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from above in the plurifine topology and f oh is finely subharmonic for all complex affine-
linear maps h. As a consequence, the regularization in the plurifine topology of a pointwise

gfg:rg;isly plurisubharmonic function supremum of such functions is weakly plurifinely plurisubharmonic, and it differs from
Plurifinely holomorphic function the pointwise supremum at most on a pluripolar set. Weak plurifine plurisubharmonicity
Finely subharmonic function and weak plurifine holomorphy are preserved under composition with weakly plurifinely
Finely holomorphic function holomorphic maps.

Plurifine topology © 2011 Elsevier Inc. All rights reserved.

1. Introduction

The plurifine topology F on C" was briefly introduced in [17] as the weakest topology in which all plurisubharmonic
functions are continuous, in analogy with the H. Cartan fine topology on R”, in particular on C = R2. For comments on
this choice of “fine” topology on C", see [17]. The plurifine topology F is clearly biholomorphically invariant. Furthermore,
F is locally connected, as shown in [9,10], where also further properties of F are given. Much as in [8,10,11] we begin
by considering (in Definition 2.2, resp. 2.6) two concepts of plurifinely plurisubharmonic (resp. plurifinely holomorphic)
functions—a strong concept defined by F-local uniform approximation with plurisubharmonic (resp. holomorphic) functions,
and a weak concept defined by restriction to complex lines. We thereby draw on the theory of finely sub- or superharmonic
and finely holomorphic functions defined on finely open subsets of C, cf. [12,14,18]. The plurifine topology F on C" induces
on each complex line L in C" the Cartan fine topology on L = C (Lemma 2.1). In analogy with ordinary plurisubharmonic
functions, the weakly F-plurisubharmonic functions f may be characterized as follows. They are F-upper semicontinuous
and such that f oh is R¥"-finely subharmonic (or identically —oo in some fine component of its domain of definition) for
every C-affine-linear bijection h of C" (Theorem 3.1).

The concepts of strongly F-plurisubharmonic and strongly F-holomorphic functions on an F-open set 2 c C" are
obviously biholomorphically invariant. We show that the same holds for the weak concepts (Theorem 4.6), cf. [11]. We do
not know whether the strong and the weak concepts are actually the same. The weak concepts are closed under F-locally
uniform convergence, and altogether seem to be more useful, cf. [10].

The convex cone of all weakly F-plurisubharmonic functions on §2 is stable under taking the pointwise infimum for
lower directed families and under taking the pointwise supremum for finite families. The above characterization of weakly
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JF-plurisubharmonic functions allows us to answer questions posed by the first named author in [8]. Namely, for any F-
locally upper bounded family of weakly F-plurisubharmonic functions f, on £2, the F-upper semicontinuous regularization
f* of the pointwise supremum f = sup, fy is likewise weakly F-plurisubharmonic (Theorem 3.9), and the exceptional
set {f < f*} is pluripolar, as expected from a theorem of Bedford and Taylor [2, Theorem 7.1]. Furthermore, there is a
removable singularity theorem for weakly F-plurisubharmonic functions (Theorem 3.7), and likewise for F-holomorphic
functions (Corollary 3.8).

In the final Section 4 we show that the concepts of weakly JF-plurisubharmonic function and weakly F-holomorphic
function are biholomorphically invariant, even in a plurifine sense. In fact, composition with weakly F-holomorphic maps
preserves weak JF-plurisubharmonicity and weak F-holomorphy (Theorem 4.6).

2. Definitions and first properties of strongly and weakly F-plurisubharmonic and F-holomorphic functions

The F-interior (plurifine interior) of a set K c C", n € N, is denoted by K’. It is known that every F-neighborhood
of a point of C" contains an F-neighborhood which is compact in the Euclidean topology—an easy consequence of [10,
Theorem 2.3], plurisubharmonic functions being upper semicontinuous. Henceforth, topological properties not explicitly
referring to the plurifine topology F or the Cartan fine topology are tacitly understood to refer to the Euclidean topology.
Generalizing known properties of the fine topology, cf. [19], we have

Lemma 2.1.

(a) The plurifine topology F on C" induces on every C-affine subspace L = CK of C" the plurifine topology on L. Explicitly, for any
F-open set §2 C C" the intersection L N §2 is F-open in L, and so is the orthogonal projection of §2 on L.
(b) Aset w c Cis F-open in CX if and only if w x C"* is F-open in C".

Proof. For z=(z1,...,z,) € C" write

/ a
Z=(z1,...,Z), 7" = (Zks1s -+ s Zn)-

For (a) it suffices to consider the particular subspace Lo = {(z,0”): z e CX} which we identify with Ck. For any F-
open set 2 C C" denote by w the part of £2 in Ly. Consider a point @’ € w. According to [9, Theorem 2.3], there exist a
plurisubharmonic function ¥ on C" = Ck x C"* and neighborhoods U’ of a’ in C¥ and U” of 0” in C"* such that

(@,0") ef{(Z,2)eU xU": y(Z,7") >0} C 2. (2.1)
Define ¢ : Ck — [—o0, +00[ by ¢(z') = ¥ (Z/,0"). Then ¢ is plurisubharmonic and
ad el el ¢(7)>0} Ccw. (2.2)

Thus  is indeed an F-neighborhood of a’ in Ck.

For each t € C"* the translate 2; = £2 — (0, t) of £2 is F-open in C". It follows that £2; N Lo is F-open in Lo, and
therefore so is the union of the §2; N Ly, that is, the projection of £2 on L.

For (b) we have just shown, in particular, that if £2 :=w x C"* is F-open in C" then w is F-open in C¥. To establish
the converse, suppose that  is F-open in C¥ and let us prove that every point a = (@, a”) of @ x C"¥ is an F-inner point
of that set. Since  is an F-neighborhood of a’ in C¥ there exist (again by [9, Theorem 2.3]) a plurisubharmonic function
¢ on Ck and a neighborhood U’ of @’ in C¥ such that (2.2) holds. The function v defined on C* by ¥(z,z") = ¢(2) is
plurisubharmonic—an easy and well-known consequence of the definition of plurisubharmonicity [24, p. 306], cf. [21, p. 62].
Furthermore, (2.1) holds (with £2 = w x C"* and with (a’, 0”) replaced by a) for any neighborhood U” of a” in C" . Thus
® x C" ¥ is indeed an F-neighborhood of a in C". O

For a compact set K ¢ C" we denote by So(K) the convex cone of all restrictions to K of finite continuous plurisub-
harmonic functions defined on open subsets of C" containing K. By S(K) we denote the closure of So(K) in C(K,R) (the
continuous functions K — R with the uniform norm); S(K) is likewise a convex cone.

Definition 2.2 (Plurifinely plurisubharmonic function). Let £2 denote an F-open (i.e., plurifinely open) subset of C™":

(i) A function f: £ — R is said to be F-cpsh if every point of §2 has a compact F-neighborhood K in £ such that
fIK € S(K).
(ii) A function f : £ — [—o0, +o0[ is said to be strongly F-plurisubharmonic if f is the pointwise limit of a decreasing net
of F-cpsh functions on £2.
(iii) (Cf. [8, Section 5], [10, Definition 5.1].) A function f : £2 — [—o0, +00[ is said to be weakly F-plurisubharmonic if f is
JF-upper semicontinuous and, for every complex line L in C", the restriction of f to the finely open subset L N §2 of L
is finely hypoharmonic.
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See [12, Definition 8.2 and §10.4] for finely hypoharmonic (resp. finely sub- or superharmonic) functions, and recall that
a function f is finely hypoharmonic on a finely open subset U of C (or of RN) if and only if f is finely subharmonic on
every fine component of U in which f % —oo. The concepts strongly and weakly F-plurisubharmonic are both F-local ones
(that is, these have the sheaf property).

The concept of F-cpsh functions, defined in (i), is an auxiliary one. Every strongly J-plurisubharmonic function is
J-upper semicontinuous (even JF-continuous, see Theorem 2.4(c) and Proposition 2.5) because every F-cpsh function is
JF-continuous. The class of all strongly, resp. weakly, F-plurisubharmonic functions on £2 is clearly a convex cone which
is stable under taking of the pointwise supremum of finite families. The latter class is furthermore stable under taking of
the pointwise infimum for lower directed (possibly infinite) families, and is closed under F-locally uniform convergence in
view of [12, Lemma 9.6]. For upper directed families of weakly F-plurisubharmonic functions, see Theorem 3.9 below.

If f is strongly, resp. weakly, F-plurisubharmonic on §2 (F-open in C") then the restriction of f to LN £ (L is a
C-affine subspace L = CK of C") has the same property in L N £2. This follows easily from Lemma 2.1(a) above.

For n =1, f is strongly, resp. weakly, F-plurisubharmonic on £2 (finely open in C) if and only if f is finely hypoharmonic
on £2. This is obvious in the weak case. In the strong case, suppose first that f is finite and finely hypoharmonic on 2.
By the Brelot property [18, p. 284], every point of §£2 has a compact fine neighborhood K in £ such that f|K € C(K,R)
(f being finely continuous by [12, Theorem 9.10]). Because f is finite and finely hypoharmonic in the fine interior K’ of
K we have f € S(K) according to [1, Theorem 4.7], cf. [16, Theorem 4], and so f is F-cpsh on 2. For a general finely
hypoharmonic function f on §2 write f = inf,cy max{f, —n} and note that max{f, —n} is finite and finely hypoharmonic,
cf. [12, Corollary 2, p. 84]. Conversely, if f is strongly F-plurisubharmonic we may assume by the same corollary that f is
even F-cpsh. For any compact set K C C, every function of class S(K) is finite and finely hypoharmonic on K’ according to
[12, Lemma 9.6]. With K as in (i) this shows that f indeed is finite and finely hypoharmonic on £2.

In the following two theorems we collect some properties of weakly finely plurisubharmonic functions recently obtained
by the third author in collaboration with S. El Marzguioui. By an F-domain we understand an F-connected F-open set.

Theorem 2.3. (See [10].) Let f be a weakly F-plurisubharmonic function on an F-domain 2 Cc C":

(a) If f £ —oo then {z € 2: f(z) = —oo} has no F-interior point.
(b) If f # —oo then, for any F-closed set E C {z € 2: f(z) = —oo}, 2 \ E is an F-domain.
(c) If f <O theneither f <0or f=0.

Theorem 2.4. (See [11].) Let f be a weakly F-plurisubharmonic function on an F-open set §2 C C":

(a) Every point zg € $2 such that f(zg) > —oo has an F-open F-neighborhood O C §2 on which f can be represented as the
difference f = @1 — ¢, between two bounded plurisubharmonic functions ¢, and ¢, defined on some open ball B(zg, r) contain-
ing O.

(b) If f maps $2 into a fixed bounded interval ]a, b, then r, O, and ¢, will depend on ]a, b[, but can be chosen independently
of f.

(c) fis F-continuous.

(d) If $2 is F-connected and f # —oo then {z € 2: f(z) = —oco} is an F-closed, pluripolar subset of C".

Assertion (d) states that pluripolar sets and weakly F-pluripolar sets (in the obvious sense) are the same. The proofs of
(a), (b), and (c) given below are essentially taken from [11].

Proof of Theorem 2.4. (a) To begin with, suppose that f is bounded. We may then assume that —1 < f < 0, for f maps

£2 into a bounded interval ]a, b[, and hence % maps §2 into ]—1,0[ and is likewise weakly F-plurisubharmonic. Let

V C £2 be a compact F-neighborhood of zg. Since the complement CV of V is pluri-thin at zg, there exist 0 <r <1 and a
plurisubharmonic function ¢ on B(zg, r) such that

limsup ¢(2) < @(20).

z—29,2e0V

Without loss of generality we may suppose that ¢ is negative on B(zp,r) and

@(z)=—-1 onB(zg,r)\V and ¢@(z9)=-1/2.

Hence

f@)+rp() < —1 forze 2NB(zg,r)\Vand A > 0. (2.3)
Now define a function u; on B(zg, 1) by
max{—A, f(2) + rp(2)} forze 2N B(zp,7),

(2.4)
-\ forze€ B(zg, 1)\ V.

u(2) = {
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This definition makes sense because (2 NB(zg,7))U(B(zo,7)\ V) = B(zp, 1), and the two definitions agree on 2N B(zp,1)\V
in view of (2.3).

Clearly, u; is weakly F-plurisubharmonic on §2 N B(zp,r) and on B(zg,7) \ V, hence on all of B(zg,r) in view of the
sheaf property, cf. [10]. Since u, is bounded on B(zg, ), it follows from [12, Theorem 9.8] that u, is subharmonic on each
complex line where it is defined. It is well known that a bounded function, which is subharmonic on each complex line
where it is defined, is plurisubharmonic, cf. [23] or [24, p. 24]. Thus, u; is plurisubharmonic on B(zg, r).

Since ¢(zp) = —1/2, the set O ={z € 2: ¢(z) > —3/4} is an F-neighborhood of zp, and because ¢ = —1 on B(zg,1)\ V
it is clear that 0 C V C £2.

Observe now that —4 < f(z) + 4¢(z) for every z € 0. Hence f = @1 — ¢ on O, with ¢ = us and ¢, = 4¢, both
plurisubharmonic on B(zp,r). Thus f is weakly JF-plurisubharmonic on O, which is an F-neighborhood of z. It follows
that f is F-continuous on O along with ¢ and ¢, provided that f is bounded.

Without assuming that f be bounded, f remains F-continuous on O according to (c), proven below. It follows that f
is bounded on some F-neighborhood U of zp in 2, and we therefore have a decomposition of f as required, on some
JF-neighborhood (replacing the above O) of zo on U C £2.

(b) Again we may assume that —1 < f < 0. The set V and the plurisubharmonic function ¢ in the proof of (a) then do
not depend on f, and that applies to ¢, =4¢ as well.

(c) In the remaining case where f may be unbounded (cf. the proof of (a) above), note that f is F-upper semicontinuous
and < +o0. Choose c,d € R with d < c. Then the set 2, ={z€ £2: f(z) <c} is F-open. The function max{f,d} is bounded
and weakly F-plurisubharmonic on £2., hence F-continuous there. The set

{ze:d< f(2) <c}={ze2:d<max{f(2),d} <c}

therefore is F-open, and hence f is F-continuous.
For (d) we refer to the proof given in [11, Theorem 4.1]. O

Proposition 2.5. Every strongly F-plurisubharmonic function f : 2 — [—o0, +00[ is weakly F-plurisubharmonic.

Proof. We may assume that f is even F-cpsh. Let (f,) be a sequence of finite continuous plurisubharmonic functions on
open sets §2,, containing K from Definition 2.2(i) such that f,|K — f|K uniformly. For any complex line L in C", f,|[LNK’
is finely hypoharmonic. This uses [12, Theorem 8.7] and the fact that the intersection of any F-open subset of C" with any
complex line L is finely open, by Lemma 2.1. It follows by [12, Lemma 9.6] that f|L N K’ is finely hypoharmonic, and in
particular finely continuous, by [12, Theorem 9.10]. Consequently, f is indeed weakly F-plurisubharmonic. O

We now pass to concepts of F-holomorphic functions. For a compact set K C C" we denote by H(K) the algebra of all
restrictions to K of holomorphic functions defined on open subsets of C" containing K. By H(K) we denote the closure of
Ho(K) in C(K, C) (the continuous functions K — C with the uniform norm). Then H(K) is likewise an algebra.

Definition 2.6 (Plurifinely holomorphic function). Let £2 denote an F-open subset of C":

(i) (Cf. [10, Definition 6.1].) A function f : 2 — C is said to be strongly F-holomorphic if every point of £2 has a compact
JF-neighborhood K in §2 such that f|K € H(K).

(ii) A function f : £ — C is said to be weakly F-holomorphic if f is F-continuous and if, for every complex line L in C",
the restriction f|L N £2 is finely holomorphic.

For finely holomorphic functions see [14,18]. The concepts strongly and weakly F-holomorphic are F-local ones.
The class of all strongly, resp. weakly, F-holomorphic functions on §2 is an algebra, and the latter class is closed under F-
locally uniform convergence, in view of [14, Théoréme 4]. Clearly, every strongly F-holomorphic function is F-continuous
(on K’ from Definition 2.6(i), and so on all of £2).

If f is strongly, resp. weakly, F-holomorphic on §2 (F-open in C") then the restriction of f to LN £ (L is a C-affine
subspace L = Ck of C") has the same property on L N §2. This follows easily from Lemma 2.1 above.

For n =1, f is strongly (resp. weakly) F-holomorphic on £ (finely open in C) if and only if f is finely holomorphic
on £2. This is obvious in the weak case. In the strong case, suppose first that f is finely holomorphic on £2. By [14, Corollaire,
p. 75], every point of 2 has a compact fine neighborhood K in £2 such that f|K € R(K) (= H(K) in the 1-dimensional case).
Consequently, f is indeed strongly F-holomorphic on £2. Conversely, if f is strongly F-holomorphic then, for any compact
set K C C, every function of class H(K) is finely holomorphic on K’, see [14, p. 63]. With K as in Definition 2.6(i) this
shows that f indeed is finely holomorphic on £2.

Proposition 2.7. Every strongly F-holomorphic function f : £ — C is weakly F-holomorphic, and in particular F-continuous.

Proof. For any K as in Definition 2.6(i) there exists a sequence of holomorphic functions f, defined on open sets containing
K such that f,|K — f|K uniformly. For every complex line L in C" this shows that the finely holomorphic functions
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fulLN K’ converge uniformly to f|L N K’, which therefore is finely holomorphic, see again [14, p. 63]. Consequently f|LN 2
is finely holomorphic, and so f is indeed weakly F-holomorphic, being also F-continuous. 0O

The concept of weakly F-holomorphic function can be characterized in terms of weakly JF-pluriharmonic functions (that
is, functions f: £2 — C such that +Re f and +1Im f are weakly F-plurisubharmonic on the F-open set £2 C C"):

Lemma 2.8. A function f : 2 — C is weakly F-holomorphic if and only if f and each of the functions z+— z; f(z) (j €{1,...,n})
are weakly F-pluriharmonic on £2.

Proof. This reduces right away to the case n =1 which is due to Lyons [25], cf. [14, Section 3], and which asserts that a
function h: U — C, defined on a finely open set U C C, is finely holomorphic if and only if h and z +> zh(z) are (complex)
finely harmonic. O

For any F-open set U C C™, an n-tuple (hy, ..., hy) of strongly (resp. weakly) F-holomorphic functions h;: U — C will
be termed a strongly (resp. weakly) F-holomorphic map U — C".
Assertion (b) of the following proposition provides two slight strengthenings of [10, Lemma 6.2].

Proposition 2.9. Let U C C™ be F-open and leth = (h1, ..., hy) : U — C" be a strongly (resp. weakly) F-holomorphic map. Then:

(a) The map h : U — C" is continuous from U with the F-topology on C™ to C" with the Euclidean topology.

(b) For any plurisubharmonic function f on an open set §2 in C", the function f o h is strongly (resp. weakly) F-plurisubharmonic
on the F-openseth~1(2) ={z e U: h(z) € 2} c C™.

(c) For any holomorphic function f on an open set 2 in C", the function f o h is strongly (resp. weakly) F-holomorphic on the
F-openseth~1(£2) c C™.

Proof. Assertion (a) holds because each hj (whether strongly or weakly F-holomorphic) is F-continuous and because the
Euclidean topology on C" is the product of the Euclidean topology on each of n copies of C.

For (b) with each h; strongly F-holomorphic we begin by showing that, if the plurisubharmonic function f on £2 is finite
and continuous, then f oh is even F-cpsh (cf. Definition 2.2(i)) on h~1(£2), which is F-open according to (a). Every point
a € h~1(£2) has a compact F-neighborhood Kj in h=1(£2) (C U c C™) such that hjlKj € H(Kj). Thus there exists a sequence
(h‘]?),,eN of holomorphic functions h}’ on open sets U}.’ in C™ containing K; such that h}’|Kj — h;|K; uniformly as v — oo.
Write K =K;N---NKy and h¥ = (h],...,hy) on UY =UJ N---NUy. Then hj|K; € C(K;,C) and hence h|K € C(K,C").
It follows that h(K) is a compact subset of £2 C C". Denoting by | - || the Euclidean norm on C" and by B the closed
unit ball in C", there accordingly exists § > 0 such that h(K) 4+ §B C 2. We may assume that ||hV(z) — h(z)| < § for any
v and any z € K. Under the present extra hypothesis, f is finite and uniformly continuous on the compact set h(K) + §B
containing any h¥(K), and it follows that f o h”|K — f o h|K uniformly as v — oc. Because f oh” is finite, continuous, and
plurisubharmonic, on the open set U” > K, we have f o h|K € S(K). By varying a € h~!(£2) and hence the F-neighborhood
K of a in h~1(£2) we infer that f oh is F-cpsh on h=1(£2).

If we drop the extra hypothesis that f be finite and continuous, f is the pointwise limit of a decreasing net of finite con-
tinuous plurisubharmonic functions f, on §2, and f oh is then the pointwise limit of the decreasing net of functions f, oh
on h—1(£2) which we have just shown are F-cpsh, and so f oh is indeed strongly F-plurisubharmonic, cf. Definition 2.2(ii)
(with £ replaced by h=1(2)).

Next suppose instead that each h; is weakly F-holomorphic on U, and consider a complex line L in C™; then LN U
is finely open in L. According to Definition 2.6(ii), h;|[L N U is then finely holomorphic, which is the same as strongly
JF-holomorphic (see above for n =1). As shown above (now with m =1 and with U replaced by L N U) it follows that
foh|lLNh~1(£2) is strongly F-plurisubharmonic, which is the same as finely hypoharmonic (because the dimension is 1).
According to Definition 2.2(iii) this means that f o h indeed is weakly F-plurisubharmonic on h~1(£2), noting that f oh is
J-upper semicontinuous in view of (a) because f is upper semicontinuous.

For (c), suppose first that each h; is strongly F-holomorphic on U. Proceeding as in the first part of the proof of (b) we
arrange that f o h”|K — f o h|K uniformly as v — oo; but now f oh" is holomorphic on U”. We therefore conclude that
foh|K e H(K), and so f oh is indeed strongly F-holomorphic according to Definition 2.6(i).

If instead each h; is weakly F-holomorphic on U then, for every complex line L in C™, each hj|L N U is again strongly
F-holomorphic. As just established, this implies that f o h|L Nh~1(£2) is strongly F-holomorphic, or equivalently finely
holomorphic. We conclude that indeed f o h is weakly F-holomorphic, according to Definition 2.6(ii), noting that f o h is
JF-continuous in view of (a). O

In the version of Proposition 2.9 with ‘weakly’ in each of the three cases one may allow f in (b) to be just weakly F-
plurisubharmonic (in place of plurisubharmonic), and similarly f in (c) to be weakly F-holomorphic (in place of holomorphic),
see Theorem 4.6 at the end of the paper. At this point we merely show that we may allow f in (b) (of Proposition 2.9) to
be strongly F-plurisubharmonic, and f in (c) to be strongly F-holomorphic:
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Theorem 2.10. Let U C C™ be F-open and let h = (h1, ..., hy) : U — C" be a weakly F-holomorphic map. Then:

(a) The map h : U — C" is continuous from U with the F-topology on C™ to C" with the F-topology there.

(b) For any strongly F-plurisubharmonic function f defined on an F-open set 2 in C", the function f o h is weakly F-
plurisubharmonic on the F-openseth=1(2) ={z e U: h(z) e 2} c C™.

(c) For any strongly F-holomorphic function f defined on an F-open set §2 in C", the function f o h is weakly F-holomorphic on
the F-openseth~1(§2) c C™.

Proof. For the present weakly J-holomorphic functions h; assertion (a) is stronger than Proposition 2.9(a). We shall prove
that h~1(£2) is F-open in C™ for any F-open set £2 in C". Fix a point a € h~1(£2) and write h(a) =b (e £2). According
to [10, Theorem 2.3], there exist a plurisubharmonic function ¢ on an open ball B(b,r) in C" and a number ¢ < ¢(b) such
that the basic F-neighborhood

W ={weBb,n: p(w)>c}

of b in C" is a subset of the F-open set £2 in C". Then h~ (W) c h~1(£2) (c U), and

h™'(W)={zeU: h(z) e B(b,r) and (¢ o h)(2) > c}

is F-open in C™ because h: U — C" is F-continuous by Proposition 2.9(a). Moreover, ¢ o h: h=1(B(b,)) — [—00, +-00] is
weakly F-plurisubharmonic by Proposition 2.9(b) (applied with £2, f replaced by B(b,r), ¢), and in particular F-continuous,
by Theorem 2.4(c). By varying a € h—1(£2) we infer that indeed h~1(£2) is F-open.

For (b) we may assume that f is even F-cpsh on £2. Let K C £2 be as in Definition 2.2(i), and let (f") be a sequence of
finite continuous plurisubharmonic functions on open sets £2V O K such that fY|K — f|K uniformly as v — co. According
to Proposition 2.9(a), (b) each fY oh is weakly F-plurisubharmonic on the F-open set h=1(§2"). By (a), h~1(K’) is F-open,
and it follows that each f¥oh|h~1(K’) likewise is weakly F-plurisubharmonic, in particular F-upper semicontinuous. Hence
so is its uniform limit f o h|h~1(K’) in view of [12, Lemma 9.6]. By varying K C £2 and hence K’ we conclude that indeed
f oh is weakly F-plurisubharmonic on h=1(£2).

Finally, the proof of (c) is quite parallel to that of (b) in view of Proposition 2.9(a), (c), using [14, Théoréme 4] in place
of [12, Lemma 9.6]. O

Theorem 2.10 has two corollaries for m =1 and n = 1, respectively. In either corollary ‘strongly’ can be replaced by
‘weakly’ according to Theorem 4.6. For m =1 we have

Corollary 2.11. Let hj : U — C (j € {1, ...,n}) be finely holomorphic functions defined on a finely open set U C C, and write h =
(h1, ..., hy). For any strongly F-plurisubharmonic (resp. strongly F-holomorphic) function f defined on an F-open set 2 C C", the
function f o h is finely hypoharmonic (resp. finely holomorphic) on the finely open set h=1(£2) = {z € U: h(z) € 2} c C.

Remark 2.12. Suppose now that one can prove that the cone of F-cpsh, resp. the algebra of strongly F-holomorphic,
functions on an F-open subset 2 of C" is closed under uniform convergence, then the proofs of Theorem 2.10(b), (c)
easily show that ‘weakly’ can be replaced throughout the theorem by ‘strongly’. Indeed, with f F-cpsh (resp. strongly
JF-holomorphic) and h strongly F-holomorphic, let K C £2 denote a compact F-neighborhood of a point a € £2, and let
(fy) denote a sequence of finite continuous plurisubharmonic (resp. a sequence of holomorphic) functions, defined on open
subsets §£2,, of C" containing K, and such that f, — f uniformly on K. Then f, o h is strongly F-plurisubharmonic and
even F-cpsh (resp. strongly F-holomorphic) on the F-open set h~1(K') c h~1(£2,) C U c C™, by Proposition 2.9 (cf. the
beginning of the proof of Theorem 2.10(b)). Under the hypothesis at the beginning of this remark it will follow that the
uniform limit f o h of (f, o h) on h=1(K’) likewise is F-cpsh (resp. strongly F-holomorphic) on h—1(K’), and therefore on
h=1(£2), by varying K and hence K'. If f is merely strongly F-plurisubharmonic (rather than F-cpsh), it follows as usual
that indeed f oh is likewise strongly F-plurisubharmonic.

In the case n =1 the hypothesis stated in the above remark is always fulfilled in view of [12, Lemma 9.6] (resp. [14,
Théoréeme 4]). We therefore have the following corollary of Theorem 2.10 for that case:

Corollary 2.13. Let h : U — C be a strongly F-holomorphic function defined on an F-open set U C C™. Then for any finely hypohar-
monic (resp. finely holomorphic) function f defined on a finely open set $2 C C, the function f o h is strongly F-plurisubharmonic
(resp. strongly F-holomorphic) on the F-open set h~1(£2) c C™.

The same statement with ‘strongly’ replaced throughout by ‘weakly’ is simply the case n =1 of Theorem 2.10 as it stands.
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Proposition 2.14. Let now 2 be a Euclidean open subset of C". For a function f : 2 — [—o0, +00[ the following are equivalent:

(i) f is plurisubharmonic (in the ordinary sense).
(ii) f is strongly F-plurisubharmonic and not identically —oo on any component of £2.
(iii) f is weakly F-plurisubharmonic and not identically —oo on any component of 2.

Proof. Every finite continuous plurisubharmonic function on §2 is of course F-cpsh. It follows that any plurisubharmonic
function on £2 is strongly JF-plurisubharmonic (being the pointwise limit of a decreasing sequence of finite continuous
plurisubharmonic functions). Conversely, if f is weakly JF-plurisubharmonic on £ then f is plurisubharmonic on every
connectivity component w of §£2 on which f is not identically —oo. To see this, we can assume without loss of generality
that 2 is convex. First observe that f is F-locally bounded from above, so every point a € £2 has an F-neighborhood
U C £ on which f < Mg, say. According to [10, Proposition 4.1] we may further arrange that there exists § > 0 such that,
for every complex line L passing through a, the intersection U N L contains a circle C; about a with radius at least §. Let D;
be the disc in L bounded by C;. Then D; C £2, and the C; is the fine boundary of D;. By the maximum principle for finely
subharmonic functions on a planar domain [13, Theorem 2.3], it follows that f < M, on the discs Dy, hence in particular
on the ball B(a,8) C Uy D;. For functions that are locally bounded from above in the Euclidean topology, the statement
alternatively follows from [12, Theorem 9.8(a)] in view of [23, Définition 1, p. 306]. O

Remark 2.15. Similarly to Proposition 2.14, a function f : 2 — C (with £ Euclidean open) is holomorphic if and only if f
is strongly, or equivalently weakly, F-holomorphic; the ‘if part’ follows from [14, p. 63] in view of Hartogs’ theorem.

We close this section with an application to pluripolar hulls. Recall that the pluripolar hull P, of a pluripolar set P
relative to an open set £2 containing P is defined as the following set (F-closed relatively to £2):

Py = ﬂ{ze 2: u(z) = —oo}.

u

Here the intersection is taken over all plurisubharmonic functions u defined on £2 and such that u|P = —oo. A pluripolar
set E has empty plurifine interior E’ [10, Theorem 5.2]. (More generally, a polar set is a Lebesgue null set and therefore has
empty fine interior.)

For any set E C C™, m e N, and any function h : E — C we denote by I',(E) = {(z,h(2)): z € E} the graph of h|E and by
I (E)* the pluripolar hull of I},(E).

(Cm+1
Proposition 2.16. Let h be a weakly F-holomorphic function on an F-domain U C C™:

(@) Ifh £ 0, the set h~1(0) of zeros of h is pluripolar in C™. In particular, the graph I',(U) of h is pluripolar in C™*1,
(b) If E is a non-pluripolar subset of U then Iy, (U) is pluripolar, and I',(U) C I’h(E)("{:mH.

With h supposed strongly F-holomorphic on U, this proposition was obtained in [11, Corollary 4.4 and Theorem 4.5],
extending [10, Theorem 6.4], and [7, Theorem 3.5].

Proof of Proposition 2.16. (a) It follows from Proposition 2.9(b) that the function log|h(-)| is weakly F-plurisubharmonic
on U. Since log |h(z)| = —oo for z € h~1(0), but log|h(-)| # —o0, we conclude from Theorem 2.4(d) that h=1(0) is pluripo-
lar.

(b) The function (z, w) — w — h(z) is weakly F-holomorphic and # 0 on the F-open set U x C c C™*!. Again by
Proposition 2.9(b) it follows that the function (z, w) — log|w — h(z)| is weakly F-plurisubharmonic and # —oo on U x C.
Since this function equals —oo on Iy (E) we conclude that I',(E) is pluripolar. By Josefson's theorem [20] there exists a
plurisubharmonic function f on all of C™*! such that f(z, h(z)) = —oo for every z € E. It follows by Theorem 2.3(a) that
f(z,h(z)) = —oo even for every z € U, and hence I},(U) is pluripolar in C™t!. By the definition of the pluripolar hull of
I'h(E) we conclude that indeed I, (U) C Fh(E)Zf;mH- ]

3. A characterization of weakly F-plurisubharmonic functions

By the prefix ‘R¥"-fine’ we denote concepts relative to the Cartan fine topology on C" = R?". Recall that this topology
is finer than the plurifine topology F [17]. It is well known that a plurisubharmonic function f on a domain 2 c C" is
subharmonic when considered as a function on £2 C R?", because the average of f over a sphere can be expressed in terms
of the average of f over the circles that are intersection of the sphere with complex lines passing through the center. While
this approach does not work in the fine setting, the analogous result nevertheless remains valid. Indeed, a well-known
characterization of plurisubharmonic functions (see [24, Théoréme 1, p. 18] or [21, Theorem 2.9.12]) may be adapted as
follows. This will lead to further properties of weakly F-plurisubharmonic functions (Theorems 3.7 and 3.9).
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Theorem 3.1. A function f : 2 — [—o00, +00[ (§2 is F-open in C") is weakly F-plurisubharmonic if and only if f is F-locally
bounded from above and f o h is R?"-finely hypoharmonic on the F-open set h=1(£2) for every C-affine bijection h of C™.

For the proof of the ‘only if part’ of Theorem 3.1 we need the following

Lemma 3.2. Let u1, uy be bounded subharmonic functions on an open set B C R", and consider the function f =u1 — u on B. Let
U be a finely open Borel subset of B. Then f|U is finely subharmonic if and only if the signed Riesz measure A f on B has a positive
restriction to U.

Proof. Suppose first that (A f)|U >0, and let us prove that f then is finely subharmonic on U.

Recall that the base b(X) in B of X C B consists of the points of B at which X is not thin. Denote by CX the complement
of X relative to B. For a finely open set U, its regularization equals r(U) = Cb(CU)) = U Ui(CU) where i(X) is the polar set
consisting of the points of X at which X is thin. We may assume that U is regular, i.e., U =r(U) and hence an F,-set, for
uq and u, are bounded, and therefore Au; and Auy do not charge the polar set by which U differs from r(U).

Writing Af := u = u+ — u— on B we have, by hypothesis, _|U = 0. Proceeding as in the proof of the former
(and easier) ‘if part’ of [12, Theorem 8.10], consider any bounded finely open set V of compact closure V C U. Then
(/L_)CV = _ because p_ is carried by b(CV) > CU. For any x € V we obtain in terms of the Green kernel G on B accord-
ing to [6, Theorems 1.X.3 and 1.X.5] applied within B

/ Gu—del’ =R, (0 =G (1)) (0 = Gu_(x) < +oo,
[GM+ delV =R (1) <G < +oo,

whence by subtraction [ Gpu deEV < Gu(x), showing that the finely continuous function Gu is finely hyperharmonic, and
indeed (being also bounded) finely superharmonic on U [12, Theorem 8.10 and §10.4]. By the Riesz representation theorem,
f=—=Gu+h on B, with h harmonic on B, in particular finely harmonic on U, and therefore f is likewise finely subharmonic
on U.

Conversely, suppose that f|U is finely subharmonic. Recall the corollary in [6, 1.X1.18] that if two subharmonic functions
g1 and gy, defined on some open set, coincide on a set A, then their Riesz masses satisfy Ag; = Ag on the fine interior
of A. Hence the Riesz measure A f = Au; — Auy on U is independent of the choice of u; and u;. In fact, if f=wq; —w;
(with wq and w», subharmonic on U) then u; + wy =uy + wq on U, hence Aui + Awy = Auy + Awq on (the fine interior
of) U, that is, Aw; — Awy = Auj — Auy on U.

Since f is finely subharmonic on U it follows by the proof of [12, Theorem 9.9] that every point x € U has a fine
neighborhood Vy € U in which we can write f = v —v,, where v and v, are superharmonic functions on some Euclidean
neighborhood Bg of x in B. Moreover, v, is the swept-out on Bg \ Vx of a certain superharmonic function > 0 on By.
The Riesz mass of v; is concentrated on the fine boundary of the complement of Vy, cf. e.g. [6, Theorem 1.XI.14(b)], hence
on the fine boundary of V. It follows that the Riesz mass Af of f is positive on V, for every x. By the quasi-Lindelof
property, we can find countably many x; € U such that U = Ufozl Vx; UE, where E is polar. Clearly A f is positive on U Vy;.
Because E is polar, the Riesz mass of a bounded subharmonic function does not charge E, so we have Au;(E)=0 (i =1, 2).
We conclude that the measure A f is positive on U. 0O

Proof of the ‘only if part’ of Theorem 3.1. We may assume that §2 is F-connected and that f % —oo. Let E = {f = —o0}.
According to Theorem 2.4(a), every point a € £2 \ E has a bounded F-open F-neighborhood O C £2 on which f is rep-
resentable as f = u7 — uy, where u; and u; are bounded plurisubharmonic functions, defined on an open ball B in C"
containing O. For every j €{1,...,n} the distributions
2ui(z1, ...,z )
Mij =M ()= L@
0z;0z;

are well-defined positive measures on B. Below we show that (Mq; — M ;)]0 > 0 and hence A(ui — up) =
42’}=1(M1,]- — M, ;) >0 on O, where A denotes the Laplacian on C" = R2". According to Lemma 3.2 this will imply
that u; — u indeed is R?-finely subharmonic on 0, and hence actually on £ \ E, by varying a and O. By Theorem 2.4(c),
f is F-continuous, in particular R¥"-finely continuous; and since f < +oo, E is pluripolar and hence R%"-polar. It follows
by the removable singularity property [12, Theorem 9.14] that f is R?"-finely hypoharmonic on all of £2.

For the proof that (M; j — M ;)|0 > 0 it is convenient to write points of C" as (z, w), now with ze C and w € cr1,
Each of the above measures M; j on B then takes the form

92u;(z,
Mi = Mz, w) = ZHEW) g o)
020z

and we shall prove that (M1 — M3)|0 > 0.



714 M. El Kadiri et al. / J. Math. Anal. Appl. 381 (2011) 706-723

For each w € C"™! define

B(w)={z€C: (z,w) € B}

(and similarly with B replaced by other subsets of C"). The functions u;(-, w), i = 1,2, induce subharmonic functions
u;i(-, w) on the open subset B(w) of C, and therefore the distributions
(@) = Puizw)
Hiw = Hiw(Z) = 9207’ =1,2,

are positive measures on the open set B(w) (if non-empty). Being weakly F-plurisubharmonic on O, f =u; — uy induces
the finely subharmonic function f(-, w) =u1(, w) — ux(-, w) on the finely open set O(w). According to the planar ver-
sion of Lemma 3.2, applied to the induced bounded subharmonic functions u;(-, w) on B(w), i =1, 2, the Riesz measure
1w — m2,w of f(-, w) is positive on the finely open set O(w) C B(w).

Let V., V,, denote Lebesgue measure on C, C"!, respectively. For any test function ¢ C3°(B) we have by Fubini’s
theorem

2p(z, w
/godMi:/%ui(z, w)dV,dV,,
B B

2
= / ( / %u;(z,w)d%)de

cr-1 B(w)

= / ( / <p(z,W)d/Li,w(Z)>de.

cn1 B(w)

Choose a compact F-neighborhood K of the given point a € O C §2 so that K C O. There exists a decreasing sequence
of functions ¢, € C5°(B) with 0 < ¢ <1 so that ¢y =1 on K and ¢, N\ xx (the characteristic function of K) as k / cc.
Since M; and ;. are locally finite positive measures and B and ¢ are bounded, we obtain by the monotone convergence
theorem

Mi(K)Z/XKdMiz lim /QDdei
k— o0
B

B
= lim </‘pk('7w)dﬂi,w>de
k—o00
cn-1  B(w)

= / < / XK(W)dPLi,W>dVW

cn=1  B(w)
= / Wiw (K (W) dVy.

cn-1

It follows that

M1 (K) — Ma(K) = / (11, (K(W)) = p2,w (K(W))) dVyy >0
cn-1

because jt1,w — 2w = 0 on O(w) D K(w). Thus M1(K) > M2(K) for every compact F-neighborhood K of a in O.
The proof of Theorem 2.4(a) shows that we may take O = {z € B(zg,1): ®*(2) > —}[}, where @* is plurisubharmonic on
the open ball B(zg,r), and in particular upper semicontinuous there. It follows that O = UPGN Fp with

F,= B 1 1 cd*(2) > 1 1
P—{Ze (Z‘)’( ‘5)r>' @/T;}’

a bounded closed and hence compact subset of C". Defining K, = F, U K we find that K} is a compact F-neighborhood
of a. We infer that K, / O as p / oo, and consequently

M71(0) =supM1(Kp) > sup M2(Kp) = M2(0).
peN peN

By Lemma 3.2, this completes the proof of the ‘only if part’ of Theorem 3.1. O
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For the proof of the ‘if part’ of Theorem 3.1 we will need the following lemma, and some results of Bedford and Taylor
on slicing of currents.

Lemma 3.3. Let f be a bounded finely subharmonic function on an F-open set §2 C C" and suppose that for every C-affine bijection
h of C" the function f o h is finely subharmonic on h=1(£2). Then every zg € §2 admits a (compact) F-neighborhood Ky, such that f
can be written as

f=fi—fa onkKy,

where f1, f, are plurisubharmonic functions defined on a ball B(zg, 1) D Ky,.

Proof. As in the proof of (a) of Theorem 2.4, we can assume that —1 < f <0, and find a compact F-neighborhood V of zg
and a negative plurisubharmonic function ¢ on a ball B(zp,r) D V such that ¢(zp) = —1/2 and ¢ = —1 on B(zp, 1) \ V. For
every A > 0 we can form the function

max{—2, f(z) + Ap(2)} forze 2N B(zp,1),
-\ forze B(zg, 1)\ V.

It is a bounded finely subharmonic function on B(zp,r), hence u, is subharmonic on B(zg, ). Similarly, for every C-affine
bijection h of C" the function u, oh is finely subharmonic, hence subharmonic on h~!(B(zg, r)). From this we conclude that
u, is in fact plurisubharmonic. Taking A =4, we see that

u(2) = {

u4(2) = f(2) + 49 (2)

on the closed F-neighborhood K, ={z € £2: ¢(z) > —2/3} C V N B(zg,1), and K, is compact along with V. This proves
the lemma. O

Corollary 3.4. We keep the notation as above. Then for every zg € £2, f is F-continuous on K,, hence on 2.

We recall from [4] the concept of slice of an (n — 1,n — 1)-current, now on a domain D in C". As usual we will write
d=0+0 and d° =i(d — d) so that dd°u =2iddu. Let T be an (n — 1,n — 1)-current on D.
The slice of T with respect to a hyperplane z; = a is the current

1 1
(T, 21,0) () = lim — / V(@ z) g ddlz1 P AT,
e—~>0TTE 4
{lz1—al<eiND
Here v is a C§° test form on z; = a, extended to D independently of z1.

Now let uq,...,uy—1 and w be bounded plurisubharmonic functions on D, and put T = wdduj A --- A dd“u,_q. Then
by [4, Proposition 4.1], (T, z1, a) exists for every a € C and

(T,zq,a) = %w(a, Z)ddui(a, Z) A -+ Addup_1(a, Z).

Here 7' = (23, ..., zp).
Finally, if F is holomorphic on D and M = {z € D: F(z) =0}, then by changing variables and since only regular points of
M have to be taken into account, one gets

n—1

(w(ddcu)n_l, F,0)= w|y(ddu)

. 2 n 2 .
We write € = (€3,..., &), € =1_[j=2€j, and |Z/| <€’ for |zj| <€j, j=2,...,n.

Lemma 3.5. Let ¥ = y/(z1) be a test function on {z € D: z/ = 0'}, and let w and u be bounded plurisubharmonic functions on a
bounded domain D C C". Then
1
Y (z0)w(z1,0') ddu(z1,0') = lim s / Y (z)W(@)dd |22 A - AddS|za|? Addu. (3.1)
€ —le
{z,=0,...,z,=0} {1Z/| <€’}

Proof. Apply slicing with respect to z; =0 to the current T = wdd€|z3]2 A --- A dd€|z,;]? A ddu to obtain (T, z,0) =
%w(zh 0,23, ...,2,)dd|z3]% A -+ AddS|zy|* A ddu. Next in {z, = 0}, apply slicing with respect to zz = 0 to the current
wddS|z4|2 A -+ Add€|zq|? A ddu. Continuing in this fashion we obtain (3.1). O

Proof of the ‘if part’ of Theorem 3.1. Suppose for the moment that the ‘if part’ of the theorem holds under the extra
hypothesis that f is bounded. If instead f is merely bounded from above then each of the functions max{f, —p} (p € N) is
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bounded and has the properties required in the ‘if part’. It follows that max{f, —p} is weakly F-plurisubharmonic, and so
is therefore f.

Having thus reduced the proof of the ‘if part’ of Theorem 3.1 to the case where f is bounded, we proceed as follows,
keeping our notation from Lemmas 3.3 and 3.5. First we will show that dd f > 0 on the compact neighborhood K = K, of
zo provided by Lemma 3.3. Next we apply Lemma 3.5 to show that the restriction of f to any complex line passing through
Zo is finely subharmonic on a fine neighborhood of zp.

Let v be any plurisubharmonic function on a ball B in C", let h be a C-affine bijection of C", and let ¢ € C3°(B) be a
test function. Then the action of the Riesz measure A(v oh) on ¢ oh can be expressed as follows

4T — 1) / @oh(z)A(voh)= / <poh(z)ddc(\/oh)A(ddf||z||2)”’l
h=1(B) h=1(B)

- / () ddV(e) A (dd [ @) 2"
B

Returning to f, we have by Lemma 3.2 that the Riesz measure A(f oh) is positive on h—!(K), hence (with h~1 = g) we
obtain that

dd* f(¢) A (dd[| g)|*)"" (32)

is a positive measure on K for every C-affine bijection g of C", and by continuity also for every C-affine map g:C" — C".

To finish the proof we want to show that f restricted to a complex line L passing through zq is finely subharmonic in
a fine neighborhood of zg relative to L. We write z= (z1,7) and can assume that zop = 0 and that L is given by z/ =0'.
Because K is an F-neighborhood of 0, there exists a bounded non-negative plurisubharmonic function w defined on a ball
Bp about 0 such that w =0 on Bg \ K, while w(0) > 0. Then {z € Byp: w(z) > 0} is an F-open subset of K that contains 0.
On K we have f = f; — fo where fy, fo are plurisubharmonic on a ball containing K, say on By. We apply Lemma 3.5 to
f1 and f, separately and subtract to obtain from (3.2) (with g(z) = g(z1,7)) = (0, 2))

1
f Y(z1)w(z1,0)dd" f(z1,0) = 1113(1) Sy / V(z1)W(2)dd | 22> A - AddC|zp|? AddEf.
€’ —le
{z2=0,...,2,=0} {lz'| <€’}

If € is sufficiently small then the integrals occurring in the limit on the right-hand side are non-negative for every non-
negative test function ¥ on BoN{z' =0'}.

We conclude that the Riesz measure of f|; is positive on a neighborhood of 0. By Lemma 3.2, f|; is finely subharmonic
on this neighborhood. Varying zg over L and using the sheaf-property, we find that f|L is finely subharmonic. O

Corollary 3.6. Let f be a bounded weakly F-plurisubharmonic function on an F-domain §2 C C" such that f admits the represen-
tation f = f1 — f of Lemma 3.3 on 2, and let xk denote the characteristic function of a compact set K in $2. Then for C-affine
functions Iy, ..., ly—1 on K = K, from Lemma 3.3

/XK(Z)ddclhl2 A Add|ly_q|?> AddSf > 0.
2

Proof. This follows from (3.2) with g(z) = (0,1l1(2),...,lh-1(2)). O

From Theorem 3.1 we derive the following two results, one about removable singularities for weakly F-plurisubharmonic
functions, and the other about the supremum of a family of such functions.

Theorem 3.7. Let f : 2 — [—o0, +00[ be F-locally bounded from above on an F-open set §2 C C", and let E be an F-closed
pluripolar subset of 2. If f is weakly F-plurisubharmonic on §2 \ E then f has a unique extension to a weakly F-plurisubharmonic
function on all of §2, and this extension f* is given by

f*(z2) = F-limsup f(¢), zeL.
—z
;;eQ\E

Proof. The function f* (the F-upper semicontinuous regularization of f) equals f on the F-open set 2 \ E because f is
JF-upper semicontinuous on £2 \ E. Furthermore, f* is F-upper semicontinuous and < 4o on all of £ (finiteness because
f is F-locally bounded from above). Therefore, by the ‘only if part’ of Theorem 3.1, for any C-affine bijection h of C",
the function f*oh is R¥"-finely hypoharmonic on h=1(£2 \ E) = h~1(£2) \ h~(E) and F-upper semicontinuous < +oco on
h=1(£2). In particular, f* oh < +occ is R¥'-finely upper semicontinuous on h~1(£2). Because E is pluripolar so is h=1(E),
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which thus is RZ"-polar. According to [12, Theorem 9.14], f o h is therefore R2"-finely hypoharmonic on all of h~(£2), and
so f* is indeed weakly F-plurisubharmonic on 2, by the ‘if part’ of Theorem 3.1. Because the pluripolar set E has empty
JF-interior, f* is the only weakly F-plurisubharmonic and hence F-continuous extension of f to 2. O

In view of Lemma 2.8 there is a similar result about removable singularities for weakly J-holomorphic functions:

Corollary 3.8. Let h : 2 — C be F-locally bounded on $2 (F-open in C"). If h is weakly F-holomorphic on $2 \ E (E is F-closed and
pluripolar in C") then h extends uniquely to a weakly F-holomorphic function h* : 2 — C, given by

h*(z)=F- lim h(¢), zeS.
—z
;29\5

Theorem 3.9. Let §2 denote an F-open subset of C". For any uniformly F-locally upper bounded family of weakly F -plurisubharmonic
functions f, on £2, the least F-upper semicontinuous majorant f* of the pointwise supremum f = sup,, fy is likewise weakly F-
plurisubharmonic on §2, and {z € 2: f(z) < f*(2)} is pluripolar.

Proof. We may assume that the set A of indices « is upper directed and that the net (fy)qca is increasing; furthermore that
£2 is F-connected and that f, % —oo for some « € A. For any function f : 2 — [—o0, +oo[ which is F-locally bounded
from above, write

f*(z2) = F-limsup f(¢),  f(z) =R*-finelimsup f(¢).
{—>z {—>z

Then f(z) < f*(z) < 400, the former inequality because the R?"-fine topology is finer than the F-topology.
As in Theorem 3.1, let h: C" — C" be a C-affine bijection, and note that

foh=sup(fyoh), (foh)=foh, onh (),

the latter equation because h is an R?"-fine homeomorphism. By Theorem 3.1, fy o h is R?"-finely hypoharmonic. Now
foa oh < f* o h. Furthermore, f* and hence f* oh and ]‘o h are R?"-finely locally bounded from above. It follows by [12,
Lemma 11.2] that fo h=(fo h)v is R?"-finely hypoharmonic.

We proceed to show that f: f* on £2, and hence that f is F-upper semicontinuous there. Invoking also Theorem 3.1
we shall thus altogether find that f: f* becomes F-plurisubharmonic on £2, and in particular F-continuous there, by
Theorem 2.4(c).

Consider a point zp € £2 such that f(zg) > —oo. Fix g € A with fg(z9) > —o0, and choose an F-open F-neighborhood
U of zg so that U C £2 and

f(z0) —1< fe< f*< f*(z0)+1 onU,

noting that the weakly F-plurisubharmonic function fg is F-continuous and that f* is F-upper semicontinuous and
< 4o00. Since fg < fo < f for every o = g in A, any such f, maps U into some fixed bounded interval. According to
Theorem 2.4(a), (b) there exist r > 0, an F-open set O such that zop € O C B(zp, 1), and locally bounded ordinary plurisub-
harmonic functions ¢, and ¢ on B(zp,r) such that fy =@y, — ¢ on O for every o = 8 in A. The net (¢,) is increasing,
along with the given net (fy). The plurisubharmonic functions ¢, and y are F-continuous, in particular R?"-finely contin-
uous. Writing sup, ¢, = ¢ and denoting by ¢ the Euclidean R*"-subharmonic regularization of ¢ in B(zo,r), we therefore
have ¢ = ¢ there, by Brelot's fundamental convergence theorem, see e.g. [6, 1.XL.7]. Because ¢ < ¢* < ¢ it follows that
¢ = @* in B(zp, 1), and consequently

f=@-¥=¢—y=¢"—¥=@—¥)=f" ono
since v is F-continuous and hence R%"-finely continuous on the F-open, hence R?"-finely open set O C B(zo, r).

Next, the set {z€ O0: f(2) < f*(2)} ={z€ 0: @(2) < ¢*(2)} is pluripolar, by the deep theorem of Bedford and Taylor [2],
or see [21, Theorem 4.7.6]. Writing

E={ze: f(o) < f*@}, e={zef: f(z)=—o0},

we have thus found that every point zp € £2 \ e has an F-neighborhood O C £ \ e for which O NE is pluripolar. Because
e ={\yealz € 2: fo(2) = —o0} is F-closed relative to £2, and pluripolar (some f, being £ —o0), we infer by the quasi-
Lindelof principle [3, Theorem 2.7] that indeed E is pluripolar. Finally, we have found that f* is F-plurisubharmonic on
each F-open set O as above (as zp varies), and hence on their union §2 \ e, by the sheaf property. Because f* is F-upper
semicontinuous and < 400 on 2, and e is pluripolar, we conclude from Theorem 3.7 above that indeed f* is weakly
JF-plurisubharmonic on all of 2. O
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Taking for §2 a Euclidean open set we obtain in particular the following

Corollary 3.10. For any family { fo} of ordinary plurisubharmonic functions on a Euclidean open set §2 C C" such that f := sup, fq
is locally bounded from above, the least plurisubharmonic majorant of f exists and can be expressed as the upper semicontinuous
regularization of f in the Euclidean topology on C", as well as in the F-topology and in the R?"-fine topology; thatis, f = f* = f.

The version of this involving the Euclidean topology is due to Lelong [23], or see [24, p. 26] or [21, Theorem 2.9.10].
Being locally bounded from above, f is in particular F-locally bounded from above, and hence so is f*, which is F-
plurisubharmonic by Theorem 3.9. Because 2 is Euclidean open, it follows by Proposition 2.14 that f* even is an ordinary
plurisubharmonic function. From f < f* < f it therefore follows that f* = f. Similarly, f:f in view of [12, Theo-
rem 9.8(a)]. B

The identity f* = f is perhaps new even for ordinary plurisubharmonic functions on a Euclidean open set.

We close this section with an alternative proof of the ‘only if part’ of Theorem 3.1. It is a bit shorter than the proof
given above. On the other hand it draws substantially on the theory of functions of Beppo Levi and Deny, cf. [5], and its
connection to fine potential theory, cf. [15]. We will need this approach again in Section 4.

Following Deny [5] and subsequently [15] we consider for a given Greenian domain D (denoted §2 in [5] and [15]) of
C" = R?" the complex Hilbert space

DY(D),

the completion of D(D) = C§°(D, C) in the Dirichlet norm |lufl1 = [|Vull;2(p ¢). (For n >2 we may thus take D = C". For
n =1, any bounded domain D will do.) Note that nk (D) is a space of distributions [5, Théoréme 2.1, p. 350]. Elements
of D'(D) may be represented by quasi-continuous functions that are finite quasi-everywhere. For an R?"finely open set
£2 C D denote by ﬁl(D £2) the Hilbert subspace consisting of all ¢ € D!(D) such that some (and hence any) R%"-quasi-
continuous representative of ¢ satisfies ¢ =0 RZ"—quam everywhere on D\ £2, cf. [5, Théoréme 5.1, pp. 358 f.]. The positive
cone in for example Dl(D £2) is denoted by Dl (D, £2). Let V| denote Lebesgue measure on C!, and write V,, = V.

According to [15, Théoréme 11] an R?"- ﬁnely continuous (hence quasi-continuous) function f € D! (D) is finely subhar-
monic quasi-everywhere (hence actually everywhere by [12, Theorem 9.14]) on £2, if and only if f < 400 and the inequality
sign holds in (3.3):

3] V5 vedv = 3 [@in@ev < (33)

D j=1p

for every ¢ € Dl (D, £2). (It suffices of course to integrate over $2.)

Alternative proof of the ‘only if part’ of Theorem 3.1. Consider a weakly F-plurisubharmonic function f on an F-open set
2 c C"; hence f is F-continuous and < +o0. We leave out the trivial case n = 1. We may assume that f > —oco on 2
(otherwise replace f by max{f, —p} and let p — +o0). It suffices to prove that f is R2"-finely hypoharmonic.

Write z = (z1,...,2y) = (21,Z) € C". According to Theorem 2.4(a), every point zo € £2 then has an F-open F-
neighborhood O C £ on which f = f; — f, fi and f, being bounded plurisubharmonic > —oco on some open ball
B = B(zo, 1) containing 0. In particular, f; and f, are R?"-subharmonic on B. We may further assume that —f; and — f>
are R?"-potentials on B, for otherwise we may replace — f; for i = 1, 2 by its swept-out (relative to B) ﬁﬂfi on A= B(z9,7/2)
(and O by O NA). In terms of the Green kernel G on B we therefore may write — f; = Gu; on B for some bounded positive
measure 4; of compact support in B. Since — f; is bounded, its G-energy [ Gu;du; is finite, and hence Gpu; is of Sobolev
class W&’Z(B) cD! (C", B) [22, pp. 91-99], cf. [5, Théoréme 3.1, p. 315].

For every z € C"~1 we have the C-finely open set

0(Z)={z1€C: (z1,.2) € 0}.

Because f is weakly F-plurisubharmonic and > —oo on O, f|;no is finely subharmonic for every complex line L in C". It
follows that (3.3) holds with z replaced by z; and with O replaced by O (z') for each z € C"1;

Vif(z1,7) - Vig(z1,2')dV; <0. (3.4)
0(2)
Here Vq{ = (0/9x1,d/dy1). Integrating (3.4) with respect to V;_1 leads by Fubini’s theorem to

/V1f(21,2/) . V1(/)(21,Z/)dv <0.
o
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Similarly with the subscript 1 replaced by any j € {1, ..., n}. After addition this leads to

[Vf.wdvgo.
(0]

According to [15, Théoréme 11] and [12, Theorem 9.14], this shows that f indeed is R?"-finely subharmonic on O, and
hence, by varying zp, on all of 2. O

4. Biholomorphic invariance

The sigma-algebra QB of quasi Borel sets in C" is generated by the Borel sets and the sets of capacity 0 (see [3]). QB con-
tains the finely open sets. All currents originating from wedge products of dd® of bounded plurisubharmonic functions have
measure coefficients that are Borel measures and put no mass on pluripolar sets, hence they extend naturally to QB.

First let us extend Corollary 3.6 to holomorphic functions g1, ..., g,—1 in place of affine functions Iy, ..., l;—1.

Proposition 4.1. Let f be a bounded weakly F-plurisubharmonic function on an F-domain 2 C C" such that f admits the represen-
tation f = f1 — f, of Lemma 3.3 on £2, and let xx denote the characteristic function of a compact set K C §2. Then for holomorphic
functions g1, ..., gn—1 on K = K, from Lemma 3.3

/ XK@ ddIg1 2 A - AddC\ g1 [? AddES > 0. (41)
22

Proof. Corollary 3.6 yields that (4.1) is valid for compact sets K C K zo and C-affine functions g;. For arbitrary holomorphic
functions g; we have

N
. N2 iN |2
[X,<(z)ddf|g1|2A---Addf|gn_1|2Addff=N1LmooZ/XE]N(z)ddf|l{*”| Ao Add|N P A dde f (4.2)
Q =15
for suitable quasi Borel sets E?’ and complex affine approximants l,{’N of g, on E?’ (k=1,...,n). Hence the right-hand side

of (4.2) is indeed non-negative. 0O

Next we give two characterizations of functions of class Dl (C™) (see the fourth paragraph following Corollary 3.10)
which are F-plurisubharmonic on an F-open set.

Theorem 4.2. Let §2 be F-openin C" (n > 2). Given an F-continuous function f € L (C™) with values in [—o0, +o0], the following
are equivalent:

(a) f is weakly F-plurisubharmonic on 2,
(b) forevery ¢ € @1(@”, ) andevery A= (A1, ..., Ay) € C,

> )‘j}_‘k/(ajf)(ék(ﬂ)dv <o,
2

j.k=1

() for every regular holomorphic map h : w — C" (w is open in C"), f o h is weakly F-plurisubharmonic on h~1(£2) (C w).

Proof. (a) = (b). Using the characterization of weakly F-plurisubharmonic functions given in Theorem 3.1, one may adapt
the proof of the ‘only if part’ of [21, Theorem 2.9.12] as follows. Suppose f € D'(C") is weakly F-plurisubharmonic on 2,
and so f o T is R?'-finely subharmonic on T~1(£2) for any C-affine bijection T of C". To prove (b) with constant A =
(M, ..., An) € C", take

n
Te(z)=z11+ € Zzlel, €>0,
=2

where (eq, ..., e;) denotes the canonical base of C". From (3.3) we obtain (with integrations over C"), replacing £2 and ¢,
Pl

as we may, by T, 1(22) and ¢ o T € D} (C", T 1(2)),
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n

0> /31(f0Ts)51(<ﬂ0Te)dV
=1

= Y [[@n o[G0 TG+ 0@) v

J.k=1

= |detTe|2( > /wjf)(ékqo)kjikdv + 0<e)>.

k=1

Here det T, denotes the Jacobian of Te. This leads to (b) after division by |det T¢|> when we make € — 0.
(b) = (a). Consider any C-affine bijection T = (T, ..., Ty) of C", say

n
T](Z)ZZClij+dl, le{l,...,n}, zeC,
j=1

with ¢jj,d; € C and det T # 0. We obtain

fal(fOT)él((POT)dV = Z /[(ajf)OT][(51<<P)OT]CU511<dV

j.k=1

n
= |det T Z /Cljﬁtk(ajf)(f_’/c(l))dv <0
j.k=1

by (b) with A; = ¢j;. After division by |det T|? and summation over [ this shows according to (3.3) and Theorem 3.1 that the
JF-continuous function f < +oo indeed is F-plurisubharmonic on £2.

(c) = (a). This is contained in the ‘if part’ of Theorem 3.1 (even with h in (c) just a C-affine bijection and with f oh just
R%"-finely subharmonic).

(a) = (c). We may assume that f > —oco on £2 (otherwise replace f by fP:=max{f,—p}, p €N, and let p — +00).
According to Theorem 2.4(a), every point zo € h~1(£2) then has an F-open F-neighborhood O c h=1(£2) on which f =
f1— f2, f1 and f> being bounded plurisubharmonic on some open set D C C" containing O. In particular, £2 and O are
R2"-finely open, and f; and f, are RZ"-subharmonic on D. We may further assume that the Jacobian matrix (3jhy) of the
regular holomorphic map h:w — C" is bounded with determinant bounded away from 0.

Denoting by S(D, 0) the convex cone of all functions of class D'(D) which are R?"-finely superharmonic quasi-
everywhere on O, we have by [15, p. 129] that — f € S(D, 0) and hence by [15, Théoréme 11(b)]

fo -VedV <0 forgpeDL(D,0).
o
For any ¢ € D! (C™) we have (by the properties of h required in (c)) Yy oh € D! (w). According to Theorem 3.1 it suffices to
show that the F-continuous function f oh is R?"-finely subharmonic on h~1(0). For this it suffices by (3.3) to prove that,
for every je({l1,...,n},
(3;(f oh))(3;4)dV <0 forevery y € D} (C",h~1(0)),
h=1(0)

and here ¢ may be replaced equivalently by ¢ o h with ¢ € ﬁl(D, 0) (or just as well with ¢ € D4 (D, 0)). We take j=1
and write

dV = (i/2)"dzy Adzy A -+ Adzg AdZy = (1/4)"ddC|z11? A - AddC|zn)?.

By abuse of notation we will write h—! = (hl’l, h2’1, ..., hy1) for the components of the inverse h=1 of the map h. Then by
the chain rule we obtain

[ @7 om)Griom) ddiz n- nddlzf
h=1(0)
=/d(f oh) AdS(¢ oh) AddC|za]% A -+ AddC|z|?

:/d(f oh) AdS (g oh) Add|hy  oh|* A - Add|hyt o b
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:/ded%pAddC\hz—lfA---Addfyh,;lf (4.3)
:/god(dCfAddf\h;]yzA---Addfyh;1|2) (4.4)
:—/(pddcf/\ddc|h2_1‘2/\-~-/\ddc|h;1|2.

The last three lines are in h-coordinates. Equality (4.3) is justified by approximating f and ¢ in D! with functions in D and
applying Stokes’ theorem to the approximants. The final expression is non-positive because of Proposition 4.1, and we are
done. O

Now we wish to consider the case where h is just some sort of plurifinely holomorphic map. Recall from the text
preceding Proposition 2.9 that an n-tuple (hy, ..., hy) of strongly/weakly F-holomorphic functions h; : U — C (U is F-
open in some C™) is termed a strongly/weakly F-holomorphic map (or curve if m=1).

The following concept of a strongly F-biholomorphic map is an auxiliary one.

Definition 4.3 (Plurifinely biholomorphic map). A strongly F-biholomorphic map h from an F-open set U C C" onto its image
in C" is an F-homeomorphism with the property that there exist for every z € U a compact F-neighborhood K of z in U
and a C*-diffeomorphism @&, from an open neighborhood of K to its image in C" such that &,|x, = h|k, and that @],
is a C2-limit of biholomorphic maps defined on open sets containing K.

Proposition 4.4. The composition f o h of a weakly F-plurisubharmonic function f on an F-open set 2 C C" with a strongly
F-biholomorphic map h : U — 2 (U is F-open in C") is weakly F-plurisubharmonic on h=1(£2) (c C").

Proof. For n =1 this is contained in [14, §4 and Théoréme 11(c)] (in which h is any finely holomorphic function on U).
Therefore suppose that n > 2. We may assume that £2 is F-connected and that f £ —oo, and so f is in particular R?"-
finely subharmonic. As shown in the beginning of the alternative proof of Theorem 3.1 given at the end of Section 3 we
may further suppose that £2 is bounded in C" and that f is bounded and of class D' (D) for some bounded domain D ¢ C"
containing 2. Fix z € U and let K, be a compact F-neighborhood of z in U on which h has the properties described in
Definition 4.3. It will be sufficient to see that the expression (4.3) is non-positive if ¢ € D}F(D, 0) for some F-open set
0 C D with ze 0 C K,. Notice that df A d°¢ is a form with L! coefficients that is supported on K,. Thus let (h;;) be a
sequence of bi-holomorphic maps on open sets containing K, that converge in C2 to h on K,. Then

Tim dd[b* A A dd ||t =dd€ |y TP A ndd g

uniformly on K,. Now the expression (4.4) is non-positive when we replace h by hy,. By Lebesgue’s dominated convergence
theorem we conclude that (4.4) is also non-positive for h a strongly F-biholomorphic map. O

It is reasonable to expect that the concept of weakly F-plurisubharmonic function is invariant even under composition
with suitable weakly F-biholomorphic mappings. Currently, we do not know of a fine inverse function theorem for weakly
JF-holomorphic maps of several variables. In fact we don’t even know if weakly F-holomorphic functions have weakly
JF-holomorphic partial derivatives. However, we can handle the special case of a map of the form

G2)=g(z1)+ 0,22, ...,2zp), (4.5)

where g =(g1,..., gn) is a finely holomorphic curve in C", and that turns out to be sufficient.

Theorem 4.5. The composition f o g of a weakly F-plurisubharmonic (resp. weakly F-holomorphic) function f on an F-open set
£2 C C™ with a finely holomorphic curve g in C" defined on a finely open set U C C, is finely hypoharmonic (resp. finely holomorphic)
on the finely open pre-image g~1(£2) (c C).

Proof. The theorem is known for n =1, cf. [14, §4 and Théoréme 13(a)], so we suppose that n > 2. According to The-
orem 2.10(a), g is continuous from U with the fine topology to C" with the plurifine topology. The pre-image g~'(£2)
therefore is finely open in C, and f o g is finely continuous. We may of course assume that f is bounded, that U is finely
connected, and that g is non-constant, for example that g; is non-constant, hence a fine-to-fine open map [14, p. 64].
Given a point zg € g~ 1(£2) (C U c C) with g7(z0) #0, cf. [14, Corollaire 11], there exists a finely open set O C C such
that zo € O c g~1(£2) and that g; is injective on O with g7(2) # 0 for every z € O, hence (g110)~! is finely holomorphic
on the finely open set g1(0) [14, Théoréme 13]. We may further assume after diminishing O that there exists a C°>°-map
@ :C — C" such that ¢ = g on O and hence 3¢ = g’, 3¢ =0 on O [14, Théoréme 11(c)]. Since d¢1(zp) = g7(z0) #0 we
may arrange (by further diminishing O) that ¢; is injective on some open set w C C containing the closure of O in C,
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and hence that ¢y is a C*°-diffeomorphism of w onto ¢ (w). Likewise, we may achieve that there exists a sequence of
curves ") such that each coordinate goj.v) of ), je{1,...,n}, is a rational function defined on some open set 0") C w
containing 0, and that ¢ — ¢, (¢™) — ¢’ (= d¢), uniformly on O as v — oo, cf. [14, Theorem 11(a)]. We also require
that ¢\”) is injective with ;¢\ # 0. With this final choice of O define G: 0 x C"~! — C" by (4.5), writing now ¢ € C" in
place of ze C".

For a given point z = (z1,2') € 0 x C*~! choose a compact fine neighborhood L,, of z; in C so that L,, € O (C w), and
a number ¢ > max{|z;|, ..., |zy|}. In analogy with (4.5) define

@,(t) =@t1) + (0, t3,....ty) fortewx C' 1.

It is easily verified that &, is a C*°-diffeomorphism of w x C"™™! onto its image in C". We have &, =G on 0 x C*"!, and
in particular on the compact F-neighborhood K, :=L,, x [—c,c]"™! of zin O x C"~!, and consequently G: O x C"~! — C"
is a strongly J-biholomorphic map.

Suppose first that f is weakly F-plurisubharmonic on 2. According to Proposition 4.4, f o G is a weakly F-
plurisubharmonic map defined on the F-open set G~1(£2) C 0 x C*~1. Now

G(t1.0,...,0) =g(t1) = (g1(t1), &2(t1). ... &(t1)) fort; €0,

and hence (f o G)(t1,0,...,0) = (f o g)(t1) for t; € O. It follows that f o g is finely hypoharmonic on O, hence so (by
varying zp) on {z € g~ 1(£2): g1(2) # 0}, which differs only by a countable and hence polar set from g7 1(82), cf [14,
Théoréme 15]. Because f o g is finely continuous and < +oo on g~ 1(£2) (C U) we conclude by the removable singularity
theorem [12, Theorem 9.15] that indeed f o g is finely hypoharmonic on g~1(£2).

Finally, let instead f be weakly F-holomorphic on 2, in particular weakly (complex) F-harmonic, by [14, Définition 3].
As shown in the alternative proof of the ‘only if part’ of Theorem 3.1 given at the end of Section 3 we may suppose that £
is contained in some bounded domain D ¢ C" and that f is bounded and of class D' (D). Each of the functions z — zif(2),

je{l,...,n}, therefore is bounded and of class ﬁl(D).

By the former part of the theorem, the bounded functions *Re(f o g) and *Im(f o g) are finely subharmonic on
g7 1(£2), and hence f o g is (complex) finely harmonic there. Similarly, (zjf)og = gj-(fog) is finely harmonic on g7 1)
(cUcQ), je{1,...,n}. We therefore mayAfurther assume that U is contained in a bounded domain D; C C and that
fog and each g; are bounded and of class D' (D1). Some component of g, say g1, is non-constant, and it therefore again
follows from [14, Théoréme 13] that every point zo € g~1(£2) (c U) with g1(20) # 0 has a finely open fine neighborhood
0 c g~ 1(£2) on which g is injective with g7 #0; and the inverse hy := (g1 lo)~! is finely holomorphic on the finely open
set g1(0). Hence, so is the re-parametrized curve gohy : g1(0) — C". The function h on g;(0) x C*~! defined by

h(2) =h(z1,...,zn) =h1(z1)

is weakly F-holomorphic. Therefore, so is hf, and consequently (hf)o g is finely harmonic on O, like f o g above. Note that
hog=hyogy.Forze O,

[(hf)ogl@ =[tho@D][(fo)@]=[(hiog)@][(fo)@]=t-(fog)2).

and since this function (hf)og=1z-(f o g) of z € O is finely harmonic it follows according to the result of Lyons [25], cf.
[14, &3], which was utilized in Lemma 2.8, that f o g is finely holomorphic on O, hence (by varying zp) quasi-everywhere on
(teg 1(2): g7(t) # 0}, and indeed everywhere on g7 1(£2) by the removable singularity theorem for finely holomorphic
functions [14, Corollaire 3]. O

The following extension of Theorem 4.5 from finely holomorphic curves g to F-holomorphic maps h is a strengthening of
Theorem 2.10(b), (c), in which f was required to be strongly F-plurisubharmonic (resp. strongly F-holomorphic). Likewise,
Theorem 4.6 (for a weakly F-plurisubharmonic function f) extends Proposition 4.4 (in which m =n, and h is strongly
biholomorphic).

Theorem 4.6. The composition f o h of a weakly F-plurisubharmonic (resp. weakly F-holomorphic) function f on an F-open set
§£2 ¢ C" with a weakly F-holomorphic map h : U — C" (U is F-open in C™) is weakly F-plurisubharmonic (resp. weakly F-
holomorphic) on h=1(§2) (c C™).

Proof. According to Theorem 2.10(a), h is continuous from U Cc C™ to C" with their respective plurifine topologies. It
follows that h—1(£2) is F-open in C™, and that f oh is F-continuous. Next, we restrict f oh to a complex line L in C™, and
observe that h|;ny is a finely holomorphic curve. By Theorem 4.5, f oh restricted to LN U therefore is finely hypoharmonic
(resp. finely holomorphic), and we are done. O
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