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This paper investigates positive definite unimodular quadratic forms in n 
variables with rational integer coefficients and a skew circulant as the coefficient 
matrix. It is shown for n < 13 that every such form is in the principal class, but 
that this no longer holds for n = 14. It is also shown that such forms can never 
be even. This behaviour is opposite to that for forms with a circulant as the 
coefficient matrix. 

1. INTRODUCTION 

It is the purpose of this paper to study positive definite quadratic forms 
with rational integer coefficients and a unimodular skew circulant as the 
matrix of coefficients. Note that a skew circulant is not a skew symmetric 
matrix and can in fact be symmetric and even positive definite symmetric. 

Let A and B be it x n positive definite symmetric unimodular matrices 
with rational integers as entries. We say A and B are congruent if an 
integral unimodular C exists (i.e., det C = f 1) such that B = CAC’ (the 
superscript T denotes transposition). Congruence is an equivalence 
relation on the set of n x n positive definite integral unimodular matrices 
and the number of equivalence classes is finite [5]. In fact, the number of 
such congruence classes [4] is one for IZ < 7, two for n = 8, 9, 10, 11, 
threeforn = 12,13,fourforn = 14,fiveforn = 15,eightforn = 16. 

There have been a number of investigations, some unpublished, of the 
possible presence of circulants in the IZ x n congruence classes. For n = 8, 
Taussky and Newman [7] showed that each of the two classes contained 
circulants. Other results on the presence of circulants in the n x n 
congruence classes are due to Kneser (n = 9 [unpublished]), Newman 
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(n = 12 [unpublished]), Thompson (n < 13 [lo]), Dade and Taussky 
(all prime IZ < 100 [unpublished]). See also [l]. Further recent results for 
a large number of prime n appear in an unpublished thesis by Davis [2]. 

A type of matrix possesing properties similar to those possessed by 
circulants is the skew circulant. It is the purpose of this paper to study the 
presence of definite skew circulants in the congruence classes described 
above. Our main result may be stated as follows: For II < 13, only the 
principal class contains skew circulants, but for n = 14 one of the non- 
principal classes also contains skew circuiants. We shall also show that 
the congruence class of an even definite integral unimodular A (i.e., each 
diagonal element of A is even) cannot contain a skew circulant. That is, 
an integral skew circulant cannot be the coefficient matrix of an even 
definite unimodular quadratic form. It is known [7] that a corresponding 
assertion for circulants cannot be made. 

2. BASIC PROPERTIES OF SKEW CIRCULANTS 

Let P, be the companion matrix of the polynomial h” + 1. (We take 
the stripe of one’s to be in the diagonal immediately above the main 
diagonal.). Then P,” = - I, where I, is the n-square identity matrix. By 
definition, a skew circulant C is a polynomial in P, , i.e., it has the form 

C = E a,-,PA-l. 
kl 

(1) 

The top row of C is (a0 ,..., a,-,) and each row below the top is obtained 
by shifting the elements of the preceding row to the right one place, and 
returning the negative of the last element to the initial position. Let w  be 
primitive root of unity of order 2n and set 

u = n-l12(,Ci-l)C2j-1))1~t,~~~ . 

The matrix U is unitary and 

U*P,U = diag(w, w3 ,..., ~~~-l). 

(Here U* is the complex conjugate transpose of U.) 
Thus 

where 

U*CU = diag(X, ,..., X,), 

A,= 5 W(2&lNt-l)at-l ) 1 <j<??. 
t-1 

(2) 

(3) 

(4) 
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We may rewrite (4) as 

(4 ,**., A,) = n1/2(u, )...) a,-,) u. (5) 

It is not difficult to see that sums, products, transposes, and inverses 
(when they exist) of skew circulants are again skew circulants. A matrix 
M satisfies MP, = P,M if and only if A4 is a skew circulant. A skew 
circulant is always a normal matrix. 

3. THE EXISTENCE OF NONTRIVIAL INTEGRAL 
UNIMODULAR SKEW CIRCULANTS 

We say an integral unimodular skew circulant is trivial if it is a 
generalized permutation matrix, that is, if it is -J=P,,~ for some exponent 
01. Otherwise, we say a skew circulant is nontrivial. It is natural to ask 
whether nontrivial integral unimodular skew circulants actually exist. 

THEOREM 1. Nontrivial integral unimodular n x n skew circulants exist 
ifand only if n 3 4. 

Proof Let C be an n x n integral unimodular skew circulant, with 
n < 3. Each eigenvalue of C must then be a unit in the algebraic integer 
ring Z[o], where Z denotes the rational integers. If n < 3, the only units 
in Z[w] are roots of unity, and hence ] Xi ] = 1 for 1 < i < n < 3. From 
this fact, (5) and the fact that U is unitary, we get 

n = I A, I2 + *** + 1 A, 1’ = n(a02 + ... 4 &). (6) 

Therefore uo2 + ... + uiB1 = 1, and this forces all but one of a, ,..., a,-, 
to be zero, and the remaining ai = -& 1. Thus C is trivial. 

Conversely, suppoe n 3 4. Let k = n - 1 if n is even, and k = n - 2 
if n is odd. Then (k, 2n) = 1 and hence a positive integer /3 exists such that 
/3k = 1 (mod 2n). Let 

k-l 

c = c P,t = (I - P,‘c)(I - P&l. 
t=o 

(7) 

Then 

c-1 = (Z - Pn)(Z - pm”)-1 = (I - Ps,“)(Z - P,“)-’ 

B-1 

= go pLk. 
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Thus both C and C-l are integral matrices. Since k 3 3, C is a uni- 
modular nontrivial integral skew circulant. 

COROLLARY. For n < 3, the only n x n positive definite symmetric 
integral unimodular skew circulant is the identity. For n > 4, nontrivial 
positive definite symmetric integral unimodular skew circulants exist. 

Proof. For n < 3, the result follows from Theorem 1. Let n > 4, and 
let C be a nontrivial integral unimodular skew circulant. Then CC’ is a 
positive definite integral unimodular skew circulant and cannot be the 
identity since the main diagonal entry of Cc’ equals the sum of the squares 
of the entries of any row of C. 

4. SKEW CIRCULANTS IN THE PRINCIPAL CLASS 

The following theorem is directly analogous to a corresponding theorem 
for circulants. The proof closely follows the proof of Theorem 4 in [8] and 
so will not be given. 

THEOREM 2. Let C be a positive definite symmetric integral unimodular 
skew circulant, and suppose C = AAT where A is an integral matrix. Then 
A = C,R where C, is an integral skew circulant and R is a generalized 
permutation matrix. Furthermore C = C,C,7. 

5. CONGRUENCE CLASSES NOT CONTAINING SKEW CIRCULANTS 

THEOREM 3. Let A be an m-square positive definite integral unimodular 
matrix such that the associated quadratic form 

x’Ax, x = (Xl )...) XJ, 

does not represent one, that is, xrAx > 1 for each nonzero integral x. Let 

B = A -j- diag(l, l,..., 1) = A i It 

be n = m + t-square, with t > 0. Then B is not congruent to any skew 
circulan t. 

Proof It is easy to check that the number of integral column n-tuples 
x such that X’BX = 1 is exactly 2t. If C, a skew circulant, were congruent 
to B then the number of integral vectors x such that xCx = 1 would also 
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be 2t. However, we will show that YCX = 1 has more than 2t integral 
solutions and hence it follows that C cannot be congruent to B. 

Let y be a fixed integral column n-tuple such that y’Cy = 1. Then, 
since P,‘CP, = C, we find that 

(P,“y)’ C(P,iy) = 1, 

where i = 0, 1, 2 ,..., n - 1. Therefore, each of the following integral 
vectors represents one: 

fY, &P, y,..., ~~:-ly. (8) 

We wish to show that these vectors are distinct. If not, let i be minimal 
such that 

PniY = A-Y, n>i>O, (9) 

for some choice of the f sign. Then, necessarily, the f sign must be 
minus. For if 

P,“Y = y, (10) 

then from -y = P,“y and (IO), we get 

-Y = Pn’Y, (11) 

where r is remainder obtained on dividing n by i. Plainly r # 0 in (1 I), 
consequently (11) defeats the minimality of i. Hence we have 

Pmiy = -y. (12) 

We next show that i ) n. Let d = (i, n), so that d = ai + /In for certain 
integers 01, /3. Then P,“y = Pz+Bny = (-l)o+ay = fy. The minimality 
of i implies d > i, hence d = i and therefore i 1 n. Let n = ki. We claim 
that k is odd. For there exists an odd a, I < a < 2n, such that (g*)i = - 1. 
This is because (12) shows that - 1 is an eigenvalue of Pni, hence - 1 is the 
i-th power of some eigenvalue ua (a odd) of P, . From (u~)~ = -1 we 
get uzai = 1, hence (24 1 (2ai), hence k 1 a. Therefore k is odd. 

The dimension of the eigenspace of P,i belonging to eigenvalue -1 is 
just the multiplicity of -1 as an eigenvalue of P,i. The eigenvalue -1 
of P,i appears exactly as the i-th power of the following eigenvalues of P, : 

Wk, 6J3k, co= )...) oJ(2i-l)k. 

Thus the multiplicity of -1 as an eigenvalue of P,i is i. 
Let 24 = (ul ,..., ui) be a row i-tuple, and let v = (u, -U, U, --u ,..., -u, U) 
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be a row n-tuple. There are k appearances of u and --a in ~1. Then 
p iv7 = -v7. Since the vectors v of this type span an i-dimensional space, 
w: see that every eigenvector of Pni beloning to eigenvalue -1 has the 
form of v. Thus y = v* for some choice of integers u1 ,..., Ui . 

Now observe that P,jy = (w, -w, w,..., -w, IV)’ where w  is an integral 
vector. Hence y’P,jy = (u, --u ,..., u)(w, --IV ,..., IV)’ = kw7. Because C 
is an integral linear combination of the Pd, j = 0, 1,2,..., n - 1, we 
deduce that 

y’Cy = kz, 

where z is some integer. Since yCy = 1, we find that k 1 1; hence k = 1. 
But this forces i = n, a contradiction. Therefore the 2n vectors (8) are 
distinct. Thus the number of vectors representing one is at least 2n > 2t. 
Thus we obtain the contradiction announced near the beginning of the 
proof. The proof is complete. 

Before giving the next theorem we prepare the way with a lemma. 

LEMMA. Let f be a primitive 2k root of unity and let 

24 = a, + a15 + ... + am-Jm--l, m = 2k-1 2 

be a real unit in Z[f] where a, ,... , a,-, are rational integers. Then a, is odd. 

Proof. The proof is an induction on k. When k = 1 or 2 we have 
~=a,,hencea,= &l.Letk>3. 

Suppose the result established for real units in the ring 2[t2] based upon 
the primitive root of unity 6” of order 2k-1, and let u be as stated above. 
Since u is real we have u = U. Using 5” = - 1 it follows that a, = -u,-~ , 
a, = -a,-, ,..., and hence 

u = a, + C at@ - F> 
t=1 

nl4-1 

= a0 + C a2t(f2t - 43=2t) 
t=1 

m/4 

+ zl a2t-1(E2t-1 - -?2t+1). (13) 
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The map u defined by u(f) = !$“-I d e fi nes an automorphism of Z[f, for 
which 

Thus 

uI40 = [a, + mtgl azt($” - t”““)12 

- [yg u2t-&= - ,,,,+q2. (14) 

Let 0 < t < s < m/4. Then 

(52” _ 5m-2t)(4‘2s _ ,$“-25) 

= ([2(8-t) _ p-2(s-t)) + 452” _ p-29, 0 < a < m/4, 

where E = 1, 01 = s + t if s + t < m/4; E = 0 if s + t == m/4; and 
E= -1, 01 = m/2 - s - t if m/4 < s + t < m/2. Furthermore, if 
0 < t < s < m/4, then 

(p-l- gm-2t+l)(p-l- p-28+1) 

= ([2(8-t) _ p7-2(S--t)) + 4$2” _ p-29, 0 < a < m/4, 

where~‘=1,~=t+s-lift+s~m/4;~‘=Oift+s-=m/4+1; 
E’ = - 1, oi = m/2 - t - s + 1 if ml4 < t + s - 1 < m/2. Combining 
these facts we obtain from (14) that 

where 

m/2-1 

uu" = c At(t2y, Ate-C 
t=0 

m/2-1 

A, = ao2 + c rt 2at2. 
t=1 

Since U” = z (because the Galois group of a cyclotomic field is abelian), 
we deduce that UZP is a real unit in Z[e2]. Our inductive hypothesis now 
implies that A, is odd and hence a, is odd. 

We use the lemma to prove the following theorem. 
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THEOREM 4. Let C be an n-square symmetric unimodular integral skew 
circulant, with main diagonal element a, . Then a, is odd. 

Proof. Let (a,, a, ,..., a,-,) be the top row of C. Let n = 2’+lr, where 
r is odd, and let w  be the primitive 2n-th root of unity. Set 4 = w7. Then .$ 
is a primitive root of unity of order 2k. 

By (4), the eigenvalue Xtr+r)lz of C is given by 

h7+1)~2 = i (4-l at-, 
t=1 

where 

= ttl At&-l, m = 2k-1, (15) 

7-l (r-1)12 

AO = a0 + c (--lY at, = a0 + 1 (--l>Yat, - a(,-a,). 
t=1 t=1 

Since C is unimodular and symmetric, h(,+,),, is a real unit in Z[f. By 
the lemma we see that A, is odd. Since C is symmetric we have ai = --anml , 
1 < i < n, and hence atm = -a(,-t)m. , for 1 < t < (r - 1)/2. Therefore 

(T-1)/2 

A, = a,+ 2 c (-l)“atm. 
t=1 

Thus a, must be odd. 
An n x n positive definite symmetric integral unimodular matrix A is 

said to be even if each main diagonal element of A is even. Thus A is even 
if and only if the associated quadratic form YAX represents only even 
integers for integral vectors x. It is known [5] that even matrices exist if 
and only if n = 0 (mod 8). It is known [7] that definite integral unimodular 
circulants may be even. It is natural to ask the same question for definite 
integral unimodular skew circulants. The answer, somewhat surprisingly, 
is opposite to that for circulants. 

THEOREM 5. There exist no even positive definite integral unimodular 
skew circulants. 

Proof The main diagonal element of every symmetric unimodular 
skew circulant must be odd. 

For completeness we state the following counterpart to Theorem 5. 

THEOREM 6. For each n E 0 (mod 8) there exists an even integral 
positive dejmite unimodular circulant. 
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Proof: Let A4 be the 8 x 8 circulant described in [7]. Then M is positive 
definite, integral, unimodular, and even. Let n = 8k. Then Zk 0 M (the @ 
denotes Kronecker product) is an n x IZ positive definite symmetric, 
integral, unimodular, even circulant. 

6. CONGRUENCE CLASSES CONTAINING SKEW CIRCULANTS 

THEOREM 7. Let n = 2p where p is a prime such that p = 7 (mod 8). 
Then a positive dejnite integral unimodular skew circulant C exists which 
is not in the congruence class of Z,, . 

Proof. Let w  be a primitive root of unity of order 4p. The irreducible 
polynomial for w  is 

9-l 

c&)(x) = c (- 1)” x21. (16) 
t=o 

Thus, letting i = (-1)1/2, we have 

94p(O = P. (17) 

The multiplicative order m of 2 (modp) is well known to be odd when 
p = 7 (mod 8). Let m = 2s + 1 and define polynomial d(x) by 

d(x) = (1 - x2)“(1 - x). 

Let D = d(P,J and set B = DDT. Then 

B = WJ, 

where b(x) is an integral polynomial of degree not exceeding n - 1. The 
eigenvalues of B are then d(w2+l) d(w‘+l), for j = l,..., n. In particular, 
b(w) = I d(o)12 and b(i) = I d(i)12. Now 

d(w) = (1 - w2)“(1 - w) 

is a unit in the ring Z[W]. This follows from the facts that both (1 - CO), 
(1 - CO”) are units in this ring; see [see [3, 111. In fact, 

(1 - w)(w” + co3 + d + co’ + do + dl + *** + w2p--4 + co2”-3) = 1) 
(1 + w)(w2 _ u3 + w6 _ w7 + uio _ wil + . . . + w2~-4 _ w3~-3j = 1. 

Thus b(o) = d(w) d(w) is also a unit. Furthermore, b(i) = d(i) d(i), 
therefore 

b(i) = 22S+1 = 1 (modp). 
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Thus 

b(i) = 1 + tp 

for some integer t. Define polynomial c(x) by 

and let 

44 = b(x) - Q%p(x), 

c = c(P,). 

Plainly C is an integral skew circulant. We shall investigate the eigenvalues 
of C. To within an isomorphism, the eigenvalues of C are completely 
determined by the eigenvalues h, , h(,+l),z . Thus is so because of (4) and 
the existence of isomorphisms from a primitive root of unity of given 
degree onto all other primitive roots of unity of the same degree. For C 
we find that A, is c(o) = b(w) = d(w) d(w) > 0 and hence for each 
automorphism 0 of the cyclotomic field generated by w, we have 

C(CLP) = c(o)~ = d(w) d(w”) > 0. 

(The abelian nature of the Galois group of a cyclotomic field is used here.) 
Thus c(wO) is a positive real unit for each 0. The eigenvalue X(s+1),2 for 
C is c(i) = 1, and hence it and its conjugates are also positive reals. This 
means each eigenvalue of the normal matrix C is a positive real unit, 
and therefore C is a positive definite symmetric integral unimodular skew 
circulant. 

We complete the proof by showing that C is not congruent to the I, . 
For if C were congruent to I, , then by Theorem 2 C = DODOT when D,, 
is an integral unimodular skew circulant. Let D, = d,(P,) where d,,(x) 
is an integral polynomial. Then 

c(w) = d,(w) d,,(o) = d(w) d(z). 

Thus d,,(w), d(o) are units, so let d(w) = d,(w) u where u is a unit in Z[w]. 
Then uiI = 1. Since the Galois group of the cyclotomic field generated 
by w  is abelian, we get u”p) = 1 for every u in this Galois group. Thus 
each conjugate of u has modulus one, and this implies [9] that u is a root of 
unity. Hence [Ill u = a8 for some nonnegative integral exponent p. 
Therefore, 

d(w) = cd do(w). 

Thus d(x) - X@ d,(n) is divisible by q&x), say 

44 = xB 4(x) +fW ~‘a&), 
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wheref(x) has integral coefficients. Therefore (see (17)) 

d(i) = P d,(i) (mod p). 

Now d,,(i) must be a unit in Z[i], hence d,,(i) = f 1, or fi. But also 
d(i) = 28(1 - i). Since 

2”(1 - i) + &l or fi (modp), 

we cannot have d(i) E P d,,(i) (mod p). Therefore C cannot be in the 
congruence class of I, . This finishes the proof of Theorem 7. 

7. 12 x 12 SKEW CIRCULANTS 

The purpose of this section is to establish the following theorem. 

THEOREM 8. Let C be an integral unimodular positive deJinite 12 x 12 
skew circulant. Then an integral unimodular 12 x 12 skew circulant A 
exists such that 

C = AA’. 

If X, Y, Z are 12 x 12 integral skew circulants then an equation like 
Z = XY holds if and only if hi(Z) = hi(X) hi(Y), for 1 < i < 12. Because 
of isomorphisms mapping primitive roots of unity of a given degree to all 
other primitive roots of unity of the same degree, the equations 
h,(Z) = hi(X) Xi(Y) will be valid for all i if they are valid for i = 1,2. 
Here, for example, Xi(C) denotes the eigenvalues of C as given by (4) 
where now in (4) w  is a primitive root of unity of order 24. 

The eigenvalues of a 12 x 12 integral unimodular C will be units in the 
ring Z[w]. Before giving the proof of Theorem 8 we must locate the basis 
units in the maximal real subring Z[OJ + w-l] of Z[w]. It is not hard to 
verify that 

Q(OJ + w-l) = Q(21ja, 31j2). 

(Q denotes the rational numbers.) Note that 

fi 
6112 - 2112 

1 2 * 

The subfields of Q(2’/“, 3’i2) are Q(2’/3, Q(3’/3, Q(6’/3, and the funda- 
mental units in the algebraic integer subrings of these fields are, 
respectively, 1 + 2rj2, 2 + 3112, 5 + 2 . 61/2. 
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The nonidentity automorphisms of Q(2’/“, 31/2) are u, T, p = (~7, where 
their actions on 2112, 31j2 are described by 

(J : p/2 --f 2112 7 3112 + -3112 > 
7 : 2112 + -2w 2 3112 --f 3112 2 
p : 2112 + -2v 3112 + -3112. 

For national simplicity, let 

u1 = 1 + 2112, u2 = $(21j2 + 6’/“), u, = 21/2 + 3132. (18) 

Then u22 = 2 + 31j2, us2 = 5 + 2 * 6112. Thus U, , u22, us2 are, respec- 
tively, the fundamental units in the rings Z[21i2], Z[31/2], Z[61/2]. 

Let u be a unit in the algebraic integer ring of Q(21j2, 3’/3. Then UZP is 
fixed by u, hence uuO is in Q(2l/3, and thus 

Similarly 

Furthermore, 

mu = *ul”, a E z. (19.1) 

uu7 = *up, p E z, (19.2) 

uup = fU2Y 3' y E z. (19.3) 

uu”u’uP = &-I, 

since this product is the norm of u. Multiplying together (19.1), (19.2), 
(19.3) and using (20), we get 

u2 = fu y$+J 
1 2 3' 

Since u2, ur , u2 , u3 are all positive reals, we have 

u2 = * au2Bu2?J 
1 2 3' (21) 

We claim that 01 is even, for we have 

(U”)” = (u,“)qu20)2@(u3~)2~. (22) 

Here (zP)~, (u~o)~, (u~o)~ are positive reals, and uIu is a negative real. Conse- 
quently, (22) is contradictory if U. is odd; hence 01 is even. Let 01 = 201’. 
Then 

u = &+12fJu3y. 

Thus the unit group in the algebraic integer ring of Q(21j2, Y12)is generated 
by - 1, u1 , u2 , u3 . Consequently, these are the fundamental units. 
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LEMMA 1. The basis units in the algebraic integer ring ofQ(2’J2, 3’9 are 

--I, Ul, %, u3. 

LEMMA 2. Let OL,, ,..., o+,p,, ,..., p3eZ. If 

PO = a0 - a47 A -a1 - 015, 

B2 = 012 - (116, /I3 = a3 - 01, (mod 3), 

then a, , a, ,..., a,, E Z exist such that 

01~ = a, - a, , 01 4 = a4 + a, , PO = a0 - a4 + a, , 

(23) 

a1 = a, - a, , a5 = a5 + a, , P1 = al - a5 + a, , 

a2 = a2 - alo , % = a6 + alO, /I2 = a2 - a6 + a,, , (24) 

a3 = a3 - all , a7 = a7 + all , P3 = a3 - a7 + all . 

Conversely, if a, ,..., a,, are given, and a0 ,..., 0~~ , PO ,..., fi3 are defined by 
(24) then (23) holds. 

Proof. By (23) there exists as+i such that & - q + 01~~~ = 3a8+i , 
i = 0, 1,2,3. Let 

a0 = aO + aa, al = "1 + aQ, a2 = a2 + alO, a3 = a3 + all, 

aa = o14 - a, , a, = ci5 - a, , a, = or, - a,, , a, = 01~ - a,, . 

Then a, ,..., a,, satisfy (24). The converse is direct. 

LEMMA 3. Let integers a0 ,..., (Y~ , /IO ,..., f13 be given. Then an integral 
12 x 12 skew circulant A exists such that 

X,(A) = 01~ + alp + a2w2 + a3w3 + +.e + a7w7, (25.1) 

W) = Bo + 815 + Bz5" + B35" (25.2) 

(where 1; = w3) $and only if (23) is satisfied. 

Proof. Let the first row of A be (a, ,..., a,& Using us = w4 - 1, 
5” = - 1, we find that 

h(A) = (a, - 4 + (al - as) w  + (a2 - alo) w2 + (a3 - all) w3 (26) 

+ (a4 + 4 w4 + (a5 + 6) ~2 + (a6 + ad ~9 + (a, + all) w7, 

(26.1) 
x264) = (a0 - a4 + 4 + (al - a5 + a,) 5 

+ ca2 - a6 + alO) 5” + ca3 - a7 f all) 5”. (26.2) 
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Because 1, w,..., o7 are independent over Q, as are 1, 5, c2, 13, (25) and 
(26) agree if and only if (24) holds, and for this (23) is the necessary and 
sufficient condition. 

LEMMA 4. There exist 12 x 12 integral unimodular skew circulants A 
for which h,(A) and X,(A) are as stated below: 

(i) X,(A) = u1 , h,(A) = u13; 

(ii) X,(A) = u2 , h,(A) = -u12; 

(iii) h,(A) = us , X,(A) = u12; 

(iv) h,(A) = 1, h,(A) = -u14. 

Proof. In each case (i)-(iv), express the proposed h,(A), X,(A) in the 
form appearing on the right hand side of (25). Then the conditions (23) 
are satisfied and hence an integral skew circulant A exists, using Lemma 3 
with &(A), h,(A) as described in each case. In each case the eigenvalues 
X,(A), X,(A) are units, and hence all eigenvalues of A are units since the 
remaining eigenvalues are obtained as images of X,(A), X,(A) under iso- 
morphisms. Therefore, each eigenvalue of A is a unit, hence so is det A. 
Therefore det A = *l, as required. 

LEMMA 5. Let C be apositive definite integral unimodular skew circulant. 
Then an integral skew circulant C, exists such that, if D = CICCIr, then 

MD) = u,“u~~u~Y, X,(D) = u18, (27) 

where 

a=0 or 1, /3 = 0 or 1, y==O or 1, 0 < 6 < 7. (28) 

Proox The eigenvalues h,(C), h,(C) must be units. These eigenvalues 
lie in Q(W), and Q(c), and are positive reals. Therefore h,(C) and X,(C) 
have the form 

Al(C) = u1=u2%4~y, h,(C) = UIS, 

where 01, /3, y, 6 E Z. By Lemma 4 we can find an integral unimodular skew 
circulant A such that in X,(ACAT) we adjust the exponents 01, /3, y, 6 as 
follosvs: 01, /3, y are first adjusted up or down by arbitrary multiples of 2, 
then leaving 01, /l, y fixed, 8 is adjusted up or down by arbitrary multiples 
of 8. Thus a congruence of C by an integral unimodular skew circulant 
may be found to bring the exponents 01, /?, y, 6 to the range described 
by (28). 
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LEMMA 6. Let D be a positive dejinite integral unimodular skew 
circulant, for which X,(D), h,(D) are given by (27) and (28). Then D = II2 . 

Proof. Not only must the eigenvalues h,(D), h,(D) of D be positive 
units, but so must X,(Dp, X,(Dp, X,(D)p, h,(D)o, since these are also eigen- 
values of D. However, for any choice of the triple (a, /3, r) of exponents 
(except (0, 0,O) and (1, 1, 1)) we find that one of 

is negative. Thus either X,(D) = 1 or h,(D) = u,uzu, . If 6 is odd then the 
eigenvalue (u,~)” of D is negative. Therefore 6 is even. 

Case (i) h,(D) = 1, X,(D) = uIs, 6 = 0,2,4, or 6. For S = 0,2,4, or 
6, if we express h,(D) and X,(D) in the form appearing on the right hand 
side of (25) (thus CY~ = 1, CY.~ = *-. = OL, = 0), then we see that the con- 
ditions (23) are satisfied only when 6 = 0. 

Case (ii) X,(D) = u1u2u3 , X,(D) = ur6, 6 = 0, 2, 4, 6. Express Al(D), 
X,(D) in the forms appearing on the right hand side of (25). Then, by 
direct computation in each case, we see that for no choice of 6 = 0,2,4,6 
is (23) satisfied. 

Hence all cases other than h,(D) = X,(D) = 1 are excluded. Therefore 
D = 11, . 

Theorem 8 is now fully proved. 

8. n x n SKEW CIRCULANT CONGRUENCE CLASSES FOR n < 14 

Our results may now be combined to establish the following result. 

THEOREM 9. Let C be an n x n positiue definite integral unimodular 
skew circulant. If n < 13 then C is in the congruence class of I,, . There 
exists a 14 x 14 positive definite integral unimodular skew circulant which 
is not in the congruence class of II4 . 

Proof. For 1 < n < 13, representatives of the different congruence 
classes of positive definite integral unimodular matrices are 

I ?&, 1 <n < 13, (28.1) 

@8 i L-8 2 8 <n < 13, (28.2) 

@I2 i L-12 , 12 < n < 13. (28.3) 

Here, for t = 0 (mod 4), the matrix Gt is described on p. 331 of [SJ. The 

641/4/6-s 
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matrix !Dt does not represent one [5], and @* is also even. By Theorem 5, 
the congruence class represented by CD* does not contain any skew circulant. 
By Theorem 3, the congruence classes represented by QD, i In+ , for 
8 < n < 13 cannot contain a skew circulant. For the same reason the 
class represented by Q12 t ZI does not contain a skew circulant. By 
Theorem 8 no 12 x 12 class (other than the class of Z,.J can contain a 
skew circulant. This completes the proof of the first assertion. To prove 
the second assertion apply Theorem 7 with p = 7. 
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