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Abstract: Let M = G/H be a semisimple symmetric space, T the corresponding involution and
D = G/K the Riemannian symmetric space. Then we show that the following are equivalent:
M is of Hermitian type; 7 induces a conjugation on D; there exists an open regular H-invariant
cone Qin ¢ = h' such that kN Q # #. We relate the spaces of Hermitian type to the regular
and parahermitian symmetric spaces, analyze the fine structure of D under 7 and construct an
equivariant Cayley transform. We collect also some results on the classification of invariant cones
in q. Finally we point out some applications in representations theory.

Keywords: Symmetric spaces, semisimple Lie groups, invariant convex cones, causal orientation,

ordering, convexity theorem.

MS classification: 53C35, 57525, 22E15, 06A10.

Introduction

Bounded symmetric domains and their unbounded counterparts, the Siegel domains,
have long been an important part of different fields of mathematics, e.g., number theory,
algebraic geometry, harmonic analysis and representations theory. So the holomorphic
discrete series and other interesting representations of a group live in spaces of holo-
morphic functions on such domains. In the last years some interplays with harmonic
analysis on affine symmetric spaces have also become apparent, e.g., a construction
of non-zero harmonic forms related to the discrete series of such spaces (see [44] and
the literature there). Also in [31,32] and [11] the notion of holomorphic discrete series
and Hardy spaces was generalized to affine symmetric spaces of Hermitian type. The
intertwining operators into spaces of holomorphic functions on the associated bounded
symmetric domain were explicitly written down as well as it was proved, that the ana-
lytic continuation of the corresponding functions on the symmetric space was given by
an integral operator. But for further work it is necessary to analyze how the involution
acts on the fine structure of the domain and describe the geometry of the symmet-
ric spaces of Hermitian type. In particular this holds for a maximal set of strongly
orthogonal roots as they contain so many geometrical information.

In the first part of this paper we characterize those spaces in terms of an infinitesimal
causal ordering [42, 30], the operation of the involution as conjugation on the associated
bounded domain and in terms of the c-dual respectively dual symmetric space. We
describe how the involution acts on geometric datas as strongly orthogonal roots and
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Cayley transforms and then we collect some results from [30] about the classification
of H-invariant cones in the tangent space.

Let M = G/H be a semisimple symmetric space, where G is a connected semisim-
ple Lie group and H an open subgroup of the fixpoint group G” of some non-trivial
involution 7 of G. We assume that H contains no non-compact normal subgroup of G.
For simplicity we also assume that there is no non-trivial connected compact normal
subgroup in G. Let § be a Cartan involution commuting with 7. Denote by k the 41
eigenspace of § and q the —1 eigenspace of 7. That M is of Hermitian type was defined
in [31] as k N q having non-trivial center ¢ and zq(c) = q N k. It turns out that this
definition is exactly the right one to provide the existence of Hardy spaces and holo-
morphic discrete series associated to M [11]. It also implies that G /K is a bounded
symmetric domain and in the case G simple, the above means that the one dimensional
center of k is contained in ¢. So 7 anticommutes with the complex structure on D, i.e.,
7 defines a complex conjugation on D. It is shown that in general this is equivalent to
M being of Hermitian type. Two consequences are:

1. The points fixed under 7 may be characterized as the set of real points of D
and if ¢ is another involution of Hermitian type, then the corresponding fixpoint set
D¥ is diffeomorphic to D7 via a diffeomorphism explicitly constructed in terms of the
complex structure and the exponential map.

2. In the special case that D ~ R™ 4 i€ is a tube domain the Cayley transform
leads to an involution whose fixpoint set is exactly the cone . Thus in case that D is
a tube domain D7 is-(up to the above diffecomorphism)-always a self dual proper cone.

This also leads to a classification of all symmetric spaces of Hermitian type using
the work of H. Jaffee [13] and [14] where he classifies all non-conjugate complex con-
jugations on D or equivalently the non-conjugate real forms of D and I'\D. In those
papers all possible h’s can also be found.

The second point above relates now the holomorphic discrete series of M and its
realization on D (see [31,32]) to the work of H. Rossi and M. Vergne [39,40] on the
analytic continuation of the holomorphic discrete series of G realizing them as L2-
spaces on the cone for regular parameters or its boundary in the singular cases. As it is
possible to write down how 7 permutes the strongly orthogonal roots, we know how 7
acts on the different boundary components and the associated partial Cayley transforms
[19,20], this observation leads to the conclusion that the holomorphic discrete series of
M may be realized in general in some L2-spaces on H-orbits on D or its boundaries,
giving some hope for an ‘orbit-picture’ for this representations [33] but it should be
underlined, that this is not geometric at all, except for some special cases.

Cones and semigroups have turned up in different fields and problems in harmonic
analysis and physics [3,6,10,11,31,35,36,42,43,46] where they are e.g., used for con-
structing Hardy spaces and defining orderings in symmetric spaces and groups as well
as for generalizing the notions of Laplace transformation, Volterra algebra and some
special functions to infinitesimal causal spaces. To all the spaces of Hermitian type
there is associated a proper H-invariant cone through the element in the center of k
defining the complex structure of D. But there are also other classes of spaces contain-
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ing proper H-invariant cones but not of Hermitian type, the simplest example being
the complexified group G. with the complex conjugation as an involution. If G/K is
Hermitian, then ig always contains G-invariant cones, but G./G is never of Hermitian
type. The characterization of spaces of Hermitian type is now, that they are exactly
those spaces having proper H-invariant open cones in q with

Qnk#0.

The center of kN q is then the vector space generated by QK.

Now if  is an open proper H-invariant cone in q then it may be shown that either
QNnk#0Qor 2Np # 0. The later case corresponds to the regular symmetric spaces
first introduced by OPshanskii in [35] and [36]. We also show that those two types of
spaces are c-dual to each other in the following sense

g—g:=gl/, h+qe—h+1iq

where 77 : g, — g, is the conjugate linear extension of 7 to g. = g ®g C. Now the
regular symmetric space M = G°/H is an ordered space by

{z € M|z 2 z,} =T(C) - z,,

where C' is a closed proper cone in q such that C°Nk # @, z, = 1/H, and T¢(C) is
the closed semigroup I'°(C') := exp(iC)H.

The functions in the holomorphic discrete series of M extend to analytic functions
on the causal interval I'*(C)° for ‘positive’ cones and furthermore I'*(C)~! is contained
in a minimal parabolic subgroup of G¢ that is also minimal in the sense of [28]. The
corresponding H-invariant Poisson kernel [28] is given by z — ®(z~!), where & is the
analytic continuation of the Flensted-Jensen function. This now relates the results of
[31, 32 and 11] to spherical functions and harmonic analysis on the ordered space M°.
This may be particularly interesting for finding the reproducing H-invariant distribu-
tion corresponding to the holomorphic discrete series.

One of the possibilities to generalize the algebra of complex numbers and complex
spaces is to introduce the unit j such that j2 = 1 instead of —1. This leads to the
paracomplex numbers and to paracomplez spaces analyzed by Libermann and Fréchet
in couple of papers around 1951/1952 [21,22], and 1954 [5], respectively, and to the
afine analogue of a Hermitian symmetric space of non-compact type, the parahermi-
tian symmetric spaces and algebras classfied by S. Kaneyuki [15] by reducing it to
the classification of graded Lie algebras of the first kind done by S. Kobayashi and
T. Nagano in [18]. Those spaces have been the object of growing interest in the last
years [15,16], and in particular they are shown to have a nice compactification as
being the unique open dense orbit of the diagonal action of G on the compact space
K/KNHXx K/KnN H (assuming that G is contained in a simply connected complex
Lie group), {16]. Furthermore they are symplectic manifolds and may be realized as
the cotangent bundle T*(K /K N H) opening the way for constructing representations
via polarisation, [25].
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Those parahermitian spaces are related to the bounded symmetric domains and the
spaces of Hermitian type by the following dual (Riemannian) construction [4] that is
fundamental in the construction of the discrete series of M:

g~ g =8,
hnkdhnpdqnkdqnp—hnkdthnpdignkd qnp,

where the superscript ™ stands for “Riemannian” and p is the —1 eigenspace of §. We
show that (g, 7) is of Hermitian type if and only if (g",f) is parahermitian. As it is
always possible to find to a given parahermitian symmetric algebra a dual Hermitian
algebra such that h goes into the maximal compactly imbedded subalgebra, much of
the structure theory of parahermitian spaces is contained in the classical theory of
bounded symmetric domains. This also gives a third way of classifying the symmetric
spaces of Hermitian type by using the classification in [18].
At this point we know that the following are equivalent:

1. (g, 7) is of Hermitian type,

2. (g°,7) is regular,

3. (g",0) is parahermitian,

4. There exists an open proper H-invariant cone () in q such that @ Nk # @,

5. 7 defines a conjugation on D.
By this it becomes clear that there is an interesting subclass of spaces consisting of all
those spaces of Hermitian type that are also regular or parahermitian. It is shown that
then the space is also parahermitian resp. regular and that the spaces 1.-3. are in fact
all isomorphic via a natural Cayley transform that we construct. We show that those
are exactly the spaces, where D is a tube domain and 7 a square of a classical Cayley
transform or equivalently that G/GT is an orbit through an hyperbolic element X, in
the Lie algebra such that ad X, has only the eigenvalues 0, +1, —1. For those spaces
we state now the following problems and facts:

I) By [27] and [17] the manifold is given (up to a covering) as T*(K/K N H) ~

K xgarx qNk.

II) By Lemma 5.4 there exists a group isomorphism 9 : G — G” such that ¢¥(K) =
H" thus inducing a diffeomorphism ¢ : G/K — G"/H". This and the construction of
Flensted-Jensen [4] gives an intertwining operator from the principal series of G' into
L?(M) in the following way. First the discrete series of M is constructed via Poisson
transformation and analytic continuation from the principal series representation of
G (see [4]). Using the homomorphism % to hdentify the principal series of G" and
G, an intertwining operator is produced. Via the Flensted-Jensen isomorphism and
boundary-value maps it is also possible to go another way round. By [28] we also have
an intertwining operator constructed via Poisson integrals and its analytic continuation
in the v-parameter, which may be zero or having singularities at the points at interest.
The problem is then to relate this different operators by some ‘regularization’.

[I) By Theorem 6.1 and Theorem 5.6 we can find a closed cone C' in q such that
C° Nk = (. We may then define a semigroup I'(C') := exp(C)H and an ordering in
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M by x > 29 & 39 € T(C) : ¢ = gz as before (see [3,30,35,36]) such that all finite
causal intervals are compact [30], and in fact M is hyperbolic. Thus we can define
Volterra kernels, spherical functions and spherical Laplace transform (with respect to
the above semigroup) as in [3]. Thus there is a natural problem to classify/construct
the spherical functions and invert the Laplace transform.

IV) For general M we determine in [11] the Hardy spaces of M and show that
the functions in the holomorphic discrete series extend as holomorphic functions to a
complex domain Z(Cy) := G exp(iCy)/H. ~ G x g iCy N q, where C, is a G-invariant
cone in g. Now the regular H-invariant cones in q were classified in [30], where it was
also proved that every such cone with C'° Nk extends to a G-invariant cone in g. In the
above special case, the cone C' is unique up to a sign and the domain Z(C;) may also
be viewed (up to a singular set) as G"/H"™ x G"/H" which, via a Cayley transform,
lives in q. This relates harmonic analysis on M to that on K/K N H x K/K n H and
tube domains over q. Notice that in this case the compactification of M is actually the
Shylov boundary of G"/H" x G"/H" and in fact the ‘classic’ Hardy spaces on this tube
domain can be shown to be naturally isomorphic to the Hardy space on M, [34].

V) Those are the spaces where the H-orbit in D through 0 is the cone C turning up
in the realization of D as a tube. Hence we have by [39] and [40] a geometric realization
of the holomorphic discrete series via Fourier-Laplace transform on H/HN H ~ D7,

As those spaces have so many nice properties they are a natural object for further
investigations. Because of their relations to Cayley transforms we call them symmetric
spaces of Cayley type. They will be introduced and classified in Section 5 where we
also give some further examples of special involutions.

One of the main tools in the geometry of D and its boundary components as well as
in the theory of holomorphic functions on D, the compactification of I'\D and in the
classification of invariant cones in g, is the maximal set of strongly orthogonal roots, the
dual vectors in the Cartan subalgebra and root vectors. Those objects are e.g., used
to construct Cayley transforms, to analyze boundary components and to construct
maximal abelian subalgebras of p. They are also used for constructing imbeddings
of sl into g and for writing down concrete coordinates to estimate the behaviour of
functions at infinity and so proving L2-estimates, [19, 20, 31, 32, 40].

As it is also possible — and in fact natural — to replace the usual constructions using
Cartan subalgebra in the group case by constructions build up from a compact Cartan
subspace in q N k in the case of symmetric spaces [31], it is necessary to know how
7 and the antiholomorphic extension 7 operate on all of the above mentioned objects
and do all the relevant constructions in a 7n-equivariant fashion to have an overview of
the projections onto h and q and for describing the H-orbits in different realizations.
How the involution acts on root and roots vectors is also important for describing the
set of invariant cones and how they extend to cones in g.

In Theorem 3.4 we prove that there exist two disjoint sets M and A in {1,...,r},
where 7 is the rank of D, such that 7 permutes the set of strongly orthogonal roots
{m,-..,7+}, enumerated in the usual way, by:
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1. If 7 € M then —7v; = v;,

2.if j € M then —7v; = ¥;—1
and furthermore {1,...,7} = M U{j,7—1| j € N'}. By this it follows that the maximal
set of strongly orthogonal roots relative to a Cartan subspace is given by

(=7 1€ MPU{F; = 3(vi — ) | 5 €NY,

S

t}lat the co-roots and root vectors are related by Hy, = H,,, I:AL;]. =H, —7H_,; and
Es = E,, E5;, = E, £ TE_, for j € M resp. N.

We apply this to construct a 7-equivariant Cayley transform allowing us to describe
the H-orbit in the unbounded picture as the set of real points in D(2,Q) indepen-
dently of 7 via an explicit diffeomorphism. As mentioned before this is useful for the
representation theory of M and also for generalizing classical theorems such as that of
Moore [26] to the context of symmetric spaces of Hermitian type [11].

In the last part we recall some results from [30] about the classification of invari-
ant cones in q. First of all the invariant cones are determined by their projection
onto/intersection with a Cartan subspace a of q, C = Ad(H)(C N a). Furthermore
Cna=pr(C)and C*Na=(CnNa)*, where pr: q — a is the orthogonal projection.
The main tool in the proof is the generalization of the convexity theorem of Paneitz:

pr(Ad(h)X) € con(Wy - X))+ cmin

for all X € ¢max, to semisimple symmetric pairs. Here Wy is the Weyl group of a in
H, cmin is a minimal Wy- (and pr(Ad(H))) invariant cone in a and cmay its dual cone.
Finally; we also have, that every cone with C°Nk # 0 can be extended to a G-invariant
cone in g.

The author would like to thank the Mathematical Department of the University of
Odense for support and hospitality during his stay in Odense February/March 1988
and 1989 where a part of the work was done. I would also like to thank B. Orsted
for many usefull discussions about the subject, J. Faraut for pointing out to me the
fundamental papers of Olshanskii and Vinberg and J. Hilgert for discussion about
invariant cones.

1. Symmetric spaces of Hermitian type

In this section we shall introduce some notations that we will use throughout the
paper. Then we recall the definition of a symmetric space M to be of Hermitian type
and collect some results from [31] and [32]. We then give a characterization of M to be of
Hermitian type in terms of the corresponding involution on the associated Riemannian
symmetric space D. We show that up to diffeomorphisms the set of fixpoints on D of
7 is independent of 7. If not otherwise stated G will denote a connected semisimple
Lie group although most of the results also hold for reductive groups in the Harish-
Chandra class. The Lie algebra of G will be denoted by g and its complexification
by g.. As we are mostly interested in the pair (g,7) we will for simplicity assume
if nothing else is said, that G is contained in the simply connected Lie group G.
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with the Lie algebra g.. Analogous notation will be used for other Lie groups and
for vector spaces. In particular, if q is a subspace of g we will usually identify q.
with the complex subspace of g. generated by q. Let 7 be a non-trivial involution of
G commuting with the Cartan involution §. We denote also by 7 respectively 6 the
corresponding involution on g, g., g*, g*, where the superscript * denotes the dual
space. Let K = G? be the fixpoint group of # in G and let H be an open subgroup
of G". Then we have an orthogonal, with respect to the inner product X,Y w— (X |
Y)s := — Tr(ad(X)ad(#Y)), direct sum decomposition

g=h®q=k®p=h®Oh, ®qr D q,

where h = g7 is the Lie algebra of H, k = g’ is the Lie algebra of K, q := ht =
{Xeg|r(X)=-X},p:=kt ={X €g|6(X)=—-X} and the subscript k resp. p
denotes the intersection with k. resp. p. . Let D := G/K and M := G/H. Then D is
a Riemannian symmetric space and M is a pseundo Riemannian symmetric space. Let
¢ be the center of q, i.e.,

c={X€qx|VY €q : [X,Y]=0}

Definition 1.1. The pair (g, 7) is called of Hermitian type if zq(c) = qx and there is
no non-trivial, non-compact ideal of g contained in h. We call M and 7 of Hermitian
type if (g,h) is of Hermitian type.

From now on we will always assume, that M is of Hermitian type. For an abelian
Lie algebra b and a finite dimensional semisimple b-module V we use the following
notation:

Voi={veVI|VX eb:Xv=aX)v}, a € b*,
A(V,b):={a €b"|a#0, V, #0},

p(T) := % > (@imVye, V() :=@ V., 0#TCAV,b).

ael a€el

Lemma 1.2. Let X € ¢ then [X,k] =0, i.e., ¢ C ¢ = the center of k.

Proof. As k = hy @ qi we only have to show that [X,hi] = 0. Let Y € hy. Then
(X, YIX,YDs = —(Y|[X,[X,Y]])s = 0 as [X,Y] € q. Thus [X,Y] = 0 and the
claim follows. O ’

In particular it follows that zg (c.) = k.. Let a be a maximal abelian subalgebra of
q containing ¢. Then it now follows easily (see also [31]):
(i) a C qk, 8 = zg.(ac) ® Dyen Bear A= Age,ac).
(ii) Let @ € A then g, Nk, # 0 if and only if g., C k. and this is equivalent to
a|c. = 0. Hence zg (a.) C k..
(iii) Let Ag :={a € A | 8o C kc} and Ap := {@ € A | geo C pc}. Then A is the
disjoint union of Ay and A,, ke = zg (a.) @ g.(Ak), and p. = g(4A,).
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From now on we keep a C qy fixed and use the notations above. We choose the
ordering in ¢a* such that ic* comes first. Denote by the superscript * the corresponding
positive system. Let pf := p.(Af) and p; = p(A,), where At := A, N A% and
Ay = —Af. As 7|a = ~1 it follows that 7(At) = A~ and 7(p}) = p;. pf and p;
are abelian subalgebras of p. and p. = p} @ p;.

We recall now Harish-Chandra’s realization of D as a bounded symmetric domain
in p}. Let K., H., P* and P~ be the analytic subgroups of G, corresponding to
k., h., p} and p_, respectively. Let ¢ be the conjugation of g. relative to g. As G_, is
simply connected the involutions 7, 8, and o are defined on G, and will be denoted by
the same letters. Then 7 and 8 are holomorphic, G? = K., GT = H, and G = G. Pt
and P~ are simply connected and exp : pf — P% is a holomorphic diffeomorphism.
The set P*K_.P~ is open (and dense) in G, and G C PY*K.P~. For z € G there are
unique p4(z) € P*, k.(z) € K. and p_(¢) € P~ such that

2 = pi(a)ke(2)p-(a).
This decomposition induces a bi-holomorphic map
D — Dy, 2K — 2(zK) := (exp |p-c+)“1(p+(:v))

of D into a bounded, open and symmetric domain D,, in p}. This is Harish-Chandra’s
bounded realization of D. Let cj_ be the center of k.. As our subalgebras p¥ are the
same as those of Harish-Chandra it is well known (see [7, p. 393]) that there exists a
Zy € ¢k, Nk such that for J := ad Zy|p,:

pr={Ze€p.|JZ=1+iZ},

and J restricted to p gives the almost complex structure on p (~ Ty, D, dp = 1K € D),
given by the multiplication on D by 7. Furthermore, J commutes with Ad(K) and
induces a complex structure on D. Notice that

0 =Adk? and J=Ad(k,)|p.
with k, := exp %WZO € K, see [7, Chapter 8| for details and further references.

Definition 1.3. Let ¢ be an involution on p and let J be an almost complex struc-
ture on p commuting with Ad(K). Then J is called ¢-compatible (and ¢ is called
J-compatible) if Jop = —¢poJ.

The set H. K P~ is also open (and dense) in G. and by [31, Theorem 2.4}, G C
H.K_.P~. This inclusion gives a bi-holomorphic map

D — Dy, zKw— h(z)K.Nn H,,

where Dy, is an open simply connected symmetric subset of H./K.N H, and h(z) is
determined by z € h.(z)K.P*. Define a conjugate linear involution 7 on g. (and on
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G, as antiholomorphic involution) by 7 := 700 = ¢ o 7. Then 7 leaves the subgroups
K., H., P*,and P~ stable (this follows from the fact, that § and 7 commutes with 7,
and n);c = 1) and 7|g = 7. Via the above identifications 7 induces an involution 7, on
D, and 74 on Dj. As 7 leaves P~ and K, invariant the first part of the next lemma
follows.

Lemma 1.4. Let the notation be as above. Then the following holds:

(1) 7 = n|p, and 7, = n|p, = o|p,. Thus T defines a conjugation on D.

(2) Let Zy and J be as above. Then Zy € ¢ and J is a T-compatible almost com-
plez structure on p. Also J(h,) C qp and Jly, : hy — q, is an R-linear isometric
isomorphism. In particular

dimg h, = dimg q, = % dimg p.

(3) Let ¢ : D — D be an antiholomorphic involution with ¢(d,) = d,. Then there
ezists an involution T on g commuting with  and of Hermitian type, such that the
induced involution on D coincides with .

Proof. (2) As 7(pF) = p_ we have for all Z € p?:
(-720,Z) = —7[Zo,7Z) = —1(—17Z) = tZ = |2y, Z].

In the same way it follows that ad(—7Zo)|,- = ad(Zo)|,-. As 7(ck. ) = e, we get
ad(—7Zy) = ad Zp and thus —7Zy = Zy. Hence Zy € cx, N et = ¢.. Now 70 J =
toad Zg = ad(1Zp)or=—ad Zgpor = —J or. Thus J(h,) C q, and J(q,) C h,. As
J? = —1 the lemma, follows.

For the last part we let 1 be the maximal compact ideal in g and define g; to
be the orthogonal complement of 1. Then g; is a semisimple ideal. Let G be the
analytic subgroup of G and K; = GiN K. Then G1/K; ~ G/K and thus ¢ defines an
antiholomorphic involution on G,/ K. If we can prove the claim for g; then the lemma
follows by extending the corresponding involution to be the identity on 1. Thus we
may assume that g is without compact ideals. Let H(D) be the group of holomorphic
diffeomorphisms of D. Then by [7, p. 374], H(D), is locally isomorphic to G. In
particular the Lie algebra of H(D), is g. Hence we only have to define 7 on H(D),
and this can be done by

7(f) := po fop=Int(p)(f).

Let d € D and choose f € H(D), such that f(d,) = d. Then ¢(d) = ¢(f(d,)) =
[T()](ds) as ¢(d,) = dp. Thus 7 induces o on D. 0O

The simplest way to see the conjugation is to use the realization of D as Dj,. For D,
we notice, that 7 is an involution of p}. Let pF = p}(+)@pt(—) be the decomposition
of pt into +1-eigenspaces of 77. As 77 is conjugate linear, multiplication by 7 is an R-linear
isomorphism of p}(+) onto pF(—). Thus an R-basis Fy, ..., E,, n := dimg p}(+), of
pt(+) is also a C -basis of p}. In the corresponding coordinates C* 3 (z1,...,2,) —
> i=1%E; € ptoon pt nis given by 5(z) = 2, z€ C".
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Definition 1.5. The pair (g, 7) is irreducible if g does not contain any 7-stable ideal.

A list of all possible types of irreducible pairs can be found in e.g., [4, p. 4] or [7,
p- 379]. In the case of (g, 7) of Hermitian type there are only the possibilities g simple
and Hermitian, e.g., g is one of the spaces

su(p,q), sp(n,R), so™(2n), so(2,n), eg_14) oOr er7(-25)

and 7 an involution that is —1 on the one-dimensional center of k or g = g; X g; where
g1 is one of the Lie algebras above and 7(X,Y) = (Y, X). For examples see {29,30, 31].
If we assume g simple, then ¢ = ¢x = RZp and part (2) is just a reformulation
of 7lc = —1. For g = g1 x g1, 7(X,Y) = (Y, X), we have p} = pil X Py, [32,
Chapter 6], J = (J1,—J1) and Zy = (Z1,0, — Z1 0)-

Define a diffeomorphism & = ¢, : p — D (see [23, p. 161]) by

(X,Y) ~ exp(X)exp(¥)do, X €y, Y €,

(It was pointed out to me by M. Flensted-Jensen, that it was first proved by C.C.
Moore, that the above map is a diffeomorphism.) Let ¢ be another involution of Her-
mitian type commuting with 6. Let h, := g¥, § = (—1)-eigenspace of ¢, and let J,, be
a @-compatible almost complex structure on p contained in ¢x. By Lemma 1.4 there
exists an isometry 7' : h, — flp. Define ¥* : p — p by

VHJIX +Y):=J,(TX)+TY, X,Ych,

Then ¥ := ®,0¥*0® ! : D — D is a diffeomorphism, ¥o1 = @o¥ and ¥(D7) = D¥.
If 7 and ¢ commute then p = p~" @ p"%, where p™"% = {Xp | 7o X = -X}. If J
can be chosen 7- and ¢-compatible then ¥* may be taken as

V'(X+Y)=JX+Y, Xep ™, Yep™
We notice that this is always the case if g is simple.

Theorem 1.6. Let 7 and ¢ be two commuting involutions of Hermitian type commut-
ing with the Cartan involution 6.
(1) The map

$,,:9,Nq gy Nh,®h,N§,dh,Nh, = D
(qu"XqE’Xhti’Xhh) — exp Xqg exp Xq;L exp Xpgexp X, - do

is a diffeomorphism.
(2) Define ¥ := &, 0¥*0®; L. Then ¥ is a diffeomorphism, ¥ o1 = ¢ 0o ¥ and
¥(D™) = D*.

Proof. (2) follows easily from (1). Let d € D. According to [23, p. 161] there are
unique X € qg, Y € h, such that d = exp X expY - dp. By the same fact applied
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to the triple (G®, p|ger, 0] ger) instead of (G,,8) there are unique X,5 € q, N Gy,
Xqﬁ € qpNh, and k£ € K7 such that exp X = exp X 5exp Xq;zk. As k € K7 it follows,
that Ad(k)Y € h, and thus, again by [23] now used for (H, ¢|u,0|n), there are unique
Xng€hy,Nqp, X,; € hyNhy, and h € K N H with exp Ad(k)Y = exp Xp5exp X, ;h.
It follows that

d = exp X5 exp qu] exp Xpgexp Xy; - do

and, as the elements in every step above are unique, this decomposition is unique.
It is also clear that this map is differentiable and, as the construction above depends
differentiably on exp X and exp Y which in turn depends differentiably on d, the lemma,
follows. O

2. Other classes of symmetric pairs

In this section we introduce two other classes of symmetric pairs (g, 7) that are
closely related with symmetric spaces of Hermitian type. The first class is the class
of parahermitian symmetric spaces. We will only formulate the definition for the pair
(g, 7). For the general case see [27,15,16,30] and the literature there. The other class
is related to the regular real forms of g. introduced by Ol’shanskii for irreducible Lie
algebras in his papers [35] and [36] on invariant cones.

Let in this section (g, 7) be an arbitary semisimple symmetric pair. Otherwise we
keep the notation from the previous sections. Notice that an ideal m of h is an ideal
of g if and only if m C {X € h | ad X|q = 0}. This follows from [m,q] C mnq C
hnq = {0}. To simplify notation we define the h-representation adq : h — End(q) by

a;dq X = a.d(X)lq.

Definition 2.1. (1) (g,7) is called effective if the representation adq of h is faithful.
(2) (g, 7) is called parahermitian if there exists a linear endomorphism I, on q and
a bilinear form (-, -) on q such that
(a) I2 = id,
(b) [1,,adq h] = 0,
() {LX,YY+(X,,Y)=0forall X,Y €q,
(d) (ad(X)Y, Z) + (Y,ad(X)Z) =0forall X e hand Y, Z € q.
In that case {g,h,I,,(-,-)} is called a parahermitian symmetric system.
(3) Let Z° € g. Then (g, Z°) is called graded (of the first kind) if

g =g(—1)®g(0)dg(+1)
where g(A) = {X € g | ad(Z°)X = A\ X}.

If Z° is as in (3), then we can find a Cartan involution # of g such that #2° = —Z°.
Furthermore u := zg(Zp) @ g(1) is a parabolic subalgebra with Levi-decomposition as
indicated and g(1) abelian. Now one of the main results in [17] can be formulated as
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Lemma 2.2. The semisimple symmetric pair (g,7) is effective and parahermitian if
and only if there exists a Z € g such that (g, Z) is graded and zg(Z) = h. In particular,
Z € h, ad Z has the eigenvalues 0,1,—1 and on g. the involution T is given by

T =

The idea of the proof is to show, that the linear map D:g - g D|, =0, D|q =1,
is a derivation. As g is semisimple then there exists a Z € g such that D = ad Z. The
other direction is: define I, = adq Z, and let (-, -) be the restriction of the Killing-form
to q.

Remark 2.3. Let (g, 7) be a semisimple symmetric pair associated with the symmetric
space G/H, then (g,7) is parahermitian if and only if G/H is parahermitian and
H CCg(Z):={a€G|Ad(a)Z = Z} where Z € hy, is given by I, = adq Z. If G is
contained in G, as we are assuming in this paper, then we always have Cg(Z) = G as
this obviously holds for the simply connected group G, (see {17, Lemma 3.5, p. 91)].

We introduce now the regular spaces by interchangig the role of the compact and
non-compact part of q. For g simple those spaces were first introduced by Ol’shanskii

in [35,36]

Definition 2.4. The semisimple symmetric pair (g, 7) is called regular if zq(cp) = q,
where ¢, is the center of q,.

View g C g. and let ¢ be the conjuagtion of g, relative to g. Define
g :==gl=hdiq and g :=gl" =h;®ih, dq, D ig.

If we want to keep in mind the involution we use to construct g" or g° we write
(g,7)° := g° and (g,7)" := g". By holomorphic extension and then restriction 7 and
# define involutions on g° and g”. We denote those involutions by the same letters
or with the superscript © respectively ". Then 7¢ = o|gc and 7°6° =: 6 is a Cartan
involution of g¢. 77 is a Cartan involution of g" and #7{gr = o|gr. To simplify notation
we define the associated pair by (g,7)* :=(g,708) and 7* = 7 0 6. Notice that " and
¢ are related by

(g,7,0)" = (8,7 6)".

with the obvious notation. The pair (g, 7)¢ is called the c-dual of (g, 7) and (g, 7)" is
the dual or Riemannian dual of (g, 7).

Definition 2.5. Let (g, 7) and (1, ) be two symmetric pairs. Then (g, 7) and (1, ¢)
are isomorphic, (g, 7) ~ (1,¢), if there exists an isomorphism of Lie algebras A : g — 1

such that

AoT =(ol.
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Lemma 2.6. Assume that (g,7) is effective. Then

(1) (g,7) is of Hermitian type, respectively regular if and only if the same holds for
each irreducible factor.

(2) (g, 7) is regular if and only if (g, 7*) is is parahermitian.

(3) Let (g, 7) be of Hermitian type. Choose Z, € ¢ defining a complex structure on
p (and 0 = exprnZ,). Define ¢ := exp %ﬂ’ZO. Then T o ¢ = @ oT% and ¢ induces
isomorphisms

(g,7)=(8 1) (8°,7)=(g,7") and (g°0)=~(g",0).

Proof. The first part is obvious. For the second claim we notice first that (g, %)
parahermitian = (g, 7) regular by Lemma 2.2. For the other direction we go over to
the Riemannian dual of (g,7?). As the maximal compact subalgebra of that algebra
has a non-trivial center, it follows by [7, Chapter 7] that there exists an X such that
h® = zg(X) and (g, X) is graded of the first category. For the last claim we know that
6 = Ad(expnZ,). Thus p* = id, »? = 6 and

(,DOT:TOAd(eXp(—gZO)) =Top’=To0fo00.

Therefore p o 7 = 7% 0 ¢ and (in the same way) Top = po 7% Asfop = pof and
cop=poa,as well as g" = g7 and g¢ = g7 the second part follows. [

Theorem 2.7. Let (g,7) be an effective symmetric pair such that g has no compact
ideals. Then the following are equivalent.

(1) (g, 7) is of Hermitian type;

(2) (g% ) is regular;

(3) (g%, 8) is effective and parahermitian;

(4) (g, 07) is of Hermitian type;

(5) (g",07) is regular;

(6) (8",9) is effective and parahermitian.

Proof. As q° = iq and q; = iqy, it follows that ¢; = dc. Thus (1) and (2) are
obviously equivalent. Assume (1) and choose Z, € ¢ as before. Then ad(Z,) has in g,
the eigenvalues 0, ¢, 7 and

g:.(0) =k, g.(i)=p} and g.(-i)=p;.

It follows that —iZ, € {X € g°| 8(X) = X}, = k. N p°, that (g°, —iZ,) is graded (of
the first kind) and zg<(—iZ,) = g° N k.. That (g, 0) is effective is just the assumption
that g has no compact ideals. Thus (3) holds. By reversing the arguments (1) follows
from (3). The theorem now follows from Lemma 2.6. [

We give now a list of the spaces occurring in Theorem 2.7 for g simple. In the first
column we list the simple Lie algebras such that (g, h) is of Hermitian type. In the
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second column we list the c-dual regular Lie algebras g°. By the above theorem we
have

Hermitian type (g,7) & (g°,7) regular

where the correspondence is a bijection. In the third column we list the fixpoint algebra
h and then we give the subalgebra k. N g° occurring as the fixpoint algebra in the
parahermitian case. In the last one we list rank g, rank G°/ K¢ = rank G/ H , and rank h,
in this ordering. Here n = p+ ¢ if p and ¢ are given. We always assume that 0 < p < ¢
and not both equal 0. The group case is listed in the second table. The list is taken
from {2,17,27].

g g° h k.Nnge Rank: g, M, h
su(p, q) sl(p + ¢, R) so(p, q) sl(p, R) xsl(q,R) xR | n —1,n —1,[Z]
su(n, n) su(n,n) sl(n,C) x R sl(n,C) x R 2n—1,n,2n -1
su(2p, 2q) su*(2(p+9q)) | sp(p,q) su*(Zp) xsu*(2¢) xR | 2n —1,n — 1,n
s0™(2n) so(n,n) so(n, C) sl(n,R) x R n,n,2[2]
80*(4n) s0”(4n) su*(2n) x R su*(2n) x R 2n,n,2n
s0(2,p+q) | so(p+1,9+1) | so(p,1) x s0(1,q) | so(p,q) x R [2£],p+1,

(2] + (4]
sp(n, R) sp(n,R) sl(n,R) x R sl(n, R) x R n,n,n
sp(2n, R) sp(n,n) sp(n, C) su*(2n) x R 2n,n,2n
€g(—14) €6(6) sp(2, 2) so(5,5) x R 6,6,2
€5(—14) €g(~26) fi(—20) so(9,1) x R 6,2,4
€7(_25) €7(~25) €g(_26) X R €6(—26) X R 7,3,7
e7(—25) e su”(8) ege) x R 7,7,7
g : Hermitian type g : Regular h

su(p, ¢) x su(p, q) sl(p + ¢, C) su(p, q)

$0*(2n) x s0*(2n) so(2n, C) s0*(2n)

so(2,n) x so(2,n) so(n + 2, C) so0(2,n)

sp(n,R) x sp(n,R) sp(n, Q) sp(n, R)

€6(—14) X €6(—14) €6 €6(—14)

€7(-25) X €7(—-25) €7 €7(-25)

Up to now we only have looked at the infinitesimal situation. We describe now
shortly how to construct the corresponding spaces. Remember that we are assuming that
G C G, where G, is simply connected. Thus we can define the involutins 6,7, 7%, 9,0
etc. on (¢, and as G, is simply connected the fixpoint groups of those involutions are
all connected. For H we have the Cartan decomposition H = (H N K)exp(h,). Define
(G™) C H*:= (HN K)exp(q,) CG™,G°:=Gl and H*:= HC G*. AsTofis a
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Cartan involution on g€ we see that (7¢)* = 6 and thus (H°)* is well defined. Thus we
can now define

M®:=G/H*, M°:=G°/H° and M =G°/H*.

Analogously we can define the correspodning spaces for the Riemannian dual, herby
using the relation between ¢ and ”. In that case H™ = (G”)" is a maximal compact
subgroup of G" and thus M" := G"/H" is of non-compact type and independent of the
covering group we use.

3. The strongly orthogonal roots

In this section we show that 7 (7 of Hermitian type) permutes the maximal set
of strongly orthogonal roots of A(p},t.) (t. a compact Cartan subalgebra) in a very
simple way, and henceforth, that the constructions in [19,20,40] can be done in 7-
equivariant fashion. Then we relate this to the root system A.

Let t be a Cartan subalgebra of k (and g) containing a. Then t = a@tNh is
T-stable (X €t = X —7X € qNzg(a)=a = 7X € X +a C t). Choose an ordering
in 7t* such that a* comes first. Denote again the corresponding set of positive roots by
the superscript *. Choose some 7- and (Weyl group)-invariant inner product (- | -) on
it* (e.g., that coming from the Killing form of g., [31, p. 135]). We recall the following
definition:

Definition 3.1. Let ¥ denote one of the sets of roots. Then «, 3 € ¥ are called strongly
orthogonal if o # £ and a £ 3 ¢ X.

Notice, that «, 3 strongly orthogonal implies a, 3 orthogonal. Assume for the mo-
ment, that g is simple. Let r be the real rank of g and let T, := A(p},t.). Let
¥r be the highest root in I';. If we have defined I', D I',_y D --- D Iy # 0 and
v, €T, j =k,...r, we define I'y_; to be the set of all v in 'y that are strongly or-
thogonal to y;. If I'y_; is not empty (or equivalent £ > 1) welet y4_; be the highest root
inTp_y.Set T := {y1,...,7,}. If g is of the form gy x g1, let Tg = {7?,...,9%}, s = r/2
be the above constructed set for g;. Let

Y25 = (7_?)0)’ Y25-1 = (07_7?)a 3=1,...,s.

Then I := {v; | j = 1,...,7} is a maximal set of strongly orthogonal roots in A(p},t.)
and

—TY25 = Y2j-1,  — TY2j-1 = Y25, ji=1,...,s.

We will now generalize this and describe how 7 permutes the strongly orthogonal roots
in general. For that we need first the following lemma, that can also be found in [24,
p. 65] but with a different proof.

Lemma 3.2. Let a € A(p.,t.). If Ta # ta then a and Ta are strongly orthogonal.
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Proof. Assume as we may that « is positive. Then —7a is positive too and thus
o — Ta is not a root. Let X € peo. Then 7X € pero and [X,7X] € K(aqra) N4 C
dck Nzg (a.) = a. C t. and thus a + 7a cannot be a root. [0

For a linear form X € t} we set

Ai=AMa, = LA =7,

)= /\ltcr‘lhc = %()\ +7A),
AV = 2||/\||—2)\.

Corollary 3.3. Let a € A(p., t.). If Ta # —a then ||&]] = ||@|| end ||a])? = 2||&||?.

Proof. As o € A(pe,tc), ala # 0, thus Ta # Lo and by the above lemma o and 7o
are strongly orthogonal and thus orthogonal. Hence

0=(a|-1a)=(&]a&)-(ala).
As (a|a) = (&} a)+ (@] &) the claim follows. O

Theorem 3.4. Let T = {71,...,7,} be the mazimal set of strongly orthogonal roots
enumerated as above. Then there ezist two disjoint sets M and N in {1,...,r} such
that

() AL,...,r}=MU{j,j-1]jeN},

(2) if j € N then —T7v; = v;_1,

(8) forj e M, —1v; = ;.

Proof. By the definition of I' we can assume that (g,7) is irreducible. By the above
the theorem holds for g = gy x g;. Thus we may assume, that g is simple. We then
prove the theorem by induction on r. If r = 1 we set M := {1} and N := 0.

Assume then that the theorem holds for all s < r. Let 4, and I'; be as before. If
—7v, = v, we set A :=I',_; otherwise v, and § := —77, are strongly orthogonal, e.g.,
6 € T',_1. Assume, that § is not the highest root in I', _;. Then we can find ay € I',_1,
some o € At(g.,t.) and natural numbers n, > 0 such that

7=6+Znaa.

Let Zy € ¢ be as in Section 1. Then a(Zy) = 0 or 7 according to @ compact or non-
compact. Thus 3 n,a(Zp) = 0 and it follows that all the a’s are compact.

We now claim that (a | y,) = 0 for all «. As § and 7y are both orthogonal to 7, it
follows that

Zna(a | v,) = 0.

As ny, > 0 and (| 7,) > 0 (otherwise vy, + a would be a positve non-compact root
greater than 7, ) the claim follows.
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Let 8 := > nga. Then (y | é6Y) =24+ (8] 6Y) and (v | §) > 0 (otherwise v + §
would be a root). As (y — 36}(Zo) = —2¢, v — 36 is not a root and (7 | 6) < 2. Hence
(8] 6V)< 0. If we assume (o | §) < Othen 0 > (a | §) = (-7 | 7,) and so v, +(—Ta) €
A(pF,t.). But then —Ta is negative. As —7 leaves the set {a € At(g.,t.) | & # 0}
stable, we have ala = 0. But then 7a = aand 0 = (v, | @) = (v | =7a), a
contradiction. Thus (8| 6) = 0 and (y | V) = 2. Hence 8 =y — 8 € A(k,, t.) and 3 is
orthogonal to <y, and §. From this it follows, that

—TY = v, + (—Tﬂ) € A(Pc ,tc)

As the Weyl group Wy of A(k,,t.) leaves A(p},t.) stable and —73 L v, it follows,
that
Yr = (=7B) = s_rp(7r — 78) € A(P7, t.),

where s_,3 € Wy is, as usually, the reflection in the hyperplane orthogonal to —70.
As v, is maximal in A(p},t.), —78 can neither be positive nor negative, which is a
contradiction, and —7+, is in fact the maximal root in T',_;.

IfT,_; =0 we put N := {1} and M := 0; otherwise we now define A := T, _,.
Having now defined A we see that —7A = A. Let g.s be the Lie algebra generated by
the root spaces gc(+), ¥ € A. Then ga is a 7- and o-stable semisimple subalgebra
of g. and gc.p N'g = ga has smaller real rank than g. As 7|,, anticommutes with
the almost complex structure J|png, , the pair (ga,7|g,) is of Hermitian type and our
induction hypothesis works and the theorem is proved. O

Now we can do the same construction with A(p}, t.) replaced by A;. In particular
let s be the real-rank of M, and let

~

AY=0,>T, 50Ty

be constructed in the same way as I', D --- D 'y (see [31]) and let = {A,... A5} be
the corresponding set of strongly orthogonal roots.

Theorem 3.5. Let the notation be as above. Then
I = {¥; 17 e N UM}

In particular s = (N| + |M|. Let 7 : {1,...,8} = M UN be the bijection such that
m(i) < m(F) for i < j. Then A; = (), forall j=1,...s.

Proof. First we show that the set {1,...,%,}, s := |N|+|M]|, is strongly orthogonal.
For that assume that A\, € {¥; | j e VNUM}, A # pand A —p € A. Choose j and
k such that A = 4; and p = 4. Then v; L 4, —7vx and thus A L . It follows that
(A=p | p¥)=-2 and thus su(/\ 1) = A+ p € A, a contradiction. Let now § € A}
be strongly orthogonal to all ¥;’s. Let o € A(pj’,tc) be such that & = 6. If v, —a is a
root for some j, then obviously 4; — § € A and that is impossible. Thus « is strongly
orthogonal to all 7; in contradiction to the maximality of the set I'. In the same way
it follows, that 4, is maximal in Iy and the last assertion follows by induction. O
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Example 3.6. In Lemma 4.3 we will see that s = | M| + |NV]| equals to the rank of
H/HN K. As r = |[M]} + 2|NV| we have |[N| = r — s = rank(G/K) — rank(H/H N K).
Hence the only irreducible pairs with A/ # @ are

1. (g x g,diagonal),s = r/2.

2. (su(2p,29),sp(p, 9)),r = min(2p, 2¢), s = min(g, p).

3. (86(_14),f4(_20)), r= 2,3 =1.

4. The Cayley transform

In this section we use the results of the last section to relate root vectors in p.,
and pes, @ € A(pe,te). We then use that to construct maximal abelian subalgebras
b and b? of p such that b N h (resp. b? N q) is a maximal abelian subalgebra of
h, (resp. g,). This relates our construction in [31] to ‘classical’ constructions based
on t.. We also recall the construction of the Cayley transform and show how this
construction can be done 7- or n-equivariant [19,40]. We will restrict ourself to the
Cayley transform although this may be applied as well to the boundary components
and the partial Cayley transforms by replacing the set I' by I' and X¢ by the partial
sums ) . X;i(k).

For a € A(ge,t.) choose Hy € [8ca,8c—a] such that a(H,) = 2. Choose E, € geo
such that E_, = 0 E, and H, = [E4, E_4] (see [7]). The following can then be proved
as in [24, p. 57] or more simply by using the involution 7.

Lemma 4.1. For o € A(pe,tc) we can choose E, such that TE, = E.,.

Let a € A(g,t.) such that & # 0. Let 8 := & € A and define

. H, if —tTa=a,
Hg =

H,—-7H, if —-ta#a.
. E, if —ra=a,
Eg =

E,+71E_o if —Ta#oa.
. 0 if —rta=aq,
Eg =

E,—-T1E_, if —-Ta#a.

Lemma 4.2. Let o € A(g,t:) such that & # 0. Let §:= & € A. Then
(1) Hg € ian(gep, 8c-p] and B(Hp) = 2;
(2) Ep = Ea — nEq € gop(—) and B = Eo +nEq € gop(+);
(3) Hg = [Eg,0Ep] = (Eg,0Ep] and [Ep,0Ep) = Hy + 7 H,.
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Proof. As the claim of the lemma is obvious for —7a = a we may assume that this is
not the case. As 70 = 07, TE_4 € B¢(—ra), @ £ Ta ¢ A(ge,tc) and o(Eq £ TE_,) =
E_, £ 7E, it follows:

[Ea £ TE_o,E_o £ TEy]) = [Eay E—q] — T[Ea, E_o) = Hy — TH,.
For H € a, we also have
[HyEo+TE_,| = [H,E,) 2 [H,7TE_,] = a(H)(Eq £ TE_,).

By a L —ta and H_,o, = —7H, it follows that a(—7H,) = 0 and then by direct
calculation S(H, — TH,) = 2. The rest of the lemma is now obvious. O

Choose Ej := E., € pcy, such that TE; = E.., and define

where Ej = E:”, Ej = F;,3 =1,...,r. Then X; € p, Xj € h,, Xj € qp and
2Xj=Xj+Xj. Define

b = é]RXJ‘.
Jj=1

Lemma 4.3. Let the notation be as above. Let  : {1,...,8} — MUN be the bijection
such that ©(i) < w(j) for i < J. Then b is a mazimal abelian T-stable subalgebra of
p such that b h, = B;_, RX,(;) is mazimal abelian in h,. Furthermore bNq, =

D jen RX;.

The first part is well known, e.g., [7, p. 385]. The second part follows from Lemma
4.2 and [31, Lemma 2.3] (by replacing 7 by 7). The last part follows from the fact,
that the ortogonal projection of 2X; onto h, (resp. q,) is given by X; (resp. Xj). a

Lemma 4.4. Let H; := H,, and flj = ﬁ;ﬁ. Define Hy := %izgzl H; and X, :=
%E;=1 X;. Then Hy = %i25=1 H,r(j) € a and Xg = %E‘;:l X,,(j) €bnh,.

Proof. As H_;,, = —7Hj it follows that
P~ - 3 t i -
Ho =3 Y A = 2 Y Hi+ 3 Y (Hj—7H;) = 5 > Hey
i=1 JEM JEN J=1
The other part follows in the same way. 0O

Remark 4.5. In the same way we may construct a maximal abelian subalgebra b? in
p such that b? N q, is maximal abelian in q,. For that we only have to replace 7 by 0r



214 G. ’Olafsson

everywhere. The corresponding vectors are then:

X! =i(E;-oE;), X!=i(E;-okj),

S
I
ub,j
I
Q
S

1 oq
X{ = 52er(1‘) € b?nh,.

=1

Notice that for J = ad(Zy) as before and k¢ := exp(%ﬂ'Zo), then J(b) = Ad(ko)(b) =
b1,

Define it~ := Y7_; RH,; and ia™ := it" Nia = Y5, RA; o Let X ebing,
(s
be as in Lemma 4.5 and define

C:=exp %Xg and C = Ad(c).

By Lemma 4.5, [19] and [40] C is just the usual Cayley transform. As Con = 5o C we
call C the n-equivariant Cayley transform. The usual sl;-reduction gives
C(H;)=X;, C(X;)=-H;, and C(X])=X],
as well as
c¢(it”)=b, and c(ia”)=bnh.
By the theorem of Moore [26] (see [39, p. 15]), we have now relatively to ad(X,):

g=g(-1)®g(-3)®8(0) & 8(3) & 8(1),

where g(£3) may be zero. Let ¢ := Ad(exp(7iXo)) = Ad(ko)™! o C? o Ad(ko). Then
elgn = -1, ¢lgo =1 and ¢lg 1y =£i.

In paricular ¢ = 1 and ¢? = 1 < g(£3) = 0. In that case o = C? 0 . Let

grT = g‘p2 and Grp:= G*".

Then G is reductive with the Lie algebra g7 and ¢ defines by restriction an involution
on G7. We collect now some facts that we need about invariant convex cones (see e.g.,
[10]). Let L be a Lie group and V a finite dimensional real Euclidean vector space and
a L-module. As we are only interested in closed or open convez cones we define C C 'V
to be a cone if C is closed or open, convex and R*C C C (for C open we replace R*
by R* \ {0}.) If not otherwise stated we will assume C closed and use the notation
for open cones. C' is an L-invariant cone if C' is a cone and LC C C. If C is a cone we
define the dual cone C* C V* by

C :={ueV|Vvel:(u]|v)>0}
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C is proper if C' and C* are both non-zero. This is equivalent to one of the following
1. C is pointed, i.e., there exists a v € V such that (v | u) > 0 for all w € C \ {0}.
2.Cn-C ={0}.

We call C generatingif C — C := {u — v | u,v € C} =V and regular if it is proper
and generating, or equivalently both C and C* have non empty interior. Denote by
Conp, (V) the set of L-invariant, regular cones in V. If { is an open cone we define dual
cone by

Q:={ueV|VveQ\{0}:(u]|v) >0}

Definition 4.6. Let Q be an open and proper convex cone in a real vector space V.
Then
D(Q):=V +iQCV,

is called a tube domain over Q and also a Siegel domain of type 1.
Let W be a complex vector space and ¢} a Hermitian form on W with values in V,
such that

Q(u,u) € 2\ {0}, u € W\ {0}.
Then @ is called a Q- Hermitian form and

D, Q):={p=(c+iy,u) e V.O W |y - Q(u,u) € 2}
is called a Siegel domain of type II.

Theorem 4.7 (Kordnyi, Wolf). Let the notation be as above. Let D, = G/K C p}
be as before. Then the following are equivalent:

(1) D, is of tube type;

(2) There ezists a 3-dimensional subalgebra of g containing Zy and isomorphic to

sl(2, R);
(3) Zo = Ho;
(4) p(Zo) = — Zo;
(5) ¢*=1;

(6) g(£3) =0

The proof can be found in [19]. For convenience, we extend the definition of ‘Hermi-
tian type’ as follows. A reductive symmetric pair (G, H) in the Harish-Chandra class
is of Hermitian type if the center of G' is compact and ([g,g],rl[g‘g]) is of Hermitian
type. We will then also call the pair (g, 7) of Hermitian type. Let ez be the center of

gT.

Lemma 4.8. Let the notation be as above. Then:

(1) Top =poT and 8o = pofb. Thus Gt is 7- and 6-stable and Gr /KT,
Kt := GrNK, is of tube type with almost complez structure on pr given by ad Ho|p,,
pPr:=pnegr.
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(2) Let o1 := ¢l|g,.. Then (gr,¢T) is of Hermitian type with (—1)-eigenspace qr =
g(1)®g(—1), to C gr and ey C (t7)L. Furthermore, t; is mazimal abelian subalgebra
of arks {715+, 7} is a mazimal set of strongly orthogonal roots and —yy; = v;.

(3) (87, Tlgr) is of Hermitian type.

Proof. The first part of (1) follows from the construction of ¢ and Theorem 4.7. The
last part is Lemma 4.6 in [19, p. 274]. For (2) we first notice that t C gr. As t is maximal
abelian in g the center of gr has to be contained in t. Furthermore ¢z commutes with
Xo and thus ¢ C g(0) Nt = (t7)L as we will see in a moment. As ¢Hy = —Hy by
Theorem 4.7 it follows, that @7 is of Hermitian type.

X=H +H '+ Y X
a€A(ge,t)

where H= € t=, Ht € (t7)%, X, € g.o. Then

= Sotn - S

[ 1

Thus X commutes with t~ if and only if all a’s are orthogonal to all 7,’s. But then
o(X)=-H +H" 4+ X,

as (H;) = —H;. Thus 2g,(t7)Nqr = t~ and (2) follows. By Lemma 4.4, 7(Hp) =
—Hg and (3) follows by Lemma 1.4. 0O

Let I := Ho— Xo. By [19] (see [40, p. 16]) there is an open, self-dual G(0)-invariant

cone
Q= G(0)- Ic C g(1),

where G(0) = Cg,(Xo) C G% and a-X = Ad(a)X. Then 2 is a Riemannian symmetric
space 2 ~ G(0)/K(0) with K(0) = KNG(0). Notice that £ is the unique G(0)-invariant
cone in g(1) containing o (if Q4 contains o then Q1 NQ #0=>Q C Q1 = Qf C
Q* = Q. As Q is minimal Qf = Q).

Define a positive system A*(g,b):={aoC™!|a € At(g.,t.), al;- # 0} and let

s:=g(AT(g,b)) =s0D sy ®s1 and W:i=sy/5.N C(p)

where sy := s N g(A). Then there exists a G(0)-equivariant bijection ¢ : s7/9 — 819
such that W = {X — 4t X | X € sy/5}. W is G(0)-stable and s/, 3 X — w(X) :=
X — (X)) € W is a complex G(0)-equivariant isomorphism commuting with 7.
(The last claim follows by: n(pt) = p~ and 7(sy/;) = s1/2. As 7 is conjugate linear,
not= —tomn.) We also let V := g(1), and define the the Hermitian V-valued form @
on W by

QW, Wy) := %[W,U(Wl)], W, W € W.
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We also define a : cPY K. P~ - V@ W by

a(g) := Cp+(c™'g)).
Then the following holds (see [40, p. 17]):

Theorem 4.9 (Kordnyi, Wolf). Let the notation be as above. Then
(1) Q is a Q-Hermitian form and for all a € G(0), W, W € W

Q(Ad(a)W,Ad(a)W1) = Ad(a)Q(W, W1).

(2) o determines a G-invariant biholomorphc isomorphism of G/ K onto D(Q,Q).
(3) Let a € G(0), X €51,Y €81/ and let b = aexp(X)exp(Y). Then

b-(Z,W)=(Ad(a)X + Ad(a)Z
+ Q(Ad(a)W,Ad(a)w(Y)), Ad(a)W + Ad(a)w(Y)).
We will now describe the H-orbit through il in D(2, Q). For that let Sy := exp(sy)
and B :=expb.

Lemma 4.10. (1) Let a € cPTK.P~. Then a(n(a)) = n(a(a)) and in particular
a(H/HN K) = D(Q,Q)".

(2) Let W, Wy € W. Then Q(n(W),n(W1)) = —n(Q(W,W1)).

(3) Let a € G(0)5151/, and (Z,0)) € D(R,Q) then n(a-(Z,0) = n(a)(nZ,0).

Proof. The first part follows from Co7n = 7o C and 7(c) = ¢ whereas the second part
follows directly from the definition. The last part follows from part (3) in Theorem 4.9.
a

As 7|g, and @7 are commuting involutions of Hermitian type we now that the G(0)-
and HNG7 orbit through a(0) = il are diffeomorphic (see Theorem 1.6). We describe
this diffeomorphism now in terms of the data used to define the Siegel domain D(2, Q).
We first look at G and thus we assume for a moment that G = G, i.e., G/K of tube

type.

Lemma 4.11. Assume that G/K is of tube type. Then
G(0) = So- B - K(0)=exp(soNq)-Bnexp(q)  (G0)n H)K(0)
H=5{-5-B"-KnH=58G0O0)KnH

where the second products are in general not diffeomorphisms. The map
S7-GO)Ic 3 exp(X) g - o = exp({le, X)) - g - Io € 9

is a diffeomorphism of H/H N K onto Q. Also (G¥", 1) is of Hermitian type and the
Cayley transform induces a diffeomorphism

D¥T ~Vnq+i2nq).

In particular Q1 N q is a proper cone in qr N q.
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Proof. The first two decompositions are just the Iwasawa decompositions, G(0) re-
spectively H N G7. By [40, Lemma 2.2.4, p. 16], [I¢,so] = s1. As

soNgPsoNhs(X,Y) exp(X)exp(Y) € §5(0)
is a diffeomorphism the first part follows. As ¢7(Zy) = —Zp and 72y = Zy, (g¥77) is
Hermitian. As the ‘g(1)’ in this case is g(1) N q(1) the lemma follows. O

In the general case we know, that

H/H N K =~ exp(s];,) - (HNGr)/HNKr.
From Lemma 4.10 we now have:
Theorem 4.12. The H-orbit through ilc in D(,Q) is given by

D(Q,Q) ={(X+iZ,W)es]disiNgx W" | Z-Q(W,W) e O}
~{(iZ,W) € is; x W' | Z — Q(W, W) € Q}

where the diffeomorphism is given by

aexp(X)exp(Y) - ilg = (Ad(a)X + Ad(a)ilc,Ad(e)w(Z))
r (exp([Ic, Ad(a)X]) Ad(a)ilc, Ad(a)w(Z))

forae GO)NH, X €s] andY € W7,

5. Cayley type involutions

This section is devoted to some special kinds of involutions. The first kind of involu-
tions are those that generalize complex conjugation on SU(p, ¢), SO*(2n) and Sp(n,R)
(see [29]). Those involutions are charaterized by rank M = rank K/K N H = rankG,
i.e., a = t. The second type of involutions are those that are inner and then there are
the special inner involutions coming from a Cayley transform as the involution ¢ in
Lemma 4.8 in the case that G/K is a tube. Except for Lemma 5.2 and 5.3 we assume
that (g, 7) is of Hermitian type and that (g,h) is effective without compact ideals.

Definition 5.1. Let g be a semisimple Lie algebra with Cartan decomposition g =
k @ p. Then g is split, or a normal real form of g., if there exists a Cartan subalgebra
of g contained in p.

Lemma 5.2. Assume that (g, ) is regular and (g, h*) effective. Let b C q, be mazimal
abelian. Then ¢, C b and b is a mazimal abelian subalgebra of p.

Proof. By the same argument as in the proof of Lemma 1.2 it follows, that zg(c(qp)) D
h; @ q,. As a is maximal abelian ¢, C a. But by Lemma 2.2 there exists a Z° € ¢, C a
such that zg(Z°) = h*. Thusa C q,. 0O
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Lemma 5.3. Let g be a semisimple Hermitian Lie algebra without compact ideals.
Then there exists an involution T of Hermitian type, unique up to conjugation, such
that rank M = rank K/K N H = rank G. This involution is characterized by g° being
split.

Proof. Let t be a Cartan subalgebra of g contained in k. Then multiplication by
—1 is an automorphism of A(g.,t.) in the sense of [7, p. 421]. By Theorem 5.1. (see
also [45, p. 289]) there exists an homomorphism 7 of g. with 7| = —1. It can be
shown, that 7 can be constructed such that T o 0 = o o 7, i.e., T leaves g stable.
If 7y is another involution of G satisfying rank G/H, = rank K/K N Hy = rankG,
Hy; = G, we can find a Cartan subalgebra t; C {X € k | n(X) = —X}. But then
we can find a k& € K such that Ad(k)t; = t, [45, p. 352], and we can assume that
t = ty. By Theorem 5.9, [7, p. 425], and its proof, there then exists a X € t such
that 7 = Ad(exp(X)) o m o Ad(exp(—X)). By construction t C qx and it C q;. Thus
g’ is split. Assume now that g€ is split. Then we can choose a Cartan subalgebra t°
contained in p® and containing ic. By the above lemma t° C qj. Hence t := it° C qy
is a Cartan subalgebra of g contained in qx. O

Those are (su(p, ¢),so(p, q)), (so*(2n),so(n,C)), (sp(n,R),sl(n,R) x R), where the
involution is given by complex conjugation. Then there is the pair (so(2, 2p),so(p, 1) x
so(p, 1)) and (s0(2,2p + 1),s0(p,1) x so(p + 1,1)). Here the involution is given as
conjugation by d(1,-1,1,—1,...,1,—1) respectively d(1,-1,1,—1,...,1). At last we
have the two exceptional cases (eﬁ(_14),sp(2, 2)) and (e7(_ys), su*(8)).

The next type of involutions are those that are inner. If g = g; X g and 7(X,Y) =
(Y, X) then every inner automorphism leaves the factors invariant and so g is never
inner. Thus g is a product of simple factors invariant under 7. Thus we can assume
that g is simple. Notice that by [7, Chapter 9, Theorem 5.7], 7 is inner if and only if
rank g = rank h and in fact if 7 = exp(ad X ) then X may be chosen in k?. The main
idea of the proof is, that if rank h = rank g, then there is a §-stable Cartan subalgebra
t in h and g. Then t; @ ¢t, is a Cartan subalgebra of the compact Lie algebra k @ ¢p
and T|g,qit, = id. Hence there exists a Xy +1X, € t; @ it, such that

7 = Ad(exp(Xi + 1X,)).
As t @ it, is o-stable, Xy, X, € t and in particular [ Xy, X,] = 0. Define
7k = Ad(exp Xi), and 7, := Ad(expiX,).

Before we look at the general case we need the following lemma where k, = exp(%m’Zo)
as before:

Lemma 5.4. Let 7 = exp(7iX) be an involution of Hermitian type with X € h,,.
Define £,v : G. — G, by

£:= Ad (exp 521)() . and :=Ad (exp 1;—’ Ad(ko)X> :
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Then
(1) €:(g,7) — (8°7) is an isomorphism. £08 = §oT o0& and £ define isomorphisms

G—G°, K—K and G/K— G°/K,

where K is the mazimal compact subgroup of G¢ corresponding to the Cartan involu-
tion 7.
(2) ¥ :(g,7) — (8", 0) is an isomorphism. o8 = T o) and ¢ define isomorphisms

G—-G, K—->K and G/K—G[/H".

Proof. As Ad(k,) o 7 o Ad(k;') = Ad(k?) o1 = r° it follows that ¢? = 7% and we
only have to prove (2) as (1) follows in the same manner by replacing 7® by 7. For
simplicity we write Y = Ad(k,)X = JX. Then oo = go9p™! = co7%01 and
o8 =001 =101 Here o is the conjugation of g. relative to g as usually. Hence
1 defines a Lie algebra isomorphism over R g ~ gc =gand ko~h.. O

Lemma 5.5. 7 and 7, are commuting involutions of g such that 7 = T7p. T and T,
commutes with § and T, is non-trivial. Furthermore 7, is regular, parahermitian and
of Hermitian type.

Proof. That 747, = 7 = 7,7} is clear. Now f o1y = 7,00 and 8o, = 7 16 4. Thus
007‘:00Tk07'p:TkOTp_109=T00:TkOTp00.

Hence tp o1, = Tg 0 Tp_l. From this it follows, that Tp_l = 7, and 50 7, is an involution
commuting with 8. As 72 = 1 it also follows that ¢ is an involution commuting with 6.

Let Z, € ¢ be as before. Then [Z,, X¢] = 0. As 7 is of Hermitian type —Z, =17, =
TpTkZo = TpZo. Hence 7, # id and of Hermitian type. Denote now by the superscript "
the dual objects build up from (g, 7). By the above g” (with h" as a maximal compact
subalgebra) is Hermitian. Hence there exists a X° in the center of h” such that ad(X°)
has the eigenvalues 0,7, —i and 7, = exp(wad(X°)), [7, Chapter 8]. Now the center
of h" is one-dimensional and #-stable and thus contained in the iq, or h; space for
7p. Thus X° € i{Y € g | 7(Y) = =Y}, or X° € {Y | 7,(Y) = Y}i. As 7 is of
Hermitian type X° € ip as otherwise 7,(Z,) = Z, is a contradiction. Now it follows
that (g, —1X°) is graded and {Y | 7,(Y') = Y} = zg(—:X?°). Thus 7, is parahermitian.
Replace 7, by 75 = exp(Ad(ko)(—zX")) As (g,7) = (g,75) the lemma follows from
Lemma 2.6. IZI

We will now give a characterization of the involutions of the form 7,. We notice that
in this case (g,7) ~ (g",7) etc. and hence those involutions can also be described in
terms of properties of the dual resp. c-dual pair. This we leave to the reader, see (6),
(7) and (10) in the following theorem. Recall that if G/ K is of tube type, then a Cayley
transform of G/K is a map C of G/K into a tube domain D(Q), C = Ad(exp 37iX)
such that ad(X) has the eigenvalues 0, 1, —1. In particular C has order 4.
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Theorem 5.6. Let g be simple and T of Hermitian type. Then the following are
g p
equivalent:
1 { 18 a tube domain and there erists a Cayley transform C such that T 1s
G/K i be d ' d th ) Cayl fe C such th .
conjugate to C2.
(2) q is reducible as a h module.
(3) If ¢y, is the center of h then ¢y, is non zero. In that case dimc, = 1 and ¢, C p.
(4) T is inner and T = T,.
(5) 7 = Ad(exp X) is inner and h C zg(X).
(6) All the spaces in Theorem 2.7 are isomorphic.
(7) (g, 7) is isomorphic to one of the pairs (g°,7), (g%, 8), (g",0) or (g",7%).
(8) (g, 7) is regular.
(9) (g, 7) is parahermitian.
(10) (g",0) is of Hermitian type.

Proof. If (1) holds then 7 = Ad(expniX) and g = g(0) & g(1) ® g(—1) relatively to
X. But then h = g(0) and q = g(1) @ g(—1). In particular X is central in h and thus
g(+£1) is ad(h)-stable. As g(+1) # {0} it follows that q is reducible as a h-module.
If (2) holds then, as (p”). = q. is reducible, it follows that g” is Hermitian. Thus the
center of h is one dimensional by [7, Chapter 8], and as above we see that ¢, C h,.

Assume (3), then (4) follows by using the Riemannian dual form again. (5) is now
obvious. As X is then central in h we have X € h,, eg.,, 7 = 7,. By Lemma 5.4
all the spaces are isomorphic. Thus (6) holds and then (7) is obvious. Assume that
(g, 7) is isomorphic to one of the pairs (g, ) or (g% 8), (the other cases follow in
the same way by replacing (g, 7) by the associated pair). Then g° is Hermitian and
it follows that (g°,7) ~ (g° ) as the Cartan involution on g° is 7. Hence (g, 7) is
regular by Theorem 2.7. If (g, 7) is regular then (g, 7*) ~ (g, 7) is parahermitian by
Lemma 2.6. As (g",7%)° = (g, 7*) with respect to the Cartan involution 7 on g" it
follows by Theorem 2.7, part (3) that (g",7%) is of Hermitian type. But using the
Cartan involution 7 on g it follows by Lemma 2.6 that (g",7%) ~ (g", 6) and thus (10)
follows from (9).

Assume now (10). Then (g",#) is of Hermitian type. But then the Cartan involution
7 is given by 7 = Ad(exp(7rX?°)) with X° central in h” and §(X°) = —X°. Furthermore
ad(X?) has the eigenvalues 0,7, —i. From 8(X°) = —X° it follows that X° € 7h,,. Thus
X := —iX° € h, and ad(X) has the eigenvalues 0,1, 1. Let b be a maximal abelian
subalgebra of p containing X. As z(X) = h it follows, that b C h. Choose a Cayley
transform C; transforming it~ onto b and choose A*(g,b) as in Section 4. If v1,...,7,
are the strongly orthogonal roots and a; = v;0C;! we know by the theorem of Moore,
that D is a tube domain if and only if A*(g,a) = {a;, $(a;tax) | 1 < ¢,5,k < r,i < k}.
Otherwise A*(g,a) = {1aj,a;,3(e £ ag) | 1 < i,5,k < 7,4 < k}. By this we see
that D has to be a tube domain as otherwise ad(X) would have an eigenvalue 1/2
or 2. Comparing now the eigenvalues of ad(X) and ad(X,) in Section 4 it follows that
X = X,. Hence 7 = Ad(k,) o C> Ad(k,)™! where C is the Cayley transform from
Section 4. 0O
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Definition 5.7. Let (g, 7) be a semisimple pair such that 7 leaves every simple factor
of g invariant. Then 7 is of Cayley type if and only if restricted to each irreducible
factor 7 satisfies (1)—(10) above. In that case we also call M of Cayley type.

The above defined spaces have also been introduced in [16, Section 5], as spaces
of Silov type. Our argument for calling this type of involutions Cayley type is their
relation to the classical Cayley transform.

Corollary 5.8. Let g be semisimple. Then there exists an inner involution on g of
Hermitian type if and only if D = G/ K s a tube domain. In this case there exists (up
to a conjugation) a unique involution 7, of Cayley type. If T is inner then there exists
a vy € Ad(G) such that yo 1oy~ = 147,, where 7 € Adg(K) commutes with T,.

Thus if 7 is inner then 7 is a product of an inner involution 7, € Adg(K) and an
involution of Cayley type. The only claim that has not be proved so far is, that the
involution of Cayley type is unique. But if we have two such involutions defined by X;
and X, then we may conjugate say X by an element of K such that Ad(k)X;,X2 € b
where b is a maximal abelian algebra in p and in fact we may assume that Ad(k)X,
and X, are in the same Weyl chamber. But then Ad(k)X; = X, by looking at the
eigenvalues.

Now we can read of the inner involutions from our first table by rank h = rankg.
We then find the involutions of Cayley type by c; # 0 or g ~ g°.

Inner involutions
g : Hermitian type g° : Regular h Tk
su(n,n) su(n,n) sl(n,C) x R e = id
so*(4n) so(2n, 2n) so(2n,C) T # id
so*(4n) s0*(4n) su*(2n) x R 7 = id
so(2,n) ™) so(k+1,n+1—k) | so(k,1)xso(l,n—k) | x £id, k #1
o =1d, k =

sp(2n, R) sp(n,n) sp(n, C) T #1id
sp(n, R) sp(n, R) sl(n,R) x R n =1id
€7(-25) er(7) su*(8)  # id
e7(-25) er(-25) eg(—26) X R T = id

*) n and k not both even.

Example 5.9. For so(2,n) we define an involution 7 by conjugating by the element

d(1,-1,1,-1,...,1,-1,1,1,...,1) or d(-1,1,...,—1,1,1,1,...,1).
k+1 times k+1 times

Then the fixpoint algebra is isomorphic to so(1,n — k) x so(1,k). If » and k are not
both even, this involution is inner and of Cayley type if £ = 1.
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Example 5.10. (SU(n,n)). Let G = SU(n,n). Let T be the involution

(2 1)~ (5 ©)-n(2 B
= (—OIfO)'
{2

where the isomorphism is given by

(_ABZ) > A+ 1iB,

q:{@ —BA>

The elements Z,, XJ and X, are now given by
I, 0 1[0 I
Z°‘§(0 —In>’ XO“Q(In o)

_1( 0 i,
X"‘i(—un o)'

Furthermore

a-{(4 4
won-{(4 )

where H(n,C) = {A € M, ,(C) | A* = A}. For finding the corresponding operation of
H on H(n,C) we see by

A B\7' (A B or (A B en
-B4) ~\-Ba "\-BA
that the above identification transforms the adjoint action of H on g(1) into the op-

eration (a,Z) — aZa* of SL(n,C) + R ~ H on H(n,C). In this case 1 is given by
conjugation by

1 (1, il
V\il, I, )°

where

Then

TrA=0, A= —-A, B* = —B} ~ sl(n,C) x R

and

A* = —A, B*:B}.

and

A= A} ~ H(n,C),

A = A} ~ H(n,C),
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If we realize G/K as Dp, = {Z € Mu,(C) | I, — Z*Z > 0} and identify g(1) with
H(n,C) then we get the usual Cayley transform

Dp>Zw (Z+il)(Z +il,)" € H(n,C) +iH%(n,C) ~ q* @i

Here the H-orbit D™ = {Z € D, | Z* = —Z} maps onto the cone H*(n,C) ~ Q =
H Iy,

6. H-invariant cones in q

In this section we will characterize the symmetric pairs of Hermitian type using an
infinitesimal causal orientation on M in the sense of [42, p. 22]. As TM ~ G Xy q this
in turn amounts to give a characterization in terms of H-invariant cones in q. Some
of the results in this section may also be found in the papers {35,36] of Ol‘shanskii
but without proofs. The main motivation for Ol’shanskii’s studying regular real forms
is the fact that for g simple, C € Cong(ig) and 1 = h @ iq a regular real form he
proves in [35, p. 281], that 0 # C N iq € Cong(iq). In particular it now follows from
Theorem 2.7, that for g simple Cong(iq) is non empty. We will always assume that
(g, 1) is effective and without compact ideals. We will also assume that H is connected
as otherwise there can arise some problems as explained in [30]. We will also explain
that shortly at the end. Recall that we are always assuming G C G, where G, is a
simply connected Lie group with the Lie algebra g..

Theorem 6.1. Let (g, 7) be an effective symmetric pair. Let H := G75. Then (g, T) is
of Hermitian type (regular) if and only if there exists a C € Cong(q) with C°Nqy # 0
(C° N p # 0), where the superscript ° denotes the interior.

Corollary 6.2. Let (g, 7) and H be as above. Then (g, T) is of Hermitian type if and
only if there exists a C € Cong(g) and a X € C° such that the geodesic R > t
vx(t) == exp(tX)-zo € G/H is closed.

Our main tools for proving this and other results about cones are the following
theorems of Kostant, Paneitz and Vinberg (see [42,38,46]).

Theorem 6.3 (Kostant,Vinberg). Let L be a connected semisimple Lie group acting
on the real vector space V by a representation m. Let K C L be a subgroup of L
such that w(K') is a mazimal compact subgroup of w(L) and let P C L be a minimal
parabolic subgroup of L.

(1) There exists a proper L-invariant cone in 'V if and only if the space of K-fized
vectors

VR :={veV|VkeK : n(k)v="1)

1S TLON-2ZET0.
(2) If 7 is irreducible, then Conr(V) # 0 if and only if any of the following equivalent
conditions is satisfied:
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(a) VE £ 0.
(b) There exists a ray through 0 which is invariant with respect to P.

Theorem 6.4 (Paneitz,Vinberg). Let the notation be as in the theorem of Kostant-

Vinhern and neciumme that Y ie srrodunihle Tot Can: (VY £ A Thon there pmicte o
VINUETG ana assuimne indat v 1S Wrreaucioee, L€t UONf\ V) F v. 1ieN LREre erisis a

unique (up to the multiplication by (—1)) minimal invariant cone Crpin € Conr(V)
given by

Cmin = con{L - vp) = con L - vg,

where con(U) := {3 ;cr¢ivi | ¢j € RY,v; € U,I C N finite } denotes the convez hull
of a subset U of V, vp is an eigenvector for P contained in the ray in (2) and vk
is a non-zero K-invariant vector unique up to a scalar. Furthermore vk € C2; . The
unique (up to a scalar) mazimal cone is then given by Cmax = CJ .

We point out one idea of the proof as we will use it later on. Let L be a Lie group
acting on V by 7. As we will only deal with #(L) we can assume that L = 7(L). Let
K C L be a compact subgroup of L. If C C V is a proper cone we choose v € C* with
(u|v) > 0 for all w € C'\ 0. Let w € C'\ 0. Then (k- ujv) > 0 for all k € K. It follows,

that
UK = / k- udk
K

is K-invariant and (ug,v) = [i(k-u,v)dk > 0. Thus ug # 0. As K is compact it
follows that K - u is also compact and thus con K -« = con K - u is compact, too. If C
is generating we can start with 4 € C°. Then for all ¢1,...,¢, > 0, Z]- c; = 1 and all
ki,...k, € K it holds zj cikj-u € C°. It follows:

ug €conk u=conK v C C°.

We now prove Theorem 6.1. We only prove the claim for cones with C°nk # @
resp. of Hermitian type as the other will follow by same method or by using the ¢-dual
construction. We can also assume that (g, 7) is irreducible by projecting onto each
irreducible factor resp. by constructing cones by C1 @ ... C; := {(X1,...,X,) | X; €
C;} for C; invariant cone in the irreducible factor (g;,7lg,), & = ®)_;8;-

Assume first that there is a cone C' € Cony(q) such that C° Nk # 0. Then we can
find by the above a Z € C°N k. Then Z # 0 and [hg,Z] = 0. Let X € qi. Then
(2, X)|1Z,X))e = —(X|[Z,[Z,X]])s = O, as [Z,X] € hy. Hence Z € cy. And then
zg(Z) = k, zq(¢) = qi. Hence (g, 7) is of Hermitian type.

If q is irreducible as a H-modul it follows by the Paneitz-Vinberg theorem that we
can find a cone C € Cony(q) containing a Z € ¢ as an inner point, i.e., C°Nk # @. If
q is reducible it follows that (g, 7) is of Cayley type and we can writeg = h®dqt ®q~
with q* = g(41) and q* abelian, fq* = q~. Furthermore it is easy to see that g¥ is
irreducible (otherwise take 0 # qf C q*, q} # q*, an H-invariant submodule. Then
qf @ 08(qaf) @ [qf,0(q]] is an ideal). Let Z = X, + X_ € ¢, where X, € q* and
X_€e€q . Then 8X; = X_, and X, and X_ are H N K-invariant as q* are H-stable.
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Thus we can find H-invariant cones Cy € Cony(q¥) such that C contains X4 as an
inner point (relatively to q%), and similarly X_ € C°. The theorem follows now with

C::C+@C._. Od

We notice now that by our previous remarks on Cayley transforms in Section 4
it follows, that the cones Cy are self dual and so unique up to a sign. In particular

0(C+) = C...

Theorem 6.5. If (g, ) is irreducible then dim q'"K < 2. If (g, h) is irreducible then
dim q"K = 1 if and only if q is irreducible as an H-module. This holds if and only if
every proper H-invariant cone is generating. In this case exactly one of the following
two cases holds:

(1) qF"K C qx and C° Nk # @ but C Np = {0} for every C € Cony(q). (g, 7) is
of Hermitian type but not Cayley type.

(2) "X Cc q, and C°Np # 0 but C Nk = {0} for every C € Cong(q). In this
case (g, T) is regular.

Theorem 6.6. Let (g,h) be an irreducible symmetric pair. Then dim q7"K = 2 if
and only if q is reducible as an H-module. This holds if and only if T is a Cayley
type involution. In this case q decomposes into q = qt ® q— with qF irreducible.
dim(qt)K™H = dim(q7 )K" = dimqf"* = dimq¥"" = 1. There ewzist cones
Ck,Cp € Cong(q) such that

conk #0, Cpnp={0},
cznp #, Conk={o},
COIlH(q):{Ck, _Ckvcp’ —CP}'

Proof. First of all the dimension of q"K is less than or equal to the number of

irreducible components of q by the Paneitz-Vinberg theorem. As we have seen above,
this number is € 2 and equals 1 if and only if q is irreducible. Now any cone C €
Cong(q) satisfies C°HMK ¢ q¥"K and the first theorem follows easily by the above
arguments using the theorems of Konstant, Paneitz and Vinberg, Theorem 5.6 and
noticing that q"K is #-stable and thus q"K = ¢f/"K @ qIIme. For the second
theorem we only have to chose X, as above. Then X; + 8(X4+) € qff"¥ \ 0 and
X, —6(X,4) € q,’,{ DK\ 0, The theorem now follows by the above arguments and the
fact that Cy are the (up to a sign) unique invariant cones in g*. O

From now on we assume that (g, 7) is of Hermitian type and irreducible. We choose
Z, € c defining the almost complex structure on p as usually. If q is irreducible then
we know, that the (up to a sign unique) minimal H-invariant cone in q is given by
Chnin = con(Ad(H)Z,) and the maximal cone is Cmax 1= Cj;,- If q is reducible we
need the following:

Lemma 6.7. Assume that (g, T) is irreducible and of Cayley type. Choose X, X_ as
above such that Z, = X4 + X_.



Symmetric spaces of Hermitian type 227

(1) If C € Cong(q) then
(a) If C Nk # {0} then X1, X_ € C or € —C;
(b) IfC°np # {0} then X4,-X_€C ore —-C.
(2) Let C C q be an H-invariant closed proper cone. Then C Nk # {0} and CNp #
{0} is impossible.

Proof. (1) Assume that C Nk # {0}. Let Z € CHX n k. Then there is at € R\ 0
such that Z = ¢(X4 + X_). Thus we may assume that Z, € C'. We choose furthermore
X € cj, such that qt = {Y € q| [X,Y]=Y}. Thenq- ={Y € q| [X,Y] = -Y}.
With Y := X4 — X_ we then have

et*dX) Z, = cosh(t)Z, + sinh(t)Y = cosh(t)(Z, + tanh(¢)Y).

Divide cosh(t) out and let ¢ — Fo0; it follows that Z,+Y,€ C. As 2Xy = Z,+Y and
2X_ = Z,-Y we have the first claim. The first part follows now by similar arguments
by starting with Y instead of Z, in the case where C°Np # 0.

If C np and C Nk are both non trivial we can choose X4 as above and such that
+X, € Cor £X_ € C, thus C would contain a line. 0O

This implies that the unique (up to a sign) invariant proper cone in q containing an
almost complex structure of p commuting with K is also given by con(Ad(H)Z,) in
the case that q is reducible.

Example 6.8. Let G = SL(2,R) and define 7 by

()6 D0 -2
ree={(; )

G/H ~ Ad(G) ((1) _01) C sI(2, R)

is the one-sheeted hyperboloid

G/H={z<(1) _01)+y<(1) 3)”(—01 (1)>

In the above notation we have:

1(0 1 (0 1 (0 0
ZO_?(—I 0)’X+‘(0 0>’X‘“(—1 0)‘

Thus the cones C'y are the lines

0 1 0 0
— 1t —mnt
Ci=R (0 o)’ C_=R (_1 0).

Let

aE]R\O}.
Then
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The H-orbit through Zg is the hyperbola H - Zo = {zZo + y(X4+ + X_) | 22 - y? = 1}
and the cones C, C), are given by

{8 Dleoe) {09

Remark 6.9. Replace in the above example the group SL(2,R) by the locally iso-
morphic group PSL(2,R) = Ad(SL(2,R)) and define 7 on PSL(2,R) by 7(Ad(g)) :=
Ad(7(g)). Then § € PSL(2,R)” and hence the cone C, is not PSL(2,R) -invariant.
And in fact q is now irreducible as a PSL(2,R)"-module as 6(q*) = q~. In the general
case the same problem arises if (g, 7) is of Cayley type or regular. Then there may be
a H,-invariant cone but no H-invariant one with C°Np # 0. In particular this happens
if 8 € Ad(G)" as above, see also [30].

w,y}O}.

7. Remarks on the classification

In this last section we give a short overwiev - partly without proofs - of the classifica-
tion of invariant cones in q, [30]. For simplicity we assume that (g, 7) is irreducible and
H connected. Since multiplication by ¢ induces a bijection Cony(q) ~ Cong(iq) we
may also assume that 7 is of Hermitian type. If 7 is of Cayley type then we know that
the cones are unique up to a sign by the results of [19], as we have pointed out before,
but to make the classification uniform and independent of [19] we notice, that we can
find a X, € c¢p, such that ad(X,) defines a paracomplex structure on q. It follows that
[ad(X,)C]° Np # 0 if and only if C° Nk # (. Hence we only have to describe the set
Con = {C € Cony(q)| C°nk # 0}.

Choose now a C qj; maximal abelian as before. Let Wy = Ny(a)/Cu(a) be the
Weyl group of A in H. Then Wy = Wy, the Weyl group of Ay. Define P(C) := pr(C)
and I(C) := Cna, C € Con, where pr is the orthogonal projection. Then P(C') and
I(C) are Wy invariant cones in a. We also define F(c) := con(Ad(H )c) for ¢ a cone
in a. Then F(c) is an H-invariant cone in q. Let

~1Cmin 1= GBQEA;]R-}- ]A{a
and ‘
Cmax ‘= C:njn = _l{X €a | Ya € A; : a(X) > 0}

Let A be the analytic subgroup of G corresponding to a. Since A = {a € T' | 7(a) =
a~'},, where T is the maximal torus corresponding to t, A is closed. Normalize the Haar
measure on A to have total measure 1. Define for b € G the linear map ¥, : g. — g,

by
Uy(X) = / Ad(a) Ad(b) Ad(a)~" X da,
A

and let H :={¥, |h e H}.
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Lemma 7.1. The orthogonal projection onto a is given by pr(X) = fA Ad(e)X da. In
particular pro Ad(h)|a = Vp|a for all h e H.

Proof. First we notice that A acts on each root space g., by the non trivial character
a — a®, where a” is defined by exp(Y)* = e®(Y), As this character is unitary it follows
that [, a*da =0forall a. For X =Y 4+ Y (Xo — 7(X4)), Y € a we get

/A Ad(a)X da=Y

and the claim follows. O

Now the first results in the direction of classification are:
Lemma 7.2. Let C € Con. Then P(C)* = I(C*).

Theorem 7.3. (1) Let C € Con. Then I(C) is a Wg-invariant regular cone in a and
Cmin C I(Cmm) C I(C) C I(Cmax) C P(Cmax) C Cmax

for a suitable chosen cyin and cpax.

(2) Cmin = F(Cmin)'

(3) Let ¢ be a closed regular H-invariant cone in a. Then c is Wy-invariant, c*
is a H-invariant cone in a and c¢yin C P(Cpin) C ¢ C P(Crax) C Cmax- Moreover
F(c) € Con and ¢ = P(F(c)) = I(F(c)).

The problem is then to relate P and I as well as Wy~ and H-invariant regular cones
in a. This is done by the following generalization of the convexity theorem of Paneitz
[38] or infinitesimal version of the convexity theorem of van den Ban [1]:

Theorem 7.4. Let X € I(Cmax) and h € H, then ¥,(X) € con(Wi - X) + Cmin-

From this we get immediately:
Theorem 7.5. P(Chin) = I{Cmin) = ¢min and P(Chax) = I(Cmax) = Cmax-

Proof. By the above convexity theorem it follows that ¢y, is H-stable. By Theorem
7.3. P(F(¢min)) = €min C P(Cmin) C P(F(cmin)), as F(cmin) is a regular cone. Now
I(C) is always a subset of P(C') and we are forced to have P(Cmin) = I(Cmin)- By
Lemma 7.2

I(Cmax) = I(Crin) = P(Crmin)* = Chuin = Cmax-
Thus ¢max C I{Cmax) € P(Cmax) C ¢max by Theorem 7.3. O

Theorem 7.6. Let ¢ be a closed cone in a. Then the following are equivalent:
(1) ¢ is Wi-invariant and cyin C ¢ C Cmax for a suitable chosen minimal cone.
(2) ¢ is regular and H-invariant.

(3) There ezists a cone C € Con such that P(C) = ¢
(4) There exists a cone C' € Con such that I(C) = c.
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Proof. If (1) holds then by Theorem 7.5 and the convexity theorem ¥,X € c for
all h € H and X € c. Thus (2) follows. (3) follows from (2) by Theorem 7.3. If (3)
holds then ¢ is Wpy-stable and hence H-stable. As ¢® = P(C°) and by Lemma 7.2
(c*)° = (P(C)*)° = (I(C*))° # 0 it follows that c is regular. Thus by Theorem 7.3 c*
is regular and H-invariant and ¢ = P(F(c*))* = I(F(c*)*). That (4) = (1) is obvious
from Theorem 7.3 and thus the theorem follows. O

We can now formulate the main theorem. As it stands the theorem holds for semisim-
ple symmetric pairs of Hermitian type such that (g, h) and (g, k) are effective.

Theorem 7.7 (Classification of cones). Let (g, h) be a irreducible semisimple symmet-
ric pair of Hermitian type. Let H be connected and let Con = {C € Cony(q) | C°Nk #
0}. Let emin C €y = Cmax and Crmin C Chiyy = Cmax be as before. Let C' € Con.

(1) C is uniquely determined by I(C). C° = Ad(H)I(C)° and C = Ad(H)I(C).

(2) I(C) = P(C) and I(C)* = 1(C*).

(3) emin = I(Cmin) and I(Cmax) = Cmax-

(4) A cone ¢ in a is of the form I(C) for some C € Con if and only if ¢ is regular
and H-invariant. This is equivalent to ¢ being Wy-invariant and cpijn C ¢ C Cmax for
a suitable choice of a minimal cone. In this case C = F(c) = Ad(H )c.

Here the first main point of the proof is part (1), where we use for the first time that
H is sitting in a bigger group G. Assume for a moment that we have proved (1). By
Theorem 7.6 I(C) is H-invariant. Thus P(C) = pr(Ad(H)I(C)) C I(C) and the first
part of (2) follows as I{C) C P(C). The second part follows from this and Lemma 7.2
and I(C*) = P(C)* = I(C)*. As we have already proved (3) and (4) we only have to
prove (1) and for that we need some facts about G-invariant cones in g and extension
of cones from q to g. Define for C' € Con a G-invariant cone in g by

Fe(C) := con(Ad(G)C).

To avoid confusion we use D for G-invariant cones in g. In particular Dy, is the
minimal cone and Dy,,y the corresponding maximal cone. Define Ig(D) := D N q and
Pg(D) := prg(D), D € Cong(g). Here prq : g — q is the orthogonal projection.
C € Con is called eztendable if there exists a D € Cong(g) such that C = Ig(D). We
have the following theorem:

Theorem 7.8. Fvery cone in Con is extendable.

For some of the classical groups this was first proved for invariant cones C with
DuninNq C C C Dpax N q by J. Hilgert in his notes [8]. Our proof uses the obvious
relations

Cmin C Dmin N qC Dpaxq C Crnax

and then the classification as well as the results from Section 3 on the relation between
roots of t and a as well as the relation between the corresponding root vectors and
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co-roots. This gives the first step Dpin = FG(Cmin) and Fg(Cmax) C Dmax. Then
by general remarks on the different types of involutions the proof is reduced to the
cases (su(2p,2q),sp(p,q)), (so(2,n),so(l,n — k) x so(1,k)), 4 < 2k < n, 2k # ¢, and
(es(~14),4(—20) ), where we show this case by case.

Lemma 7.9. dmin Na = prqg dmin = Cmin and dmax N a = pry dmax = Cmax, Where
dmin = Dmin Nt and dpax = 4,
Proof. As —78 € At(p., t.) for all 8 € A*(p, t.) it follows that dmin is —7 stable. As
prq X = H(X —7X)it follows that fminNa C Prq dmin C dminNa oF dminNa = Pry dmin-
Let 3 € A*(p,,t.) be such that 3|a = a. Then Hy = Hp if B = o and otherwise
Ay = Hpg — tHg = Hg + H_,3 according to our results on root vectors in Section 4.
Thus ¢min C dmin N a.
Let X € —idyn Na. Then

X = Z /\aHa, ’\a 2 Oa
Q€AY (g, te)

=-1(X)= ) a(-7(Hd))

OIEA"’(pc,tc)

= E /\_T(Q)Ha.

a€At(Pe,te)
Thus by replacing A, by %()\a + A_7(a)) We can assume, that Ay = A_, (). Hence

1
X = 5(X = 7(X))

= Y E(Ha-r(H)

a€A*(Pe,tc)

= Z Mo Ha € Cmin,
aEA;

with pa > 0. The claim for dyax follows now by duality. O

From this we get

Lemma 7.10. (1) —7(Dmax) = Dmax; Pe(Dmax) = I¢(Dmax) = Cmax as well as
_T(Dmin) = Dmina PG(Dnun) = IG(Dmin) = Cmin-

(2) dmin Na = PIg dmin = Cmin 0nd dmax N A = Cax.

(3) Dmin = FG(Cnun) and FG(Cmax) - Dmax-

We prove now (1). By continiuty and the obvious fact that Ad(H)I(C?) C C°, we
only have to show that C° C Ad(H)I(C?). Let X € C°. Then by the above X € D2 .,

and thus by Lemma 4.1. in [9, p. 193], X is semisimple and zg(X) is a compactly
imbedded subalgebra in g. By [37, p. 412], X is contained in some Cartan subspace
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a; of q. Then also by [37] we can find a h € H such that Ad(h)a; is §-stable. But
as zg(Ad(h)(X)) = Ad(h)zg(X) is compact, it follows that Ad(h)a; C qx. But then
once again by [37, Theorem 3]), there exists an a € H such that Ad(ah)a; € a. Thus
Ad(ah)X € Ad(ah)a; = a. Hence Ad(ah)X € I(C°) C I(C)° and the theorem follows.
O
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