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We study the eigenvalue asymptotics of a Neumann Laplacian —A4% in
unbounded regions € of R?> with cusps at infinity (a typical example
is @={(x,»)eR?*:x>1, |y <e”‘2}) and prove that Ng(—d4%2)~ Ng(H,)+
E2Vol(R2), where H, is the canonical one-dimensional Schrodinger operator
associated to the problem. We establish a similar formula for manifolds with cusps
and derive the eigenvalue asymptotics of a Dirichlet Laplacian —A4% for a class of
cusp-type regions of infinite volume. © 1992 Academic Press, Inc.

1. INTRODUCTION

Let Q be a region in R We recall that the Neumann Laplacian
Hy= —4% is the unique self-adjoint operator whose quadratic form is

gh =] IV dx (L1)

on the domain H'(2)={feL*Q)|VfeL*Q)}, where the gradient is
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taken in the distributional sense. One similarly defines the Dirichlet
Laplacian H, = —A4% as the unique self-adjoint operator whose quadratic
form is given by the closure of (1.1) on the domain CF(R2). If Q is a
bounded region with a smooth boundary it is well known that both H,
and H, have compact resolvents and that their eigenvalue distributions are
given by Weyl's law

Np(Hy)~Ng(Hp)~ (717;—’)—(, Vol(2) E¥?, (1.2)

where by f(E)~ g(E) we mean lim,_, . f(E)/g(E)=1. We denote by 7,
the volume of a unit ball in R%, by Vol(Q) the Lebesgue measure of €2, and
by N:(A4) the number of eigenvalues of the operator 4 which are less
than E. If one drops the condition that € have a smooth boundary,
nothing dramatic happens with the Dirichlet Laplacian H,. As long as
Vol(2) < oo, Hp will have a compact resolvent and (1.2) remains true
{17]. On the other hand, the spectrum of H, can undergo rather spec-
tacular changes. The following theorem was proved in [10]:

THEOREM. Let S be a closed subset of the positive real axis. Then there
exists a bounded domain Q for which

aess(HN) =S.

In the theorem, £ can be chosen in such a way that its boundary has a
singularity at exactly one point. We will be interested in the other extreme,
namely when the domain Q retains a nice boundary, but is unbounded,
and in particular is of the form

Q={(x, y)eR*: x> 1, |y < f(x)}. (1.3)

Through the rest of the paper we will suppose that f is C*[1, «0) and
strictly positive, and that its first three derivatives are bounded (although
less regularity could be required). If f(x)— 0, the Dirichlet Laplacian still
has a compact resolvent [13,16], but if f(x)=x"", or even if f(x)=
exp(—x), (so Vol(£2) < o), Davies and Simon [6] showed that o, (Hy) is
nonempty. The difference in the spectral behavior is again striking, and one
feels that a rather rapid decay of f should be required to ensure compact-
ness of the resolvent of H,. The following beautiful theorem was proven
in [7]:

THEOREM. If Q2 is given by (1.3), Hy has a compact resolvent if and
only if

lim ( lx th—) dt)(f f(t)dt>=0. (1.4)
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In this paper we study the large E asymptotics of the eigenvalue distribu-
tion of Hy in the regions (1.3). As in [6], the main role is played by the
one-dimensional Schrodinger operator

2 L7\ L/
H—grr (7] 43 (5). 09

acting on L?[1, 00), and with the Dirichlet boundary condition at 1. We
make the following two hypotheses:

V(x)—- oo, f"(x)—0 as x— o0; (H1)
if0<e<l, Neg((1+e)Hy)=Ng(Hy )1+ 0(e)). (H2)

Our main result is

TueoreM 1.1. If (H1) and (H2) are satisfied, we have
E
Ne(Hy) ~NE(HV)+5 Vol(L2). (1.6)

Remark 1. Hypothesis (H1) implies that
S+ (x)*/f(x)=»0 as x— (1.7)

(see Section 2.1). In turn, Davies and Simon [6] showed that if (1.7) is
satisfied, H, will have a compact resolvent if and only if H, does. Conse-
quently, both sides in (1.6) are finite, and in particular (H1) implies that
Vol(22) < co. Hypothesis (H2) prevents N (H,) from growing too rapidly
(e.g., exponentially), which is needed to make our perturbation argument
work. For example, it is satisfied if V' is a convex function [21] or if
V(x)~x*(nx)?, a>0. On the other hand, if V(x)~Inx (e.g., f(x)=
exp(—x In x)), it is not, and our argument does not apply.

Remark 2. The fact that Q is symmetric is irrelevant. If Q=
{(x,y):x>1, —fi(x)<y<fio(x)}, (1.6) remains valid provided that

{—0, f5—0, and H,, defined with f=(f, + f>)/2, satisfies (H1), (H2).
Also, if (H1) is replaced by a more involved hypothesis, the result extends
(as usual [6,17]) to the case when R? is replaced by RY*! (x,,x,)e
R x eRY Q={x|x,/f(x;)eG, 1 <x;< o0}, where G is a bounded
connected set. The asymptotics is given by (2.6) (replacing M with Q).

ExampLE 1. Let f(x)=exp(—x*). Hy has a compact resolvent if and
only if @ > 1. One calculates
2
_Y ey _Me—l) ooy
V(x) ) X 3 X .
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The semiclassical formula [21] yields

1 o\ IM1/Qe=1) ., -
Ne(Hy)y~v——— | = EV2+1/Ge—1)
) 4(a—1)\/1—r<2> I3+ 1/Q2(x—1))) (18)

and thus both (H1) and (H2) are satisfied. Formulas (1.6) and (1.8) imply
that the asymptotics of N (H ) satisfies Weyl’s law if a > 2; it is given by
(18) if 1 <a<?2. If =2 we have N (Hy)~ E/2(Vol(22) + ). The leading
order is the same as that in Weyl’s law but the constant is larger. We
observe a phase transition in the eigenvalue asymptotics for the value
a,=2. In [6] it was shown that for a=1, o,.(Hy)=[4, ), and for
O<a<l, g,(Hy)=[0,0). In both cases o, (Hy)=, and o ,(Hy)
consists of a discrete set 0=4,<A,< --- €1,— o of embedded eigen-
values of finite multiplicity (see also [12]).

ExaMPLE 2. Let f(x)=-exp(—x’g(x)), g(x)= 1+ cos’(\/In(1 + x)). We

have V(x)~ x?g(x)? and the semiclassical formula yields

NE(HV)NZg(F)-

Hypotheses (H1), (H2) are satisfied, and we observe that N (Hy)/E stays
bounded above and below but lim,_ ., N (Hy)/E does not exist.

The simplest way to understand the result of Theorem 1.1 is to consider
a subspace P of L*(Q) consisting of functions u which depend on the x
variable only. On C}(2)~ P the form (1.1) acts as

-

and viewed as a form on L%([1, o), 2f(x) dx) yields an operator which is
(up to a change of boundary condition at x=1) unitarily equivalent to
H,. It is now immediate that Ng(—4%) = Ng(H,) (f(E)> g(E) means
that lim inf;_, , f(E)/g(E)= 1), but in an equally simple way we can say
even more. Denote Q,={(x,y):1<x<L, |y|<f(x)} and put an
additional Dirichlet boundary condition along the line x = L. Dirichlet-
Neumann bracketing yields

i) 20y i,

dx

E
Np(—4%) 7 Ne(Hy)+ 5 Vol(&2,).
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Letting L — oo, we obtain the one-sided inequality in (1.6), which is
obviously true under the sole condition that f is a C*[1, c0) function. It is
the other, nontrivial direction of (1.6) which forces us to place conditions
on f and V, and which could be proven using techniques developed in
[6, 18]. The main technical point in such an approach is to obtain control
of H, on the subspace orthogonal to P. Here we will adopt a different
strategy which, we believe, sheds some new light on the problem. Let
M=(—1,1)x (1, co) be a strip with the metric

ds%, = dx* + f(x)* dy’, (1.9)

and denote by H, the Lapalace-Beltrami operator on M with the
Neumann boundary condition. Separating the variables we obtain that
H, is unitarily equivalent to the operator @,., H, acting on
@D .»o0 LX([1, 0), dx), where

nr \?
H.=H V+<2f(x)>

with a boundary condition (1) = (f'(1)/2f(1)) ¥(1). The main technical
ingredient in this approach is to show that N (@D, H,) satisfies Weyl’s
law. Then the analog of Theorem 1.1 for H, is immediate. After a suitable
coordinate change, region Q2 is transformed into the strip M, with a metric
which is (under the conditions of the Theorem 1.1) asymptotically of
the form (1.9). At this point, a relatively easy perturbation argument will
yield (1.6).

Finally, we remark that the above approach appears useful in studying
eigenvalue asymptotics of a Dirichlet Laplacian in a region Q given by
(1.3), with f(x)— 0 and Vol(2)= cc. While we can recover most of the
known results on the asymptotics of Nz(H ) in such regions (but not all;
e.g., we cannot treat the case f(x)={(In(1+ x))~!, see [1, 17]), here we
restrict ourselves to giving a new proof of the well-known [1, 17, 18, 20])

THEOREM 1.2. Let Q= {(x, y):|x|* |yl <1}. Then

I(1+1)22)

El/2+1/21’ . 0 1’
TG+ 1/2) f O<a<

12\
Wattp)~—= (2) e
NE(HD)~%ElnE, if a=1,

where ( is the standard zeta function. The case a > 1 follows by symmetry.

580/106/1-5
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2. NEUMANN LAPLACIANS ON MANIFOLDS AND REGIONS WITH CUSPS

We begin by studying the eigenvalue distribution of a Laplace-Beltrami
operator on a Riemannian manifold of the form M=Nx[1, co), with a
metric ds3,, Vol(M)< . Here, N is a compact, oriented Riemannian
manifold (with or without boundary), dim(N)= 4, with a metric ds%, and
a volume element dm,. We remark that the boundary of M does not have
to be C™®, but it is certainly piecewise C* and therefore causes no problem
in the discussion below (see, e.g., [2]). In Sections 2.1 and 2.2 we treat the
case when the metric on M has a warped product form. Perturbations are
studied in Section 2.3. Finally, in Section 2.4, we derive Theorem 1.1 as an
easy consequence of the results obtained for manifolds.

2.1. Preliminaries

We suppose that the metric on M is given by
ds, = dx* + f(x)? ds%, (2.1)

where f is a positive, C*[1, oo ) function, and that
Vol(M) = Vol(N) Jw f(x)¥ dx < 0. (2.2)
1

If d=1, (2.2) is a consequence of (H1). H,, the Laplace-Beltrami operator
on M with Neumann boundary conditions, acts on a Hilbert space
L*(M, dm,,) and is the unique self-adjoint operator whose quadratic form
is given by the closure of

9. 8)= Vgl dm,, (23)

on C3(M). In (2.2), dm,, = f¥dm, dx and V is the gradient on M. Of equal
importance for us is the Laplace-Beltrami operator Hy , on M with the
Dirichlet boundary condition along {1} x N, and the Neumann one on the
rest of the boundary. It is defined as a closure of the form (2.3) on a
subspace of C3(M) consisting of functions which vanish along {1} x N. The
analog of (1.5) is the one-dimensional Schrédinger operator of the form

2 2 N 2 AN
H,= L V(x), V(x)=‘-1— (L> +4 (L> , (24)

dx? 4 \ f 2\ f
with the Dirichlet boundary condition at 1. Denote by
Cy=((4n)"“* D2 I((d+3)/2)) " (2.5)

The following lemma, which we prove in Section 2.2, is the main technical
ingredient of our approach.
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LEMMA 2.1.  Suppose that V(x)— oo, f(x)* V(x) -0 as x > 0. Then
NE(HN)~NE(HN,D)~NE(HV)+E(d+”/2Cd Vol(M). (2.6)

In the sequel we collect, for the reader’s convenience, a few simple results
which will be needed later. Let

Dy={¢:¢eCi(M),v$=0},

where v is the outward unit normal vector field on M. H,, acts on D, as

| GG 1
o s
flx) ox f(x)
where H% is a Laplace-Beltrami operator of N. H has a compact resol-
vent [2]; its spectrum consists of discrete eigenvalues 0=41,<4; <
A< -+, 4, o0, and we denote by ¢V the corresponding eigenfunctions.
Introducing

HN(¢): - N(¢)

L300 ={ g gtx 1) =9 8200, [ WP f0) <o

we obtain the decomposition

LM)y= @ LiM)= @ Li[1, o), f{x)"dx).

nz0 nz=0

The operator H  splits accordingly,

]1N::<) 11Mn’
nz0
where H,, , acts on L%([1, o), f(x)" dx) as
1 A
Hy,=———7 = ¢
et

Under the unitary map
U: L*([1, ), dx) > L[1, ), f(x)?dx),  U(¢)=f""¢

H, , transforms as

2

d2

H,=U 'Hy U= ——+V(x)+ (2.7)

f 2( )
and (if V' is bounded below) is essentially self-adjoint on

Dy={y :yeCil1, o), ¢'(1)=d2(f(1)/f(1) Y(1)}. (28)
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H, is unitarily equivalent to the operator @,., H, acting on
®,.>0 LA([1, ©),dx). Similarly, H, , is unitarily equivalent to
@ .0 H?2, where H? is the operator (2.7) with the Dirichlet boundary
condition at 1. The spectral analysis of Hy and H, , reduces to the
spectral analysis of the one-dimensional Schrodinger operators H,, HZ.
We will need

LEMMa 2.2. If V(x)— oo as x —» o0, we have
Ne(H?)SN(H,) <1+ N (H?) (2.9)

for all n = 0.

Proof. We just sketch the well-known argument. C5°[1, o) is a form
core for H?, and thus N (HZ?)< N (H,) follows from the min-max
principle [15]. Let

D={y:yeCil ), y(1)=0}.

If L stands for an arbitrary vector subspace of L?[1, o0), the min-max
principle yields

Ng(H,)= sup dimlL, NgHP?)= sup dimL.

L= Dy LcD
(Hn¥, ¥) < E (H2w, vy<E
wel lyl=1 vel, |yll=1

Fix LecD, and let Ly={yeL:y(1)=0}. Observing that dim L/L,< 1
we derive (2.9). |}

We finish with the following
Lemma 23. If d=1 and (H1) is satisfied, we have
S+ 1N+ () + f(x) V(x) >0 as x—o0. (2.10)

Furthermore, for large x, f is convex and strictly decreasing.

Proof. The result follows from
f'(x)?
2f(x)

S(x)=2f(x) V(x) + |
2.2. Proof of Lemma 2.1

Denote Ay= @ .-y H,, Ap=@ >, H2. Relations (2.6) will follow if
we prove that

Np(A4y) Ng(4p)
E(d+ 1y/2 E(d+ 1)/2

lim = C, Vol(M). (2.11)

E-o
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Let

m = max f(x)3 M=ma)1( [V(x) f(x)?].

We have that N (H2)=0if i,>mFE+ M, and thus
Ne(Ap) SNA)SNg(Ap)+ # {4, 4, <mE+ M}
SNp(4p)+ O(E™),
since Weyl’s law applies for H¥. Consequently, it suffice to prove (2.11)

for A,. By the Karamata-Tauberian theorem [19], (2.11) will follow if we
prove

lim #“" 2 Tr(exp(—tAp)) = (4n) =@ 12 Vol(M). (2.12)

t—0

First, note that

lirrg) 123 exp(—tiy)=(4n)~“* Vol(N) (2.13)
= k=1
[2], and in addition

17y exp(—td, )<L (2.14)

k=1

for a uniform constant L and for all 1>0. The Golden—-Thompson
inequality {19] yields

mt

1 o0
Tr(exp(—tH ) S——= [ exp(—t- (V(x) + Ac/f(x)?)) dx.
INETR
Fix ¢>0, 4, >¢>0, and let R>0 be big enough that |f*(x) V(x)| <e if
x> R. Let c=inf, ., z; V(x). We have

e

. \/a [ exp(=1- (= e)ir0) ax

Tr(exp(—tH,)) <

1O Tr(exp(—tAp))= Y, 1“9+ V2 Tr(exp(—tH,))

k=1

e*('! o0

- d . 2vdj2
T J, 70" T e

x exp(— t(A, — £)/f(x)?) dx.
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Using (2.14) and the Lebesgue dominated convergence theorem we obtain

) Vol(N)
leras(L)xp (D2 Tr(exp(—tA4p)) < (@my a1

j f(x)* dx.
1
It remains to show
lim igu" 14D Tr(exp(—tAp)) = (4n) ~“+ 12 Vol(M). (2.15)

Let R>1 be a positive number; make a partition of [1, R] into k intervals
I,, of equal size. Denote by H7, the Dirichlet Laplacian on [, and let

d,=sup f(x)"% c= sup [|V(x)

xely, xe[l1, R}

Dirichlet-Neumann bracketing yields

Tr(exp(—1H,))= ), exp(~i(c+4,d,)) Tr(exp(—1H7)).

1

-

Obviously, Tr(exp(—tH’})) = Tr(exp(—tH })) for all m, and
1

lim ¢ Trexp(—tH}) =
10 2

| 5

&

We have

lim inf /“* 12 Tr(exp(—tH,))

t—0 n>0

1 kR
>—— = d;9 liminf (td,)" Y exp(—td,A,)
2ﬁ mz::l k -0 ngo p
k R
ZVOI(N)(4T[)*(¢1+1)/2 Z Ed’;d/z'
=1

Using that f is continuous and passing to the limit £ - co we have

R
lim inf 1“4+ "2 Tr(exp(—tAp)) = (4n) ~“*+ 2 Vol(N) f f(x)9 dx.
1

t—0

Letting R — oo we obtain (2.15) and (2.12).

2.3. Metric Perturbations
In this section we suppose that a metric on M is given by

ds?, = a(t, x)* dx? + B(t, x)* ds%, (2.16)
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where a, f are two positive, C* functions on M. We also suppose that
Vol(M) = f o B dm,, dx < .
M

After a suitable coordinate change, the region ©, given by (1.3) (if (H1) is
satisfied), transforms into (—1, 1) x (1, o) with a metric of the form (2.16).
That is the reason why we choose to discuss (2.16), even if a much larger
class of perturbations can be treated along the same lines (see [9, 14] for
related discussions). Hy, Hy , are defined, as in the previous section, via
the closure of the quadratic form (2.3) (with dm,, = - B¢ dm, dx) on the
appropriate subspace. If there exists a function f, satisfying the condition
of Lemma 2.1, such that « —» 1, § - f as x — oo, one expects that N .(H )
should not be too far from N.(H,), where H, is the Laplace-Beltrami
operator on M for the metric

dsi, = dx* + f(x)? ds?. (217)
It is indeed the case. Denote M, =N x [L, «),

lglle="sup |g( x)I,

(t, x)e M

and let
V(L)=lla— 1+ If/B—U,+ 1 Vol |+ VB I, (218)

where V is the gradient on M with the metric (2.17). For H, given by (2.4)
we have

LeMMA 2.4. Suppose that v(L)—0 as L — oo, that [ and V satisfy the
conditions of Lemma 2.1, and that N z(H ) satisfies (H2). Then

Ne(Hy)~Ng(Hy p)~Ng(Hy)+ E“*D2C,Vol(M).

We remark that, while Vol(M) is calculated in the metric (2.16), the
operator H, arises from the metric (2.17).

Proof. We will consider only H . A virtually identical argument applies
for Hy p. For L>1 denote by H; ,, H} , the Laplace-Beltrami operators
acting on Nx [1, L], M,, with metric (2.16) and the Dirichlet boundary
condition along N x {L}; on the rest of boundary we take the Neumann
one. Denote by Hj , the Laplace-Beltrami operator on M, with the
metric (2.17) and with same boundary condition as H/ ,,. Let

U:L* (M, , af?dmydx)— LX(M,, {9 dm, dx)
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be a unitary mapping defined as
Ulg)= (- (B/1))"* ¢=(1/g)-¢.
The operator H; , is then unitarily equivalent to the operator acting on

LM, f*dmy dx), which we again denote by H} , and whose quadratic
form is given by the closure of

[ 19(eb)? ap dmy dx (2.19)

on the subspace
C(z). (M)={¢: g€ C3(M ), ¢(1, L)=0}.

Vector fields Vg, V¢ are given as

V¢=<x2 ox 6x+ﬁ2 Vud,
_ o 1
V¢ ax a +f2 VN¢’

where V,, is the gradient on N. If geCJ (M) and has norm [ as an
element of the L%(M,, f¢ dm, dx), we estimate

\((HZ p—HI 0)¢, 9)]

<|11V(ed)oap?— V(@)1 1| dmy

<f A(L) [V(gd)* + | [V(gh)* = V()2 | £ dmy dx,

ML
where
ALY = 1/} (N(1/2)* = UL+ 1078 = 1) + 1(1/g)* = L] .
Furthermore, we have

V(gh)2< IV ighi+ gl 1 Vgl L)
+1g12- (1 Vel N2+ gl 1 19l 1),
| IV(g- )2~ V()| <IV(@)I*-(lg*— L+ Nl I Vgl I1.)
+1g1%- (1l Vel 17+ gl Vel ].).
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Because v(L) — 0, all the constants in the above estimates are O(v(L)), and
we conclude that

\(H} ,— H7 p)é, ) < DWL)(A} 1,8, 8)+ 1), (2.20)

for an L-independent constant D. In the sequel we take L large
enough that Dv(L) < 1, and then absorb D into v(L). The inequality (2.20)
and the min-max principle yield (recall that f(E)> g(E) means
liminfy , . f(E)/g(E)21)

NE(HZ, p)ZFNg_ v(L)((l +v(L)) I:IZ p)~Neg((1+v(L)) I:IZ D) (2-21 )
If H, , is operator (2.4) acting on L’[L, o), we observe that the
asymptotics of Nz(H, ,) does not depend on the boundary condition at L,

nor on L itself. Consequently, in the sequel we will deal only with H .
Denote

e((L—-v(L)) Hy)

N
C,(L) =lim inf

Eo o Ng(Hy) ,
. Ne((1+v(L)) Hy)
Cy(L)=1
2(L) = lim sup N.(H,)
Hypotheses (H2) implies
Llim C/(L)y=1, Llim Cy(L)y=1. (2.22)

The relations (2.20), (2.22) were the two essential ingredients in the
argument. Denote by Vol(M,) the volume of M, in the metric (2.17). We
have

Ne(Hy)ZNe(HL p)+Ne(H] p)
ZECD2C, VoINx [1, L])+ Ng((1 +v(L)) H} 1)
FILYE“*Y2C,(Vol(Nx [1, L))+ Vol(M,))+ N(H,)), (2.23)
where

I(L)=min{(1+ v(L)) = +92 C,(L)}.

Formula (2.23) follows from Dirichlet-Neumann bracketing, Lemma 2.1,
and the fact that the eigenvalue distribution of a Laplace-Beltrami
operator on a compact manifold with a piecewise smooth boundary and
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mixed boundary conditions satisfies Weyl’s law [2]. Replacing the bound-
ary condition along Nx {L} with the Neumann b.c, we obtain the
operators H; , and H} ,, and a completely analogous argument gives

Np(HN)SNg(Hp v)+Ne(H ] y)
< S(LYE“HD2C,(Vol(Nx [1, L)) +Vol(ML)) +Ng(H,)), (2.24)
where

S(L)=max{(1—v(L))" "+ C,(L)).

As L— o0, L)—>1, S(L)-1, Vol(M,)—0, Vol(Nx[1, L))— Vol(M),
and the lemma follows from (2.23), (2.24). |

It is now obvious why our argument fails in the case when N (H,)
growths exponentially fast (C,(L)= C,(L)= oo). It is natural to conjecture
that in such cases Ny (H,)~Ng(H,), but it is unlikely that the above
argument can be modified to prove it.

2.4. Proof of Theorem 1.1.

One consequence of hypothesis (H1) (see Lemma 2.3) is that f is strictly
decreasing function for large x. The familiar Dirichlet-Neumann bracketing
argument, which will be repeated in detail once again below, implies that
without loss of generality we can assume f'(x) <0 for x> 1. We construct
a change of variable as follows: Let

s(x,y)=—y—, —I<ge<L

J(x)
¢ is the first integral of the equation

dy f
x T

The equation for the orthogonal lines is given by

whose first integral is

v oS
7+J‘1 mdt—c.
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Any C function of this first integral is an orthogonal coordinate to ¢. Let

= fn
F(x)=jl ke

note that F is a decreasing function (/' <0) and denote a=1lim _, ., F(x).
The inverse function F~! is well defined on (a, 0], and for R large enough
we have

2

y?_p.F(x)e(a,O], x> R, (x, y)ef.

Let
n(x, y)=F~ Y (y*/2 + F(x)), (x, y)e, x>R.

It is easy to check that (g ) is one-one, and that Jacobian
D(g, n)/D(x, y)~1/f(x)#0 for x large. Denoting (for ¢ > R)

Q,={(x, y):(x, )€, n(x, y)>c}, (2.25)

we conclude that, for a large ¢, (& n) is a C*-bijection between Q, and
half-strip M=(—1,1)x(c, 0) with a C™-inverse. The eigenvalue
asymptotics of a Laplacian on a bounded region with piecewise C* bound-
ary and with mixed boundary conditions satisfies Weyl's law. Conse-
quently, putting an additional Dirichlet or Neumann b.c. along #(x, y)=c¢
we observe that it is enough to prove the statement for Hy, Hy p, the
Laplacians on 2, with respectively Neumann or Dirichlet b.c. along
n(x, y)=rc, and the Neumann b.c. on the rest of the boundary. The above
change of variables transforms H,, H, , into Laplace-Beltrami operators
on M, with the metric ds?, =dx(e, n)> + dy(e, )%, and the Neumann or
Dirichlet b.c. along [—1,1]x {c} and the Neumann b.c. along
{£1}x[c, ©). An easy calculation shows

w10 (52)) oo (23] (1))
(2.26)

In the notation of Section 2.3
wen=(75)7m) (0 (7))
Ble. m)=1(x)- (1 +y (%%)»/

and it is a straightforward (but rather long) exercise in differentiation to
show that
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la(e, n) =1 =0O(F(n)),  |f(n)/B(e, n) — 1] = O(F(n)),
ou(e, n)‘ Ou(e, r/)‘ _

[Va(e, n)| < = O(F(n)), (2.27)

’f(n)

0
9 ) Ble, M)l < ’ o i, “"(f;’”} — O(F(n)

where

F(m) =1+ £+ Ll + 1f () f ().

In obtaining (2.27) we have used the fact that the third derivative of f is
bounded (recall (1.3)). Theorem 1.1. is now an immediate consequence of
Lemmas 2.3, 2.4.

3. DIRICHLET LAPLACIANS ON REGIONS WITH CUSPS

3.1. Some Generalities

There have been quite a few results [1, 3, 4, 8, 11, 17, 18, 20] on the
asymptotics of the eigenvalue distribution of H,, in regions Q given by (1.3)
when f(x)—0 and Vol(2)= o. Here we give a new treatment which,
besides being elementary, seems to cover most of the interesting examples.
We refer to the papers of Rosenbljum [17] and Davies [5] for a detailed
discussion of the spectral properties of Hj, in limit-cylindrical domains.

We suppose that f is convex and that

Fx)+ " (x)+ () f(x) =0 as x— o0, (3.1)

If Vol(Q)=co, lim;_, ,, N(Hp)/E=0 and we restrict ourselves to study-
ing the operators H,, H, 5 on , given by (2.25), with respectively
Dirichlet or Neumann boundary condition on x(x, y)=c. Performing the
same change of variable as that in the previous section, we obtain the
Laplace-Beltrami operators on M =(—1,1)x(¢,+00) with the metric
(2.26) and with the Dirichlet boundary conditions on {+1} x [¢, c0) and
the Dirichlet or Neumann b.c. on [ —1, 1] x {c}. Let us first analyze H,, ».
If H p, v is the Laplace-Beltrami operator on M with metric (1.9) with the
same boundary condition as H, , we obtain as in Sections 2.3, 2.4 that for
any ¢>0 we can find ¢ big enough that

Ne((1—¢) Hy, p) 7 Ne(Hy, p) 2 Ne((1 +¢) A, ). (32)

Separating the variables, we obtain that H, y is unitarily equivalent to
®.>, H,, given by (2.7), acting on @ %, L*[c, ), and with the bound-
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ary conditions (2.8) at x=c¢. Formula (3.1) implies that V(x) f(x)*—0,
and (eventually increasing ¢ in (3.2)) we can restrict ourselves to studying

2 nn 2
4= 519[_ <2fx)> (3:3)

Starting with H, on Q,, we end up with operator (3.3) with the Dirichlet
boundary condition at ¢, which we denote by 4,. Formula (3.2) implies
that lim,_ , Nz (A)/E= 0, and, as in Section 2.2, we observe that the
asymptotics of N (A) does not depend on the boundary condition at ¢, nor
on c itself. Consequently, we can restrict ourselves to studying 4, with
¢ = 1. The strategy is now clear: If we show that

lim lim N:((1te)Ap)

e—=0 E—- o0 E(AD)

=1, (3.4)

we have Nz (Hp)~ Ng(A,), and the asymptotics of the original problem
follows.

To demonstrate the effectiveness of the above strategy, we prove
Theorem 1.2.
3.2. Proof of Theorem 1.2

We can obviously restrict ourselves to studying only the horn
={x:x>1, |y| <x~*}, and multiplying the result by 2 if 0<a <1, or
with 4 if « = 1. Formula (3.1) is obviously valid. The operators 4, become

acting on L*[1, o). Suppose that we prove

1/
hm 2412 Tr(exp(—td,)) = (2> C(l) F(i+ 1),
2 f o 2a

f O<axl (3.5)

and

1
lim t(in s ") " Tr(exp(—14p))=5~, i a=1. (3.6)

=0

Then, by the Karamata-Tauberian theorem [18, 19]

~_L_ _2. e F(l/(za +1) 1/2 + 1/(2a) :
Ny(4p) 2\/1;(71) C(l/) TG+ 1/ ))E @i O<a<l,

1
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formula (3.4) is immediate and the theorem follows. It remains to prove

(3.5), (3.6). It should not come as a suprise that the argument closely
follows that of Section 2.2.

Case 0 <a<1. The Gordon-Thompson inequality yields

t1/2+ 1/2a Tr(exp(—tAD)) < t1/2+ 1/2a 2

n>0 2\/7
L\ /1N = \
50 e e

<217[<)1/ac<1> (1 1>
h f i o 2a ’
and it is immediate that

172+ 1/2 2\ 1 1
llmsupt/ *Tr(exp(—1t4, 7_— -} (|=-\r 2a+1

It remains to prove

1 /2\" 1 1
liminf "2+ '2* Tr(exp(—tA4,)) = ——= (—) C(—) F(———+ 1). (3.7)
10 \/; n o 2

Make a partition of [1, c0) into intervals I, of equal size 1/m. Denote by
H? the Dirichlet Laplacian on I,, and by

j exp( —1(nm/2)? x?*) dx

di=sup x*, Q@ (1)=mt'"?Tr(exp(—tHZ)),  Vu(x)= ) di-xlx),
xely k>0 (38)

where y, is the characteristic function of the interval I,. Putting additional
Dirichlet boundary conditions at the end points of intervals I, we obtain

{12+ 125 Tr(exp( — 1A p))

>112+12% S Tr(exp(—tHE)) ¥ exp(—unn/2)* d,)

k>0 n>0

20,007 ¥ [ exp(—t(nn2)° V,,(x)) d

n>0

2 1/ 1 l/a .0
=24(0) <;> ngO <;> Jr”z“(mr/z)‘/” exp(—Vnlx)) dx

Ije N 1 I/a o0
ZQm(t)<%> Y <—) L exp(—V,(x)) dx.

1 n 1/2a(Nn/2)l/a
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Using that

) 1
}Ig}) Qm(t)=2 NG

we obtain

lim inf 112+ V2 Tr(exp(—t4,))

-0

1 2 /e N 1 /2 .0

27;(;) Z(;) L exp( — V,,(x)) dx.
1

Letting N — o0 and m — o0 we obtain {3.7) and (3.5).

Case w=1. As before

Tr(exp(—14,)) < : ) jw exp(— t(nm/2)? x?) dx
2 Tt om0 V1
1 1= .
B I \/7‘7: ngo n ‘(\ﬂnn/Z CXp( X )dx (39)

Split the positive integers into two sets, I, ={n:n \/; £2/r} and
L={n:n./{>2n}. We have

)

1 ¢ 3 n\/;
; j\ﬁmz exp(—x?) dx < > y exp(—\/;mz/Z)

nelb nely
=0(1) as -0, (3.10)

1 o 1 1

exp( —x?) dx < — ~

E‘z, nﬂ Jﬁmr/z 2n nz:l; n

1
~Elnt“ as 1 —0. (3.11)

In (3.11) we used that 1 + 3+ --- + 1/n—Ilnn -y, as n —» o0, where 7 is the
Euler constant. From (3.9), (3.10), (3.11) we obtain

1
lim (in=H™'T —tAp)) < —.
im sup (In 27"~ " Tr(exp( o)) -
To prove that

1
liminf f(ln =)' T —tAp)) > — .
im inf #(ln 17°) ™" Tr(exp(—t4)) o (3.12)



78 JAKSIC, MOLCANOV, AND SIMON

we proceed as follows. Let /= {n:n \/? <2¢/n}, and with notation (3.8)
we have

tinz= ") " Tr(exp(—t4p))

>0,(1) ('Y F exp( — H(nm/2)? V, (x)) dx

n>0 *1

2 1

=0,(0)- ) -(neH!

2 d
= | o SRV

jw exp(— V., (x)) dx.

2 1
>Qm(t)—7;(lnt“‘)*‘ Y o)

nel

As t =0,

! g 11
Qm(t)*z\/;, (Ime=H~' Y >

nel

and consequently,

1
liminf 7(ln 1 =1) ! Tr(exp(—1A4,)) =

=0 2 /n L

Letting ¢ —» 0 and m — oo we obtain (3.12) and (3.6).

exp(—V,(x)) dx.
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