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Abstract

We continue the study of multidimensional operator multipliers initiated in [K. Juschenko, I.G. Todorov,
L. Turowska, Multidimensional operator multipliers, Trans. Amer. Math. Soc., in press]. We introduce the
notion of the symbol of an operator multiplier. We characterise completely compact operator multipliers
in terms of their symbol as well as in terms of approximation by finite rank multipliers. We give sufficient
conditions for the sets of compact and completely compact multipliers to coincide and characterise the cases
where an operator multiplier in the minimal tensor product of two C*-algebras is automatically compact.
We give a description of multilinear modular completely compact completely bounded maps defined on the
direct product of finitely many copies of the C*-algebra of compact operators in terms of tensor products,
generalising results of Saar [H. Saar, Kompakte, vollstindig beschrinkte Abbildungen mit Werten in einer
nuklearen C*-Algebra, Diplomarbeit, Universitit des Saarlandes, Saarbriicken, 1982].
© 2008 Published by Elsevier Inc.
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1. Introduction

A bounded function ¢ : N x N — C s called a Schur multiplier if (¢(i, j)a;;) is the matrix of a
bounded linear operator on £, whenever (a;;) is such. The study of Schur multipliers was initiated
by Schur in the early 20th century and since then has attracted considerable attention, much of
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which was inspired by A. Grothendieck’s characterisation of these objects in his Résumé [9].
Grothendieck showed that a function ¢ is a Schur multiplier precisely when it has the form
@, j) =Y 5o, ar(i)bk(j), where ag, by : N — C satisfy the conditions sup; Y _pe.; lax(i)]? < 0o
and sup; Y ey b (j )|? < 0o. In modern terminology, this characterisation can be expressed by
saying that ¢ is a Schur multiplier precisely when it belongs to the extended Haagerup tensor
product £ ®eh £oo Of two copies of £.

Special classes of Schur multipliers, e.g. Toeplitz and Hankel Schur multipliers, have played
an important role in analysis and have been studied extensively (see [19]). Compact Schur mul-
tipliers, that is, the functions ¢ for which the mapping (a;;) — (¢(i, j)a;;) on B(£2) is compact,
were characterised by Hladnik [11], who identified them with the elements of the Haagerup ten-
sor product co ®p cg.

A non-commutative version of Schur multipliers was introduced by Kissin and Shulman [14]
as follows. Let A and B be C*-algebras and let = and p be representations of 4 and B on
Hilbert spaces H and K, respectively. Identifying H ® K with the Hilbert space Co(H¢, K) of
all Hilbert—Schmidt operators from the dual space H9 of H into K, we obtain a representation
oz, of the minimal tensor product A® B acting on Co (H d K ). Anelement ¢ € AQ B is called a
7 ,p-multiplier if o5 ,(¢) is bounded in the operator norm of C»(H d K).Ifpisam, p-multiplier
for any pair of representations (i, p) then ¢ is called a universal (operator) multiplier.

Multidimensional Schur multipliers and their non-commutative counterparts were introduced
and studied in [12], where the authors gave, in particular, a characterisation of universal mul-
tipliers as certain weak limits of elements of the algebraic tensor product of the corresponding
C*-algebras, generalising the corresponding results of Grothendieck and Peller [9,18] as previ-
ously conjectured by Kissin and Shulman in [14]. Let Ay, ..., A, be C*-algebras. Like Schur
multipliers, elements of the set M (Ay, ..., A,) of (multidimensional) universal multipliers give
rise to completely bounded (multilinear) maps. Requiring these maps to be compact or com-
pletely compact, we define the sets of compact and completely compact operator multipliers
denoted by M.(Ay, ..., A;) and M..(Ay, ..., A,), respectively. The notion of complete com-
pactness we use is an operator space version of compactness which was introduced by Saar [21]
and subsequently studied by Oikhberg [15] and Webster [27]. Our results on operator multipli-
ers rely on the main result of Section 3 where we prove a representation theorem for completely
compact completely bounded multilinear maps. In [3] Christensen and Sinclair established a rep-
resentation result for completely bounded multilinear maps which implies that every such map
@ : K(Hy, H) ®n -+ - Q0 K(H,, Hy—1) - K(H,, Hy) (where, for Hilbert spaces H and H”, we
denote by KC(H’, H”) the space of all compact operators from H’ into H”) has the form

P Q- ®xp—1)=A1x1 ® DA...(xp—1 @) Ay, (D

for some index set J and bounded block operator matrices A; € M j(B(Hy)),
Ar e Mj(B(H2)), ..., Ay € Mj1(B(Hy)). In other words, @ arises from an element

Uu=A10---0A, € B(H) Qeh - ®eh B(H,)

of the extended Haagerup tensor product of B(H)), ..., B(H,). Moreover, if @ is A/, ..., A -
modular for some von Neumann algebras Aj,..., A,, then the entries of A; can be chosen
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from .4;. We show in Section 3 that a map @ as above is completely compact precisely when it
has a representation of the form (1) where

u=A10---0A, € K(Hp) ®n (B(HZ) Qeh -+ * Qeh B(Hn—l)) ®n K(Hy).

This extends a result of Saar [21] in the two-dimensional case. If, additionally, A1, ..., A, are
von Neumann algebras and @ is A/, ..., A -modular then u can be chosen from K'(A;) ®n
(A2 ®eh ** * Reh An—1) ®n K'(Ay), where K'(A) denotes the ideal of compact operators con-
tained in A in its identity representation. As a consequence of this and a result of Effros and
Kishimoto [4] we point out the completely isometric identifications

CC(K(Hp, H))™ ~ (K(H)) ®, K(H2)™ ~ CB(B(Ha, Hy)),

where CC(X) and CB(X) are the spaces of completely compact and completely bounded maps
on an operator space X, respectively.

In Section 4 we pinpoint the connection between universal operator multipliers and com-
pletely bounded maps. This technical result is used in Section 5 to define the symbol u, of an
operator multiplier ¢ € M(Ay, ..., A,;) which, in the case n is even (resp. odd) is an element of
An ®ech A Qeh -+ Qeh A2 ®eh A (resp. Ay Qeh A} Qch *+* ®ech Aj ®eh A1). Here A is
the opposite C*-algebra of a C*-algebra A. This notion extends a similar notion that was given
in the case of completely bounded masa-bimodule maps by Katavolos and Paulsen in [13]. We
give a symbolic calculus for universal multipliers which is used to establish a universal property
of the symbol related to the representation theory of the C*-algebras under consideration.

The symbol of a universal multiplier is used in Section 6 to single out the completely compact
multipliers within the set of all operator multipliers. In fact, we show that ¢ € M..(A1, ..., A;)
if and only if

. K(Az) ®n (A)_| ®eh - - Qeh A] ®eh A2) ®n K(AT) if nis even,
YOS KAL) ®h (A ®eh - - ®en Az ®en A2 & K(A1)  if n is odd,

which is equivalent to the approximability of ¢ in the multiplier norm by operator multipliers of
finite rank whose range consists of finite rank operators. It follows that a multidimensional Schur
multiplier ¢ € £,,(N") is compact if and only if ¢ € co ®n (Loo Reh * * * Reh Loo) ®h €0-

In Section 7 we use Saar’s construction [21] of a completely bounded compact mapping which
is not completely compact to show that the inclusion M. (Ay, ..., Ay) € M:(Ay, ..., A,) is
proper if both K(A;) and K(A,) contain full matrix algebras of arbitrarily large sizes. How-
ever, if both C(A;) and KC(A,) are isomorphic to a co-sum of matrix algebras of uniformly
bounded sizes then the sets of compact and completely compact multipliers coincide. The case
when only one of (A;) and K(A,) contains matrix algebras of arbitrary large size remains,
however, unsettled. Finally, for n = 2, we characterise the cases where every universal multiplier
is automatically compact: this happens precisely when one of the algebras A; and Aj; is finite
dimensional and the other one coincides with its algebra of compact elements.

2. Preliminaries

We start by recalling standard notation and notions from operator space theory. We refer the
reader to [1,6,16,20] for more details.
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If H and K are Hilbert spaces we let B(H, K) (resp. (H, K)) denote the set of all bounded
linear (resp. compact) operators from H into K. If I is a set we let H! be the direct sum of
|I| copies of H and set H* = HYN. Writing H ® K for the Hilbertian tensor product of two
Hilbert spaces, we observe that H I' = H ® ¢,(I) as Hilbert spaces.

An operator space £ is a closed subspace of B(H, K), for some Hilbert spaces H and K.
The opposite operator space £° associated with £ is the space £° = {x%: x € £} € B(KY, HY).
Here, and in the sequel, HY = {£9: £ € H} denotes the dual of the Hilbert space H, where
gd(n) = (n, &) for n € H. Note that HY is canonically conjugate-linearly isometric to H. We
also adopt the notation x4 e B(k9Y, HY) for the Banach space adjoint of x € B(H, K), so that
xdgd = (x*g)d for & € K. As usual, £* will denote the operator space dual of £. If n,m € N, by
M, » (E) we denote the space of all n by m matrices with entries in £ and let M, (€) = M, ,(£).
The space M,, ,, (€) carries a natural norm arising from the embedding M,, ,,(£) € B(H™, K").
Let / and J be arbitrary index sets. If v is a matrix with entries in £ and indexed by / x J, and
Io € I and Jo C J are finite sets, we let vy, 5, € My, 7, (€) be the matrix obtained by restricting
v to the indices from Ip x Jo. We define M ;(E) to be the space of all such v for which

vl défsup{||v10,10||: IhyCI,JyCJ ﬁnite} < 00.

Then M;_;(€) is an operator space [6, §10.1]. Note that M, ;(B(H, K)) can be naturally iden-
tified with B(H”, K') and every v € M; ;(B(H, K)) is the weak limit of {vy, s,} along the net
{(o, Jo): In € 1, Jo € J finite}. We set M;(E) = M 1(£). For A = (a;j) € M;(E), we write
A= (af) € M1 (£%).

2.1. Completely bounded maps and Haagerup tensor products

If £ and F are operator spaces, a linear map @ : £ — F is called completely bounded if the
maps &© : ML(E) — My (F) given by <1>(k)((a,~j)) = (®(a;j)) are bounded for every k € N and

1 lcb = supy [|9®] < oo.

Given linear spaces &1, ..., &, we denote by £1 © - - - © &, their algebraic tensor product. If
&1, ..., &, are operator spaces and ak = (al{‘j) € My o (), mp €N, k=1,...,n, we define
the multiplicative product

al @...@a”eMml’m)Hl(gl@...an)

by letting its (i, j)-entry (a' © - Oa");j be Ziz ; al. ®ad?2. ® ~~-®ai’;’j. If £ is another

----- n i i2,i3
operator space and @ : &) x --- x &, — &£ is a multilinear map we let

O My (E1) X -+ X My (Eq) = My (E)
be the map given by
(<D(m)(al, o, a"))l.j = Z Q)(al-l,iz, ai22,i3’ e, ai"’hj),
12,.0eyin

where ak = (af’t) € M;,,(&), k=1, ...,n. The multilinear map @ is called completely bounded
if there exists a constant C > 0 such that, for all m € N,

o (@ a)l <Clal | o]t € M@ k=1, .on
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Set [|@lleo = sup{l @™ (a!,....a")|: m e N, |la'|,..., la"| < 1}. It is well known (see

[6,17]) that a completely bounded multilinear map @ gives rise to a completely bounded map
on the Haagerup tensor product £ ®p, -+ ®n &, (see [6] and [20] for its definition and basic
properties).

The set of all completely bounded multilinear maps from &£ x --- x &, into £ will be de-
noted by CB(&1 x -+ x &,,&). If &1, ..., &, and £ are dual operator spaces we say that a map
@ € CB(&| x --+- x &, &) is normal [3] if it is weak™ continuous in each variable. We write
CB° (&1 x -++ x &, &) for the space of all normal maps in CB(E] x --- x &, &).

The extended Haagerup tensor product £1 Qe -+ - Qch En is defined [5] as the space of all
normal completely bounded maps u : £ x --- x £ — C. It was shown in [5] that if u € £] ®en
-+ ®eh &, then there exist index sets Jq, Ja, ..., J,—1 and matrices a! = (all’s) e My j, (&),

a? = (asz’,) eMj 1,(&),....,a" = (at"J) € My, 1(&) suchthatif f; e £F,i=1,...,n, then

def

U, A® @ fu) S ulfiv.... f)=[a', fi)...(a", fu), )

where (a*, fi) = (fi (af’t)) and the product of the (possibly infinite) matrices in (2) is defined to
be the limit of the sums

Z fl(all,il)fz(aizl»iz)"‘f"(a;;fl,l)

i1€F],.ip—1€F—1

along the net {(F1 x --- X Fy_1): F; € J; finite, 1 < j <n — 1}. We may thus identify u with
the matrix product al®---0a"; twoelements a'! ®---®a" and &' © -+ © @" coincide if
(@', f1y...(@", fy =@, fi)y...(@", f,) forall f; € & Moreover,

||u||eh=inf{Hal|| Ha"“: u=al ®~--®a"}.

The space €] ®ep - - - ®eh & has a natural operator space structure [5]. If &, ..., &, are dual
operator spaces then by [5, Theorem 5.3] £ ®ep - - - ®eh £, coincides with the weak* Haagerup
tensor product £ Qwsh * -+ Qwxh £, of Blecher and Smith [2]. Given operator spaces F; and
completely bounded maps g; : & — F;, i = 1,...,n, Effros and Ruan [5] define a completely
bounded map

8=281®%ch - Deh &n : €1 Qeh - * Deh En = F1 Seh -+ - Qeh Fns
a'®-0ad"— (@.g1)0 0" g)

where (a*, gr) = (gk (al{‘j)). Thus

(g, fi® @ fu)=(u, (fiog) ® - @ (fnogn) (3)

foru € &; Qen - Qen & and fi € Fri=1,...,n.
The following fact is a straightforward consequence of a well-known theorem due to Chris-
tensen and Sinclair [3], and it will be used throughout the exposition.
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Theorem 2.1. Let H; be a Hilbert space and R; € B(H;) be a von Neumann algebra,
i =1,...,n. There exists an isometry y from Ri Qeh -+ Qeh Ry onto the space of all
R, ..., R, -modular maps in CB® (B(Hp, Hy) x --- x B(Hy, H,—1), B(H,, H})), given as fol-
lows: if u € R Qeh - - - Qeh Ry has a representationu = A1 © --- O A, where A; € Mj(R;) C
B(H; ® €>(J)) for some index set J, then

y)(T1, ..., Th-1) =A1(T1 @ DA2... Ay 1 (11 @ DAy,
forall T; € B(Hi+1, H;), i =1,...,n— 1, where I is the identity operator on £,(J).

We now turn to the definition of slice maps which will play an important role in our proofs.
Given w1 € B(H)* we set L, = w| ®eh idpH,). After identifying C ® B(H>) with B(H>)
we obtain a mapping L, : B(H1) ®enh B(Hy) — B(H>) called a left slice map. Similarly, for
w> € B(H»)* we obtain a right slice map R, : B(H1) Qch B(Hy) — B(Hy). Ifu=3%;,.;vi ®
w; € B(Hy) Qen B(Ha) where v = (v;)ies € My 1 (B(Hy)) and w = (w;)ie; € M 1(B(H2)),
then

Loy)=)Y 1w and Ry,u) =Y wr(wi)v;.

iel iel
Moreover,
(Roy (), 01) = (u, 01 @ w2) = (L, (), 2) = Y w1 (v} (w;). 4)
iel

It was shown in [24] that if £ C B(H|) and F C B(H,) are closed subspaces then, up to a
complete isometry,

E ®eh F = {u € B(H) ®eh B(H2): Ly, (1) € F and Ry, (u) € €
for all w € B(H})+ and w; € B(H>)+}
= {u € B(H1) ®eh B(H2): Ly, (1) € F and Ry, (u) € £
for all w; € B(H)* and w; € B(H»)*}. 5)

Moreover [23],

E®nF ={ueB(H) & B(Ha): Lo, (1) € F and Ry, (u) € €
for all w; € B(H;)* and wy € B(Hz)*}. (6)
Thus, £ ®p F can be canonically identified with a subspace of B(H}) ®y B(H,) which, on the

other hand, sits completely isometrically in B(H|) ®.nh B(H>). These identifications are made in
the statement of the following lemma which will be useful for us later.
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Lemma 2.2. If Hy, Hy, H3 are Hilbert spaces and &\,& < B(Hy), Fi,F2 € B(H?) and
G1,G> C B(H3) are operator spaces, then

(€1 ®en F1)N (&2 @0 F2) =(E1NE) R (F1NF2) and
(&1 ®eh F1 ®eh G1) N (E2 &h F2 ®n G2) = (E1 N E) ®n (F1 N F2) ®n (G1 N G2).

Proof. Since ®e, and ®y are both associative, the second equation follows from the first. If
u € (€1 ®en F1) N (&2 ®n F2) S B(Hy) ®p B(Hp) then Ly(u) € Fi N JF, and Ry (u) e £ NE
whenever ¢ € B(H;)* and ¢ € B(Hy)*. By (6), u € (1 N &) ®n (F1 N F). The converse
inclusion follows immediately in light of the injectivity of the Haagerup tensor product. O

2.2. Operator multipliers

We now recall some definitions and results from [14] and [12] that will be needed later. Let
Hy, ..., H, be Hilbert spaces and H = H| @ --- ® H, be their Hilbertian tensor product. Set
HS(Hy, Hy) = Cz(Hd, H,) and let Oy, p, : Hi ® Hy — HS(H, Hy) be the canonical isometry
given by 0(&1 ® 52)(77‘1) = (&1, )& for &1, n € Hy and & € H>. When n is even, we inductively
define

def

and let 6y,,  m,: H— HS(H, ..., H,) be given by

On,..... H, (62,3 @ &) = OHS(Hy, Hy) HS(H) , Hy. ... Hy) (OH, 1 (62.3) ® Oy Hy.... H, (§)),
where $o3€e Hy @ Hyand§ € H1 @ H1 ® --- ® H,. When n is odd, we let

HS(H, ..., H) ¥ HS(C, Hy, ..., Hy).

If K is a Hilbert space, we will identify C,(CY, K) with K via the map S — S(19). The isomor-
phism Oy, ., in the odd case is given by

Om,,...H,(§) =0c b,...0,(1 ®§).

We will omit the subscripts when they are clear from the context and simply write 6.

If £ € Hi ® H> we let ||§]lop denote the operator norm of 6(£). By || - |2 we will denote the
Hilbert—Schmidt norm.

Let

(HH® H) O (Hy® H)*©--- O (H,_1 ® H,) ifniseven,

F(Hl,...,Hn):{ ) o
(HHIQH)'O(H, Q@ H3) ©--- O (Hy—1 ® Hy) ifnisodd.

We equip I"(Hj, ..., H,) with the Haagerup norm || - ||, where each of the terms of the algebraic
tensor product is given the opposite operator space structure to the one arising from the embed-
ding HQ K — (C2(HY, K), ||- llop). We denote by || - [|2, A the projective normon I"(Hy, ..., Hy)
where each of the terms is given its Hilbert space norm.
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Suppose # is even. For each ¢ € B(H) welet Sy, : I'(Hy, ..., H;) — B(Hd, H,) be the map
given by

Se@) =0(pE12 @ &4 ® -+ @&u1.0)(0(15,5)) (0 (ni5)) - (0 (1-2,0-1))

where £ =§120 n‘zi 3O+ O&—1,n € I'(Hy,..., Hy) is an elementary tensor. In particular, if
A;€eB(H;),i=1,...,n,andp=A1®---® A, then

Sp(£) = AnB(Enrn) - .. A0 (nS 3) A20(£1.2) AY.
Now suppose that n is odd and let ¢ € I'(Hj, ..., H,) and & € Hj. Then
EE®teH O (Hy,...,H,)) =T (C,Hy,..., Hy).
For ¢ € B(H) we let S, (¢) be the operator defined on Hy by

Se(0)(E1) =S10e (1 ® ).

Note that S1g 4,51 ®¢) € Cz(Cd, Hy); thus, S,(£)(&1) can be viewed as an element of H,,. It was
shown in [12] that S, (¢) € B(H, Hy). If ¢ = '7(11,2 ®&5H3Q Q& _1,andp =410 --® A,
for A; e B(H;),i=1,...,n,then

Se(@) = An0Enorn) ... A30(523)A30 (1] ,) AL

As observed in [12, Remark 4.3], for any ¢ € B(H) and ¢ € I'(Hy, ..., Hy),

|80 ] op < el 15112, (7

On the other hand, an element ¢ € B(H) is called a concrete operator multiplier if there exists
C > O such that ||Sy (&) llop < Cll¢ |In foreach ¢ € I'(Hy, ..., H,). When n = 2, this is equivalent
0 |8y (&) llop < ClIO(E)|lop for each ¢ € Hy ® Hy. We call the smallest constant C with this
property the concrete multiplier norm of ¢.

Now let A; be a C*-algebra and 7; : A; — B(H;) be a representation, i =1,...,n. Set 7 =
TR - Qm: A Q® - QA, > B(H ®---® Hy,) (here, and in the sequel, by A ® 1B we will
denote the minimal tensor product of the C*-algebras A and B). Anelementp € A; ®---Q A, is
called a iy, ..., m,-multiplier if 7 (@) is a concrete operator multiplier. We denote by [¢|l,,....x,
the concrete multiplier norm of m(¢). We call ¢ a universal multiplier if it is a 7y, ..., 7T,
multiplier for all representations 7; of A;,i =1, ..., n. We denote the collection of all universal
multipliers by M (A, ..., .A,); from this definition, it immediately follows that

A0 0A CMAL,....,A)CA QR --RA,.

It was observed in [12] that if ¢ € M (A, ..., A,) then

,,,,,
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It is obvious that if 4; and 5; are C*-algebras and p; : A; — B; is a x-isomorphism, i =1,...,n,
then

(pl®"'®pn)(M(~A17--w-An)):M(Bl»---»Bn)-

If ¢ is an operator, and {¢,} a net of operators, acting on H; ® --- ® H, we say that {¢,}
converges semi-weakly to ¢ if (p,&,n) —, (p€,n) forallé,n e H © --- © H,. The following
characterisation of universal multipliers was established in [12] (see Theorem 6.5, the subsequent
remark and the proof of Proposition 6.2) and will be used extensively in the sequel.

Theorem 2.3. Let A; C B(H;) be a C*-algebra, i =1,...,n,and p € A; ® --- ® A,. Suppose
that n is even. The following are equivalent:

(1) ¢€M(A153An)’

(i) there exists a net {¢,} where ¢, = A] © Ay O ---© A} and A] is a finite block operator ma-
trix with entries in A; such that ¢, — ¢ semi-weakly, ||@y|lm < [Tr—; 1A% 1 TTi=; ||A;l‘.j_l I
and the operator norms || A} | for i even and ||A;-’d|| for i odd, are bounded by a constant
depending only on n.

For every net {¢,} satisfying (ii) we have that Sy, () — Sy(¢) weakly forall { =81, ® -+ ®
&n_1n€'(Hy,..., Hy) and that sup,, ||@y|Im is finite.

Moreover, the net ¢, can be chosen in (ii) so that A}’ — A; (resp. A;’d — A?) strongly for i
even (resp. for i odd) for some bounded block operator matrix A; with entries in A (resp. (.A?)” )
such that

Side--id@) () = An(0En1) ® 1) ... (0(512) ® [)Afll,

forall; =£2Q - ®&_1,€'(Hi,..., Hy).

A similar statement holds if n is odd.

Finally, recall that an element a of a C*-algebra A is called compact if the operator x > axa
on A is compact. Let K(A) be the collection of all compact elements of A. It is well known
[7,29] that a € KC(A) if and only if there exists a faithful representation 7= of A such that 7 (a) is
a compact operator. Moreover, 7 can be taken to be the reduced atomic representation of A. The
notion of a compact element of a C*-algebra will play a central role in Sections 6 and 7 of the

paper.
3. Completely compact maps

We start by recalling the notion of a completely compact map introduced in [21] and studied
further in [27] and [15]. By way of motivation, recall that if X and ) are Banach spaces then a
bounded linear map @ : X — ) is compact if and only if for every ¢ > 0, there exists a finite
dimensional subspace F € ) such that dist(® (x), F)) < ¢ for every x in the unit ball of X.

Now let X and ) be operator spaces. A completely bounded map @ : X — ) is called com-
pletely compact if for each ¢ > 0 there exists a finite dimensional subspace F' C ) such that

dist(@™ (x), My (F)) <e,
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for every x € M,,,(X) with ||x|| < 1 and every m € N. We extend this definition to multilinear
maps: if V), Xy, ..., X, are operator spaces and @ : A x --- x A}, — ) is a completely bounded
multilinear map, we call @ completely compact if for each ¢ > 0 there exists a finite dimensional
subspace F C Y such that

dist(@ ™ (x1, ..., xn), My (F)) <e,

forall x; € M, (X)), ||xil| < 1,i=1,...,n,and all m € N. We denote by CC(X] X --- X X, ))
the space of all completely bounded completely compact multilinear maps from X} x --- x &},
into ). A straightforward verification shows the following:

Remark 3.1. A completely bounded map @ : X} x --- x &, — ) is completely compact if and
only if its linearisation @ : X ®y, - - - ® A, — )Y is completely compact.

In view of this remark, we frequently identify the spaces CC(X; x --- x &},)) and
CC(X| ®p - -+ ®n Ay, V). The next result is essentially due to Saar (see Lemmas 1 and 2 of [21]).

Proposition 3.2.
1) CCX| x ---x X, V) isclosedin CB(X| X --- x X, ).
(i) Let €, F and G be operator spaces. If @ € CC(E,F) and ¥ € CB(F,G) then ¥ o @ €
CCE,Q).If®eCC(F,G)and W € CB(E,F) then ® oW € CC(E, G).
Let Hy, ..., H, be Hilbert spaces. Recall the isometry

vy : B(H}) Qeh - - - eh B(Hy) — CB? (B(Ha, Hy) X -+ x B(Hy, Hy—1), B(H,, H}))

from Theorem 2.1. Let us identify a completely bounded map defined on B(H>, Hy) X --- X
B(H,, H,—1) with the corresponding completely bounded map defined on

Bo & B(Hy, Hy) @n -+ ®n B(Hy, Hy_1).

For u € B(Hy) Qeh - - - Qeh B(H,) we let yy(u) be the restriction of y (u) to

Kn & K (Hy, Hy) @n -~ @0 K(Hy, Hy1).

Proposition 3.3. The map yo is an isometry from B(H|) Qeh -+ ®en B(H,) onto
CB(Ky, B(Hy, Hy)).

Proof. Let @ € CB(Ky, B(H,, H})). Since @ is completely bounded, its second dual
@™ : B(Ha, Hi) ®oh - - ®oh B(Hyp, Hy—1) — B(H,, H))**

is completely bounded (here ®,1 denotes the normal Haagerup tensor product [5]). Let Q :
B(H,, H))** — B(H,, Hy) be the canonical projection. The multilinear map

@ : B(Ha, Hy) x -+ x B(Hy, Hy—1) — B(H,, Hy)
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corresponding to Q o @** is completely bounded and, by (5.22) of [5], weak™ continuous in
each variable. By Theorem 2.1, there exists an element u € B(H1) Qeh, - - - ®ch B(H),) such that
é = y (u). Hence yo(u) =y (W, = ¢ lxc, = @. Thus yy is surjective.

Fix u € B(H}) Qeh - - - Qeh B(H,). From the definition of yg we have ||yo)|lch < |y (@)l =
||t |len- On the other hand, the restrictions of the maps Q o yp(u)** and y (u) to Ky, coincide, and
since both maps are weak™ continuous, y (1) = Q o yo(u)**|3,. Hence,

lullen < | @ 0 vo@)™ |, < [10@)™ |, = [r0@)] -
Thus, yp is an isometry. O

Theorem 3.4. Let Hy, ..., H, be Hilbert spaces. The image under yy of the operator space

€ L IC(Hy) ®n (B(H2) ®eh -+ @en BIH,—1)) @ K(Hy) is F & CC(Kn, K(Hy, H)).

Proof. We first establish the inclusion () € F. If @ = yg(u) where u € £ then, by Proposi-
tion 3.3, @ is the limit in the cb norm of maps of the form yp(v), where

v=aO®OBObeK(H)O (B(HZ) ®eh - Qeh B(Hn—l)) O K(Hy),

a and b have finite rank and B is a finite matrix with entries in B(H3) ®ep, - - - Qen B(H,—1). But
each such map has finite rank and hence is completely compact. Moreover, every operator in the
image of yp(v) has range contained in the range of @, which is finite dimensional. It follows that
@ takes compact values; it is completely compact by Proposition 3.2.

To see that F C yo(E), let @ € F. We will assume for technical simplicity that Hy, ..., H,
are separable. Let { pi }x (resp. {gx}r) be a sequence of projections of finite rank on H; (resp. H,)
such that py — [ (resp. gx — [I) in the strong operator topology. Let ¥y : K(H,, H|) —
K (H,, H) be the complete contraction given by ¥ (x) = prxqr.

Let ¢ > 0. Since @ is completely compact there exists a subspace F C KC(H,, H;) of di-
mension £ < oo such that dist(®" (x), M,,(F)) < ¢ whenever x € M,,(K;) has norm at
most one. Denote the restriction of ¥ to F by ¥ r and let ¢ be the inclusion map ¢ : F —
K(H,, Hy). By [6, Corollary 2.2.4], |k r — tlcb < || Wk F — tl. Since F € K(H,, Hi), we
have that ¥ r(x) — x in norm for each x € F. It follows easily that there exists ko such that
|Wk.F — tllcb < € whenever k > k.

Let x € M,,;(Ky) be of norm at most one. Then there exists y € M,,(F) such that
| (x) — y|| < e. Note that

Iyl < @™ @) —y| + | )| <e+ 1Pl
Let @ =W, 0 ®. If k > kg then
[(@ = 2™ | < & @) — " ] + [¢™ ) =y | + |y — 2™ )|

= %" (@@ =)+ [ =0 W]+ [y = 2 @)
<2 +e(e+ [Plleo).

This shows that || @y — @ || — O.
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By Proposition 3.2, it only remains to prove that each @y lies in y(£). By Proposition 3.3,
there exists an element

U=A1040--Q A1 0 A, € B(H1) Qch - - - @ch B(Hy)

where Ay : H® — Hy, Aj : H® — H>®,i=2,...,n—1and A, : H, — H;*° are bounded
operators, such that @ = y(u). Observe that @ = yo(ux) where uy = (prA1)) © Ay @ -+ ©
An—1 0O (Apqr). It therefore suffices to show that uy € &€ for each k. Fix k and let p = px, g = gx.
The operator pA; : H® — H) has finite dimensional range and is hence compact. For i =
1,....n,let Q;, : H*® — H? be a projection with block matrix whose first  diagonal entries
are equal to the identity operator while the rest are zero. Then by compactness, (pA1)Q1,, —
pArand Qy (Ang) > Apginnormasr - oo. Let B=A2 0 --- O Ay—1, C, = (pA1) Q1. ©
B® Q,,(Ang),r €eN,and C = (pA;) © BO (A,q). Then

|Cr — (pAD Q1. O BO (Anq) |, + [(PAD Q1 © BO (Ang) — C||,

”Cr - C”eh <
< | (PAD Q1A IBI| @n.r(Ang) — Ang| + || (PAD Q1 — PAL| I Bl Angll.

|
|
It follows that ||C, — Cllen — 0 as r — o0o. Our claim will follow if we show that C, € £. To
this end, it suffices to show that if Ay =[ay,...,a,,0,...] and A, =[b1,...,b,,0,...]", where
ai, b; are operators of finite rank, then A ® B® A, € £. Let A| and A,, be as stated and let
B = (Q2,rA2) QA0 OA—20(An-1 Qn,r)~ Then AfOBOA, =A10 B'® Ant1 belongs
to the algebraic tensor product IC(Hj) © (B(Hz) ®eh -+ - ®eh B(H,—1)) © K(H,) and hence to
E=K(H1) ®n (B(H2) Qch - - ®eh B(Hu—1)) ®n K(Hy). O

Remarks 3.5.

(i) It follows from Theorem 3.4 that if @ : K, — K(H,, Hy) is a mapping of finite rank whose

image consists of finite rank operators then there exist finite rank projections p and g on
H and H,, respectively, and u € (p/C(H})) ®n (B(H2) Qeh -+ - ®eh B(H,—1)) ®n (KK(Hy)q)
such that @ = yy(u).

(i1) The identity &1 ®p (2 ®en £3) = (€1 ®n £2) ®en 3 does not hold in general; for an example,
take £ =& =B(H) and & =C.

(iii) For every ® € CC(Kh, K(H,, Hy)) there exist A € K(H;", Hy), A; € B(H;", H"~!
2,....,n—1and A, € K(H,, H;"") such that

), i =

Px1 Q@ - Qxp—1)=A1x1 ®DA2... (X1 ® DAy,

whenever x; € K(H;4+1, H;), i = 1,...,n — 1. Indeed, by Proposition 3.4 we have
DX Q®  Rxy—1)=A1(x1 ® Ay...(x,—1 ® I)A, for some A © Ay O ---O A, €
K(H1) ®nh (B(H2) Qeh - - - ®eh B(H,—1)) ®n K(H,). Using an idea of Blecher and Smith [2,
Theorem 3.1], we can choose A = [tj]jey; € My, 1 (K(Hy)) C B(HIJ‘,Hl) and A, =
[silies,_, € M1,4,_,(KK(Hy)) € B(H,, HnJ”_]) such that the sums ) _; s;s7 and Zj t}ktj con-
verge uniformly. Then A; is the norm limit of A{: = [tj}- lies,» where F is a finite subset
of Ji and tjf =t; if j € F and tj]: = 0 otherwise. Therefore A; € IC(HIJl , H). Similarly,

A, € K(Hy, H" 1.
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In the case n = 2, Theorem 3.4 reduces to the following result which was established by
Saar (Satz 6 of [21]) using the fact that every completely compact completely bounded map on
KC(H1, Hy) is a linear combination of completely compact completely positive maps.

Corollary 3.6. A completely bounded map @ : KC(Hy, Hy) — K(Hy, Hy) is completely compact
if and only if there exist an index set J and families {a;}ic; C K(Hy) and {b;}icj € K(H>) such
that the series ;. ; bib} and ), ; afa; converge uniformly and

D(x) = Zbixai, x € K(Hy, H).

ieJ

We note in passing that Theorem 3.4 together with a result of Effros and Kishimoto [4] yields
the following completely isometric identification:

Corollary 3.7. CC(K(Hy, H1))™ ~ (IK(Hy) ®n K(Hp))** ~ CB(B(H,, Hy)).

Saar [21] constructed an example of a compact map @ : K(H) — K(H) which is not com-
pletely compact (see Section 7 where we give a detailed account of this construction). We
note that a compact completely positive map @ : (H) — K(H) is automatically completely
compact. Indeed, the Stinespring Theorem implies that there exist an index set J and a row
operator A = [a;)ic; € B(H”’, H) such that & (x) = Y iesaixal, x € K(H). The second dual
®** : B(H) — B(H) of @ is a compact map given by the same formula. A standard Banach
space argument shows that @** takes values in XC(H), and hence @**(I) € K(H). This means
that AA* € K(H) and so A € KC(H’, H) which easily implies that @ is completely compact.

The previous paragraph shows that there exists a compact completely bounded map on K(H)
which cannot be written as a linear combination of compact completely positive maps.

We finish this section with a modular version of Theorem 3.4. Given von Neumann algebras
A; CB(H;),i=1,...,n,welet CCA/1 _____ Al (Kh, KC(H,,, H})) denote the space of all completely
compact multilinear maps from K}, into X (H,,, H;) such that the corresponding multilinear map
from K(Hy, Hy) % -+ x K(H,, H,—1) into K(H,, Hy) is A, ..., Aj,-modular.

Corollary 3.8. Let A; € B(H;), i = 1,...,n, be von Neumann algebras. Set K'(A;) =
K(H;) NA;, fori=1andi =n. Then

.....

Proof. By Theorems 2.1 and 3.4, the image of K'(A1) ®n (A2 Qeh -+ Qeh An—1) O K'(Ay)
under yq is contained in CC - (Kn, K(H,, Hy)). For the converse, fix an element @ €
CCA/1 ,,,,, Al (Kn, K(H,, Hy)). By Theorem 3.4, there exists a unique u € K(H;) Qn (B(H2) Qeh
-+ ®eh B(Hy—1)) ®n K(Hy) such that yo(u) = @. By Theorem 2.1, u € A Qep -+ Qeh An.
Lemma 2.2 now shows that u € K'(A}) ®p (A2 Qch * - Qeh An—1) ®n K'(Ay). O

4. Complete boundedness of multipliers

Our aim in this section is to clarify the relationship between universal operator multipliers and
completely bounded maps, extending results of [12]. We begin with an observation which will
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allow us to deal with the cases of even and odd numbers of variables in the same manner. We use
the notation established in Section 2.

Proposition 4.1. Let Ay, ..., A, be C*-algebras and ¢ € M(Ay, ..., Ay). Let w; be a represen-
tation of A; on a Hilbert space H;, i =1,...,n, and m =71 ® - -+ ® . The map Sy (y) takes
values in IC(Hy, Hy) if n is odd, and in IC(Hld, H,) if n is even.

Proof. For even n, this is immediate as observed in [12]. Let n be odd. Assume without loss
of generality that A; = B(H;) and n; is the identity representation. We call an element ¢ €
I'(Hy, ..., H,) thoroughly elementary if

= 77(11,2 ®E2,3 ®--® én—l,n

where all n;{jﬂ = nf} ® ’7?‘+1 and §; 1 ; =&;_1 ®&; are elementary tensors. The linear span
of the thoroughly elementary tensors is dense in the completion of I'(Hj, ..., Hy) in || - |[2,A.
Moreover, the linear span of the elementary tensors ¢ = ¢; ® --- ® ¢, is dense in B(H|) ® - - -
® B(H,). By (7) and since S,(¢) is linear in both ¢ and ¢, it suffices to show that S,(¢) is
compact when ¢ is an elementary tensor and ¢ is a thoroughly elementary tensor. However, in
this case S, () has rank at most 1, since for every §; € Hy,

n—1
Sp(0)e1=@n0En1.0) ... 930 (n] ) 0161 = ( [ [t nj))wnsn. 0

j=1
We now establish some notation. Let A1, ..., A, be C*-algebras and p € 41 ® --- Q A,.
Assume that n is even and let 7y, ..., 7, be representations of Aj,..., A, on Hy,..., Hy,

respectively. Set 7 = 7| ® --- ® m,. Using the natural identifications, we consider the map
Sr) s I'(Hy, ..., Hy) - Hi ® Hy, as a map (denoted in the same way)

Sy 1 Co(HY\ Ha) © -+ © Co(Hy_y. Hy) — Co(HY, Hy).
We let

Prig) : Co(Hy s Hy) © - © Cao(HY, Ha) — Co(HY, Hy)
be the map given on elementary tensors by

Py (Tn-1®---QT1) =Sppy(T1 @ --- ® T;—1).
Note that if ¢ € M(Ay, ..., A,) then @, is bounded when the domain is equipped with the
Haagerup norm and the range with the operator norm. In this case, @ (y) has a unique extension
(which will be denoted in the same way)
Prp) + (K(H,_y. Hy) ®n -+ @ K(HY Ha). | - [1n) = (K(HY. Ha). |l llop)-

If n is odd then the map @ () is defined in a similar way. The map @,y will be used extensively
hereafter.
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The main result of this section is Theorem 4.3, where we explain how the complete bound-
edness of the mappings @y (y) relates to the property of ¢ being a multiplier. We will need the
following lemma.

Lemma4.2. Let A; C B(H;) be a C*-algebra,i =1, ...,n,andletk e N. Letp € A1 ®---Q A,
and write = 1dP .. -®id(k))(<p). Suppose that n is even. If T; € Mk(Cz(Hid, Hi 1)) foroddi
and T; € M (Cr(H;, Hiil))for even i then

(10 0T =0y(T,-1®-®T)),

where we identify the operator spaces M (Cz(Hl-d, H;1)) and Cz((Hid)(k), Hi(_]ﬁ)l)for odd i, and
M (Cr(H;, HSH)) and Cg(Hl.(k), (Hl.dH)(k)) for even i. A similar statement holds for odd n.

Proof. To simplify notation, we give the proof for n = 2; the proof of the general case is similar.
If ¢ = a1 ® a; is an elementary tensor then @, (T) = azTa‘ll forT € Cz(Hld, H>) and it is easily
checked that the statement holds. By linearity, it holds for each ¢ € A; ® Aj;. Suppose now that
¢ € A1 ® A is arbitrary. Let {¢,} € A1 © Az be a sequence converging in the operator norm
to ¢ and ¥, = id% @ id(k))(gom). By (7), @, (T) — ®@,(T) in the operator norm, for all T €
Cy(HY, Hy). This implies that if S € My (Ca(HY, Hy)), then & (S) — &% (S) in the operator
norm of M (Cr(H d H>)). Since v, — ¥ in the operator norm, we conclude that @y, (S) —
@y (S) in the operator norm of Cg((Hld)(k), Hz(k)). It follows that @, (S) = @ék)(S). O

Theorem 4.3. Let Ay, ..., A, be C*-algebras and ¢ € A1 ® - -- ® Ay. The following are equiv-
alent:

i) peM(Ar, ..., A

(ii) if m; is a representation of A;, i =1,...,n, and w =1 ® - - - ® my, then the map Py is
completely bounded,
(iii) there exist faithful representations w; of A;, i = 1,...,n, such thatif r =71 ® --- @ 7,

then the map @y (y) is completely bounded.

Moreover, if the above conditions hold and 7 is as in (iii) then ||@|lm = || P (y)llcb-

Proof. For technical simplicity we only consider the case n = 3.

(i) = (ii) Let ¢ € M( Ay, Az, Az) and 7t; : A; — B(H;) be a representation, i = 1, 2, 3. Then
(@) € M(m1(Ay), m(Ay), m3(A3)); thus, it suffices to assume that A; C B(H;) are concrete
C*-algebras and that 7; is the identity representation, i = 1, 2, 3.

Fix k € N and let ¥ = (id® ® id® @ id®)(¢). Since ¢ € M(A;, As, A3), the map

o K, 1) 0 K 1Y)~ (1 )

is bounded with norm not exceeding ||¢|lm. By Lemma4.2, || @ék) I < ll@llm- Since this inequality
holds for every k € N, the map @, is completely bounded.
(ii) = (iii) is trivial.
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(iii) = (i) We may assume that 4; C B(H;) and that 7r; is the identity representation,
i =1,2,3. Let A be a cardinal number, p; = id* be the ampliation of the identity repre-
sentation of multiplicity A, ¥ = (p1 ® p2 ® p3)(¢), and H; = H*, i = 1,2,3. Fix ¢ > 0 and
¢ el (Hy, Hy, H). Let

T:Tz@f] ECz(ﬁzd,ﬁﬂ@Cz(I:I],ﬁg)

be the element canonically corresponding to ¢. Then there exist k € N and canonical projec-
tions P; from H; onto the direct sum of k copies of H; such that if Ty = (P37~"2(P2d ®RI1) O
((P2d ® I )Tl P1) and if ¢g is the element of I’(Hl(k), Hz(k), H3(k)) corresponding to Tp then
18 —Sollz,n <.

Set Yo = (Id® ® id® ® id®)(¢). Arguing as in Lemma 4.2, we see that 1Dy, (To) llop =
1@y (To) llop- Using (7) and Lemma 4.2 we obtain

IS5l op < [0 =50 + Sy G0 o =[S0 & = 20) |, + | @y (T0) |,
<SIYINE = ollzn + [Py (T) [, < ellell + |47 (T0) |,
<ellel + g llevl TolIn
<ellel +1glen| AT2(PS @ 1) | (P @ I)Ti 1,

<ellel + 19y lleb I Tallopl T llop-

It follows that ||<P||id<x)yid(x)’id(x> < ”(pcp”cb~

Now let p1, p2, p3 be arbitrary representations of A, A, A3, respectively. Then there exists
a cardinal number A such that each of the representations p; is approximately subordinate to the
representation id™ (see [26] and [10, Theorem 5.1]). By Theorem 5.1 of [12], (¢l oy, p0,03 <
llollig) g g3 now the previous paragraph implies that [|@ll 5, 05,03 < [Py llcb- It follows that
peM(A, Az, A3) and [[@]lm < | @y lcb- As the reversed inequality was already established, we
conclude that [|¢]|m = [[Pyllcb. O

5. The symbol of a universal multiplier

Our aim in this section is to generalise the natural correspondence between a function
@ € £%° ®en £°° and the Schur multiplier S, on B(¢*(N)) given by Sp((aij)) = (¢, j)aij). To
each universal operator multiplier we will associate an element of an extended Haagerup tensor
product which we call its symbol. This will be used in the subsequent sections to identify certain
classes of operator multipliers.

Recall that if A is a C*-algebra, its opposite C*-algebra A° is defined to be the C*-algebra
whose underlying set, norm, involution and linear structure coincide with those of .4 and whose
multiplication - is given by a - b = ba. If a € A we denote by a’ the element of .4 corresponding
to a. If 7 : A — B(H) is a representation of A then the map 79 : a® — 7(a)? from A into
B(HY) is a representation of A°. Clearly, 7 is faithful if and only if 79 is faithful. If 7r; : A; —
B(H;) are faithful representations, i =1, ..., n (n even), then by [5, Lemma 5.4] there exists a
complete isometry 7, ®eh 71371 Qeh - - - Peh nf from A, ®en Aj,_| ®ch - - - ®en AJ into B(Hy) ®eh
B(Hr(ti—l) Qeh *  * Qeh B(H{i) which sends a, ® a)_ | ® --- ® af to m,(a,) ® Tp_1(an-1) ® -
®mi(ar).
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Henceforth, we will consistently write 7 =71 ® - - - ® 7, and

, Ty Rech 713_1 ®eh * * - Qeh T2 Qeh nld if n is even,
T =

T @eh T | ®eh -+ ®eh T3 ®en w1 if 1 is odd.

Letn € N, Ay,..., A, be C*-algebras, 7; be a representation of A4;, i =1,...,n, and ¢ €
M(Ay,..., A,). Assume that n is even. By Theorem 4.3, the map

gy K(HL_ |, Hy) ®n -~ ®n K(H, Ho) — K(H{, Hy)

is completely bounded. By Proposition 3.3, there exists a unique element ug € B(Hy,) ®ch

B(H}fﬁl) ®Reh *** Reh B(Hld) such that yo(ug) = @ (,). For example, if each A; is a concrete
C*-algebraand a; € A;,i =1,...,n, then

id _ d d
Ma1®a2®...®a”71®an =dn ® a, 1 Q- Qa® ar.

If n is odd then we define ug similarly.
The main result of this section is the following.

Theorem 5.1. Let Ay, ..., A, be C*-algebras and ¢ € M(A,, ..., Ay). There exists a unique
element
Ap @en A)_| eh -+ - Qeh A2 ®en A if n is even,
Uy, € .
7 Ap ®en A% Qeh -+ - ®eh A Qen A1 if nis odd

with the property that if 7t; is a representation of A; fori =1, ..., n then
uy =7’ (ug). (8)
The map ¢ — uy, is linear and if a; € Ai,i=1,...,n, then

ap,®a, | @---@ay®aj ifniseven,

U o o = P
a1®--®ay {an®az_1®"’®ag®al if n is odd.

Moreover, ||¢|lm = llug|leh.

Definition 5.2. The element u,, defined in Theorem 5.1 will be called the symbol of the universal
multiplier ¢.

In order to prove Theorem 5.1 we have to establish a number of auxiliary results. If w € B(H)*
we let @ € B(HY)* be the functional given by @(a?) = w(a). Note that if w = we,p is the vector
functional a > (a§, n) then @ = wy ga.

Lemma 5.3. Let A; C B(H;) be a C*-algebra, &;, n; € H; and w; = wg, 5, i =1, ..., n. Suppose
that o € M(Ay, ..., Ay). Then

(ui’fi,w,, Qwy—1R---Qw1) ifniseven,

W 0, @p_1Q--® ifn is odd. ©)
0 @n n—1 1) Ifnisodd.

(PEI® Q&) MO ®1y) =
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Proof. We only consider the case 7 is even; the proof for odd # is similar. Suppose that ¢ is an

elementary tensor, say ¢ = a1 ® --- ® a,. Then ufg =a,® ag_l ®---® a? and thus

(P ® &) M- @m) =] [(@& n) =(ug, o, @@u 1@ Q).

i=1

By linearity, (9) holds foreachp € A; © - O A,.

Now let ¢ be an arbitrary element of M(Ay, ..., A,). By Theorem 2.3, there exists a net
{pp} €A1 ©--- O A, and representations ué‘} =A,0---OA;and uifv =A)©---OAY, where
A} are finite matrices with entries in A; if i is even and in .A? if i is odd, such that ¢, — ¢
semi-weakly, A} — A; strongly and all norms || A;||, | A} || are bounded by a constant depending
only on n. As in (2), we have

(o0 ® By ® - ® 1) = (An, @) (An—1. B1) ... (A1, @1). (10)
Moreover, all norms ||(A}, ;) || (foreven i) and [ (A}, @;)| (for odd i) are bounded by a constant
depending only on 7, and the strong convergence of A} to A; implies that (A}, w;) converges

strongly to (A;, w;). Indeed, it is easy to check thatif £, n € H, A € M;(B(H)) = B(H ® {2(1))
and ¢ € €5 (1) for some index set I then

2
This implies that [[(A; — A}, wi)nll < ClI(A; — A})(& ® )] for some constant C > 0, and the
strong convergence follows.

Since operator multiplication is jointly strongly continuous on bounded sets, it now follows
from (10) that

(Ul o @@y @ @ @1) = (s, 00 @By ® - R @),
On the other hand, since ¢, — ¢ semi-weakly,
(@E @ ®&) M @) = (PEI® - ® &), M @ ® ).
The proof is complete. 0O
Lemma 5.4. Let H; be a Hilbert space and & C B(H;) be an operator space, i = 1,...,n.
Suppose that X and Y are closed subspaces of £1 and &,, respectively and let u,v € £1 Qeh
- ®eh En. If

R,(w)eX and L,yWw)e)y

whenever o =2 ® - -- @ wy and ' = 0| @ - - @ w|,_| where every w;, ». € B(H;) is a vector
functional, then

UEX Rech & Beh - ®enEn and v & Qeh -+ Qch En—1 Qeh V.
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Proof. Let F; be the span of the vector functionals on 5(H;). By linearity, R, (u) € X for each
weFr,O---O©F,. Now suppose that

w € (B(H2) ®ch - - - Qen B(H,)), = Ci(Ha) ®n -+ ®n C1 (H,y).
There exists a sequence (w,) € F2 O --- ® F;, such that w,, — » in norm. Hence
| Ro@) = Rar,, )| g ) < Nl = [l e — O,

whence R, (1) = lim,, R, () € X. Spronk’s formula (5) now implies that u € X Qch €2 Qeh
-+ ®ch &, The assertion concerning v has a similar proof. O

We will use slice maps defined on the minimal tensor product of several C*-algebras as fol-
lows. Assume that A; € B(H;) and w; € B(H;))*,i=1,...,n,andletp e 4| ®---® A,. If
I1<ij<--<ip<nand{l; <y <--- <{,_g} is the complement of {iy,...,ix}in{l,...,n},
let

Awily-.nwik AR QA > A, Q- A,
be the unique norm continuous linear mapping given on elementary tensors by

Aw,-] Jees Wi (al ® & Cln) = Wi, (ail) cee Wiy (aik)ail K Q& ag, -

Proposition 5.5. Let A; C B(H;), i = 1,...,n, be C*-algebras and let ¢ € M(Ay, ..., Ay).
Then

Lid Ay ®eh AL | ®ch -+ ®ch A2 ®en A if n is even,
T A ®en AL | ®eh - @eh A @en A1 if 1 is odd.

Proof. We only consider the case n = 3. Let u = uif; by definition, u € B(H3) Qeh B(Hg) ®eh
B(Hy). Let &, n; € H; and w; = wg, p;, i = 1,2, 3. Then by (4) and Lemma 5.3,

(R(Z)2®w1 (M)s:;, 773) = (R&)2®w1 (M), 603) = <l/l, w3 Q C’Z)2 ® wl)
= (€1 ®&E ®E). 1 @ N2 ®N3) = (Awy,mn (©)E3, 13).
Thus
R@g@wl () = Awl,wz (p) € As.

Lemma 5.4 now implies that u € A3 ®cn B(sz) Qeh B(HY).
Let w = R, (u). By the previous paragraph, w € A3 Qcp B(H2d). By (4) and Lemma 5.3,

(Lo, )13, £5) = (L (W), @2) = (Rer, (), 03 @ @2)

= (U, 03 ® @ ® 1) = (Awy.0 (@)E2, 12) = (Awy, 3 (9)03, £5).
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Hence Ly, (w) = Ay 03 (@) e .,4‘21 and, by Lemma 5.4, w € A3 Qen Ag. Applying this lemma
again shows that u € A3 Qep Ag ®eh B(H1). Continuing in this fashion we see that u € A3 Qepy
Ag ®en A1. O

Lemma 5.6. Let Ay, ..., A, be C*-algebras and let
pi + Ai — B(K;), 0; : pi(Ai) — B(H;)
be representations, i =1, ..., n. Suppose that

(i) for any cardinal number k, the representations Gi(K) : 0i (A;i) — B(H[) are strongly contin-
uous, and

(i) whenever ¢ € M(Ay, ..., Ay) and {@,} is anetin A1 © --- © Ay, such that p(¢,) — p()
semi-weakly and sup, |y |l;m < 00 then Pgop(y,) —> Poop(p) POINtWise weakly.

Then uzo'o = 9’(u$),f0r eachgp e M(Ay, ..., Ay).

Proof. We suppose that n is even, the proof for odd n being similar. If p =a; ® --- ® a, is an
elementary tensor, then u = p’(a, ® a%_, ® -~ ®ay), so

ugop —o ,O)/(an ®af171 Q- ®ai’) :9/(145).

By linearity, the claim also holds forp € A; © - - © A,.

IfpeM(AL,..., Ay, is arbitrary then p(¢) € M(p1(Ay1), ..., pn(Ay)) and by Theorem 2.3
and Proposition 5.5, there exist anet {¢,} € A, ©---© A, such that p(¢,) — p(¢) semi-weakly,
a representation uf, =A, OO Ay, where A; € M, (p;(A;)) € B(K}) if i is even and A; €
M, (plfj(A;')) C B(Kf )4 if i is odd (k being a suitable index set), whose operator matrix entries
belong to p; (A;) if i is even and to p?(AE’) if i is odd, and representations ugv =A,0---0A]
where the AY are finite matrices with operator entries in p; (A;) if i is even and pid (A7) if i is
odd such that A; — A; strongly and all norms [| A} ]|, || A; || are bounded.

Now 0'(ul)) = A, ©--- © Ay and 0’ (ul))) = AL © --- © AY where A; and A? are the images
of A; and A}’ under 0;'0 or (Gl.d)(“) according to whether i is even or odd. By assumption (i),

(O () (L1 ®--- @ T1) = yo (60" (uh))(Th-1®--- @ T1) (1)

weakly forall 7,,_| € Cz(Hlf_l, H),. ... T1 eC(H d H3). On the other hand, assumption (ii) and
the first paragraph of the proof show that

10(0' (u,)) = v0(u2”) = Pbop(p) = Poop(e) = vo(ul’)

pointwise weakly. Using (11) we conclude that yo(uzop ) = y0(0’ (uly)); since yy is injective we
have that ugo‘) =0'(up). O

Proof of Theorem 5.1. We will only consider the case n is even. Let p; : A; — B(K;) be the
universal representation of A;,i =1,...,n.Setp=p; ®---® p, and p’ = p, (X),o,‘lj_1 - - ~®pf.
By Proposition 5.5, ul, lies in the image of p’; we define u, = (p') ! (u}).
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Let x be a nonzero cardinal number and let o; = pl.(K). If 6, = idgfz Ay =0io© ,ol._1 then it
follows from the proof of Proposition 6.2 of [12] that the hypotheses of Lemma 5.6 are satisfied,
so writing 0 =01 ® - - - ® 6, we have

ug = MZO’O = 9’(u£) =(0"0p")uy) =0"(uy).

Now let 7r; be an arbitrary representation of A4;. It is well known (see e.g. [25]) that 7; is unitarily
equivalent to a subrepresentation of o; = pl.(K) for some «. Hence there exist unitary operators v;,
i =1,...,n (acting between appropriate Hilbert spaces) and subspaces H; of K¥, such that if
Ti(x) = vixv;"l H; then 7; = 7; o 0;. Examining the proof of Proposition 6.2 of [12], we see that
T=1 Q- Q 1, satisfies the hypotheses of Lemma 5.6, so

ug = u;"" = r/(ug) =(t00) (uy) =7"(uy).

The uniqueness of u, follows from the injectivity of yp. The linearity of the map ¢ +— u, and
its values on elementary tensors are straightforward. The fact that |||l = [lug||len follows from
Proposition 3.3 and Theorem 4.3. O

Remarks.

(i) Let A; € B(H;),i =1,...,n be concrete C*-algebras of operators. Taking 7; to be the

identity representation for i =1, ...,n and writing id=7; ® - -- ® 7, gives uy = u:f if we
identify A with A

(ii) Theorem 5.1 implies that if A;, i =1, ..., n, are concrete C*-algebras then the entries of
the block operator matrices A; appearing in the representation of ¢ in Theorem 2.3 can be
chosen from A;,i=1,...,n.

6. Completely compact multipliers

In this section we introduce the class of completely compact multipliers and characterise them
within the class of all universal multipliers using the notion of the symbol introduced in Section 5.
We will need the following lemma.

Lemma 6.1. Let A; C B(H;) be a C*-algebra, i = 1,...,n, a € A, be A, and ¢ €
M(A, ..., A). Let y € A1 ® --- ® A, be given by

v = @RIR---RIQDb)y if n is even,
TU®---®10b)eaI®---QI) ifnisodd.

Then y € M(Ay, ..., A,) and

) = { bdy(x)at ifn is even, (12)

bdy(x)a  ifnis odd.

Proof. For technical simplicity, we will only consider the case n =2. Let a; € A;, i = 1,2, and
¢ =aj ® ap. In this case ¥ = (aa;) ® (baz) so

@y (T) =bay T (aa)! = bayTala® = bd,(T)a.

By linearity, (12) holds whenever ¢ € A| © Aj;.
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Assume that ¢ € M (A, Ay) is arbitrary. Fix an operator T € Cz(Hd, H>). By Theorem 2.3,
there exists a net {¢,} € A1 © A, such that ¢, — ¢ semi-weakly, sup, [|¢y||m < oo and
Dy, (T) — Dy (T) weakly.

Let ¥, = (a ® b)p,; then ¥, — ¢ semi-weakly. Clearly, ¥, € A; © A; in particular v, €
M (A1, Az). By the previous paragraph, @y, () = bcb(pv(jad and hence @, (T) — bd>w(T)ad
weakly. If ¢, = B{ © Bj then v, = (aB}) © (b ® I)B,). It follows from Theorem 2.3 that
¥ € M(A1, A2) and that @y, (T) — @y (T) weakly. Thus @y (T) = bqﬁ(p(T)ad. O

Given faithful representations ny, ..., m, of the C*-algebras Ay,..., A,, respectively, we
define

ME (AL, ... Ap) = {(p € M(A, ..., Ap): @r(p is completely compact}
Mﬁ”(Al, LA = {(p € M(Ay,..., Ay): the range of @)

is a finite dimensional space of finite-rank operators}.

Theorem 6.2. Let A; C B(H;) be a C*-algebra, i = 1,...,n, and ¢ € M( Ay, ..., Ay). The
following are equivalent:

(i) pe MY9(A, ..., A);

(C(Hp) N Ay) ®h (AS_| et -+ ®en A2) @ (KC(H{) NAY)  if nis even,

(i) ul € " i o
(K(Hp) N Ap) ®h (A5, ®eh -+ Ben A5 ®n (K(H1) N Ay ifnis odd;

(iii) there exists a net {py} C Mji;l(Al, .oy, Ap) such that | oy — ¢|lm — O.

Proof. We will only consider the case 7 is even.
(1) = (ii) Theorem 3.4 implies that

uld € K(Hy) @n (B(H{_|) ®eh - ®en B(H2)) @n K(H)
while, by Proposition 5.5,
id A .Ad . A Ad
Uy, €An ®eh A, _1 Qech Qeh A2 Qeh Aj.

The conclusion now follows from Lemma 2.2.

(ii) = (1) By Theorem 3.4, &, = yo(uf/?) is completely compact.

(i) = (iii) Let p € B(H}) (resp. g € B(H,)) be the projection onto the span of all ranges
of operators in K(Hy) N Ay (resp. K(H,) N Ap), and let {p,} € KC(H) N A; (resp. {go} €
K(H,) N A,) be a net of finite rank projections which tends strongly to p (resp. g). It is easy to
see that @y (Ty—1 ® - ® T1) = qPy(Ty—1 ® --- @ T1) pY, for all Ty € K(HY, Hp), ..., Ty—1 €
K(Hf_l, Hy). Let oy = (pa @I ® - Q I ® go)¢. By Lemma 6.1, ¢, € M(A4, ..., A,;) and
Dy, () =qu <D¢(-)pg; hence ¢, € Mfijﬁj (A1, ..., A,). We have already seen that @, is completely
compact, and it follows from the proof of Theorem 3.4 that &,, — @, in the cb norm. By
Theorem 4.3, ||¢ — ¢g|lm — O.

(iii) = (i) is immediate from Proposition 3.2 and Theorem 4.3 and the fact that finite rank
maps are completely compact. O
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Now consider the sets

Mee(Ar ... A = MZ(ALL ... Ay,

Mﬂ(.A],...,An)ZUM;(Al,...,An)

where the unions are taken over all m = 7] ® - - - ® 7,,, each 7; being a faithful representation of
A;. We refer to the first of these as the set of completely compact multipliers.

Lemma 6.3. If p; is the reduced atomic representation of A;, i =1,...,n,and p=p1 ®---Q py
then Mg(Ay, ..., Ay) = Mﬁ’i(Al, L AD.

Proof. Again, we give the proof for the even case only. We must show that M; (Ap, ..., Ay <

M/'(;-(Al, ..., Ay) whenever m = ® --- ® m, where each 7; is a faithful representation of
A;. Without loss of generality, we may assume that each 7; is the identity representation of
A; CB(H;).Letgp € Mﬁlr (A1, ..., A,) so that the range of @, is finite dimensional and consists

of finite rank operators. By Remark 3.5 (i) there exist finite rank projections p and ¢ on H {j and
H,, respectively, such that u}g lies in the intersection of

(gK(Hy) ®n (B(HL_,) ®eh - - ®en B(Hy)) &n (K(H{') p)
and A, ®eh - - Qe A{. By Lemma 2.2, uld lies in
(gK(Hn) N Ay) & (B(H{_|) ®eh -+ ®en B(H2)) &n (K(H{')p N AY).

Hence there exists a representation ufg =A, O - A of uff such that A, = gqA, and
Ay = Ayp. Suppose that A,, = [b1, by, ...], where b; € A, for each j, and let q; be the orthog-
onal projection onto the range of b;. Setting Q,, = \/';‘:1 q;j we see that {Q,,} is an increasing
sequence of projections in A, dominated by g. It follows that \/o—_, O, € A,. We may thus
assume that ¢ € A,. Similarly, we may assume that p € .A‘ll. Now

P'(tg) = (0n(@)Pn(An)) © - © (p1(ADP1(P)).
By [29], pu(g) and p;(p) have finite rank. By Lemma 6.1, ¢ € Mgp(Al, LA, O
We are now ready to prove the main result of this section.

Theorem 6.4. Let Ay, ..., A, be C*-algebras and ¢ € M(Ay, ..., Ay). The following are equiv-
alent:

(i) pe Mcc(Ar, .. A

K(AL) ®n (AY_ | ®eh - Qeh A2) ®n K(A])  ifnis even,
K(An) ®n (A _| ®eh - - - Qen A3) ®n K(A1)  ifn is odd,

(iii) there exists a net {@o} € Mg (A, ..., Ap) such that ||¢g — ¢|lm — 0.

(i) uy € {
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Proof. We will only consider the case # is even.

(i) = (ii) Choose m =11 ® --- @ m, such that ¢ € MZ.(Ay, ..., A,); after identifying A;
with its image under 7;, we may assume that each s; is the identity representation of a concrete
C*-algebra A; € B(H;). By Theorem 6.2, ufpd lies in

(K(Hp) N Aw) @ (A% @eh -+ Den Az) ®n (K(H) N A9).

The conclusion follows from the fact that (H;) N A; C KC(A;) fori =1, n.
(ii) = (i) Let p; be the reduced atomic representation A; — B(H;) fori =1,...,n. Since p’
is an isometry, uf; = p'(uy) lies in

P (K(A)) ®n (051 (A2_}) et - - Beh 02(A2)) @n pf (K(A9)).

By Theorem 7.5 of [28], IC(H;) N p; (A;) = pi (K(A;)). By Theorem 6.2, ¢ € Mi.(Aq, ..., Ay).
(1) = (iii) is immediate from Theorem 6.2.
(iii) = (i) Suppose that {¢y} € My (Ai, ..., Ay) is a net such that |[gy — ¢[lm — 0. By
Lemma 6.3, {¢y} C M]’;ﬁ (A1, ..., Ay), where p is the tensor product of the reduced atomic rep-

resentations of Ay, ..., A,. By Theorem 6.2, p € M5.(A1, ..., A) S Meo(Ay, ..., A)). O

In the next theorem we show that in the case n = 2 one more equivalent condition can be
added to those of Theorem 6.4.

Theorem 6.5. Let A and B be C*-algebras and ¢ € M (A, B). The following are equivalent:

(i) pe Mc(A, B);
(ii) there exists a sequence {gi )2 S K(A) © K(B) such that ||¢x — ¢|lm — 0 as k — oo.

Proof. (i) = (ii) By Theorem 6.4, u, € K(B) ®n K(A%); thus u, = Y ;2 bj ® a where
a? € K(A°), b € K(B), i €N, and the series Y ;o bib¥ and Y ;= a?*a converge in norm.
Let ¢ = Zle a; ® b; € A© B. By Theorem 5.1, uy,, = Zf:l bi ® a) and |l¢ — @illm =
lug — g llen — 0 as k — oo.

(i1) = (i) Assume that A and B are represented concretely. It is clear that ¢ € M..(A, B).
By Theorem 4.3, || Piap) — Pid(gy) lcb = 119 — @k |lm. Proposition 3.2 now implies that ®@;q(y) is

completely compact, in other words, ¢ € M .(A, B). O
7. Compact multipliers

In this section we compare the set of completely compact multipliers with that of compact
multipliers. We exhibit sufficient conditions for these two sets of multipliers to coincide, and
show that in general they are distinct. Finally, we address the question of when any universal
multiplier in the minimal tensor product of two C*-algebras is automatically compact. We show
that this happens precisely when one of the C*-algebras is finite dimensional while the other
coincides with the set of its compact elements.

7.1. Automatic complete compactness

We will need the following result complementing Theorem 3.4. Notation is as in Section 3.
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Proposition 7.1. If @ : Ky, — K(H,,, Hy) is a compact completely bounded map then )/O_l (D) €
K(H1) ®eh B(H2) Qch - - Qeh B(Hp—1) ®en K(H,y).

Proof. Fix ¢ > 0. By compactness, there exist yi,...,y¢ € K(H,, H) such that
min; ;e |9 (x) — yill <& for each x € Ky, with ||x| < 1.

Let {py} (resp. {go}) be a net of finite rank projections in C(Hj) (resp. K(H,)) such that
poa — I (resp. g, — 1) strongly and let @, : Ky, — K(H,, Hy) be the map given by @, (x) =
Pa®(x)qy. Letu = yo_l (@) and uy = yo_l (@y). Since each y; is compact there exists ¢g such
that || payige — yill <e fori=1,...,¢ and o > ag. Moreover, for any x € Ky, ||x|| < 1 and
o > o, we have

[ #a(0) = @) < min {[Pa(0) = payige] + Ipayige = yill + [y = 2O}
S 121}2@{2”‘1)(’5) = yi|| + lpayiga — yill} < 3e,

S0 || Py — @|| — 0. Remark 3.5 (i) shows that uy € K(H1) ®n (B(H?) Qch - - - ®ch B(Hy—1)) ®n
K (H,); it follows that for every w € (B(H2) Qeh - - - @eh B(Hy—1) ®eh B(H),))« we have R, (uy) €
K(H)).

Suppose that &;,n; € H; and let w; = wg, ,;, be the corresponding vector functional.
Lemma 5.3 and a straightforward verification shows that if v € B(H}) Qeh - - - ®en B(H),) has
arepresentation of the formv =410 --- O A, andw =2 ® - - - @ w, then

(Ro()€1,m) = (v, 01 ® - @ wy) = (VW) (E)&, M), 13)

where

(=((mR&)IM®&E)® Q@ (ni_| ®&i—2) ® (n; ®&a—1)) € K

is an elementary tensor whose components are rank one operators.

Since yo(uy) — yo(u) in norm, (13) implies that R, (uy) — R, (1) in the operator norm of
K(H}). Since R, (uy) € KK(Hy), we obtain Ry, (1) € K(Hp). By Lemma 5.4, u € K(H;) ®eh
B(H>) Qeh - - - ®eh B(Hy). Similarly we see that u € B(H|) Qen B(H2) Qeh - - - Qeh K(H,); the
conclusion now follows. O

Remark. The converse of Proposition 7.1 does not hold, even for n = 2. Indeed, let {p;}7°,
be a family of pairwise orthogonal rank one projections on a Hilbert space H and let u =
Z;’il pi Q@ pi. Then u € K(H) ®en K(H) and the range of (1) consists of compact opera-
tors, but yo(u)(p;) = p; for each i, so yp(u) is not compact.

Given C*-algebras Ay,...,A,, we let M.(Ay,..., A;) be the collection of all ¢ €
M(Ay, ..., Ay) for which there exist faithful representations 7y, ..., 7w, of Aj,..., A,, respec-
tively, such that if 7 = 71 ® - - - ® 7, then the map P () is compact. We call the elements of
M.(Ay, ..., A,) compact multipliers.

As a consequence of the previous result we obtain the following fact.
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Proposition 7.2. Let Ay, ..., A, be C*-algebras and let ¢ € M.(Ay, ..., Ay). Then

. K(Ap) ®eh A;)_| ®ch - - - Beh A2 ®en K(AT)  if n is even,
S KAL) @eh A% ®en - - ®en AS ®en (A1) if n is odd.

Proof. We only consider the case n is even. We may assume that .A; C B(H;) is a concrete non-
degenerate C*-algebra, i =1, ..., n, and that &, is compact. By Propositions 5.5 and 7.1, u;‘}
belongs to

(’C(Hn) ®ch B(H,(,l_l) Qech - - - ®eh B(H2) ®en IC(Hld)) N (An ®ch -+ - Qeh A(lj)

Since K(H,) N A, € K(A,) and IC(Hld) N .A‘f c IC(A?), an application of (5) shows that u(if €
K(Ay) ®en AY | ®ch -+ ®eh Az ®en K(AD). O

If {A;} ey is a family of C*-algebras, we will denote by @j"el A;j and 69?:1 A their cop-
and £, -direct sums, respectively.

Theorem 7.3. Let Ay,..., A, be C*-algebras, and suppose that (A1) is isomorphic to

(&) P . (&)} . .
GajeJ Mmj and K(A,) is isomorphic to jes Mnj where J is some index set and Sup ey M

and sup j; nj are finite. Then
Mc(Ay, ..., An) = Mcc (Ao An).

Proof. We give the proof for n = 3; the case of a general n is similar. Let m = sup{m,n;:

J € J}. By hypothesis, (A1) and K(A3) may both be embedded in the C*-algebra C def
@5(’6 7 My, for some m € N; without loss of generality, we may assume that this embedding
is an inclusion and that 4; is represented faithfully on some Hilbert space H; such that H; and
H3 both contain the Hilbert space H = 5 jer C™. Given ¢ € M.(A1, A3, A3z), Proposition 7.2
implies that the symbol u, of ¢ can be written in the form u, = A3 © Ay © Ay, where the en-
tries of A3 and A belong to C. Let us write {e;; : i, j =1, ..., m} for the canonical matrix unit

system of M,, and let Pk:@jejekk e@leMm,kz l,...,m.Fork,¢,s,t=1,...,m, we
set A" = PcA3(Py® 1) and A}' = (P, ® I)A; P; and define

kL s,t
Ugesy =A3 QA2 O A7 and Py g5 = Vo(Ur,e,s5,0)-

Then yo(uy) =@ = Zk,z,s,z Dy 0.5.¢ SO it suffices to show that each of the maps @i ¢ 5 ; is com-
pletely compact. Now

Dr o5 (T2QT) = P @(P T T Ps) Py = Aé’e((Pe ) ®I)Ar((T1 Py) ® 1) AT

Thus, @i ¢.5., can be considered as a completely bounded multilinear map from /C(H. d PeH) x

K(P;H, sz) into IC(P;H, PyH). Since @ is compact, it follows that @y ¢ s ; is compact.
Take a basis {e/: i = 1,...,m',j eJlof H=@,,

basis of the jth copy of C" is {el.j: i=1,...,m}.Let Uy : PrH — P H be the unitary operator

C™, where for each j € J, the standard
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defined by Uke,{ = e{. Consider the mapping ¥ : K(HY, PrH) x K(P H, sz) — K(P\H, P1H)
given by

V(T Q@T) =Ur®Pr s, (UeTh @ 1 Uy) Uy

To show that @y ¢, is completely compact it suffices to show that ¥ is. Let Co = P1CPy;
then Cy is isomorphic to co and its commutant C has a cyclic vector. Moreover, ¥ is a Cj-
modular multilinear map. Let {p,} be a net of finite rank projections belonging to Cp, such that
s-lim py = Ip, . Consider the completely bounded multilinear maps ¥ (x) = po¥ (x) po. Since
the range of each p, is finite dimensional, ¥, has finite rank, so is completely compact. Since
¥ is compact, we may argue as in the proof of Proposition 7.1 to show that ||¥, — ¥| — O.
Now the maps ¥ and ¥, are Cj-modular and C{) has a cyclic vector, so by the generalisation [12,
Lemma 3.3] of a result of Smith [23, Theorem 2.1],

Ve = ¥llco = W — ¥l — 0.
Proposition 3.2 now implies that ¥ is completely compact. O

The following corollary extends Proposition 5 of [11] to the case of multidimensional Schur
multipliers. Let n > 2 be an integer. We recall from [12] that with every ¢ € £,,(N") we associate
a mapping S, : HIND) @ - O £2(N?) = £5(N?) which extends the usual Schur multiplication
in the case n = 2. We equip the domain of S, with the Haagerup norm where each of the terms
is given its operator space structure arising from its embedding into the corresponding space of
Hilbert—Schmidt operators endowed with the operator norm.

Corollary 7.4. Let n > 2 and ¢ € Lo (N"). The following are equivalent:
(1) S, is compact,

(ii) @ € co ®n (boo Peh - - * Deh £oo) @ Co.
n—2

Proof. Assume first that S, is compact. It follows from [12, Section 3] that the map S, induces
a completely bounded compact map

S’q,:sz-ung—)Cz

nel f. By Proposition 7.1, ¢ = yo_l (S'w) € K(€3) ®eh B(£2) Qeh . .. Qeh B(£2) ®en K (£2). Since
Sy is bounded, ¢ is a Schur multiplier and by [12, Theorem 3.4], ¢ € £oo ®eh - - - ®eh £oo. Hence
@ € 0 Peh Loo Deh - - - Peh Loo ®en co- We may now argue as in the last paragraph of the preceding
proof to show that ¢ € cp ®p (Loo Reh - -+ Peh £oo) ®h co. O

Our next aim is to show that if both (A1) and K(A,) contain full matrix algebras of arbi-
trarily large sizes then the completely compact multipliers form a proper subset of the compact
multipliers. Saar [21] has provided an example of a compact completely bounded map on C(H)
(where H is a separable Hilbert space) which is not completely compact. It turns out that Saar’s
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example also shows that the sets of compact and completely compact multipliers are distinct, in
the case under consideration.

We will need some preliminary results. Let A and B be C*-algebras. Recall that a linear map
@ : A — B is called symmetric (or hermitian) if @ = @* where @* : 4 — B is the map given
by @*(a) = (@ (a*))*. By S4 we denote the unit ball of .4 and set Sf’4 ={aeSyq:a=a"}. The
following lemma is a special case of Satz 6 of [21]. We include a direct proof for the convenience
of the reader.

Lemma 7.5. Let H be a Hilbert space. If ® : A — K(H) is a symmetric, completely compact
linear map with ||®||cy < 1, then there exists a positive operator ¢ € K(H) such that @™ (a) <
c®1, forall ae S/l:/l,,(A) and all n € N. Moreover, ¢ can be chosen to have norm arbitrarily
close to one.

Proof. We first show that for a given ¢ > 0 there exists a finite rank projection p on H such that
™ @ —(p@1,)2™ (@ (p®1,)| <e foranyae Sy, (14)

Since @ is completely compact, there exists a finite dimensional subspace F C IC(H) such
that dist(® ™ (a), M,,(F)) < /3 for any a € M, (A), |la|| <1 and any n € N. Let Sg |1, =
{x € F: ||x|| <1+ ¢} and let k = dim F. Choose a finite rank projection p € K (H) such that

lx — pxpll < X forall x € SF 14¢

e

(B+e)
and let ¥ : F — IC(H) be defined by ¥ (x) = x — pxp. By [6, Corollary 2.2.4], ¥ is completely
bounded and ||¥||cp < k||¥||. This implies that

@) | <K@yl < ——1iyll < =
X X 3+8 S 3

forall y € M, (F) with ||y|| < 1 + &/3.

Now for a € St ) let y € My(F) be such that @™ (a) — y|| < &/3. Then |y| <

& (a)|| +¢/3 <1+ ¢/3. Hence

[e™@ —(pe 1)@ (p®1,)|
<o @~y + ¥ + e 1 - e @) e
<e/3+e/3+¢/3=¢,

proving (14). Next we fix ¢ > 0 and choose a finite rank projection ¢; on H such that

|2 (@) — (1 @ 1)@M (@) (g1 @ 1)|| <=, aeMy(A), lall <1, neN.

N ™

Let r; : A — K(H) be the mapping given by ri(a) = ®(a) — q1®P(a)q1, a € A. Then
ri=%o®, where ¥ : (H) — K(H) is the completely bounded map given by ¥ (x) =
x — q1xq1. By Proposition 3.2, r; is completely compact. Moreover, ||71|cp < €/2 and @ (a) =
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q19(a)g1 +ri(a), a € A. Proceeding by induction, we can find sequences of finite rank projec-
tions ¢; and completely compact symmetric mappings r; such that ||7;||cp < €/2' and

[e.e]

@)= ®@q1+ ) _qiviri(@qgir1, acA

i=1

Letc=q1 + 372 5rgi+1. We have that @™ and ri(n) are symmetric and

2™ (@) =(q1 ® 1P (@)(q1 ® 1) + Y _(Gi+1® 1)r{ (@) (gi41 ® 1),

i=1

for each a € A. Now

o0 o0
£
(@) <(q1 @ 1) Pllev + Y _(Gi1 ® 1)lIrille < (ql + :qu'ﬂ) @l=c®1,
i=1 i=1

h

foralla e SM,,(A)'

By construction, ¢ is compactand |c|| < 14+¢. O

Let H be an infinite dimensional separable Hilbert space and {g }xen be a family of pairwise
orthogonal projections in B(H) with rank gx =k and Y ;> gk =1. Set p, =Y }_, gk, n € N.
Let @ : B(qrH) — B(qrH), k € N, be symmetric linear maps such that

o0
IPeleo=1,  |®x]| >0 ask—o0, and » [l < oo, (15)
k=1

where || @y |2 denotes the norm of the mapping @, when B(gy H) >~ C;(qx H) is equipped with
the Hilbert—Schmidt norm. Identifying B(qx H) with qxB(H)qy, let @ : C(H) — B(H) be the
map given by the norm-convergent sum

®(x)=) PP(grxqr), x € K(H). (16)
k=1

An example of such a map is obtained by taking @; = k~!'7; where 7} is the transposition map
B(grH) ~ My — My >~ B(qx H), which is symmetric and an isometry for both the operator and
the Hilbert—Schmidt norm. It is well known [20, p. 419] that ||tx|lcb = k and hence conditions
(15) are satisfied.

The next lemma is a straightforward extension of [21, pp. 32-34].

Lemma 7.6. If @ is a map satisfying (15) and (16) then the range of @ consists of compact
operators. Moreover, @ is completely contractive and compact but not completely compact.

Proof. Fix x € C(H). Since ||®y|| — 0 as k — oo, we have p,®(x)p, — ®(x) in norm, so
@ (x) € K(H). Each of the maps x > @ (grxqr) is completely contractive, so @ is completely
contractive.
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Next, note that @ maps the unit ball of C(H) into U dof U ®U;® ---, where Uy is the ball
of radius || @ || in gy B(H)gx. Since U is compact, the map @ is compact.

If @ were completely compact then by Lemma 7.5, there would exist a positive compact
operator ¢ on H such that

d)(k)(x) <c®ly forallx e S;‘,,k(,C(H)) and all k € N.

h

Hence for every k € Nand x € SMk(lC(H))’

&P ((gr ® 1)x (g ® 10)) = (gx @ 1P P (1) (gx ® 1) < gregr ® 1.

However, || = | @l = 1 by [22], s0

1

lakeqill = lareq ® 1l > sup{ [ 27 @) x € Sy, icrg0 ) > 5

which is impossible since ¢ is compact. O

Lemma 7.7. Given a map ® be as above, let C = @;‘)EN B(gxH) C K(H). There exists a univer-
sal multiplier ¢ € M (CY, C) with & = Did(y)-

Proof. Let ¢ € B(qiH)® ® B(qx H) be such that ®iq(g,) = Px, k € N, where the family {@;}%°
satisfies (15). Then [|@lmin = [1Pkll2. Let ¥, = Y i @k If n < m then ||[Y — Yy llmin =
I > kst Prll2 s0

m 172
||1/fm—wn||mm<( > ||¢k||%> :
k=n+1

By (15), the sequence {1,,} converges to an element ¢ € C% ® C. Moreover, for every x € C2(H)
we have

Dig() (x) = nlggo PnPid(p) (X) pn = nll)rgo Dig(y,) (¥) =D (x),

where the limits are in the operator norm. So ®jq(p) = @ which is completely contractive by
Lemma 7.6, so ¢ € M(CY,C) by Theorem 4.3. O

Given C*-algebras A; C B(H;),i=1,...,n,and ¥y =, @ - ®c—1 € A O --- O Ay_1,
we may define a bounded linear map A1 ® A, > B1 @ A2 ® --- ® A,, where By = A; if n is
even and B; = A‘f if n is odd, by

a® Yy b ifniseven,

b
“® H{ad®1/f®b if n is 0dd.

We write ¢y, for the restriction of this map to M (Ay, Ay).
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Lemma 7.8.

(i) The range of vy is contained in M(By, Az, ..., Ay).
(i) 0y (M (A1 A) S MEBr A, A,
(iii) Suppose that n is even and w € (B(H _1) ®eh - - Qen B(H2))x. Writing

My : B(Hy) ®ch B(HS_1) ®ch -+ ®ch B(H2) ®en B(H{') — B(Hy) ®ch B(H{')

for the “middle slice map” M, = R, Qeh idB(Hld), we have

Mty () = 0 (g

d

where Yy =c,_,

® - -+ ® ca. The same is true, mutatis mutandis, if n is odd.
Proof. Let @ € M(A;, A,). By Theorem 2.3, there exist a net {¢,} € A; ® A, and representa-
tions u = A, O A} and u‘d Az © Ay, where A} are finite matrices with entries in Ad ifi=1
and in A ifi =2, such that @y —> @ semi- weakly, A} — A; strongly and sup; , [|A}|| < oo.

(i) It is easy to see that y (¢,) satisfies the boundedness conditions of Theorem 2.3 and con-
verges semi-weakly to ¢y (¢), which is therefore a universal multiplier.

(ii) Suppose that n is even and let ¢ = 1y,. It is immediate to check that if ¢ € A; © A, and
T]EIC(HI,HQ) 1E’C(H I,H)then

Py (Tuo1 ® - @ T1) = Py (Tyorch_y ...c2Th).

Note that this equation holds for any ¢ € M(A;, A,) since @y, (T) = Py (T) and D,y )(T;—1 @
- ®T) = Dyp)(Th-1®--- @ T1) weakly forany T', T, ..., T,,—1. Since D,(y) is the compo-
sition of the bounded mapping X, ® --- ® X| X,,_lcfil_1 ...c2X1 with @, it follows that
if ¢ is a compact operator multiplier then so is ¢(¢).
(iii) We have that

Py (Ty1 ® - @T1) = A (Tim1 @ D(A_ @ 1) ... (2@ D(T1 @ DAY
= AT @ D(cd_ 1 ®1)...(c2® D(T1 ® DA,

weakly. On the other hand, @,(4,) (Th—1 ® - - Q@ T1) — P()(T;—1 ® - - - ® T1) which implies that
U =A20 (CS—I RO - O(c2®1)O Ay. It follows that My, (u,(p) = w(Y)uy. O

Theorem 7.9. Let Ay, ..., A, be C*-algebras with the property that both (A1) and K(A,)
contain full matrix algebras of arbitrarily large sizes. Then the inclusion M .(Ay, ..., A,) C
M.(Ay,..., Ay) is proper.

Proof. We may assume that A; € B(H;),i =1, ..., n for some Hilbert spaces Hy, ..., H,. First
suppose that n = 2. By hypothesis, we may assume that there is an infinite dimensional separable
Hilbert space H with HYC H| and H C H,, and a C*- -algebra C = @keN M, C K(H) as in
Lemma 7.7 with C% € A; and C € A,. By the injectivity of the minimal tensor product of C*-
algebras, CYQ@C C A1 ® As.
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Let ¢ € C% ® C be given by Lemma 7.7. It follows from Lemma 7.6 that ¢ € M.(A;, A>) \
Még(.Al, A»). Since faithful representations of .4; and A, restrict to representations of C con-
taining the identity subrepresentation up to unitary equivalence, we have that ¢ € M (A1, Az) \
Mcc (Al s AZ)

Suppose now that n is even. Let ¢ € M(A1, A,) \ Mc(A1, Ay), fix any non-zero ¢ = cx ®
- ®cp—1 € A2 O+ ©A,y—1 and let us write ¢ = ty,. Suppose that ¢(¢) is a completely compact
multiplier. By Theorem 6.4, u,(y) € K(A,) ®n (A5 _| Qeh - - - ®eh A2) ®n L(AD).

Lety=cd @ ®@cre Al | @ech - ®en A and fix w € (B(HE ) Qen -+ ®ch B(H2))+
such that o () # 0. By Lemma 7.8 (iii), My, (it,(y)) = @ (¥)u,, and hence u, € K(A,) @n K (A9)
which by Theorem 6.4 contradicts the assumption that ¢ is not a completely compact multiplier.

If n is odd then the same proof works with minor modifications. O

Remark 7.10. We do not know whether the sets M..(A, B) and M. (A, B) are distinct if C(A)
contains matrix algebras of arbitrarily large sizes, while K(B) does not (and vice versa). Let C
be the C*-algebra defined in Lemma 7.7. To show that the inclusion M..(C, cp) € M.(C, cp) is
proper it would suffice to exhibit mappings @ : My — M} which satisfy (15) and are left Dy-
modular (where Dy is the subalgebra of all diagonal matrices of M}). This modularity condition
would enable us to find ¢y € M,g ® Dy such that @ = Pjq(y,) using the method of Lemma 7.7
and we could then conclude from Lemma 7.6 that M..(C, co) & M.(C, cp). However, we do not
know if such mappings @ exist.

This prompts the following question: if D is a masa in B(H), does there exist a constant C
such that whenever @ : IC(H) — KC(H) is a bounded and left D-modular map then || @||c, <
C||@||? If such a version of Smith’s automatic complete boundedness result holds then it would
follow that M..(C, cg) = M.(C, cg).

7.2. Automatic compactness

We now turn to the question of when every universal multiplier is automatically compact.
We will restrict to the case n = 2 for the rest of the paper. We will first establish an auxiliary
result in a different but related setting. Suppose that A and B are commutative C*-algebras
and assume that A = Cy(X) and B = Cy(Y) for some locally compact Hausdorff spaces X and
Y. The C*-algebra Co(X) ® Co(Y) will be identified with Co(X x Y) and M (A, B) with a
subset of Cop(X x Y). Elements of the Haagerup tensor product Co(X) ®; Co(Y), as well as of
the projective tensor product Co(X YQ®Co(Y), will be identified with functions in Co(X x Y) in
the natural way. Note that, by Grothendieck’s inequality, Co(X) ® Co(Y) and Co(X)®Co(Y)
coincide as sets of functions.

Proposition 7.11. Let X and Y be infinite, locally compact Hausdorff spaces. Then Co(X) ®n
Co(Y) C M(Co(X), Co(Y)) and this inclusion is proper.

Proof. The inclusion Co(X) ®y Co(Y) S M(Co(X), Co(Y)) follows from Corollary 6.7 of [14].
To show that this inclusion is proper, suppose first that X and Y are compact. By Theorem 11.9.1
of [8], there exists a sequence (f;)?2; € C(X) ®n C(Y) such that sup,y || filln < 0o, con-
verging uniformly to a function f € C(X x Y) \ C(X) ®, C(Y). By Corollary 6.7 of [14],
feM(C(X),C(Y)). The conclusion now follows.

Now assume that both X and Y are locally compact but not compact (the case where one of
the spaces is compact while the other is not is similar). Let X = X U{oo} and ¥ = Y U {00} be the
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one point compactifications of X and Y. Then C(X) = Co(X)+Cl and C(Y) = Co(¥) + C1,
where 1 denotes the constant function taking the value one. Moreover, it is easy to see that

C(X)®C(Y)=Co(X x Y)+ Co(X) + Co(Y) + C1
and
C(X)®C(Y) = Co(X)®Co(Y) 4 Co(X) + Co(Y) + Cl1. (17)

By the first part of the proof, there exists ¢ € M(C(f(), C(I?)) \ C(f() ®h C(I?). Write ¢ =
@1 + @2 + 93 + @4 where @1 € Co(X x 3/), ¢ € Co(X), p3 € Co(Y) and ¢4 € C1. Suppose that
91 € Co(X) ®n, Co(Y).By (17), ¢ € C(X)®C(Y), a contradiction. O

Theorem 7.12. Let A and B be C*-algebras. The following are equivalent:

(1) either A is finite dimensional and IC(I3) = B, or B is finite dimensional and K(A) = A;
(i) M.(A,B)= M(A, B);
(iii) M..(A, B)=M(A, B).

Proof. (i) = (iii) Suppose that A is finite dimensional and K(B) = B, and that A C B(H;) and
B C B(H>) for some Hilbert spaces H; and Hy where H; is finite dimensional. Fix ¢ € M (A, B).
Then ¢ is the sum of finitely many elements of the form a ® b where a has finite rank and
b € K(H3); such elements are completely compact multipliers by Theorem 6.4.

(iii) = (i) is trivial.

(i) = (i) Assume that both A and B are infinite dimensional and are identified with their
image under the reduced atomic representation. If either C(A) or IC(B) is finite dimensional
then there exists an elementary tensor a ® b € (A © B) \ (K(A) © K(B)). By Proposition 7.2,
a®b¢g M.(A, B). We can therefore assume that both IC(A) and KC(B3) are infinite dimensional.
Then, up to a x-isomorphism, ¢y is contained in both }C(A) and K(B). By Proposition 7.11, there
exists ¢ € M(cop, co) \ (co ®n co). Then ¢ € M(A, B) and ®jqy) is not compact by Hladnik’s
characterisation [11]. Since the restrictions to ¢q of any faithful representations of A, B contain
representations unitarily equivalent to the identity representations, we see that ¢ is not a compact
multiplier.

Thus at least one of the C*-algebras A and B is finite dimensional; assume without loss of
generality that this is 4. Suppose that B # K(5) and fix an element b € B\ K(B). Let a €
A be a non-zero element. By Proposition 7.2, the elementary tensor a ® b is not a compact
multiplier. O
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