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Abstract

Thin coverings are a method of constructing graded-simple modules from simple (ungraded) modules.
After a general discussion, we classify the thin coverings of (quasifinite) simple modules over associative
algebras graded by finite abelian groups. The classification uses the representation theory of cyclotomic
quantum tori. We close with an application to representations of multiloop Lie algebras.
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0. Introduction

In a recent series of papers [1-3], B. Allison, S. Berman, A. Pianzola, and J. Faulkner exam-
ined the structure of multiloop algebras. These algebras are formed by a generalization of the
twisting process used in Kac’s construction [8] of the affine Lie algebras.
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More specifically, for any algebra B over an algebraically closed field K and finite-order
commuting automorphisms o7, ..., oy of B of period my, ..., my, respectively, the multiloop
algebra L(B, o1, ..., oy) is the following subalgebra of B ® K[tlil, A tﬁl IE

L(B,oy,...,on) = @ Bilw.’[N@Klil-“t;\I,v,

where B;, i, is the common eigenspace

{beB|ojp=&/bfor 1< j<N)

for fixed primitive m jth roots of unity &;.

In particular, when B is a finite-dimensional simple Lie algebra and the base field K is the
field C of complex numbers, one can construct realizations for almost all extended affine Lie al-
gebras by taking central extensions of the resulting multiloop algebras and adjoining appropriate
derivations [1,12].

Bounded weight modules for such extended affine Lie algebras of nullity » can be constructed
by inducing from bounded weight modules for the corresponding multiloop algebras of nul-
lity r — 1. The classification of these modules for extended affine Lie algebras thus depends on
classifying the corresponding modules for multiloop algebras. While working on this classifica-
tion [5], we considered methods of “twisting” simple B-modules into graded-simple modules for
the multiloop algebras L(B, o1, ...,0y). As part of our construction, we used structures called
thin coverings of modules.

Let B = @geG B, be an algebra graded by an abelian group G. A thin covering of a left
B-module M is a family of subspaces {M, | g € G} with the following properties:

(ii) BgMp S Mgy forall g, h e G,
(iii) if {Ng | g € G} also satisfies (i) and (i) and Ny € M, for all g € G, then Ny = M, for all
g€G.

We consider finite-dimensional and infinite-dimensional quasifinite modules over a G-graded
associative algebra A. Each thin covering of an (ungraded) left A-module M is associated with
a graded left A-module M. Although thin coverings are generally not unique, the isomorphism
class of M completely determines the graded-isomorphism class of M, under mild conditions. It
is trivial to show that M is graded-simple whenever M is simple.

An A-module may be twisted with an A-automorphism associated with its G-grading. Such
twists do not change the isomorphism class of the graded modules coming from the thin covering
construction, and they play a vital role in our classification of thin coverings.

After these applications to graded theory, we give an explicit characterization of thin coverings
of quasifinite simple modules over arbitrary (unital) associative algebras graded by finite abelian
groups. The classification uses the fact that any such module is also a module for a cyclotomic
quantum torus coming from isomorphisms between twists of the module.

We conclude the paper with an application to the representation theory of multiloop Lie al-
gebras. Our approach is an alternative to Clifford theory, where graded-simple .A-modules are
constructed by inducing from simple .4p-modules. (See [10, Theorem 2.7.2], and also [6,7].)
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This method gives an explicit procedure for constructing graded-simple .4-modules from (un-
graded) simple .A-modules via the action of a cyclotomic quantum torus. For the applications
we have in mind, it would be difficult to get a classification of simple Ag-modules, whereas
ungraded simple .A-modules are well understood.

Note. Though some of the material appearing in the references is written over the field C of
complex numbers, our results do not depend on this material, and we will assume throughout the
paper that K is an arbitrary algebraically closed field of characteristic zero. All algebras will be
considered as algebras over the field K, and all associative algebras will be unital. Modules will
be left modules unless otherwise indicated. Likewise, all hypotheses of simplicity and semisim-
plicity should be interpreted as left simplicity and left semisimplicity.

1. Thin coverings and graded modules

Let A be a (unital) associative algebra graded by an abelian group G. For any mod-
ule M over A, a set of subspaces {M, | g € G} is a G-covering of M if } . My = M and
AgM), € Mgy, forall g, h € G. We will drop the prefix G from “G-covering” when there is no
ambiguity. Two coverings {M, | g € G} and {M é | g € G} are equivalent, and we write

{M, | geGy~{M,|geG]}

if there is a fixed h € G such that My = M, forallg € G.
The set € := &(M, A, G) of coverings of the module M is partially ordered: for any {M, |
geGland {Ng| g€ G}in ¢, let

{Mg|g€G}<{Ng | g €G}

if the covering {M,} is equivalent to a covering {M g,} for which M é, C N forallgeG.
The minimal coverings in the poset € are called thin coverings. If M is a finite-dimensional
or infinite-dimensional quasifinite module (see Section 4), then it has a thin covering.

Remark 1.1. Let g be a Lie algebra graded by an abelian group G, and let M be a g-module.
The grading on g extends naturally to a G-grading on the universal enveloping algebra U (g).
Note that the coverings of M as a g-module coincide with its coverings as a U (g)-module. Thus,
by studying thin coverings of modules over associative algebras, we automatically obtain the
corresponding results for Lie algebras. The same applies to Lie superalgebras as well, where we
would need to consider the Z,-graded version of a thin covering. (See the definition in Section 4.)

The following elementary yet important lemma says that the thin coverings of a simple .A-
module M are essentially determined by the simple .4g-submodules of M.

Lemma 1.2. Let {M, | g € G} be a covering for a simple module M over an associative algebra
A graded by an abelian group G. This covering is thin if and only if

Mg = A, pu,

forall g, h € G and any nonzero u € Mj,.
In particular, in a thin covering, every nonzero space My, is a simple Ag-module.
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Proof. Since M is a simple .A-module, }_ . Ag—nu = Au = M. This gives a covering of M
with A, _pu € M, for all g € G. Thus {M,} is a thin covering if and only if Ag_,u = M, for
allg. O

Although the sum Y geG Mg of the spaces M, in a thin covering need not be direct, the
external direct sum of these subspaces always has a natural graded module structure. In fact, this
construction “preserves simplicity,” as described in the following theorem.

Theorem 1.3. Let M be a simple (not necessarily graded) module over an associative algebra
A graded by an abelian group G. Then for any thin covering {M, | g € G} of M, the space

M::@Mg

geG

is a graded-simple A-module.

Proof. The space M has an obvious graded module structure, namely M ¢ 1= Mgand A, : M n—

Mgy forall g, heG.

By Lemma 1.2, Aj_ gt =Mpforallg € G and nonzero elements u € M. Likewise, A, gu =
M, for every h € G, where & is the element of M having the nonzero element u € M, inthe M-
component and 0 elsewhere.

Suppose N= &b 2cG N is a nonzero G- graded submodule of M. Then for any nonzero com-

ponent N and i € G, we have Ah_gNg = Mh. Hence N=M. 0O

In the next theorem, we show that graded-simple .A-modules come from thin coverings of
simple (non-graded) .A-modules. The assumption on the existence of a maximal submodule holds
in the finite-dimensional case as well as for the infinite-dimensional quasifinite modules. (See
Remark 4.2.)

Theorem 1.4. Let M be a graded-simple module over an associative algebra A graded by an
abelian group G:

i =@ i,

geG

Assume that as a non-graded A-module, M has a maximal (non-graded) submodule and a sim-
ple (non-graded ) quotient M:

<p:A7I—>M.

Let Mg = w(Mg). Then {Mg | g € G} is a thin covering of the module M and M is graded-
isomorphic to the graded A-module associated with this thin covering,

M';@M ,
geG

as in Theorem 1.3.
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Proof. Since the map ¢ is surjective, we get that deGgo(Mg) = (p(M) = M, and hence

{w(ﬂg) | g € G}isacoveringof M. _
Moreover, the restrictions of ¢ to M,,

@Yg: Mg — My,

are bijections. If theseNmaps had non-trivial kernels, then B 2€G ker ¢, would be a non-trivial
graded submodule of M, which would contradict the fact that M is graded-simple.

We now show that the covering {¢(M,) | g € G} is thin. Suppose {N, | g € G} is another
covering of M with N, C M,. Let N e C M ¢ be the pre-image of N, under the map ¢,. It is easy
to see that

=D,

geG

is a graded .4-submodule in M. To \Lerify this, it is enough to check that A, N ¢ C N o+h- However,
(Ahﬁg) AhN C Ng+h, and Ny is the pre-image of Ngip, under ¢gip. Thus Ahﬁ -
Ng+h, and N is a nonzero graded submodule of M. Since M is graded-simple, we conclude that
Ng = M for all g € G. This implies that N, = M, because the map ¢, is a bijection. Hence the
covering {M, | g € G} is indeed thin.
Once again using the bijectivity of ¢,, we see that the graded .4-module associated with this
covering is isomorphic to M:

Pm,=pm,. o

geG geG

Gradings on A by finite abelian groups can be alternatively described via finite abelian sub-
groups of the group of automorphisms of A. Suppose A is graded by a finite abelian group G,
and consider the dual group G= Hom(G, K*). Then we can interpret an element o € G as the
finite order .A-automorphism defined by o (a) = o' (g)a for a € Ag. Although the groups G and
G are isomorphic, there is no canonical isomorphism between them.

Conversely, a finite abelian group G of automorphisms of A defines a grading. The algebra
A is graded by the group G = Hom(G, K>):

A=EP A,

geG

where A, = {a € A| o (a) = g(o)a, forall o € G).
To be consistent with the additive notation for grading groups, we will slightly abuse notation
and always treat G as an additive group. The sum of two elements g, i € G is defined by

(g +h)(o)=g(o)h(oc) foroeC, (1.5)

and we will denote the identity element of G by 0.
An A-module (M, p) can be twisted by an automorphism o € Aut .4, and we use the notation
M? for the module (M, po). That is, the module action in M is given by po : A — Endg M



152 Y. Billig, M. Lau / Journal of Algebra 316 (2007) 147-173

The following proposition shows that a simple .4-module and its twists by automorphisms in
G yield isomorphic graded-simple modules.

Proposition 1.6. Let A be an associative algebra graded by a finite abelian group G. Let M be
a simple A-module, and let 0 € G.

(i) Any thin covering {M, | g € G} of M is also a thin covering of M°.
(ii) Let {Mg | g € G} be a thin covering of M, and let {Mg | g € G} be the same covering
of M°. Then the following graded-simple A-modules are naturally isomorphic

@Mg%(@Mg>a.

geG geG
(iii) If M is a G-graded A-module, then M° = M for all o € G.

Proof. We first show that a covering of M is also a covering of M?. Foralla € Ag and m € M},
we have p(a)ym € Mgyp, s0

po(aym=g(o)p(a)m € Mg .

This gives a bijection between the coverings of M and the coverings of M?. Clearly the thin
coverings of M correspond to the thin coverings of M?.

Part (ii) is obvious.

To establish (iii), we define the isomorphism

0:M=M, > M’
geG

by 6(m) = g(o)m for m € M,. Let us check that & commutes with the action of 4. For a € A,,
m € M}y, we have

pa(a)f(m) = g(o)h(o)p(aym = 6(p(aym). O

Remark 1.7. The following partial converse to (iii) is true: if the modules M and M? are isomor-
phic for all o in some finite cyclic subgroup G of Aut A, then M admits a grading by the > group
G= HomK(G K*). (See Example 3.25 below.) However, if we replace the cyclic group G with
an arbitrary finite abelian group, the analogous statement is, in general, false (cf. Example 3.26).

2. Thin coverings of modules over a semisimple algebra

Recall that an associative algebra A is semisimple if each module for A is completely re-
ducible. In Theorem 2.2, we prove that if .4 is semisimple, 1 € A_¢.A, for all nonzero A,, and
each flg is an irreducible left .4p-module, then the isomorphism class of the graded-simple mod-
ule M does not depend on the choice of the thin covering of M. The following lemma is well
known (cf. [10, Corollary 2.74], for instance):
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Lemma 2.1. Let A be a semisimple associative algebra. If A is graded by an abelian group G,
then its subalgebra Ay is also semisimple.

Theorem 2.2. Let A be a semisimple associative algebra graded by an abelian group G. Let
G C G be the set of g € G for which the graded component Ag is nonzero. Assume that for every
g € G, the following two properties hold:

() 1eA_gA,,
(ii) Ag is irreducible as a left Ag-module.

Let (M, | g € G} and {Ng | g € G} be thin coverings for an irreducible A-module M. Then for
some L € G,

P, =B,
geG geG

as graded A-modules, where the graded component N g, ‘= Ng4¢.

Proof. If M =0, there is nothing to prove. Otherwise, choose /& € G so that Nj, # 0.
By Lemma 2.1, N}, has a direct complement U as an .Ap-submodule of M. Since {M, | ¢ € G}
is a covering, there is a k € G such that the projection

T My — Ny

(given by the splitting My € M = Nj, @ U) is nonzero. Since m is a nonzero homomorphism of
simple Ag-modules (using Lemma 1.2), My = 4, Nj, by Schur’s Lemma.
Our next task is to show that

P M, = A4, My (2.3)
geG

as graded .A-modules, where the graded component in degree g on the right-hand side of (2.3) is
.Agfk ®A, M.
We begin by showing that for all nonzero Ag, the Ag-module Ag ® 4, M is irreducible.
If A, # 0, then by (i),
0#£ M= Ay &4, Mr
=1®4, Mi
CA_ (A @4, Mp),

so Ag @ 4y M #0. Let 0# ), a; ® m; € Ay ® 4, My, and let m € Mj be nonzero. Since My
is irreducible as a left Ag-module (Lemma 1.2), there exist b; € Ag such that b;m = m; for all i.
Then

Zai Qm; = (Zaibi) ®m.

i i
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Since Ag and My are simple left Ag-modules,

A()((Zaibi) ®m> =A, @m
:Ag®A0m
=Ag ®A0 Mk~

Thus A ® 4, My (and A, ® 4, Np) is an irreducible .Ag-module for all nonzero A,.
Note that there is a well-defined graded map

¢ =P de : P Ak @4, M) > P M,

geG geG geG

given by ¢, (a ® m) =am € M, for all a € A,y and m € M. For any homogeneous a,b € A
and m € My,

¢(ab@m) =abm =a¢p(bQm),
so ¢ is a homomorphism of graded .4-modules. For A,_; # 0,
0# M= (1@, Mp)
c ¢(Ak7g-/4g7k ®.AQ My)

= Ai_g(Ag_ i My)
C A—gM,.

Thus M, # 0, and the map
Pg: Ag—ik @Ay Mk — M,
is a nonzero homomorphism of simple .4g-modules. Thus
Ag—k ® a4y Mk =4, Mg

forall g € G, and A ® 4, My is graded-isomorphic to P, M-
Similar arguments show that the map

Vi A®4) My — A® 4, Np,

a®mi—>aQ mi(m)

is a well-defined graded isomorphism, where 0 # m € M} and i : My — Nj, are as above, and
the graded component in degree g in A ® 4, N is Ag_k ® 4, Ni.
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Repeating the arguments used to show that A ® 4, My = P geG My as graded .A-modules,
we see that P, Ag—k ® .4, N is graded-isomorphic to P, N, where Ny := Ngy i) for
all g. Hence P, M, is graded-isomorphic to P, Ng- O

While this method of associating graded modules M with modules M is not functorial (it is
not even well defined if M is not simple), it is surjective in the sense that not only does every
graded module come from a thin covering, but (in the context of the previous theorem) every
graded-simple module comes from a thin covering of a simple module.

The first assertion (“graded modules come from thin coverings”) is trivial. Let M = P, M,
be a graded module of a graded associative algebra A = P 2cG Ayg. Forgetting the graded struc-
ture on M gives an (ungraded) A-module M with thin covering {M, | g € G}. The second claim
(“graded-simples come from simples”) is the following theorem. (See also Theorem 1.4.)

Theorem 2.4. Let M = P ecG Mg be a graded-simple module for a semisimple associative al-
gebra A= 2€G Ag graded by an abelian group G. Assume that A satisfies the hypotheses of
Theorem 2.2. Then there is a simple module N for A so that N has a thin covering {N, | g € G}
with

v, =P M,
geG geG

as graded A-modules.

Proof. We may assume that M is nonzero. Let N be a simple (ungraded) .4-submodule of M,
and let N’ be a simple Ag-submodule of N. Since N is simple,

N=AN'=)" AN
geG

Clearly Ag AyN' € Ag i, N', s0 {AgN' | g € G} is a covering of N. Whenever A, is nonzero,
the argument in the proof of Theorem 2.2 shows that the Ap-modules A, N’ are simple, as are
the nonzero components N, in any thin subcovering {N, | g € G}.

Since N # 0, we may choose & € G so that Nj, # 0. Then N, = AgNy € ApN’, so Ay, #0,
and N, = AgNj, = A, N’ by the simplicity of A, N’ as an Ap-module. Using the thinness of the
covering {N,} and hypothesis (i) of Theorem 2.2, we see that

N DODNy=A_yN,=A_,A,N DN/,

so No= N'. Then Ny = A, No = Ay N’, so the covering { AN | g € G} is thin.
Since N is nonzero, the projection

N — M,

is nonzero for some i € G. Choose i’ € G so that the restriction of 7, to A N’ is also nonzero.
For each g € G, let

Cg = Ag+h’—hN/~
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Then {C, | g € G} is a thin covering of N with the property that the projection map
wp:Cp — My,

is nonzero. Since Cy = Ag_;Cj, and My = Ag_p M), we see that C, # 0 if and only if M, # 0,
and the projection map 7, : C; — M, is also nonzero in this case.

Let
n:@ng:@cge@M )
geG geG geG

where the restriction of 7 to Cy is the projection 7,. If C, (and consequently, M,) is nonzero,
then 7, is a nonzero homomorphism between the simple Ag-modules C, and M,. Thus every
map 7, is an Ag-module isomorphism. Hence 7 is a bijection.

Finally, 7 is also a graded homomorphism since

w(an) = mgq(an) = amg (n) = amw(n)

foralla € Ag and n € Cy . Thus

Pc.=Ppm,

geG geG
as graded A-modules. O

3. Classification of thin coverings

In this section, we will assume that A is a (unital) associative algebra graded by a finite abelian
subgroup G of Aut A, and M is a finite-dimensional simple A-module whose action is given by
the homomorphism p:.4 — Endg M.

In order to find the thin coverings of the module M, it is important to know for which o € G
the modules M and M? are isomorphic.

Lemma 3.1. Let G be a subgroup of Aut A and let
H= {(7 eG \ M° =M as A-modules}.
Then

@) Hisa subgroup of G. R
(ii) For o1, 07 € G we have M°' = M°? if and only ifalaz_l €H.

Proof. An isomorphism between .A-modules M and M? is a map T, € GL(M) satisfying
Typ(@)u=p(o(a))Tyu,

for all a € A and u € M. Equivalently,
p(o(@)=Top@T, "

The first part of the lemma follows from this relation.



Y. Billig, M. Lau / Journal of Algebra 316 (2007) 147-173 157

The fact that the modules M°! and M2 are isomorphic is equivalent to the existence ofa T €
GL(M), such that p(oj(a)) = T,o(az(a))T_l. Letting b = 02(a), we get that ,o(alaz_l(b)) =
Tp(b)T ", which means that 010, !¢ H. This establishes the second claim of the lemma. [

Consider the operator T, introduced in the above proof. If o € H has order m, then for all

ac A,
p@)=p(c™ (@) =T p(@T, ™.

By Schur’s Lemma, 7" is a scalar operator, and we can normalize T, to get 7. =id. It is often
convenient to use this normalization of 7.

Recall that there is an equivalent description of gradings and coverings in terms of the dual
groups H = Hom(ﬁ, K*) and G = Hom(G, K*) (cf. Section 1). Our strategy will be to de-
scribe the thin H -coverings of M, and then use them to determine the thin G-coverings. In order
to understand the structure of thin H-coverings, we need to better understand the H-grading on
A and on its image p(A) = Endk M. This can be done in two ways. One possibility is to apply
a theorem of Bahturin et al. [4, Theorem 6] on gradings of a matrix algebra. A second, equiv-
alent approach, is to use the classification of cyclotomic quantum tori [11]. (See also [1].) We
will follow the second approach here, since it can also be adapted for the infinite-dimensional
(quasifinite) set-up.

Let us recall the definition of a quantum torus. A guantum torus is the unital associative
algebra Ry, =Ry (tlil, e, t,il), whose generators #; are subject to the defining relations

Lit; =qijtjt;, i,j:l,...,r,

where g = (g;;) is an r x r matrix satisfying g;; =1, g;; = qﬁl eK.
We say that the quantum torus R, is cyclotomic if all the g;; are roots of 1.

Lemma 3.2. Let 1y, ..., n, be a set of generators of the group H of orders si, ..., Sy, respec-
tively, and let Ty, . .., T, be invertible operators on M satisfying
p(nj@) = T,-p(a)Tj*‘, forallac A, j=1,...,r. (3.3)

Then the map t; — T; defines a representation on M of a cyclotomic quantum torus
Ry (E o tEY), with

ged(si,s ;)

ij T =1.

Proof. The automorphisms 7; and 1; commute. Thus for all a € A,
LTip@T; ' 17 = TiTip@ 17T

or equivalently,

T T (@) = p @ 17 1T
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However, by Schur’s Lemma, the centralizer of a finite-dimensional simple module is a multiple
of the identity map, so

IiTj = qijT;Ti

for some nonzero ¢;; € K.
Moreover, the relation ;" = 1 implies that T, is a multiple of the identity. Since T;"T; =

q;]’ T; Tl.si , we conclude that

Si_
ql.j—l.

ged(sinsj)
ij =1. O

Likewise, qf]’ =1,s0¢q

We will need elements of the representation theory of cyclotomic quantum tori. We call an
‘Ry-module U diagonalizable if every generator ¢t; is diagonalizable on U. Whenever R, is non-
commutative, these operators clearly cannot be diagonal with respect to the same basis. Let C
be the category of finite-dimensional diagonalizable R,-modules. Since Tl.si is a multiple of the
identity on the module M in Lemma 3.2, we see that M belongs to Category C.

Lemma 3.4. Let R, be a cyclotomic quantum torus, and let U be a module in Category C. Then
foranym= (my,...,m;) € Z", the monomial t™ = tlml -t/ is diagonalizable on U.

Proof. Choose a positive integer b such that qf’. = lforalli, j =1,...,r. Then the elements tl.ﬂ’
belong to the center of R, . Since each of them is diagonalizable on U, they are simultaneously
tm)b L tE

diagonalizable. Moreover, ( belongs to the subalgebra generated by tlﬂ’ . , and hence

diagonalizable. This implies that t™ is diagonalizable as well. O

Proposition 3.5. Every module in Category C for the cyclotomic quantum torus R, =

Ry (tlﬂ, ey tril) is completely reducible, and all simple R -modules in Category C have the

same dimension. More explicitly, fix an arbitrary simple R ,-module N in C. Then all other sim-

ple Ry-modules in C can be obtained from N as twists by the rescaling automorphisms of R:
ti—>ajtj, j=1...,r

where oy, ..., o, € K*.

Proof. To prove this proposition, we will put R, in a normal form, using the classification of

cyclotomic quantum tori [11]. (See also [1].) If we make a change of variables in a quantum torus

using a matrix (a;;) € GL;(Z):

i =117l

we will get another quantum torus with a new matrix g;;. Note that rescaling automorphisms
with respect to 71, ..., correspond to rescaling automorphisms in 7, ..., 7. The classifica-
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tion theorem states that by means of such a change of variables, a cyclotomic quantum torus
Ry (tlil ey tril) can be brought to the normal form

Re (7 i) @ @R x7 v ) @ K[z -0 2] (3.6)

where the first £ tensor factors are rank two cyclotomic quantum tori, and the last tensor factor is
a commutative algebra of Laurent polynomials. By Lemma 3.4, an R;-module’s membership in
Category C is independent of the choice of the generators tl.il of Ry.

The rank two quantum tori R; =R, (x*1, y*1y that appear in (3.6) have the following defin-
ing relation

Xy =1{yx,

where ¢ is a primitive dth root of unity. The centre of R; is generated by x* and y*¢. Hence
the centre of R, is the Laurent polynomial algebra:

_ +d,; +d,; +d, +dy _+1 +1
ZRy) =K[xy oy xSz

Let U be a finite-dimensional diagonalizable R ,-module. Since the action of Z(R,) on U is
diagonalizable, we may decompose U into the direct sum of R,-submodules corresponding to
various central characters x : Z(Ry) — K:

u=@pu~.
X

Note that a central character x is determined by its (nonzero) values x (xl.d M, x (yl.d N, and x(z;).
Hence, by means of the rescaling automorphisms of R,, we may twist a module with central
character x into a module with any other central character.

We will show that, up to isomorphism, there exists a unique finite-dimensional simple R,-
module for each central character.

In order to prove that the module U is completely reducible, it is enough to consider its single
component UX. This component is a module for the quotient Rg of R, by the central ideal:

RE=Ry/(z = x (@)1 |z € Z(Ry)).
The algebra Ré decomposes into the tensor product:
~ +1 41 +1 41
REER 7 )@ @RE (x .y )-

The rank two factors here have the following structure:
RE =Rl y ™)/ = x (¢, " = x (1),

In fact, Rg is isomorphic to the matrix algebra M, (K) under the following isomorphism:
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1 0 - . 0
¢ 0
xr—>(x(xd))l/d . . and
0 0 0 xOoh
1 0 0 0
. 0 0 3.7)
o o0 - 1 0

This implies that the algebra R?I( is isomorphic to the matrix algebra of rank dj - - - dg. It is
well known that the matrix algebra is semisimple and has a unique, up to isomorphism, finite-
dimensional simple module of dimension equal to the rank of the matrix algebra. O

The following corollary is an immediate consequence of Proposition 3.5.

Corollary 3.8. Let N be a simple module in Category C for the cyclotomic quantum torus R, =
Ry (tlil, ceeh tril). Then every module M in Category C may be written as a finite sum

M%N®< & V“>, (3.9
ae(®*)r
where the action of Ry on N ® V¥ is given by the formula
ti(u®v°‘)=ti(u)®ot,-v“, forue N, v* e V¥, (3.10)

Proof. If we take a one-dimensional space V%, then N ® V¢ is a simple R,-module, which is
a twist of N by the rescaling automorphism of R, given by o € (K*)". Thus the decomposition
(3.9) is just an isotypic decomposition of the module M. 0O

We now look at the representation of R, described in Lemma 3.2. We show that in this
module, the elements « appearing in the isotypic decomposition of M are not arbitrary, but
belong to the group H.

Lemma 3.11. Let M be a finite-dimensional simple module for an H-graded algebra A. Suppose
that Ty, ..., T, are operators on M that satisfy (3.3) and define the action of a cyclotomic quan-
tum torus Ry on M. Let N be a simple R ;-submodule of M. Then the isotypic decomposition
(3.9) for M can be written as

M;N®<€th), (3.12)

heH

where the action of Ry on N ® V" is given by the formula

t,~(u®vh)=t,~(u)®h(n,~)vh, foru e N, e vh, (3.13)
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Proof. The H-grading of the algebra A yields an H-grading of the matrix algebra

Endx M = p(A) = €D o (An). (3.14)
heH

where the endomorphisms in p(Ap) satisfy

Tjp(a)T; "=p(nj@) =hm)p@a). (3.15)

This can be viewed as an eigenspace decomposition of Endg M with respect to conjugations by
the T;’s.

On the other hand, we can construct such an eigenspace decomposition using the isotypic
decomposition (3.9). In particular, let N ® V° be the isotypic component of N in M, and let
N ® V% be another non-trivial component in (3.9). We claim that idy ®Homg (V?, V¥) can
be viewed as the eigenspace (with eigenvalue o ;) for the conjugation action of 7; on Endg M
Indeed, extend S € Homg (VY V%) to Endg (P V#) by setting S(V#) =0 when B # 0. Then

forn e N and v € VO, we have
Tj(idy ® )T, (n @ v) = T;(idy ® S)(T; ' (n) ® v)
= Tj(Tj_l(n) ® Sv)
=a;jn® Sv.

Thus T;(idy ® S) ij] =a;(idy ® S). By (3.14) and (3.15), all eigenvalues of the conjugation
action of 7 on Endg M correspond to elements of H, so there exists & € H such thata; = h(n;)
forall j=1,...,r. O

Next we explicitly describe the eigenspace decomposition of Endg M. In order to do this, we
introduce the group homomorphism

y: 7' — H,
defined by the formula
y @) (n l_[ qa‘b’, fora,beZ’.
i,j=1
Here we use the multiindex notation nP = n}f‘ ,’ and TP = bl ..Trb". The fact that

y(@ +a”) = y(a’) + y(@”) is obvious (see (1.5) for the definition of the additive notation),
so all we need to Verlfy is that th1s map is well defined. That is, we should check that
y(a)(n ) = y(a)(n ) whenever n b in H.

Taking b =b’ — b”, it is enough to show that y (a)(n®) = 1 whenever n® = 1 in H. However,

T*T" = y (a) (n°) T°T2.

If n° =1, then T? is a multiple of the identity and thus commutes with T2. This implies that
y @) =1.
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Note that the kernel of y corresponds to the centre of the quantum torus R :
Z(Ry) = Span{ta | ac kery}.

By Schur’s Lemma, the centre Z(R,) acts on a finite-dimensional simple R,-module N by
scalar operators.

The following proposition is essentially equivalent to the classification of gradings on the
matrix algebra [4, Theorem 6].

Proposition 3.16. Let M = N @ (6D peH V) be the isotypic decomposition of M as an R-
module. Then the space Endx M decomposes into a direct sum of eigenspaces with respect to
conjugation by the operators T;, j=1,...,r:

Endx M = €D p(An).
heH

where
p(Ap) = Z T?® (@ HomK(Vp, Vp+h+y(a))>’
aeZ’ peH

is the eigenspace with eigenvalue h(n ;) with respect to conjugation by T);.

Proof. It is easy to see that the subspaces

T® ( @ Homg (V?, VP+”+V(“>)>

peH

spanEndg M = Endg N ® Endk (D, V). It remains only to verify that these subspaces are
the eigenspaces for the conjugation by 7’s.
Let S € Homg (V?, VPHh+r@)y) e N v e VP. Then

T(T* @ )T (n®@v) =T;(T* @ ) (T, (m) ® p~"' (n)v)
=T; (TaTj_l(n) ® p~(nj)Sv)
= p(hM)y @@Hp~ GPT;TT (1) @ Sv
=h()(T*®S)(n®v). O

Using this result, we can now describe the thin H-coverings of the module M.

Theorem 3.17. Let M be a finite-dimensional simple A-module, and let H be a finite abelian
subgroup of Aut A, such that the twisted modules M" are isomorphic to M for all n € H. Let

M=PNeVh

heH
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be the isotypic decomposition of M with respect to the action of the cyclotomic quantum torus
Ry given by (3.13). Then up to equivalence, thin H-coverings of M are parametrized by one-
dimensional subspaces in N. Namely, let n € N, n # 0. Define

My, = Z T2(n) @ VItr@, (3.18)

acZ’

Then {My, | h € H} is a thin H-covering of M, and every thin H-covering of M is equivalent to
a covering of this type.

Remark 3.19. The sum in (3.18) may be replaced with a finite sum taken over a set of coset
representatives in Z" /kery.

Proof. By Proposition 3.16,

pAN=)"T'® (@ Homg (V?, Vp+m+y(b>)>

beZ" peH
for any m € H. Thus
p(An)My = Y TPT(n) @ ViHmtr@+r® (3.20)
a,beZ’
=) T @ vitmir© (3.21)
ceZr
=M im. (3.22)

The subspaces M), clearly span M:

domy=) > Tmyevtr®

heH heH aeZ’”
(Ere)e(@")
ac’Z’ heH

=N®(@vh>

heH
=M.

Thus {M}, | h € H} is an H-covering of M.

We will use Lemma 1.2 to show that this covering is thin. All that remains is to determine
the simple p(Ag)-submodules of M. Let L € M be a simple p(Ap)-submodule, and let u be a
nonzero vector in L. Fix a basis {v; | 1 < j < dim V") for each of the spaces V. Expand u
according to this basis:

u= Znhj ®vpj withny; € N.
h.j
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Since the algebra p(Ag) contains a subalgebra

idy ® (@ Endg (Vh)>,

heH

we see that L contains nj; ® vy; for all &, j. Thus without loss of generality, we may assume
thatu =n ® v, wheren e N, v € V", Since

p(Ag) = Z T ® (@ Homg (VP, Vp+y(a))>,

ac’Z’ pEH
L contains the subspace
Ulmy=Y_ T*m) @ Vv"r®. (3.23)
aeZ’

The subspace U h(n) is p(Ap)-invariant, and hence every simple p(Ap)-submodule in M coin-
cides with Uh(n) forsomen e N,he H,n#0, yh #0.

Let us show that U”(n) is, in fact, a simple p(Ap)-module for all n € N, h € H such that
n+#0and V" 0. Fix b € Z". The intersection of U” (n) with N @ V+r® jg

> T ) @ VI ®),

ackery

The centre Z(R,) acts on the simple R,-module N by scalars. Thus for all a € kery, T?(n)
is a multiple of n, so the intersection of U"(n) with N @ V7 ®) is TP(n) @ Vi+r®) By the
argument given above, every nonzero vector in U”(n) generates U” (n). Therefore the spaces
u" (n) with yh #0, n # 0, exhaust all the simple p (Ap)-submodules in M.

This proves that the components M), of the H-covering (3.18) are simple p(.4p)-modules
whenever M}, # 0. Thus for any nonzero m € My, we have

p(Ag—p)m 2 p(Ag_p)p(Ao)m = p(Ag_p) M = Mg,

using (3.20). Hence the covering {M}, | h € H} is thin by Lemma 1.2.
Since the described components of the thin coverings exhaust all the simple o(Ag)-
submodules in M, we obtain that up to equivalence, these are all the thin H-coverings of M. O

Corollary 3.24. Let M be a finite-dimensional simple A-module, and let H be a finite abelian
subgroup of Aut A, such that the twisted modules M" are isomorphic to M for all n € H. Let
{My, | h € H} and {M;, | h € H} be two thin coverings of M. Then for some g € H, the graded-
simple modules

M:@Mh and M’:@M},w
heH heH

are isomorphic as graded A-modules.
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Proof. Clearly, we are allowed to replace the thin coverings {M},} and {M } with any equivalent
thin coverings. By Theorem 3.17, we may assume that forall 2 € H,

Mh — Z Ta(n) ® V/’l“r)/(a) and M;l — Z Ta(n/) ® V/’H—V(a)

aeZ’ acZ’

for some nonzeron,n’ € N.
We construct a grading-preserving isomorphism v : M — M’ defined on M}, by

Y(T*m) @v) =T*(n) Qv

foralhe H,acZ ,ve Vitr@, Using Proposition 3.16, it is easy to see that ¢ commutes
with the action of 4. O

We now consider some basic examples of thin H-coverings.

Example 3.25. Suppose A is graded by a finite cyclic group H= (n) € Aut A, and suppose that
there is a (normalized) isomorphism 7 : M — M". Then, up to equivalence, there is a unique
thin H = Hom(H , K*)-covering {M},} of M, where M}, is the eigenspace

My = {u eM | Tu =h(77)u}.
In this case, the module M admits an H-grading: M = @, .z M.

Proof. Since the sum M =), _, M, is direct, the thinness of the covering {M},} in Exam-
ple 3.25 is obvious. However, even in this simplest of examples, the uniqueness of the thin
covering requires Theorem 3.17. Note that, in this case, the quantum torus Ry is just the al-
gebra of Laurent polynomials in a single variable, so dim N = 1, and M may be identified with

@heH V. O

From the statement of Theorem 3.17, it is clear that uniqueness of thin coverings is the excep-
tion, rather than the rule, as is illustrated by the next pair of examples.

Example 3.26. Let A = M, (K) be the associative algebra of n x n matrices. If A =P, Ay is
any grading satisfying the hypotheses of Theorem 2.2, then by Theorem 2.4, every graded-simple
module for A comes from a thin covering of a simple module for .A. By the Artin—-Wedderburn
Theorem, there is only one simple module for 4; and by Theorem 2.2, there is only one graded-
simple module (up to graded-isomorphism) that can come from the thin coverings of this module.
Therefore (up to graded isomorphism), .A has only one graded-simple module.

In spite of the uniqueness of the graded-simple module for A, the thin coverings for A4 are far
from unique. For example, A has a Z,, x Z,-grading with

Aap = Span{E“ FI’},
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where
0 0 1
1 0 0
0 ¢ 0 1 00
E = . , F:: 1 0 0 s
- ’ - N oo
oo . - ¢ 00 - 10

¢ is a primitive nth root of unity, and a@ (respectively, b) is the image of a € Z (respectively,
b € 7)) under the canonical homomorphism Z — Z, = Z/nZ.

Then the graded ring A satisfies conditions (i) and (ii) of Theorem 2.2, so any thin covering
of the natural module M = K" induces the same (unique) graded-simple module of A (relative
to the grading group G = Z,, X Z,). Let v be a nonzero vector in M. Then since M is irreducible,

M, = Azv

defines a covering of M. Let {N, | g € G} be another covering of M with N, C M, forall g € G.
Then Ny, # 0 for some h € G, so Ny = Ag_j,.Nj, # 0 for all g € G, since the one-dimensional
space A,_, is spanned by the invertible matrix E¢F b (where g — h = (a, b)). Moreover, Ng
is a nonzero subspace of the one-dimensional space My, so N, = M, for all g € G. Thus the
covering {M,} is thin.

Any choice of v results in a thin covering consisting of n? one-dimensional subspaces M,
of M. The space My is the span of the vector v. Since there are infinitely many distinct one-
dimensional subspaces we could choose for My, there are infinitely many non-equivalent thin
coverings of M.

More generally, using Theorem 3.17, we have the following example.

Example 3.27. Suppose H is generated by two automorphisms 11, 12 of order d. Let T1, T, be
isomorphisms from M to M, M2 respectively. Assume that these operators satisfy the relation

h'T=¢hLnh,
where ¢ is a primitive dth root of unity. Consider the isotypic decomposition
M=N® <€B vh)
heH

of M as an R;-module. We obtain from Theorem 3.17 that the thin H -coverings are parametrized
by one-dimensional subspaces in a d-dimensional space N. For any nonzero vector n € N we
get a thin H-covering with

My=Y T'm)@V'r®.

aeZ?

Up to equivalence, these are all the thin H-coverings of M.
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We are finally ready to describe the thin G-coverings of M in the general case—that is, when
the twists of M by automorphisms in G are not necessarily isomorphic to M. The following
theorem shows that G-coverings of M can be described via H-coverings, where H is the sub-
group of G defined in Lemma 3.1. In order to distinguish between G-coverings and H-coverings
(respectively gradings), we will add an appropriate superscript to our notation.

The inclusion H € G yields a natural epimorphism

W Hom(a, K*) — Hom(ﬁ, K>)
by restriction of the maps to H.

Theorem 3.28. Let M be a finite-dimensional simple A-module, and let G be a finite abelian
subgroup of Aut A. Let H be its subgroup defined in Lemma 3.1. Then

1) ,O(Ag) = p(.AfZ](g))for all g € G.

(i1) There is a bijective correspondence between thin G-coverings of M and thin H-coverings
of M. Given a thin H-covering {Mf} we get a thin G-covering {Mg} with MgG = Mg(g).
Every thin G-covering is of this form.

(iii) All graded-simple A-modules associated with various thin coverings of M (as in Theo-
rem 1.3) are isomorphic (up to shifts in the gradings on the modules).

Proof. Let 7(,...,7; be representatives of the cosets of H in 6, where £ = |6| / |ﬁ |. By
Lemma 3.1, the modules M™, ..., M™ are pairwise non-isomorphic. Consider the represen-
tation p of A on

M=M"® - ®&M*".

An element a € Ag acts on M by

pla) = (g(x)p(a), ..., g(w)p(@).

Thus dim 5( Ag ) = dim p(Ag). Moreover, by the definition of the map v, Ag c Ag(g), )
P(AY) € p(Aff ). Hence

dimp(A) < ) dimp(AS) (3.29)
geG
= dimp(AS) (3.30)
geG
<Y dimp(Af ) 3.31)
geG
=(IGI/1H]) ) _ dim p(A}) (3.32)
heH

< ¢dimEndg M. (3.33)
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However, by the density theorem,
P(A) =Endg M"' @ --- @ Endg M™.
This implies that all the inequalities in (3.29)—(3.33) are in fact equalities, and in particular,
dim p(Ag) =dimp (Ag(g)).

This completes the proof of Part (i) of the theorem.

To prove the second part, we note that p(.Ag )= p(Ag ). This means that the simple ,o(.Ag )-
submodules in M are the simple p(Agl )-submodules. Let {M g } be a thin G-covering of M.
Without loss of generality, we may assume that Mé; # 0. Then by Lemma 1.2, MOG is a simple
,O(Agl )-submodule. We have seen in the proof of Theorem 3.17 that every simple ,o(Agl )-
submodule in M occurs as a component of a thin H-covering. Since we can always replace
such a covering by an equivalent thin covering, we see that every simple p(Agl )-submodule in
M occurs as the 0-component of a thin H-covering. Thus there exists a thin H-covering {M f },
such that M¥ = ME. Moreover, M = p(A#)M[! for all h € H. By Lemma 1.2 and Part (i),
we get that

MS = p(AQYMG = p(Afl )M =M ,.

Thus every thin G-covering comes from a thin H-covering. Conversely, if we construct a G-
covering from a thin H-covering by taking M g = Mg( 2)° then Lemma 1.2 implies that this
G-covering is thin.

Part (iii) follows from (i), (ii), and Corollary 3.24. O

When G is finite cyclic, Theorem 3.28 reduces to the following eigenspace decomposition.

Example 3.34. Suppose G is a finite cyclic group generated by n € Aut A, Hc<Gis generated
by n*,and T:M — M 7" is a (normalized) module isomorphism. Then (up to equivalence) M
has a unique thin G-covering given by

Mg={ueM | Tu=gm’u}.
4. Thin coverings of quasifinite modules

In this section we generalize our results to an infinite-dimensional setting. We will assume
that the algebra A has an additional grading by an abelian group Z,

A=@ 4
keZ
and that M is a Z-graded A-module,
=@,

nezZ

with finite-dimensional graded components M,,. Such modules are called guasifinite.
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Note that M may be infinite-dimensional, since we allow Z to be infinite. We are primarily
interested in the case when Z = Z, but our results hold for arbitrary abelian grading groups.

We will work in the categories of Z-graded algebras and modules and consider only those
automorphisms o which preserve the Z-grading. That is,

o(Ap) = Ay.

Let M be a quasifinite graded-simple module (with no proper Z-graded submodules). In this
section, we show that Theorems 3.17 and 3.28 still hold in this more general setting. We start
with some obvious adjustments to the definition of a thin G-covering.

Let G be a finite abelian group of (Z-grading-preserving) automorphisms of .A. Then A is
graded by the group G = Hom(a , K*), and the two gradings are compatible:

A= P A

(k.g)€ZxG

A covering of M is a set of Z-graded subspaces {M, | g € G} of M that span M and satisfy
p(AIM, S Mgy, forallg heG. 4.1

As before, the set of coverings is partially ordered, and the minimal elements of the poset of
coverings are called thin coverings.
For all n, k € Z, let p,; be the restriction of the action of A;_, to M,,:

Pk + Ak—n = Homg (M, My).

It is easy to see that G-coverings can be defined in terms of p,x. Indeed, condition (4.1) can be
replaced by

Pk (Ak—n. )My g S My g1h,

and “local” information about 0, (Ax—,) € Homg (M,,, M) can substitute for “global” informa-
tion about p(A) € Endg M. The proofs of the previous section are essentially based on Schur’s
Lemma and the Jacobson Density Theorem. We will use the quasifinite version of the density
theorem presented in Appendix A.

Remark 4.2. The assumption on the existence of a maximal submodule made in Theorem 1.4
holds for the quasifinite modules described above.

Proof. Let M be a Z-graded quasifinite module, which also has a compatible G-grading and is
graded-simple (has no proper (Z x G)-homogeneous submodules). Fix n € Z such that M,, # 0.
Note that by Zorn’s Lemma, M has a maximal Z-graded submodule. Indeed, if U is a proper
Z-graded submodule in M, then U, # M,. Otherwise, if U, = M,,, then the space U, is ho-
mogeneous with respect to both Z and G and will generate the whole module M since it is
graded-simple.

Now if we consider an increasing chain of Z-graded submodules in M,

ocyuYcyith ...
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the corresponding chain of components
"'QU,?) gUYEi‘H) C...C M,

will stabilize, since dim M,, < oo. Thus the union | J; U is a Z-graded submodule in M, with
nth component properly contained in M,,. Applying Zorn’s Lemma, we conclude that the par-
tially ordered set of Z-graded proper submodules of M contains a maximal element. O

Our main results about quasifinite modules, Theorems 4.3 and 4.4, can be proven using the
same arguments as for the finite case. Only the proof of Theorem 4.4(i) requires non-trivial
modification, since the corresponding finite result, Theorem 3.28(i), used a dimension argument.
We write down the details of the modified proof below, leaving the other proofs as straightforward
exercises to the reader.

Theorem 4.3. Let M be a Z-graded-simple quasifinite module for a Z-graded algebra A. Let H
be a finite abelian group of automorphisms of A preserving the Z -grading, such that there exist
Z-grading-preserving isomorphisms T, between M and M" for all n € H. Let

M:@N@Vh
heH

be the isotypic decomposition of M with respect to the action of the cyclotomic quantum torus
Ry given by the operators T). In this decomposition, each subspace V" is Z-graded. Then up
to equivalence, thin H-coverings of M are parametrized by one-dimensional subspaces in N.
Namely, forn € N, n # 0, define

My=) Tm)@Vr®,

aeZ’r

Then {My | h € H} is a thin H-covering of M, and every thin H-covering of M is equivalent to
a covering of this type.

Theorem 4.4. Let M be a Z-graded-simple quasifinite module for a Z-graded algebra A Let G
be a finite abelian group of automorphisms of A preserving the Z-grading. Let H be its subgroup
defined in Lemma 3.1. Then

@) pur(AL, ) = pu(ALL, () forall g € G.

(i) There is a bijective correspondence between thin G-coverings of M and thin H-coverings
of M. Given a thin H-covering {M}?} we get a thin G-covering {Mg} with Mg = Mf(g).
Every thin G-covering of M is of this form.

(iii) All graded-simple quasifinite A-modules associated with various thin coverings of M (as
in Theorem 1.3) are isomorphic (up to shifts in the G-gradings on the modules).

Proof. We will give a proof for Part (i) of the theorem. Parts (ii) and (iii) may be proven analo-
gously to Theorem 3.28.

Let 71, ..., 7/ be representatives of the cosets of H in 6, where £ = |§ |/ |ﬁ |. The modules
M™ ..., M™ do not admit (Z-grading-preserving) isomorphisms between any distinct pair of
them.
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Consider the representation p of .A on
M=M"& - &M
For n, k € Z, let Dy be the restriction of 5(Ax_,) to My, =M & --- & M*:
Pk : Ak—n — Hom (M, My).
Anelement a € Akany ¢ acts on M, by
Puk(@) = (g(t) pux (@), . ..., §(T) puk (@)).

Thus dim B (A7, ) = dim o (A7, ). Hence

dim D (A—n) < ) dim D (AL, o) = D dim o (A7, )

geG geG
<Y dimpui (AL, o)) = (IGI/1HT) D dim pui (AL, 1)
geG heH

using the fact that .A,?_n’ ¢ S A,fl_n’w( 2 by the definition of . The space p,x (Ax—,) decomposes
into a direct sum

Pk (Ak—n) = @ Pnk (Allcqfn,h)

heH

(cf. Proposition 3.16), so

(IGI/1H1) Y dim purc (AL 1) = €dim ot (A—n)-
heH

But by the Quasifinite Density Theorem (A.2),
Puk (Ag—n) = Homg (M,,, My)

and

4
Pk (At—n) = @D Homg (M, M),
j=1

s0 dim Pk (Ap—) = £dim ppi (An—)-
Therefore all the inequalities in (4.5) are in fact equalities, and in particular,

dim pu (A7, o) = dim put (AfL, 4o))-

This completes the proof of Part (i). O
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5. Application to multiloop Lie algebras

Let G be a finite abelian group of grading-preserving automorphisms of a Z-graded complex
Lie algebra g. Consider the dual group G = Hom(a , K*). The Lie algebra g is then graded by
the group Z x G. By choosing a set of N generators of G, we get an epimorphism ZV — G. We
will denote by a the image of an element a € Z" under this map.

Consider the multiloop Lie algebra L(g, @):

LG =P aact,

acZN

which is a Lie subalgebra of g ® K[tlil, ey tﬁl].
Let M be a quasifinite Z-graded-simple module for g. Using Theorem 4.4, we can construct
a thin G-covering {M,} of M. Then the space

@ Mz ®t*

acZN
becomes a (Z x Z")-graded-simple module for the multiloop algebra L (g, G).
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Appendix A

In this appendix, we prove the quasifinite density theorem used in the proof of Theorem 4.4.

Let M be a Z-graded module over a Z-graded associative ring R. We call such a module
graded-semisimple if it is a direct sum of graded-simple modules. Consider the set of endomor-
phisms of M that shift the grading by an element p € Z:

(EndM), ={X €EndM | XM, S M, foralln € Z}.

In this notation, (End M) is the ring of grading-preserving endomorphisms of M.
The following is a graded version of the usual density theorem of Jacobson and Chevalley
(cf. [9, Theorem 4.11.16], for instance):

Theorem A.1 (Graded Density Theorem). Let M be a Z-graded-semisimple module over a Z-
graded associative ring R. Let K = (Endg M) and let E = @I,Ez(EndK M) ,. Suppose that
{x1, ..., xm} € M; for some s € Z. Then for every f € E there exists an element r € R such that
rxj=f(xj)for j=1,2,...,m.

Proof. The argument given in [9] is valid in the graded set-up as well. O
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Theorem A.2 (Quasifinite Density Theorem). Let A be an associative algebra graded by an
abelian group Z. Let MYV | ..., M" be Z-graded-simple quasifinite A-modules, such that there
is no grading-preserving isomorphism between any distinct pair of them. Fix s, p € Z, and
for each i = 1,...,n, let {x;'.}jzl,__.,mi be a K-linearly independent subset of Ms(l), and let

{yj- }j=1,..,m; be aset of vectors in Ms(fzp. Then there exists an element a € A, such that axj- = y;-
foralli, j.

Proof. By Schur’s Lemma, every nonzero grading-preserving homomorphism of graded-simple
modules is an isomorphism. Thus

Homy (M@, M©) =0 fori+#¢.

Applying Schur’s Lemma again, we see that every grading-preserving endomorphism of a qua-
sifinite graded-simple module is a multiple of the identity. Take M = M) @ ... @ M Then

K=EndyM)y=Km1®--- & Km,,

where 7; is the projection 77; : M — M) 1t follows that

n

(Endg M), = @ (Endx M(j))p,
j=1

and now Theorem A.2 follows immediately from Theorem A.1. O
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