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1. Introduction

Let E be a Banach space and K be a nonempty subset of E. A mapping T : K — E is said to be pseudo-contractive (see
eg,[1,2,11])if

ITx = Ty|* < x = ylI> + |0 = T)x — (I = T)y||* forallx,y € K. (m
A mapping T : K — E is called hemi-contractive if F(T) := {x € K : Tx = x} #  and

ITx — x*||? < ||x — x*||> + ||x — Tx||*> forallx* € F(T) and forallx € K. (2)

It is easy to see that the class of pseudo-contractions with fixed points is a subclass of the class of hemi-contractive maps.
There are examples which show that a hemi-contraction is not necessarily a pseudo-contraction (see, for instance, [16,18]).
For the importance of fixed points of pseudo-contractions the reader may consult [1].

The class of pseudo-contractive (and correspondingly accretive) operators has been studied extensively by various
authors (cf. [3-9,13-20]).

Two effective methods for approximating a fixed point of a pseudo-contractive operator are the well known Mann [12]
iterative and Ishikawa [10] iterative processes. These two iterative processes are equivalent in many aspects. In 1998 Xu
introduced the following iteration process. For T : K — E and xo € K, let a sequence {x,} be defined iteratively by

Xnt1 = GnXp + by Tyn + Colly,

Yo = QXn 4 b, Txy + Cup, 1> 0, (3)
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where {u,}, {v,} are bounded sequences in K and {a,}, {b,}, {cn}, {a;}, {b;} and {c,;} are sequences in [0, 1] such that
a, + b, + ¢, = a; + b/n + c;, = 1foralln > 0.Ifin (3), b; =0= c,;, then we obtain the Mann iteration sequence in
the sense of Xu. If in (3),c, =0 = c;], then we obtain the usual Ishikawa iteration sequence.

In [15], the second author proved the following theorem.

Theorem 1. Let K be a compact convex subset of a real Hilbert space H and T : K — K a hemi-contractive mapping. Let {«,} be
a real sequence in [0, 1] satisfying {«,} C [6, 1— 8] forsome § € (0, 1/2]. For arbitrary xo € K, let the sequence {x,} be defined
by xg € K,

Xp = QpXp—1 + (1 —ap)Txy, n>1. (4)
Then {x,} converges strongly to a fixed point of T.

The purpose of this paper is to introduce and investigate the following modified Mann implicit iteration process. Let
K be a closed convex subset of a real normed space H and T : K — K be a mapping. Define {x,} in K in the following
way:

X0 €K,
Xn = (pXn—1 + bTvy + oy, n > 1, (5)

where {a,}, {b,} and {c,} are real sequences in [0, 1] such that a, + b, + ¢, = 1foreachn € N, and {u,} and {v,} are
sequences in K.

We point out that the iterative processes, defined by (5), in which it is not necessary to compute a value of the given
operator at x,,, but compute at an approximate point of x,, are particularly useful in the numerical analysis.

In this paper we prove that, if K is a convex compact subset of a real Hilbert space H, T : K — K is a continuous hemi-
contractive mapping and {b,}, {c,} and {v,} satisfy some appropriate conditions, then the sequence {x,}, defined by (5),
converges strongly to some fixed point of T.

2. Mann-type iteration process for pseudo-contractive mappings in Hilbert spaces
We shall make use of the following results.

Lemma 2 ([19]). Suppose that {p,}, {o,} are two sequences of nonnegative numbers such that for some real number Ny > 1,
Pnt1 < Pn+o0n Vn > No.

(@) If >_p, 0n < 00, then lim pj, exists.

(b) If Zﬁ; o, < oo and {p,} has a subsequence converging to zero, then lim p, = 0.

Lemma 3 ([13]). Let H be a Hilbert space, then forallx,y,z € H
lax + by + cz|* = a x> + bllyll* + c lz|* — ab [lx — yl|I* — be [ly — z||*> — ca |z — x|1*,

wherea,b,c € [0, 1]anda+b+c = 1.

Now we prove our main results.

Theorem 4. Let K be a compact convex subset of a real Hilbert space H and T : K — K a continuous hemi-contractive map. Let
{a,}, {b,} and {c,} be real sequences in [0, 1] such that a, + b, + ¢, = 1 for each n € N and satisfying:

(i) {b} C [8, 1 — 8] for some § € (0, 1],
(i) D02, e < 0.
For arbitrary xo € K, let a sequence {x,} in K be iteratively defined by
Xn = UpXp—1 + bnTvn + cplly, n>1, (6)

where v, € K are chosen such that Z;’il lvn — X,ll < oo and {u,}52, is an arbitrary sequence in K. Then {x,};2; converges
strongly to some fixed point of T.

Proof. Let x* € K be a fixed point of T and M = diam(K). Since T is hemi-contractive, then

[ITvn —X* 1% < [lun — X*[I” + llvn — Tvall? (7)
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for each n € N. By virtue of (6), Lemma 3 and (7), we obtain the following estimates:
1% — x*|12 = ||@pXn_1 + baTvn + Cottn — x*||2
= [|an(Xn—1 — X*) + bp(Tvy — x*) + cp(un — x|
= ay [xp-1 — X ||2 + by [T, — x* ||2 + cn un — x* ||2 — apby %=1 — Tonll?

2 2
—bncy ITvy — upll® — anCy 1X5—1 — Uyl

IA

an ||Xn—l - X* “2 + bn ||Tvn - X* “2 + Cn ||un - X* “2 - anbn “Xn—l - TU,«,”Z

(1—=by) ”Xn,] — X" H2 + by ”Tvn — X" ”2 + Mzcn — by [Xn—1 — Tvn”2

IA

2
< (1—by) Hxn—l — X" H + by (”vn _X*H2 + [lvn — Tvn”Z) +M26n — pby ||Xp—1 — Tvn||2 . (8)

We also have

Jon = < Now = xall? 4 %0 — x| * + 2 %0 — &[] H1vn — xal
< Nvn = 20l + [ %0 — %*||* +2M [vg — 2l 9)
lvn — Tvn”2 < |lva _Xn”z + [1xn — Tvn||2 + 2 [|xp — Togll lve — Xall
< Nlvn = xall® + 1% — Tvgll* 4+ 2M [lvg — xall , (10)
and
2 — Tvall® = llanXn_1 + baTvn + Catty — Ty

= [[(1 = bp) (Xn—1 — Tvy) + culup — xnfl)”2
< [(1 = bp) Ixn—1 — Topll + ca llup — X0y ”]2
< [(1 = bp) IX—1 — Tl + IVICn]2

< (1= bn)? [IXn—1 — Toall* + 3M?c,. (11)
Substituting (11) in (10), and then (10) and (9) in (8), we get
xn = X512 < (1= ba) [|Xa—1 — x| + b || %0 — X||* + 2y [1vn — X lI> + 4Mby vy — Xl

+4M?cy — by [an — (1 = bn)?] IXn—1 — Tg||* . (12)
From (i) we get
ap — (1= bp)* = 1= by — ¢y — (1 = by)?
= b,(1=by) — ¢,
> 52—, (13)

From (ii) it follows that there exists a positive integer ny € N such that for all n > ng, we have ¢, < §3, that is,
8% — ¢, > 8% (1 — 8). Thus from (12) and (13), for all n > n, we have:

2
(1 —bp)llx, — X*”Z < (1—bp) ”an1 -x ” +2jvp — xn||2 +4M [lvg — x|l + 4M2Cn -8 (1 —10) llXp—1 — Tvn”2 .

Hence

2 2
o =17 = e = [P = o = Xl 4M = o =
1 $1-9)
4M? Cn — Xa_1 — Tupl%.
+ _l_bnn 1_bn ”nl n”
Since 1/(1 — b,) < 1/8and —1/(1 — b,) < —1/(1 — §), we have
2
llxn _X*”Z = Hxnfl - X" ” -8 lXn—1 — Tvn||2 +on (14)

for alln > ng, where o, = (1/8)[2 ||lvn — X, 1> 4+ 4M |lv; — Xq || + 4M2c,]. Under the hypotheses of Theorem 4, one obtains:

ion < +o00. (15)

Jj=ng

From (14) we get

8 Xt — Tval® < ||%uoy — %% |* = lIxn = X% + 0
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and hence
o0 2 o0
3 2
s E [xi-1 — Tv;|” < E 0j + [IXng—1 — X"
Jj=ng Jj=ng

Hence by (15) we get Y%, [ X1 — T ||2 < +-00. This implies that lim,_, « [|Xn—1 — Tva|l = 0. From (11) and condition (ii)

it further implies that lim,,_, o, ||X, — Tv,|| = 0. Also the condition Z,‘f; [lvn — xp]l < oo implies lim,_ o ||y — X,|| = O.
Thus, from (10),
lim |[v, — Tv,|l = 0. (16)
n—oo
By compactness of K there is a convergent subsequence {vy;} of {vn}, such that it converges to some point z € K. By
continuity of T, {Tvnj} converges to Tz. Therefore, from (16) we conclude that Tz = z. Further, lim,_  |lvy — x|l = 0
implies
lim |x, —z| =0. (17)
j—o0

Since (14) holds for any fixed points of T, we have
% — 201> < Xn—1 — zII*> = 8 IXa—1 — Toall + o,

and in view of (15), (17) and Lemma 2 we conclude that ||x, — z|| = 0asn — oo, i.e., X, — z asn — oo. Thus we proved
that {x,} converges strongly to some fixed pointof T. W

Corollary 5. Let K be a compact convex subset of a real Hilbert space H and T : K — K a Lipschitz pseudo-contractive map. Let
{an}, {bn}, {ca}, {un}, {vn} and the sequence {x,} be as in Theorem 4. Then {x,} converges strongly to a fixed point of T.

Proof. From the Schauder fixed point theorem [17], T has a fixed point. Since any pseudo-contractive map with fixed points
is hemi-contractive, we can apply Theorem4. ®
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