(n—m)

%kﬁ"’(x,N)=(—1 +n =Nk (x,N)

(see, e.g., [12], Theorem 9),

%l;f,”)(x,N) =n(~=1+n—N)E (x,N),

icg,w(x)—_ a(x) = —c“”(x)

au

(see, e.g., [12], Theorem 9),

—6-55,” (x)=—né¥ (x),
o

(x.B) " n Kb
ﬁK (x)= Z m)m, (x),

(dﬂ) (a.ﬂ
ﬁ )= Zoc(n m)m' K1),

Proof. If the derivative is taken with respect to a variable occurring as an argument rather than as
a parameter in the hypergeometric representation, its representation can be easily obtained from the
derivative rule of the generalized hypergeometric function, and the chain rule. In those cases, the
representations need at most two neighboring polynomials.

The other cases can be handled similarly to Corollary 3. O

7. Conclusions

Here, we want to recall the algorithms to convert between the different types of representations:
(i) Hypergeometric Representation — Recurrence Equation: Zeilberger’s algorithm;
(ii) Hypergeometric Representation — Difference/Differential Equation: Zeilberger’s/Almkvist—
Zeilberger’s algorithm;
(iii) Difference/ Differential Equation — Recurrence Equation: Theorem 1;
(iv) Difference/Differential Equation — Hypergeometric Representation: method of Sections 3
and 5;
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(v) Recurrence Equation— Difference/Differential Equation: Algorithms 1 and 2 in [14];
(w1, Recurrence Equation— Hypergeometric Representation: combination of methods 5 and 4.
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