Available online at www.sciencedirect.com
JOURNAL OF

ScienceDirect Approximation
Theory

ELSEVIER Journal of Approximation Theory 163 (2011) 491-504 _
www.elsevier.com/locate/jat

Full length article

On the measure of the absolutely continuous spectrum
for Jacobi matrices

Mira Shamis®*, Sasha Sodin®

a Einstein Institute of Mathematics, Edmond J. Safra Campus, Givat Ram, The Hebrew University of Jerusalem,
Jerusalem 91904, Israel
b School of Mathematical Sciences, Tel Aviv University, Ramat Aviv, Tel Aviv 69978, Israel

Received 28 July 2010; received in revised form 30 November 2010; accepted 11 December 2010
Available online 21 December 2010

Communicated by Serguei Denissov

Abstract

We apply the methods of classical approximation theory (extreme properties of polynomials) to study
the essential support Xy of the absolutely continuous spectrum of Jacobi matrices. First, we prove an upper
bound on the measure of Y, which takes into account the value distribution of the diagonal elements, and
implies the bound due to Deift-Simon and Poltoratski-Remling.

Second, we generalise the differential inequality of Deift—Simon for the integrated density of states
associated with the absolutely continuous spectrum to general Jacobi matrices.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

In this work we consider Jacobi matrices

b() a(l) O 0 0
a(l) b2) a2 0 0 ..
J@b=10 a2 b3 aB 0 -.-|- (1.1)

0 0
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We assume that
a(n) € [c,Cl,b(n) e [-C,C] forsome0 <c < C < o0.
In this case J(a, b) defines a bounded self-adjoint operator on EZ(N ):
JYy)yn)=am -y -1 +am)ym+1)+bn)Yyn), neN, (1.2)

where formally a(0) = 1, ¥ (0) = 0.

The important subclass of ergodic operators is constructed as follows. Let ({2, u, T) be an
ergodic system, and let A, B : {2 — R be bounded measurable functions. Then every w € {2
defines an operator J, = J(ay, by), via

a,(n) = A(T"w), b,(n) = B(T"w).
If J(a, b) is an arbitrary Jacobi matrix, we denote its spectrum
{E | J — E is not invertible}

by o (J). The equivalence class of the set
Do = {E | li?(} Im(J — E —ie)~!(1, 1) exists and differs from Zero}
€

modulo sets of measure zero is called the essential support of the absolutely continuous spectrum.
Forn=1,2,...,denote

1
kn(E)=—#{l1 < j<n|k; <E},
n .
where A ; are the eigenvalues of the top-left n x n block of J(a, b). If the limit
k(E) = lim k,(E)
n—oo
exists for almost every E € R, it is called the integrated density of states.
In particular, if {J,} is an ergodic family of operators, it is known (see [7]) that the integrated
density of states exists for almost every w € (2.

In 1983, Deift and Simon [3] proved the following inequality. If J is an ergodic discrete
Schrodinger operator, then for a.e. E € Xy (J)

d {=2cos(mk(E))} = 27 sin( k(E))dk(E) >1 (1.3)
— {—2cos(w = 27 sin(rw — . .
dE dE —

As k(—o0) = 0 and k(400) = 1, they immediately deduced
[Lac(D] = 4. (1.4)

A different proof of (1.4) was given by Last in [6], who deduced it from a stronger inequality.

In 2008, Poltoratski and Remling [9] proved that the inequality (1.4) holds for general discrete
Schrodinger operators (without assuming ergodicity). Moreover, the measure of the essential
support of the a.c. spectrum of a general Jacobi matrix J(a, b) satisfies

[ Lac(J)] < 41}7rggéfAn, (1.5)
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where

A, = [a(l)a(Z) . ~a(n)]%. (1.6)

Our goal is two-fold. First, we show that the inequality (1.5) follows from an extremal property
of Chebyshev polynomials (the Pdlya inequality). This approach can be stretched further, to give
amore precise estimate on | X,c(J/)| in terms of the value distribution of the sequence {b(n)}>° ;.
For example, we prove an estimate on the measure of X, intersected with an arbitrary interval;
the bound is always as good as the right-hand side of (1.5), and improves on it when many of the
b(j) are far from our interval. To formulate the precise statement, we introduce some notation.

Let (EL, ER) be an interval (which may be infinite). Consider the set of indices

Inz{lijn|b(j)€(EL_zM_AnaER+2M+An)}7

where
J(a,0
M = sup a(j):—” @ )”,
1<j<oo 2
and let
Dy= [ (minGb()— Exl, b)) — ELl) —2m1).

1<j<n,jél,

Theorem 1.1. In the notation above,

n—oo

A #
|EaC(J(a,b))ﬂ(EL,ER)|§4liminf[D—"} .

Remarks.

1. Note that every one of the factors in the definition of D, is at least A,, since the product is
taken over

b(j) € (EL —2M — A,, ER +2M + Ay),

and is much larger if b(j) is far from (Er, Eg). Thus, D, measures the number of b(j) far
from (Er, Eg). The numbers M and A, appear in the definitions for a technical reason.

2. If all the b(j) are in (Ep — 2M — A, Er + 2M + A,), the product is empty, and we set
D,, = 1. When none of the b(j) are in the interval (#1, = 0), and actually in the more general
case

. JH
liminf — =0,
n—-oo n

we show that
|2ac(J(a, b)) N (EL, ER)| = 0.
3. Taking E;, = —oo and Er = 400 in the theorem, we recover (1.5) (since D,, > AZ_#I").
As an example, consider a periodic Jacobi matrix J (1, b), where b takes only two values 0 (m
times), and R > 5 (£ times). Then

2ac(J(A, b)) C (-2,2)U(R—-2,R+2),
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since J(1, b) can be considered as a perturbation of the diagonal matrix J (0, b) by the free
Laplacian J (1, 0), [|J(1,0)|| = 2.
Let us apply Theorem 1.1 to every one of these two intervals. We have:

4
|Eac(-](17 b)) ﬂ (_23 2)| S (R _ 4)[/”1 ’

4
| Zae (1L O) N (R =2 R+2)| = -

When R — o0, both expressions tend to zero, thus the measure of the absolutely continuous
spectrum tends to zero.

Second, an even more elementary approach allows us to prove (directly) the following special
case of (1.3). Assume that a, b are periodic sequences of period g (namely, a(n + q) =
a(n),b(n + q) = b(n) forn = 1,2,3,...). From the Bloch-Floquet theory (see, e.g., [6])
Yac(J) is the union of g closed intervals (bands), which may overlap only at the edges. Denote
these bands By, Bs, ..., B, (ordered from right to left).

Theorem 1.2. Under the assumptions above,

n(j -1 nj }
—— —cos —
q q
for j =1,2,...,q. Equality is attained if (and only if) a and b are constant.

|Bj| <24, [cos (1.7

We emphasise again that Theorem 1.2 is not new, and follows in particular from (1.3). A
parallel inequality for periodic Schrodinger operators on the real line can be found, e.g., in
the work of Garnett and Trubowitz [4]. We provide a direct proof using extremal properties
of polynomials, and then use Theorem 1.2 to recover the Deift—Simon inequality (1.3) in full
generality, and generalise it to the non-ergodic case:

Theorem 1.3. Let J(a, b) be a Jacobi operator, and let n; 1t 00 be a sequence such that the limit
kin;y = lim;_, o0 ky, exists. Then

dkn,y (E) -

T 1 (1.8)

27 - liminf Ay, - sin (7 kg, (E))
11—
for almost every E € Yoo (J).
In particular, if the integrated density of states exists for J, we have:

dk(E) -1

2 nll)néo A, - sm(nk(E))T > (1.9)

for almost every E € Yoo (J).

Applying this result to an arbitrary partial limit of the sequence k;, yields another proof of the
inequality (1.5).

2. Preliminaries
2.1. Transfer matrices

Given an operator J (a, b) of the form (1.1), we consider the associated eigenvalue equation

JU=Ey, EeR, ¢ :N- C.
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For any n > 1, we consider the one-step transfer matrices

E — b(n) a(n—1)
_ (v Y(n+1)
) () (")

and define the n-step transfer matrix

E —b(n) _a(n -1 E —b(1) _a(O)
Pu(E) = a(n) a(n) a(l) al) |- 2.1
1 0 1 0
Denote
AW) = {E e R| limsupl In|| &, (E)| = 0} . 2.2)
n—oo N
Since

1
| Pnll = /| det ,| = ;

la(n)|
we have:
1 1 1 1
liminf - In || 8, (E)|| > liminf — In > limsup A _
n n la(n)|
and therefore
1
—In||®,(E)|| = 0 forevery E € A,
n
and, since |tr &,| < 2| P, ],
. 1
limsup — In|tr §,(E)| <0 forevery E € A. 2.3)
n—oo N

Note that tr ¢, (E) is a real polynomial of E with leading coefficient A,". It follows from the
Bloch—Floquet theory (see, e.g., [6]) that

tr &,(E) = A" det(E — J,(a, b)), 2.4)

where J, = J,(a, b) is the n X n matrix

b(l) a(l) O 0 0 —ia(n)
a(l) b2 a O 0 0
J, = 0 a2) b3) a3 0 0
0 0 . R 0 a(n—1)
ia(n) 0 0 e eeoan—1) b(n)

Finally, from the subordinacy theory of Khan—Pearson [5],

Zac(J) C AW, (2.5)



496 M. Shamis, S. Sodin / Journal of Approximation Theory 163 (2011) 491-504
2.2. The Alternation Theorem, and a corollary

Let K C R be a compact set. Denote
L,(K) = inf max|P,(E)|, (2.6)
P,eP, E€eK

where the infimum is over all monic polynomials of degree n.

Theorem (Chebyshev Alternation Theorem, See [1, Section 1.5]). The infimum in (2.6) is at-
tained on a unique polynomial P,, which is uniquely characterized by the following: there exists
an (n + 1)-tuple of points in K

Ei>Ey>FE3>--->E
on which P, attains the maximum with alternating signs:

Py(Ep) = (=1 max | P, (E)).

EeckK
For example, L,([—2,2]) = 2, and the minimum is attained for the scaled Chebyshev

polynomials of the first kind:

P,(E) =2T,(E/2), T, (cos(f)) = cos(nd).
We cite a corollary of the Chebyshev Alternation Theorem, due to Pélya (see [1]).

Proposition 2.1 (Pdlya). If K is a compact set,

IK|"
L,(K) = -1

If K is an interval, equality is achieved.
3. Proof of Theorem 1.1

According to (2.3) and (2.5), the polynomials A, = tr ¢, satisfy

1
limsup — In|A,(E)| <0 forae. E € Sy(J(a,b)). 3.1)

n—oo N

Fix € > 0; by Egoroff’s theorem there exists X such that
|Xac(J (@, b)) \ 2| < €

and the convergence in (3.1) is uniform on X¢. That is,
%1n|A,,(E)| <€, EeX€,

where €, — 0, and thus

A (E)| < exp(ne,).

Now recall (2.4) and consider the matrix J,(a, b) as the perturbation of J,(0, ) by the matrix
Ju(a, 0) of norm || J,,(a, 0)|| < 2M. We see that the zeros Ej, ..., E, of A, can be numbered so
that |E; — b(j)| < 2M.



M. Shamis, S. Sodin / Journal of Approximation Theory 163 (2011) 491-504 497
Then, for E € (EL, ER),

1AuE) = A" [T 1E—EjI [ 1E - Ej

jEIIl jglﬂ
> A" [ 1E = Ej|Da.
J€ly

Therefore

An
Ly, (XN (EL, ER)) < %~

n

By Pélya’s theorem (Proposition 2.1),

1
exp(ne,) Al i| oy

Y N(EL,ER)| <4
| (EL, ER)| = |: D,

If {#1,/n} is bounded away from zero, we can conclude the proof, taking the lower limit as
n — oo and then the limit as € — 0.
Suppose liminf#1,, /n = 0. Then we prove a stronger statement:

[Xac(J(a, b)) N (EL, ER)| = 0.

For simplicity of notation we assume that /,, is not empty for sufficiently large n (otherwise
o(J(a,b)) N (EL, ER) is a finite set by the same perturbation arguments as above). Let §,, > 0
be a small parameter that we shall choose later. If

E € (EpL +8,, ER — 8,) N Y€,

then by definition of I,
[T1E-Ejl= Ay + 8",
J€ln

therefore

exp(ne,)A”
[T1E-Ejl= ——
jely (Ap +6n) "

Hence

exp(ne,)Al

Ly (XN (E On, ER —6p)) < ——mMmMm————+,
#1, (EL + 00, ER — 8p)) < A, + 0,

and
1

exp(ne,) Ay ﬁ exp(ne,) #
(A L S yn—#I, =44, (1L8 /A yn—#l,
(An + 8p)"—"n (1 +8n/Ap)"—"n

| 2N (EL + 8, ER — 8 54[

Now we can choose §, = A, <en + 4/ %) and take the lower limit as n — oo.
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4. Proof of Theorem 1.2

Let J(a, b) be a periodic Jacobi operator of period g. From the Bloch—Floquet theory (see,
e.g., [6])

q
Tae() ={E | |AB) <2} =] B),
j=1

where B; are closed intervals (bands) that may overlap only at edges, and the discriminant
A = A, is areal polynomial of degree g with leading coefficient LC(A) = A, 4 If two bands
overlap at a point E, then E is an edge, that is, A(E) = £2.

Therefore there exist

Ey>Ey>--->E; |

so that A(E;) =2 (— 1)/ (which are endpoints of the bands). Vice versa, if A is a polynomial
of degree g with positive leading coefficient for which such points exist, the set

[E1a®) <2}

is the union of ¢ bands. Therefore we study the dependence of the lengths of the bands on
Ei, ..., Eq—1. The correspondence between Aand Eq, ..., E4—1 is not one-to-one, and we
shall deal with this problem later.

Our main technical tool is the following general formula. Fix an m-tuple of points

Ey, ..., E,, and let s be a function that is non-zero and differentiable in the neighbourhood
of the points E;; denote
m [ m
(=1 E—E;
T(E;Eq,....,Ep) = E—E)), 4.1
(E; Ey ) Zs(Ei)l.—[Ei—E-+H( ) .1
i=1 JF#i J =1
and

Bi(E)=[](E—-E), Bi=Bi(E.

J#i
The polynomial 7 (E) = T (E; E1, ..., Ep) is uniquely determined by the conditions
deg7 =m, '
T(Ei) =(=D"/s(E), 1=<i=<m,
LC(T) =1

(where again LC(P) stands for the leading coefficient of a polynomial P).

Proposition 4.1. For any E*, Ey, ..., Ey
3 B (E*) 8
—T(E* Ei,...,Ep) = -t [T EiEy, ..., En)s(E ]
IEx ( 1 m) Bis(Ex) OF i, ( 1 m)s(E)

The proof of the proposition is via straightforward differentiation.

I Similar methods were used, for example, by Peherstorfer and Schiefermayr [8]. We thank Barry Simon for the
reference.
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Proof of Theorem 1.2. Fix 1 < j < ¢, and let us show that

. .
’Bj| <24, [COSM — cos ﬂ]
q q

There is a point Ey € B; such that A(Ep) = 0, and without loss of generality Eg = 0 (else
replace b with b — Ey). Then

AE) = (a(1)---a(@) " ET(E),
where 7 (E) is a polynomial of degree m = g — 1 such that

L) =1, T(E)= (‘”iw-

Therefore 7 is given by (4.1) with s(E) = (2a(1) - --a(gq)) "' E. Fix E* € Bj, then
Ei\>Ey>--->Ej_ | >E*>E;>--->E,_|.

It is easy to see that the discriminant of the free Laplacian is given by
Aja,0(E) =2T,(E/2),

where Ty is the gth Chebyshev polynomial of the first kind. Therefore

B;j(J(1,0)) = |:2cos n—j,Zcos M} .
q q

We shall show that E* also lies in the jth band of

J (Aq, —2cos w> )

which is the free Laplacian, viewed as a periodic operator of period ¢, and shifted so that 0 is the
Jjth zero of its discriminant. The theorem immediately follows.

Without loss of generality assume E* > 0. Fix | < k < ¢ — 1, and let us study how A(E™)
varies with the change of E;. We apply Proposition 4.1, assuming for now that E* # E;_j. Itis
easy to see that

4.2)

Bi(E™)

PkE ) ik
Bes(Ex) (—1) . “4.3)

sign

Next, 7 (E)s(E) assumes the value (—1)" at two points in (Ex—1, Ex4+1) which we denote
E, < E,j' (E,j' is the left edge of By, and E, is the right edge of By1). Note that

T(E;Elv"'ka719E]:raEk+]""aqul):T(E; Ela"'5Ek7]5Ek_ka+17"'7qul)7

that is, the correspondence between 7 and the points E; is not one-to-one, and we shall use this
shortly.

One can see from Fig. 1 that 7 (E)s(E) is increasing at E = E,j’ if and only if k is odd, and
the opposite for £ :

sign % T(E)s(E) = F(—DF, (4.4)
E=Ef
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LN
LE; Ey 0/3.; EA by Ei[
Lo\ N/
~ NV

Fig. 1. T(E)s(E) withg = 4 and j = 3.

and also that
sign T(E*) = sign [T(E*)S(E*)] — (—1)/*. (4.5)
Combining (4.3), (4.4), (4.5), and Proposition 4.1, we obtain:

. 9 1, Ex=E;
)| =70 k
sign |:8Ek |7 ( )|i| LLL Ey = E;.

Therefore, the value of |7 (E™*)| decreases if and only if E,” moves to the right, which happens
if and only if E,j' moves to the left. That is, if £, moves to the right, E,j moves to the left,
until they coincide. Thus |7 (E*)| is minimal if E P = E,j (when the kth band is glued to the
(k + 1th).

This is true forany k = 1,2, ..., ¢ — 1, therefore |7 (E*)| (and | A(E™)|) is minimal when all
the bands are glued together. According to the Chebyshev Alternation Theorem, this is the case
if and only if

E — 2cos ZU=1/2)

A(E) = 2T, 4 ,
24,

which is exactly the discriminant of (4.2). [

5. Proof of Theorem 1.3

We first consider the periodic case, which is somewhat technically simpler, and will also be
used in the proof of the general case.
Assume that J (a, b) is periodic of period ¢, with discriminant A,, and bands

By =1[l1,m], ..., By = 1[4, 14].

We recall that a periodic operator can be considered ergodic (with respect to the ergodic system
(Z/qZ,q™" Z?;()l 8i, - = -+ 1), hence its density of states is well-defined. Let us discuss its
structure.

The measure k; has one atom of mass 1/q in (the interior of) every Bj, hence k,(r;) —
kqy(€;) = 1/q. Now, if we consider J(a, b) as a periodic operator of period ng, n > 1, then

Anq(E) = 2Tn(Aq(E)/2) (5])
Indeed, both sides of (5.1) are polynomials of degree ng with leading coefficient
ay? = (4"
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and with maximal absolute value 2 on the spectrum attained ng + 1 times with alternating signs,
hence they coincide according to Chebyshev’s Alternation Theorem.
Therefore every band B; splits exactly into n bands, and

g () — kg (€)= - = 1
ri) — )= —=—.
ng\V'j ng \tj nqg q
Passing to the limit as n — 0o, we obtain

1
k(rj) —k(;) = 5

The function k! is well-defined outside a countable set, and

- .
k! (—] +0>=zj, k! <i—0>=rj.
q q

According to Theorem 1.2,

. - - .
k! (i—o) k! (J— +0) = |Bj| <24, [cosM—cosﬂ]
q q q q

I

q .
= / 2w Ay sinmxdx,
=1

and also

g

—1 ] —1 ]_1 nq . .
k — —0) -k +0) <[ 2mAysinmxdx, n=12,.... (5.2)
nq nq %

Passing to the limit as n — 0o, we obtain:
d
ak_l(x) <2mAysinwx ae.onl0,1].

Taking x = k(E) and using the chain rule, we obtain (1.9).

In the general case, fix ¢ > 1, and choose ¢ — 1 points p; > p > --- > p,1 so that
kiny(pj) = (@ — j)/q. Denote I; = [p;, pj—1] (with pg = +00, p; = —00), and set
A_ =liminf; o Ay;.

Lemma 5.1. |1j N Yac(J (a, b))| <2A_ [cos @ — cos %]

The lemma implies the theorem. Indeed, let
m(E) = [ Xy (J(a, b)) N (=00, E]|.
‘We have:

’

n(j—1 nj }

——— —cos —
q q

applying this with every g and 1 < j < g — 1, we obtain

dm(E) dk,) (E)
dE dE

m(pj) —m(pj—1) <2A_ [cos

< 2w A_sin (ki (E))
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Fig. 2. S; (bold) and S;r (drawn slightly above).

fora.e. E € Xy.(J(a, b)). According to the Lebesgue theorem, almost every E € X,.(J (a, b)) is
a Lebesgue point, that is, d’ggE ) = 1 forae. E € S.(J(a, b)). Therefore the desired inequality
follows.

Proof of Lemma 5.1. Consider the polynomials A,. Passing to a subsequence, we can assume
that

lim LC(A,)/" =1/A_. (5.3)

11— 00

For any € > 0 one can find a set S? such that
Zac(J (@, b))\ 8P| < e,

and

lim max |A,,l.|1/"" <1.
i—00 EES?

This follows from the Khan—Pearson theorem combined with Egoroff’s theorem, as in the proof
of Theorem 1.1.
We choose §; — 0 so that

max |4, '/ <148,
Ees?

and let
St = {E 1A 1M <1 +5,~}. (5.4)

The polynomial A,; coincides with the discriminant A of a periodic operator of period n;
obtained by periodising the first n; values of a, b. Therefore the smaller set S; = {|Ani | < 2} C
S;r (see Fig. 2) consists of n; bands, and we have:

|1; N Si| <2A_(140(1)) |:cosM — cos jT—J]
q q
by (5.3) and the periodic case that we have already considered. Let us show that the last inequality
holds also for [1; N Si+|.
Applying Proposition 4.1 similarly to the proof of Theorem 1.2, we see that the measure
|1; N 87| is maximal if S;" is an interval (if it has gaps, the length increases if one closes them).
Let us study this extremal case.
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The interval S contains a subset S; with L, (S)!/" — A_, and on the other hand
Ly, (SHY" < A_(1 + o(1)) by construction (5.4). Therefore L, (S7)!/"% = A_(1 + o(1)).
Since Si+ is an interval, and L, (1) = |I|*/2*"~! for any interval I and any n € N, we deduce
that |S,.+ | = 4A_(1 + o(1)). Therefore the polynomials A’ A,, are asymptotically extremal in
the definition of L, namely:

lim max A% A, (E)|[Y™ = lim Ly, (S;")'/™. (5.5)
i—»o0 gest ! i—00

Now we appeal to Szegd’s theorem [10] (see [2] for a more recent discussion of this result,
as well as numerous generalisations). It states that, under the assumption (5.5), the distribution
of the zeros of Ay' Ay, is asymptotically the same as that of the extreme polynomials Py, in the
definition of L,,, which are the (properly scaled) Chebyshev polynomials of the first kind.

Recall that, according to the definition of the points p;, the fraction of zeros of A,; that fall
into /; is asymptotically 1/g, and, similarly, the fractions that fall into the two half-lines of its
complement are asymptotically (j —1)/q and (¢ — j)/q (respectively). Therefore the same holds
for P,;, and hence

[ 7 -1 7j]
lim [I; N S| =2A_ COSL—COS—J .
1—>00 L q q ]

We have derived the last equality for the case when the left-hand side is maximal, hence in
the general case we have the inequality

r m( -1 il
lim |IjﬂSi+| <2A_ COSM—COS—]
i—00 L q q |

that was claimed. Letting € — 0 we conclude the proof of the lemma. [
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