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1. Introduction

Fractional differential equations have recently been proved to be valuable tools in the modeling of many phenomena in
various fields of science and engineering. Indeed, we can find numerous applications in viscoelasticity, electrochemistry,
control, porous media, electromagnetic, etc. (see [1-6]). There has been a significant development in fractional differential
equations in recent years, see the monographs of Kilbas et al. [7], Miller and Ross [8], Podlubny [9], Lakshmikantham
et al. [10], and the papers [11-27] and the references therein.

In this paper, we assume that E is a Banach space with the norm | - |. Let ] C R. Denote C(J, E) to be the Banach space of
continuous functions from J into E with the norm ||x|| = sup,; [x(t)|, where x € C(J, E).

Letr > 0and € = C([—r, 0], E) be the space of continuous functions from [—r, 0] into E. For any element z € C, define
the norm |1zl = sup,e;_, o) [2(9)].

Consider the nonlocal Cauchy problem of the following form

DIx(t) — h(t, x)] + Ax(t) = f(t,x) t € (0,al, (1)
X0(0) + €&y -, X)) (D) = @(B), ¥ €[-r,0],

where °D? is the Caputo fractional derivative of order0 < ¢ < 1,0 < t; < --- < t; < a,a > 0, —A is the infinitesimal
generator of an analytic semigroup {T(t)};>o of operators onE, f, h: [0, 00) x € — Eand g : C" — ¢ are given functions
satisfying some assumptions, ¢ € € and define x; by x;(¢}) = x(t 4+ ), for ¥ € [—r, 0].

A strong motivation for investigating the nonlocal Cauchy problem (1) comes from physics. For example, fractional
diffusion equations are abstract partial differential equations that involve fractional derivatives in space and time. They are
useful to model anomalous diffusion, where a plume of particles spreads in a different manner than the classical diffusion
equation predicts. The time fractional diffusion equation is obtained from the standard diffusion equation by replacing the
first-order time derivative with a fractional derivative of order o € (0, 1), namely

uz, t) =Au(z,t), t=>0, zeR

We can take A = 371, for B1 € (0,1],0rA =209, + 372 for B € (1, 2], where 9%, a1 8% are the fractional derivatives of
order «, 1, B, respectively. We refer the interested reader to [11,22,24,25] and the references therein for more details.
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The nonlocal condition can be applied in physics with a better effect than the classical initial condition xq(3%) =
(), ¢ € [—r, 0]. For example, g(x;,, . . ., X, ) can be written as

€y X)) (@) = Y cixy (D),
i=1

where ¢;(i = 1,2,...,n) are given constants and 0 < t; < --- < t; < a. Nonlocal conditions were initiated by
Byszewski [28] when he proved the existence and uniqueness of mild and classical solutions of nonlocal Cauchy problems.
As remarked by Byszewski and Lakshmikantham [29], the nonlocal condition can be more useful than the standard initial
condition to describe some physical phenomena.

In [15], El-Sayed discussed fractional order diffusion-wave equations. Recently, Meerschaert et al. [22] studied a
stochastic solution of space-time fractional diffusion equations. Eidelman and Kochubei [12] investigated the Cauchy
problem for fractional diffusion equations. El-Borai [ 13,14] studied a fundamental solution of fractional evolution equations
in a Banach space. Baeumer et al. [11] gave the existence of solutions of inhomogeneous fractional diffusion equations
with a forcing function. Jardat, Al-Omrai and Momani [18] considered the existence and uniqueness of mild solution for
the semilinear initial Value problem of non-integer order. Muslim [23] investigated the existence and approximation of
solutions to fractional evolution equation in a Banach space. In addition, regarding works on the existence and uniqueness
of different types of solutions to integer-order evolution equations, we refer to [30,28,29,31] and the references therein.

In the next section, we will introduce some useful preliminaries. In Section 3, we establish criteria on the existence and
uniqueness of mild solutions for nonlocal Cauchy problem (1) by considering a integral equation which is given in terms of
probability density and semigroup. The methods of the functional analysis concerning an analytic semigroup of operators
and some fixed point theorems are applied effectively. In Section 4, we also give an example to illustrate the applications of
the abstract results.

2. Preliminaries

In this section, we introduce preliminary facts which are used throughout this paper.

Throughout this paper, let —A be the infinitesimal generator of an analytic semigroup {T (t)};>o of uniformly bounded
linear operators on E. Let 0 € p(A), where p(A) is the resolvent set of A. Then for 0 < n < 1, it is possible to define
the fractional power A7 as a closed linear operator on its domain D(A"). For analytic semigroup {T(t)};>o, the following
properties will be used.

(i) Thereisa M > 1 such that

M:= sup |T(t)| < oo, (2)
te[0,400)

(ii) for any n € (0, 1], there exists a positive constant C, such that
C'?
|ATT(8)] < ot 0<t<a. (3)
For more details about the above preliminaries, we refer to [30].
We need some basic definitions and properties of the fractional calculus theory which are used further in this paper.

Definition 2.1 (/9]). The fractional integral of order o with the lower limit O for a function f is defined as

aprey L Cf
If(t)—r(a) A (I_S)Hds, t>0, a>0,

provided the right-hand side is pointwise defined on [0, c0), where I is the gamma function.

Definition 2.2 ([9]). The Caputo derivative of order « with the lower limit O for a function f can be written as

1)

S 7 S)a«l»lfnds ="MWy, t>0,0<n—1<a<n.
_ o (t—

DUf(t) =

If f is an abstract function with values in E, then integrals which appear in Definitions 2.1 and 2.2 are taken in Bochner’s
sense.
Assume that] C R,and 1 < p < oo. For measurable functions m : | — R, define the norm

1
p
</|m(t)|pdf> » IT=p<oo,
Ml = J

inf {sup [m(t)|}, p= oo,
n()=0 [gjfj_

where p(J) is the Lebesgue measure on J. Let [”(J, R) be the Banach space of all Lebesgue measurable functions m : ] — R
with ||m||]_p] < Q.
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Lemma 2.1 (Hélder Inequality). Assume that o, p > 1, and % + ;—) =1Iflel°(y,R),meIP(,R), thenfor 1 < p < o0,
Im e L'(J, R) and

mlpay < Wleeglimiloy-

Lemma 2.2 (Bochner’s Theorem). A measurable function Q : [0, a] — E is Bochner integrable if |Q | is Lebesgue integrable.

Lemma 2.3 (Krasnoselskii’s Fixed Point Theorem). Let E be a Banach space, let B be a bounded closed and convex subset of E and
let Fy, F;, be maps of Binto E such that Fix+F,y € B forevery pair x,y € B.If F; is a contraction and F, is completely continuous,
then the equation F1x + F,x = x has a solution on B.

Lemmas 2.1-2.3 are classical, which can be found in many books.
3. Existence and uniqueness of mild solutions

According to Definitions 2.1 and 2.2, it is suitable to rewrite the nonlocal Cauchy problem (1) in the equivalent integral
equation

x(t) = ¢(0) — t(g(xrl, o5 X5))(0) — h(0, X) + h(t, x;)
+ %/ (t— s)q’l[—Ax(s) + f(s,xs)]ds, t €[0,a], (4)

q
x0(D) + (€0, .. X)) = 9(D), O € [—1.0],

provided that the integral in (4) exists.
Before giving the definition of mild solution of (1), we first prove the following lemma.

Lemma 3.1. If (4) holds, then we have
x(t) = / g (O)T(t19)[@(0) — (g(xty, - - -, X)) (0) — (0, x0)1d6 + h(t, x,)
0
t o]
+q/ / 0(t — 5)7 ' pg(O)AT((t — 5)70)h(s, x;)dOds
0 0

t o0
+ q/ / O(t —s)7 ' (O)T((t — 5)90)f (s, x,)dOds, ¢ € [0, al,
0 0

XO(l})_'—(g(xflﬁ-'-sxtn))(l?) =(p(79)7 19 [S [_r50]7
where ¢ is a probability density function defined on (0, 00), that is

Pq(0) >0, 6 € (0,00) and / ¢q(6)d0 = 1.
0
Proof. Let A > 0. Applying Laplace transforms
v(d) = / e x(s)ds, x(A) = f e h(s, x,)ds,
0 0
and
o0
o) = f e MF (s, x,)ds
0
to (4), we have
1 1 1
v(A) = X[sﬂ(o) — (@ (Xeys oo X6,))(0) — h(0, x0)] + x (A) — ﬁf\v(/\) + a o(})

= AT+ A) T (0) — (g, - - ., X4,))(0) — h(0, x0)]
FAIQIT+ A" + AT+ A) o)

_ a0 / e TS)[0(0) — (€ - -2 X,))(0) — (0, x0)1ds
0

+A / ” e ST (s) x (M)ds + / oce—”’ST(s)w(x)ds, (6)
0 0

where [ is the identity operator defined on E.
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Consider the one-sided stable probability density [21]
1
Vo) = Z( it EE D a0 € 0,00,
whose Laplace transform is given by

/ e M Y,(0)dd = e, whereq € (0, 1).
0

Using (7), we get
2 /0 T eI T[p(0) — (2t - %0))(0) — KO, x0)]ds
= /OOO a0 T e T () [(0) — (8(xs, - - -+ X;,))(0) — h(0, x0)]dt
Z/ow )»dt[e CONT () [@(0) — (8(xs,. - - . %,))(0) — h(0, x0)]1dE

=/ / OYq(0)e " T(t)[p(0) — (g(xt,, - - -, X,))(0) — h(0, X)]dAdt
0 0

0 00 q
= f e M [/ Vq(O)T (%) [¢(0) — (g, - .., X)) (0) — h(O, Xo)]dé’] dt
0 0

o0 o0 o0
/ eiquT(S)(l)()\)dS = / / qtq*]e*()‘f)qT(tQ)e*le(s’ x;)dsdt
0 0 0
= / f / qQUg(@)e” MOT(t)e 17 1f (s, x,)dOdsdt

1
/ f / Qg (Q)e_k(fﬂ)]‘(eq) i ——f (s, x5)dOdsdt
/ [// Wq(Q)T((t )q)f(, s)( )ded]

29 f e ST (s)x (\)ds = [ / gAIta e RO T (10 e M (s, x,)dsdt
0 0 0

o0 o0
= / [ / —T(t%e ™ h(s, xs)ds:| de 0"
0 0

o0 o
= (e‘(mq / —T(te (s, xs)ds>
0 t=0

o0 o q
+ / f qt? eV AT (¢9)e *Sh(s, x,)dsdt

and

:/ —ht [h(t x[)—l—q/ / wq(e)AT((: )q> (s, X S)(t_s)qdeds}d.
0

According to (6) and (8)-(10), we have
o0 e} q
bG) = / e“[/ wq(eﬂ(;q)[go(O)—(g(xtl,...,xtn»(m—h<o,xO>]d9
0 0

/[f” (( - )q> ( )
+h(t, x) +q Vq(O)AT h(s, x;) dods
0 JoO

01

t [e’e] _
+q/ / 1/fq(9)T<( )q)f(, s)( o deds]d
0 0

Now we can invert the last Laplace transform to get

x(t) = / Ve (O)T ( ) [9(0) — (€(xty, - - -, X5,))(0) — h(0, X0)]dO + h(t, x;)

(10)
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i (t =9 (t —s)7
—I—q// %(0)AT( )h(s,xs) déds
o Jo

94 94

i (t—s)1 (t —s)*
+q/o/0 %(0)T< 9 )f(s,xs) o1 dods

= / dq(O)T(t70)[@(0) — (g (X, - - -, X¢,)) (0) — h(0, X0)1d6 + h(t, x;)
0
t [ee]
+q/ / 0(t — 5)77 gy (OIAT ((t — 5)90)h(s, x;)dOds
0 0

t o0
+ Qf / 0(t =) g (OT((t — 5)70)f (5, x:)dOds,
0 Jo

where ¢4(0) = %9*1*1/‘7% (6~1/9) is the probability density function defined on (0, oo). This completes the proof. O

For any x € E, Define operators {Sq(t)};>0 and {T;(t)}>0 by

o0 o0
Sq()x = / Gq(O)T(t90)xd6 and T,(t)x = q/ Oq(O)T (t96)xd6.
0 0
Due to Lemma 3.1, we give the following definition of the mild solution of (1).

Definition 3.1. By the mild solution of the nonlocal Cauchy problem (1), we mean that the functionx € C([—r, a], E) which
satisfies

t
x(t) = Sq®)[@(0) — (g(xey, - - -, X¢,))(0) — h(0, x0)] + h(t, x) + / (t — )T AT, (t — s)h(s, x;)ds
0
t
+ / (t — )T Tyt — 9)f (5, x)ds, t €0, a],
0
Xo(ﬁ) +(g(xt17 "'9th))(0) = QD('[?)’ 0 S [_r’ 0]'
Before stating and proving the main results, we introduce the following hypotheses.

(Hy) T(t)is a compact operator for every t > 0,
(Hy) foralmostallt € [0, a], the function f(t, -) : @ — E is continuous and for each z € @, the functionf(-,z) : [0,a] — E
is strongly measurable,

1

(H3) there exists a constant g; € [0, q) and m € L9 ([0, a], R") such that |f(t,z)| < m(t) for allz € € and almost all
t €10,ad],

(Hy) there exists a constant L > 0 such that ||g(x;,, ..., Xe,) —&Wes -+ Vo) I« < LlIx =y, forx,y € C([—-r, a], E),

(Hs) h: [0, a]lx € — E is continuous function and there exists a constant 8 € (0, 1) and H, H; > Osuch thath € D(A?) and
foranyz,y € G, t € [0, a], the function AP h(., z) is strongly measurable and APh(t, -) satisfies the Lipschitz condition

|APh(t, z) — APR(t,y)| < H|z -yl (11)
and the inequality
IAPR(t, 2)| < Hi(l|z]l« + 1). (12)

Remark 3.1. The condition (H3) can be replaced by the condition

1
(H3)' there exists a constant q; € [0, q) and m; € L% ([0, a], R™) such that |[f(t, z)| < m(t) forallz € G, ||z|]l+ < k and
almost all t € [0, a], where k is any positive constant.
Since (Hs3)" would not be an essential generalization, we only consider (Hs) throughout the following text.
We prove the following lemmas relative to operators {Sq(t)}¢>0 and {T¢(t)}¢>o before we proceed further.

Lemma 3.2. For any fixed t > 0, S4(t) and T,(t) are linear and bounded operators.
Proof. For any fixed t > 0, since T(t) is linear operator, it is easy to see that Sq(t) and T,(t) are also linear operators. For

& € [0, 1], according to [21], direct calculation gives that

o ede—LH%)
e

Then we have

N © r(1+¢&)
fo 95¢q(9)d9:/0 @wq(e)de— (13)

C T(1+qé)
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In the case £ = 1, we have

/0 B¢, (6)d6 =/0 aqVa(6)de = TiTo

For any x € E, according to (2) and (13), we have

1Sq()x] = ‘ / w¢q(9)T(tq9)xd9 < Mlx|
0

and

Ty (D)x]| = ‘q/ooeqﬁq(@)T(tqQ)XdQ’ < LM
0 ra+q

This completes the proof. O

Lemma 3.3. Operators {Sy(t)}¢>0 and {T,(t)}¢>o are strongly continuous, which means that for Vx € Eand 0 < t' < t” < g,
we have

ISq(t)x — Sq(t)x| — 0 and |T,(t")x — T;(tHx| — 0 ast’ — t".
Proof. Foranyx € Eand 0 < t’ < t” < a, we get that

|Tq(t”)x - Tq(t/)x| =

Q/ 0dq(O)IT((t")0) — T((t)10)1xdo
0

o0
< a [ 68,0 — ()%0) 1.
0
According to the strongly continuity of {T(t)};>o and (13), we know that |T,(t")x — T,(t')x| tends to zeroas t” —t’ — 0,
which means that {T;(t)}>o is strongly continuous. Using a similar method, we can also obtain that {S;(t)}¢o is also strongly
continuous, and this completes the proof. O

Lemma 3.4. If the assumption (Hy) is satisfied, then Sy(t) and T,(t) are also compact operators for every t > 0.

Proof. For each positive constant k, set Yy = {x € E : |x| < k}. Then Yy is clearly a bounded subset in E.
We only need prove that for any positive constant k and t > 0, the sets

Vi(t) = {/wd)q(G)T(th)xdG, xe Yk} and Vy(t) = {q/w 0, (O)T (t9)xd0, x € Yk}
0 0

are relatively compact in E.
Let t > 0 be fixed. For V§ > 0, define the subset in E by

Vs(t) = {/ Gq(O)T(t90)xd6, x € Yk} .
s
Then for any x € Yj, we have
/ Dq(O)T(t90)xd6 = T(tqa)/ D ()T (70 — t18)xd6.
s s

From the compactness of T(t95)(t75 > 0), we obtain that the set Vs (t) is relatively compact in E for V § > 0. Moreover, for
every x € Yy, we have

§ S
/ B (O)T(t%0)xd0| < Mk / bq(6)d0.
0 0

/ ” b (O)T (t70)xd0 — / ~ ¢q(9)T(tq9)xd9’ =
0 §

Therefore, there are relatively compact sets arbitrarily close to the set V;(t), t > 0. Hence the set V{(t), t > 0 is also
relatively compact in E. Similarly, we can conclude that the set V,(t), t > 0 is relatively compact in E. The proof is
complete. O

Lemma 3.5. Foranyx € E, 8 € (0, 1) and n € (0, 1], we have
AT,(Ox = A" PT,(DAPx, 0<t<a,
and

G,  T'@2—mn)

n -1 A,
AT Ol = o Fa T q =

O<t<a.
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Proof. Foranyx € E, 8 € (0, 1) and n € (0, 1], we have
o0
AT (H)x = q/ 0¢q(0)AT (£79)xd6
0

=q / 094 (AT (t70)APxdo
0
= A"PT, (DA x.
By (3) and (13), we get

C'?
(t96)"

AT, (£)x| ‘q / oo@(bq(@)A”T(tq@)xd@‘ < / 000¢q(9) |x|d6
0 0

_ 4Gl [,

= ), 0 "¢q(0)d0

R )
ta T'(1+q(1—m)

The proof is complete. O

x|, 0<t<a.

For each positive constant k, let By = {x € C([—r,al,E) : ||x|| < k}. Then By is clearly a bounded closed and convex
subset in C([—r, a], E).
The following existence results for the nonlocal Cauchy problem (1) is based on Krasnoselskii’s fixed point theorem.

Theorem 3.1. If (H)-(Hs) are satisfied, then the nonlocal Cauchy problem (1) has a mild solution provided that

. -B LA+AC—pH1
(1) ML+ (M + DIA"|H1 + —5rq74p

.. _ r(1+p)C1_gH
(ii) ML+ (M + 1DJA™P|H + Wﬂgﬁf a®” < 1.

a?® <1,

Proof. Define the function v € C([—r, a], E) such that |u(t)| = 0, t € [—r, a]. For any positive constant k and x € By, in
view of (12), Lemma 3.2 and the condition (Hy), for t € [0, a], it follows that

1S9(D19(0) — (Xt - %)) (0) — h(0. X0)]| = M(|@(O)] + LIx = vll + Ig (W, - - vy, )(0)] + |AAPh(0, x0)])
MUl + Lk + [1g(vey - - - vl + AP [Hy (k+ D). (14)

IA

For any positive constant k and x € By, since x; is continuous in t, according to (H,), f (t, x;) is a measurable function on
1
[0, a]. Direct calculation gives that (t — s)?~' € L™=@ [0, t] for t € [0, a] and q; € [0, q). Let

qg—1
= €(=1,0, M;=|m| o
1—q L1 [0,a].

By using Lemma 2.1 (Hélder inequality) and (Hs), for t € [0, a], we obtain

t t g—1 1-q1
/ It = (5, xp)lds < (/ <t—s)ﬁds) imll .
0 0 L9110,t]

M;
< -
= (A+b)i-a

In view of Lemma 3.2 and (15), we get

qU+b(1-an) (15)

t
t — )T (s, x,)|ds,
< F(1+q)/o I( )17 (s, %0
< gM.M q(1+b)=a1)
T T+ +ba ’

Thus, |(t —s)"*]Tq (t—5)f (s, x5)| is Lebesgue integrable with respect tos € [0, t]forallt € [0, a]. From Lemma 2.2 (Bochner’s
theorem), it follows that (t — s)q*]Tq(t — 5)f (s, x5) is Bochner integrable with respecttos € [0, t] forall ¢ € [0, a].

Since h € D(AP), the function APh(-, z) is strongly measurable for any z € G, t € [0, a], and APh(t, -) satisfies the
Lipschitz condition, then APh(s, x;) is strongly measurable on [0, a]. In addition, in view of the fact that {T(t)}i>0 is an
analytic semigroup, then for t € (0, a] and 6 € (0, 0o), the operator function s — (t — s)7'AT((t — s5)?6) is continuous
in the uniform operator topology in [0, t) and thus (t — s)qflATq(t — S)h(s, x;) is continuous in [0, t). Applying (12) and

t
/ (6 — )T Tyt — 9)f (s, x5)]ds < M
0

fort € [0, a]. (16)




1070 Y. Zhou, F. Jiao / Computers and Mathematics with Applications 59 (2010) 1063-1077

Lemma 3.5, for any x € B, t € [0, a], the following relation holds
t t
/ |(t — $)T AT, (t — s)h(s, x;)|ds = / [(t — s)TTATPT,(t — $)APh(s, x5)|ds
0 0

t
a1 AU+ B)Cig
/0 (t—5s) T+ 2B — P Hq(k + 1)ds

IA

_ara+p)
- T(1+4p)
_ ra+ps
~ Br(1+4p)
Thus, |(t — s)q‘lATq(t — s)h(s, xs)| is Lebesgue integrable with respect tos € [0, t] for all t € [0, a]. From Lemma 2.2

(Bochner’s theorem), it follows that (t—s)q*]ATq(t —s)h(s, xs) is Bochner integrable with respect tos € [0, t]forallt € [0, a].
For each positive k, define two operators F; and F, on By as follows

t
Cr_pHi(k + 1)/ (t —s)%ds
0

Cr_gHy(k + 1)a®. (17)

t
(Fi)(t) = Sq(O)[p(0) — (€(xt;, - - -» X;,))(0) — h(0, x0)] + h(t, ;) +f (t — )T 'AT,(t — $)h(s, x)ds ¢ € [0, al,
0
Fix) (@) = o(@) — (gXeys .-, X)) (D), O € [—1,0],

and
t
(F%)(t) = / (t — )Tyt — 5)f (s, x)ds, t €0, al,
() (9) =0, 9 € [-r.0],
where x € By.

Obviously, x is a mild solution of (1) if and only if the operator equation x = F;x+ F,x has a solution x € By. Therefore, the
existence of a mild solution of (1) is equivalent to determining a positive constant kg, such that F; +F, has a fixed point on By,.
In fact, in view of (i) of Theorem 3.1, by choosing kg such that

ko = M[ll@lls + Lko + lg (e, -, U lls + [AP[Hy (ko + D1+ A [Hi(ko + 1)

+ quM a(H_b)(]_ql) + F(l + ﬂ)clfﬁHl(kO + 1) aqﬁ
F(1+q)(1+b)-n Br(1+gp)

we can prove that F; + F, has a fixed point on By,. Our proof will be divided into three steps.

; (18)

Step . F1x + F,y € By, whenever x, y € By,.
For any fixedx € By, and 0 < t’ < t” < a, we get that

t// t/
(E0 ) — E)(E)] = / (" — )T, (¢ — $)f (5. x5)ds — / (¢ = 9T Ty — ) (5, x5)ds
0 0

t//
< f (t" — )T (t" — 5)f (5, X5)ds
t/
t t/
+f (t”—s)q—1Tq(r”—s)f(s,xs)ds—/ (t' = )T, (t" — 9)f (s, x5)ds
0 0
t t
+/ (t’—s)"_]Tq(t”—s)f(s,xs)ds—/ (t' — )T Tyt — 9)f (s, x5)ds
0 0
[//
= f (t" — )T IT (" — $)f (s, X5)ds
t/
t,/
+ f [(t" =)™ — (t' — )T 1T, (t" — 5)f (5, X5)ds
0
t/
+ / (t' = )T T (" —s) — T,(t' — 9)1f (s, X5)ds
0

=h+hL+10,
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where

’

[”
L= / (t" — s)q_]Tq(t” — 9)f (s, X5)ds
t/

’

t/
L = f [(t" — )T — (t' — )T T (t" — 5)f (s, X5)ds
0

t/
I = / (' = )T T (" —s) — Tyt — 9)1f (s, X5)ds
0

Therefore, for every x € By,, (F1x)(t) is continuous in t € [—r, a]. Using the similar argument and (12), we can conclude
that for every y € By, (Foy)(¢) is also continuous in t € [—r, a].
For every pairx,y € By, and t € [0, a], by using similar methods as we did in (14)-(17) and noting that (18), we have

|(F1) () + (F2y)(D)] = [Sq(O)[9(0) — (8(Xey - - %;,))(0) — h(0, x0)]| + |h(t, x0)]

t t
+ / (t — 5)T AT, (t — s)h(s, xs)ds| + f(t—s)q_qu(t—s)f(s,xs)ds
0 0

< M[ll@ll + Lko + gVt - - -, ve) Il + AP [Hi(ko + D]+ |AP|Hy (ko + 1)
quM a(1+b)(1_q1) + F(l + ,B)leﬁHl (kO + 1) aqﬂ
F(1+q)(1+b)'—a BT (1+qp)
= ko. (19)

Noting that M > 1, we have
[(F1x) () + (Fy) ()| < M[llell« + Lko + 1€ (Wt,s - - . U]l < ko ¥ € [—r,0].

Hence, ||Fix + Fy|| < ko for every pair x, y € By,.

Step I1. Fy is a contraction on By,.
Forany x,y € By, and t € [0, a], according to (11), (H4), Lemmas 3.2 and 3.5, we have

|(Fix) () — (Fiy) (O] = [Sq(OLE Xty -, %6,))(0) — (€ Wty -+ -5 Y (O)]]
+1Sq()[1(0, Xo) — h(0, yo)]| + [h(t, x) — h(t, y,)|

t
+ / (t — )T ATPT,(t — $)[APh(s, x;) — APh(s, ys)|ds
0
1+ B)Ci—gH

< ML|x —yll + (M + DIA P H|lx — y|| + a®”lx -y,
BT (14 qB)
I'(1+ B)Ci_gH
= (ML +M+1DAPIH + La+ At gH aq‘3> Ix = yll.
Br(1+gp)

Noting that M > 1, we have
[(Fix)(3) — (Fy)(@)| < ML|Ix —yll, ¢ €[-r,0],

r'(1+p)C1—gH a9b

which implies that |F1x — Fiy|| < (ML +M+1DAPH+ FIGEeTD

get that F; is a contraction.

) |lx — y||. According to (ii) of Theorem 3.1, we

Step III. F, is a completely continuous operator.
First, we will prove that F, is continuous on By, Let {x"} C By, withx" — x on By,. Then by (H,) and the fact thatx} — x;
fort € [0, a], we have

ff(s,x7) — f(s,x), a.e.te[0,a] asn— oo.

Noting that |f (s, x]) — f(s, x5)| < 2m(s), by the dominated convergence theorem, we have
t
|(F2x™) () — (Fax)(0)| = ’/ (t =)' Ty(t — 5)[f (5. X)) — f (s, X5)]ds
0

qM /t q—1 n
< — t—s s, x0) —f(s,x)|ds — 0, asn— oo,
= Ta+o 0( Y (s, x5) — f(s, %)

which implies that F; is continuous.
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Next, we will show that {F,x, x € By, } is relatively compact. It suffices to show that the family of functions {F,x, x € By,}
is uniformly bounded and equicontinuous, and for any t € [0, a], {(F,x)(t), x € By,} is relatively compact in E.

For any x € By,, we have ||F;x|| < ko, which means that {F,x, x € By,} is uniformly bounded. In the following, we will
show that {F;x, x € By,} is a family of equicontinuous functions.

Foranyx € By, and 0 < t' < t” < a, we get that [(Fox)(t") — (F2x)(t")| < Iy + I, + I3, where I, I, and I5 are defined as
in Step 1. By using the analogous argument performed in (15) and (16), we can conclude that

qM1M(t” _ t/)(1+b)(1—q1)
I <
'S T+ +b)a

1-q;
<M _ ¢ — )1 — (¢ — 50y T ds m
o (f (¢ =5 = (=97 ) iy

L MM /((t — 5)b)ds o
T Ir(l+9q

_ qMM () — (&) + (¢ - t/)1+b)1*q1
F(1+g)(1+b)'-

< quM

T T+ q+bl—n

Fort' =0, 0 < t” < a,itis easy to see that [; = 0. For t" > 0 and ¢ > 0 small enough, we have

)

(t// _ t/)(l+b)(1—q1).

I

IA

t'—¢ t/
f (' — 9T T, (" — 5) — Ty(t — $)ILF (s, xp)lds + f (¢ = )T Ty (" — 5) — Ty( — )IF (5. x5)|ds
0 t'—e

M. ((t)1+h — g1+by(1—a1) 2qMiM
< 1(( ) ) sup |Tq(t// _ S) _ Tq(f/ _ S)| + qivly S(H»b)(T*‘I]).
(1+byt-m sel0.t/'—¢] 1+ @@ +bt-a

Since (H;) and Lemma 3.4 imply that the continuity of T,(t)(t > 0) in t in the uniform operator topology, it is easy
to see that I3 tends to zero independently of x € By, ast” —t" — 0, ¢ — 0. Thus, |(Fx)(t") — (Fx)(t”)] tends to zero
independently of x € By, ast” — t’ — 0, which means that {F,x, x € By} is equicontinuous.

It remains to prove that forany t € [—r, a], V(t) = {(F,x)(t), x € By,} is relatively compact in E.

Obviously, for t € [—r, 0], V(t) is relatively compactin E. Let 0 < t < a be fixed. ForV ¢ € (0,t) and V § > 0, define an
operator F; 5 on By, by the formula

t—e o0
Fes)(®) = q / / B(t — 573 (O)T((¢ — 5)76)f (5, x,)d6ds
0 P
t—e o0
—q / / Ot — )71y @[T ()T ((t — 5)70 — £8)1f (5, x,)dOds,
0 P

t—e o0
= T(£%8)q / /8 0(t — )7 gy (O)T((t — )70 — £98)f (5. x,)dAds,
0

where x € By,. Then from the compactness of T(¢95)(¢96 > 0), we obtain that the set V, 5(t) = {(F; sx)(t), x € By} is
relatively compactinE for Ve € (0, t) and V § > 0. Moreover, for every x € By, we have

8
|(F2%) () — (Fes0) ()| = q 0(t —5)" ' g(OT((t — 5)70)f (s, x5)dOds
0

t o0
+ / / 0(t — )7 gy (O)T((t — 5)%0)f (5. X;)dOds
0 §

t—e o0
- / f 0(t — )7 gy (O)T((t — 5)70)f (5. X;)dOds
0 )

IA

S
0(t — )7 gy (O)T((t — 5)I0)f (s, X)dOds
0

t o]
+q f / ot — 5)q7]¢q(9)T((t — 5)90)f (s, x5)dOds
t—e J§

t -1 1-q s
qM ([ (t—S)WdS> lmil 1+ / Opq(6)do
0 Lho,t1 Jo

IA
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t 1 1-qq 00
+qm ( f (t —s)tar ds) il f 66,(6)d6
t L1 [t—e,t] Jo

—&
gM1M

qM]Ma(Hb)(l*qﬂ
< -
=~ (1+btw r(+q+b)l-a

Therefore, there are relatively compact sets arbitrarily close to the set V(t), t > 0. Hence the set V(t), t > 0 is also
relatively compact in E.

Therefore, {F,x, x € By,} is relatively compact by Ascoli-Arzela Theorem. Thus, the continuity of F, and relative com-
pactness of {F;x, x € By} imply that F, is a completely continuous operator. Hence, Krasnoselskii’s fixed point theorem
shows that F; + F, has a fixed point on By,. Therefore, the nonlocal Cauchy problem (1) has a mild solution. The proof is
complete. O

(1+5)(1—q1)

§
/ 0, (0)dO +
0

In the following, we give an existence result in the case where (H,) is not satisfied. We need the following assumption.

(Hy)' g is completely continuous, and there exist positive constants Ly, L;" such that [|g (X, , . . ., X¢,) [l < L1llx|| 4 Ly’ for all
x e C([—r,al, E).

Theorem 3.2. If assumptions (H;)-(Hs), (Hy) and (Hs) are satisfied, then the nonlocal Cauchy problem (1) has a mild solution
provided that

. _ ra Ci1—gH
(i) MLy + (M + 1)|A~ |Hy + G2t

.. _ r(14+p)Ci_gH
(ii) (M + DIA~#|H + W;wf a®” < 1.

Proof. For any positive constant k and x € By, according to (12), (H4)’ and Lemma 3.2, it follows that

a’® < 1,

1Sg(D[9(0) — (8 (X - - -, X,))(0) — h(0, x0)1| < M[llg |l + Lik + L' + A [Hy(k + 1)]. (20)
Therefore, the function S;(t)[¢(0) — (g(Xs,, - - -, X¢,)) (0) — h(0, Xo)] exists. According to (15)-(17), for x € By, the functions
(t— s)quq (t —s)f (s, xs) and (t — s)q”ATq(t — S)h(s, xs) are Bochner integrable with respect to s € [0, t] forall ¢t € [0, a].

For each positive k, define two operators G; and G, on By, as follows
t
(G1x)(t) = h(¢, %) — Sq(©)h(0, x0) + / (t — )T AT, (t — $)h(s,x;)ds t € [0, al,
0
G)(@) =0, ¢ el[-r,0],
and
t

(G20)(t) = S¢(O[9(0) — (€(xty, - - -5 X,))(0)] +/ (t —5)7'Ty(t = )f (s, x)ds,  t €0, al,
(C0(®) = 9(9) — (€. x))(®), D €11, 0]
where x € By. In view of (i) of Theorem 3.2, we can choose k; such that
ki = MIll@lls + Liki + Ly + |AP|Hi (ki + D]+ A7 [Hi(ky + 1)
qMiM QD=0 I'(1+ B)C_gHi(k1 + 1) s
A +q1+bt-a Br(1+gB)

In the following, we will prove that F has a fixed point on By, . Our proof will be divided into three steps.

Step 1. G1x + Gy € By, wheneverx, y € By,.
Obviously, for every pair x,y € By,, (G1x)(t) and (G,y)(t) are continuous in t € [—r, a]. For every pair x,y € By, and
t € [0, a], by using (20) and (21) and similar methods as we did in (15)-(17), we have

1(G1x) () + (Gy) (D) = [Sg()[9(0) — (€ (Xey, - - -, X,))(0) — h(0, Xo) ]| + [h(t, X,)|

t t
+ ‘/ (t — )T AT, (t — s)h(s, x;)ds| + ’/ (t — )T T, (t — $)f (5, X5)ds
0 0

(21)

< Mlll@lls + Liki + Ly + AP |Hy (ks + D] + [AP [Hi (ks + 1)
+ quM a(]ﬂ,)(],ql) + F(l + ,3)C1_f3H1 (kl + 1) aqﬂ
T(1+q(1+b)t-a BT (1+gp)
= k. (22)

Noting that M > 1, we have
[(G10) () + (Goy) ()| < M[ll@lls + Liky + L] < ki ® € [-r,0].
Hence, ||Gix 4 Gyy|| < k; for every pairx, y € By,.
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Step 11. Gy is a contraction on By, .
Foranyx,y € By, and t € [0, a], according to (11), we have

[(G1x)(t) — (G1y) ()] < [Sq(t)[1(0, xo) — h(0, yo)1| + [h(t, X)) — h(t, y,)|
t
+ / (t — )T AP, (t — 9)[APh(s, x;) — APh(L, ys)]|ds
0
(14 B)Ci—gH

AP _ aB iy —
= M+ DA H|x -yl + BTt ap) X = yII.
_ I'(1+ B)Ci_gH )
M+DAPIH+ ——————"—a% ) |x—
< (( + DIA™"H + ST+ ap) Ix =y,

which implies

_ I'(1+ B)Ci_sH
IGix — Gyl < ((M + A 4 DA PG H aqﬂ) lIx —yl.

Br(1+4qp)
According to (ii) of Theorem 3.2, we get that G; is a contraction.

Step I11. G, is a completely continuous operator.
First, we will show that {G,x, x € By, } is equicontinuous. For any x € By, and 0 < t' < t” < g, we get that

[(Gx) (") — (Gox)(£)] = [Sg(t") = Sq(t)[9(0) — (§(Xey - -+ XtV (O + T + Lo + I3,

where I3, I, and I5 are defined as in the proof of Theorem 3.1. According to the strongly continuity of {Sq(t)};>¢ and (Hs)',
we know that |(Gx)(t") — (Gx)(t")| tends to zero independently of x € By, ast” — t’ — 0, which means that {Gx, x € By, }
is equicontinuous.

It remains to prove that for t € [—r, a], the set {(G,x)(t), x € By, } is relatively compact in E. Obviously, for t € [—r, 0],
the set {(Gox)(t), x € By,} is relatively compact in E by (H,)'. According to the argument of Theorem 3.1, we only need
prove that for any t € (0, a], the set V'(t) = {Sq(t)[¢(0) — (g(xs,, ..., X;,))(0)], x € By, } is relatively compact in E. In fact,
the set V'(t), t > 0is also relatively compact in E according to (H;) and Lemma 3.4. Moreover, {G;x, x € By, } is uniformly
bounded by (22). Therefore, {Gyx, x € By, } is relatively compact by Ascoli-Arzela Theorem.

Using a similar argument as that we did in the proof of Theorem 3.1, we know that G, is continuous on By, by (H) and
(Hy)'. Thus, G, is a completely continuous operator. Hence, Krasnoselskii's fixed point theorem shows that G; + G, has a
fixed point on By,, which means that the nonlocal Cauchy problem (1) has a mild solution. The proof is complete. O

The following existence and uniqueness result for the nonlocal Cauchy problem (1) is based on the Banach contraction
principle. We will need the following assumptions.

(Hg) f (¢, x;) is strongly measurable for any x € C([—r, a], Bx) and almost all t € [0, a],

1
(H;) there exists a constant q; € [0,q) and p € L% ([0, a], R") such that for any x,y € C([—r,al, By), we have
If(t,x) —f(t,y0)| < p@®|lx —yll, t € [0, a], where k is a positive constant.

Theorem 3.3. Assume that (Hs)-(H;) are satisfied. If (i) of Theorem 3.1 holds, then the nonlocal Cauchy problem (1) has a
unique mild solution provided that

I'(1+ B)Ci_gHa% qMyMa(1+0)(1-02)

ML+ (M + 1)|A™P|H + -1 23
( AT Br(1+4qp) r(1+q)(1+b)1-a (23)
where b = =L € (=1,0), My = ||p|| ©

1m0 L92 [0,a].

Proof. Itis easy to see that S, (t)[¢(0) — (g(x;,, - - -, X¢,)) (0) —h(0, xp)] exists, (¢ —s)qflATq(t —$)h(s, x;) and (t —s)9! Ty(t—
s)f (s, x;) are Bochner integrable with respect to s € [0, t] forall t € [0, a]. For x € By, define the operator F on By by

t
(Fx)(t) = Sq(O)[@(0) — (g(X¢;, - - . » X)) (0) — h(0, x0)] + h(t, x;) / (t — $)T AT, (t — s)h(s, x;)ds
0
t
+ / (t — )T 'Ty(t — 9)f (5, x)ds, t € [0,al,
(Fx)(¥) Z — @&ty - X)) (@) + (), O €[-r,0]

Obviously, it is sufficient to prove that F has a unique fixed point on By,, where kg is defined as in (18).
According to (19), we know that F is an operator from By, into itself. For any x, y € By, and t € [0, a], according to (H,),
(Hs) and (H5), we have
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[(Fx)(t) — () (O] < ISq(O[E€ Xt - - - X6,))(0) — (€ Wty - - -, Y ) (O)]]
+1S¢(O)[1(0, Xo) — h(0, yo)]| + [h(t, xc) — h(t, y,)|

t
+ / (t — )T A"PT,(t — s)[APh(s, x;) — APh(s, y5)1|ds
0

+ / (£ — )T (t — . 1) — (5. y5)]lds
0

C(1+ B)Ci_gH
BT (1+4qp)

t
/ (t =97 p(s)Ix — yllds
0

< ML|x =yl + (M + DA |Hl|x — yIl + a®lx — yl|

qM

+ ra+gq

ra Ci_gH
( +/3) 1-8 aq‘3||x—y

< ML|x =yl + (M + DA |Hl|x — yIl +
Br(14qp)

qM t g-1 1-q2
_— t —s)i-2ds X —
+ rd+a ( | (t—s) ) ||,0||L%[0,t]|| vl

_ r'(1+ B)C;_gHa% M, Ma 1+ (1-62)
< (ML+<M+1>|A by DO PG K Ix =yl

Br(1+qp) F+q@1+b)-o

which means that F is a contraction according to (23). By applying the Banach contraction principle, we know that F has a
unique fixed point on By,. The proof is complete. O

Theorem 3.4. Assume that assumptions (H;), (Hs), (H4)' and (Hs)-(H) are satisfied. If (i)of Theorem 3.2 holds, then the
nonlocal Cauchy problem (1) has a mild solution provided that

['(1+ B)Ci_gHa®® qM,Ma+)(1-02) .
<
Br(1+4qp) Fr(1+q(1+b)-2

Proof. In fact, for each positive k, define two operators U; and U, on By, as follows

M+ DA PIH +

t
(Uix)(t) = —Sq(t)h(0, xo) + h(t, x;) + / (t — s)"’lATq(t — $)h(s, x;)ds
0
t
+ / (t —9)I7'T,(t — 9)f (5, %:)ds, t €[0,al,
(le)(ﬁ)oz 0, 9 el[-r,0],
and

WU2)(t) = Sq(O[@(0) — (€(Xty5 - .., X, N(O)],  t €0, al,
U2)(0) = () — €Kty -, X)) (@), U € [—r,0].

According to the arguments above, we can easily get that U;x + U,y € By, whenever X,y € By, where k; is defined as in
(21). Furthermore, we can obtain that Uy is a contraction on By, according to (H3) and (Hs)-(H;) and U, is a completely
continuous operator according to (H;) and (H,4)’. Hence, Krasnoselskii’s fixed point theorem shows that U; + U, has a fixed
point on By,, which means that the nonlocal Cauchy problem (1) has a mild solution and this completes the proof. O

4. An example

Let E = I*([0, m], R). Consider the following fractional partial differential equations.
g

aﬁ (u(t,z) —/ U(z,y)ut(z?,y)dy> = 822u(t,z) + 3,G(t, us (v, z)) te(0,al,
u(t,0) = uo(t, 7)=0, tel0a], (24)

u@.z)+y /0 k. y)u, (9. 9)dy = (9(0)@). ¥ € [~ 0],
i=0

where 9/ is a Caputo fractional partial derivative of order 0 < q < 1,a > 0, z € [0, 7], G is a given function, n is a positive
integer,0 < to < t; < --- < t, < a,¢ € C([—r,0],E), thatis ¢(®) € E = L*([0, 7], R), k(z,y) € [*([0, w] x [0, ], R)
and u;(¢,z) = u(t + v,2),t € [0,a], ¥ € [—r,0].

We define an operator A by Av = —v” with the domain

D(A) = {v(:) € E : v, v absolutly continuous, v” € E, v(0) = v(x) = 0}.
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Then —A generates a strongly continuous semigroup {T(t)};>o which is compact, analytic and self-adjoint. Furthermore,
—A has a discrete spectrum, the eigenvalues are —n®,n € N, with corresponding normalized eigenvectors u,(z) =
(2/m)'/? sin(nz). We also use the following properties.

(i) Foreachv € E, T(t)v = Z;’il e*"zt(v, Up)uy. In particular, T(-) is a uniformly stable semigroup and ||T(t) ;210 ) <
et
(ii") for each v € E,A_%v = Zﬁi] 1/n(v, up)u,. In particular, ||A_% 21021 = 1,

(iii’) the operatorA% is given by

o0
A1 v = Zn(v, Up)Up

n=1
on the space D(A%) ={v(-) €E, Zﬁ; n(v, u,)u, € E}.
Clearly (2), (3) and (H,) are satisfied.
The system (24) can be reformulated as the following nonlocal Cauchy problem in E
{CD"(xt — h(t, %)) + Ax(t) = f(t, %) t € (0,al,
X0(0) + E€Q&eys -, X)) (D) = 0(F) ¥ € [—r,0],

where x; = u; (9, -), thatis (x(t + 9))(z) = u(t +9,z),t € [0,a],z € [0, 7], ¥ € [—r, 0]. The functionh : [0,a] x € — E
is given by

(h(t, x))(2) 2/ U(z, y)u. (¥, y)dy.
0

Let (Upv)(2) = fon U(z, y)v(y)dy, forv € E =I1*([0, 7], R),z € [0, 7].
The function f : [0, a] x @ — E is given by
(f(t, %)) (2) = 9,G(t, uc (¥, 2)),

and the function g : €" — € is given by

[N}

@Koy - X)) = Y K (D),
i=0

where (K;v)(z) = fon k(z, y)v(y)dy, forv € E = [*([0, 7], R), z € [0, ].
We can take ¢ = 1/2 and f(t, x;) = [1% sinx;, then (H,), (H3), (Hg) and (H;) are satisfied. Furthermore, assume that

L=1L = m+D[fy [o k*(z,y)dydz]"/? Then(Hs)and (H,) are satisfied (noting thatK; : E — E is completely continuous).
In fact, for vq, v, € E, we have

o , o\ 12
IKgv1 — Kgvall2g0.0) = (/0 (/o kz,y)(v1(y) — Uz(V))dJ’> dZ)

- . - 1/2
(f </ kz(z,y)dy/ [viy) — vz(v)]zdy> d2>
0 0 0
x pm 1/2
= (f / kz(z,y)dydz> lvi — vall 210 1.
0 0

Moreover, we assume that the following conditions hold.
(a) The function U(z, y), z,y € [0, ] is measurable and

//Uz(z,y)dydz<oo,
0 0

(b) the function 9,U(z, y) is measurable, U(0,y) = U(r,y) = 0, and let

H= (/n /n (azU(z,y))zclyclz>j < 0.
0 0

From (a) it is clear that Uy, is a bounded linear operator on E. Furthermore, Uy (v) € D(A%), and ||A% Unlli2po,r; < oo.In
fact, from the definition of U, and (b) it follows that

(Un (v, un) / w(z)(/ U(z,y)v(y)dy)dz
0 0

1/2\? _
7(7) (U(v), cos(nz)),
n T

IA
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where U is defined by

T @) = / 8,Uz Y dy.
0

— . . P — . 1
From (b) we know that U : E — E is a bounded linear operator with [|U||;2(o ,; < H.Hence we canwrite [|A2 Uy (v) || ;20,7] =

U (v) ll1210.>1» Which implies that (12) holds. Obviously, (11) holds according to (b).

Hence, According to Theorem 3.1/ 3.2, system (24) has a mild solution provided that (i) and (ii) of Theorem 3.1/ 3.2
hold. From Theorem 3.3, system (24) admits a unique mild solution provided that (i) of Theorem 3.1 and (23) hold. From
Theorem 3.4, system (24) has a mild solution provided that the inequalities in Theorem 3.4 hold.
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