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Abstract

Eigenaxis rotation is generally regarded as a near-minimum time strategy for rapid attitude maneuver due to its constitution of
the shortest angular path between two orientations. In this paper, the robust control problem of rigid spacecraft eigenaxis rotation
is investigated via time-varying sliding mode control (TVSMC) technique. Both external disturbance and parameter variation are 
taken into account. Major features of this robust eigenaxis rotation strategy are first demonstrated by a TVSMC algorithm. 
Global sliding phase is proved as well as the closed-loop system stability. Additionally, the necessary condition for eigenaxis
rotation is provided. Subsequently, to suppress the global chattering and improve the control accuracy, a disturbance ob-
server-based time-varying sliding mode control (DOTVSMC) algorithm is presented, where the boundary layer approach is used 
to soften the chattering and a disturbance observer is designed to attenuate undesired effect. The spacecraft attitude is represented
by modified Rodrigues parameter (MRP) for the non-redundancy. Finally, a numerical simulation is employed to illustrate the 
effectiveness of the proposed strategy, where the pulse-width pulse-frequency (PWPF) technique is utilized to modulate the 
on-off thrusters. 

Keywords: attitude control; eigenaxis maneuver; time-varying sliding mode control; global robust; disturbance observer; 
pulse-width pulse-frequency modulator 

1. Introduction1

Various strategies have been adopted in the past 
decades to implement spacecraft attitude maneuvers. 
Three major strategies, i.e., single-axis, multi-axis, and 
optimal, have been reported in the literature [1]. Par-
ticularly, single-axis strategy rotates each axis succes-
sively in some given order, which is easy to accom-
plish but at the expense of inefficiency with respect to 
time and fuel consumptions. Multi-axis strategy rotates 
two or three axes simultaneously, which tends to be 
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fairly easy to implement and time-saving. Optimal 
strategy is proposed to minimize the propellant cost or 
maneuver time. However, most optimal algorithms 
require some specific mass properties such as axial 
symmetry. Based on past experience, multi-axis strat-
egy provides an effective solution for spacecraft atti-
tude maneuver due to its straightforward implementa-
tion, mass property independence, and generally good 
performance. 

As a special case of three-axis strategy, eigenaxis 
rotation is generally regarded as a near-minimum time 
strategy for rapid attitude maneuver due to its constitu-
tion of the shortest angular path between two orienta-
tions. In the past decades, much research on eigenaxis 
rotation has been undertaken. In 1960s, the experience 
with Apollo has already shown the advantages of ei-
genaxis rotation [2]. Wie, et al. [3] presented an ei-
genaxis regulator with quaternion feedback. The pro-
posed eigenaxis algorithm involved the linear feedback Open access under CC BY-NC-ND license.
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terms of quaternion and angular velocity together with 
the feed-forward of the gyroscopic coupling term, 
which has been successfully used for Apollo, Skylab, 
and Shuttle missions. Such an integration of feedback 
control and feed-forward control was further studied in 
Refs. [4]-[5]. To maneuver the spacecraft as fast as 
possible within the physical limits of actuators and 
sensors, Wie, et al. [4] further presented a feedback 
logic for eigenaxis rotation using cascade-saturation 
technique. Seywald, et al. [5] extended the eigenaxis 
regulator in Ref. [3] to the reorientation maneuvers, 
and several important properties such as the necessary 
condition for eigenaxis rotation were provided [5]. In 
addition, different actuators have been utilized to real-
ize those eigenaxis algorithms such as the reaction 
wheels in Ref. [6] and the on-off thrusters in Ref. [7]. 

Recently, eigenaxis rotation has been revived as an 
attitude synchronization strategy in the formation fly-
ing [8-9]. In such an application, to achieve the attitude 
alignment among the formation, spacecraft should be 
rotated around the eigenaxis as accurately as possible. 
However, the eigenaxis algorithms mentioned above 
were designed for the ideal condition, i.e., neither pa-
rameter variation nor external disturbance was taken 
into account. The price paid for the robustness is that 
spacecraft is usually rotated deviating from the ei-
genaxis. Some effort has been made to derive robust 
eigenaxis algorithms. Cristi, et al. [10] approximated the 
eigenaxis algorithm in Ref. [3] by the adaptive ap-
proach. Both direct and indirect adaptive laws were 
designed when the inertia matrix is unknown. More-
over, Lawton, et al. [11] developed a model independent 
eigenaxis algorithm. Attitude maneuver was decom-
posed into two orthogonal successive rotations in 
Ref. [11], where the attitude motion perpendicular to 
the eigenaxis was damped by a high gain feedback. On 
the other hand, as a robust nonlinear control method, 
sliding mode control (SMC) has been widely used in 
attitude control system. However, it was generally be-
lieved that SMC could not execute the eigenaxis rota-
tion in most cases due to the undesired dynamics in the 
reaching phase. It has been declared in Ref. [12] that 
an eigenaxis algorithm was presented via SMC. How-
ever, that proposition was based on the assumption that 
the gyroscopic torque, disturbance torque, and the 
torque needed for sliding-phase control can be ne-
glected, which is hard to satisfy. Recently, a robust 
eigenaxis algorithm using time-varying sliding mode 
control (TVSMC) technique was proposed in 
Ref. [13], where the motion constraint imposed by 
eigenaxis rotation was satisfied by the dynamic be-
havior of the reduced system. 

Even though much research has been undertaken 
over decades to address the robust control problem of 
eigenaxis rotations, there is still much work to be 
done. First, current investigations mainly focus on the 
rest-to-rest attitude maneuver. The more general case, 
i.e., the reorientation maneuver, requires deep-going 
research. Second, the global chattering problem has 

not received its due attention in the literature. In fact, 
due to the global sliding phase feature of the TVSMC 
technique, the chattering phenomenon exists through-
out the entire control action, which is unacceptable in 
practice. Finally, the spacecraft control torque is pro-
vided by the on-off thrusters. The existing eigenaxis 
rotation algorithms generally assume that the actuators 
can produce the control torque command ideally. 
When the actuator dynamics is taken into account, the 
effectiveness of control algorithms needs to be veri-
fied. In this paper, we try to solve those problems in 
the TVSMC framework and present a precise and ro-
bust control strategy for rigid spacecraft eigenaxis ro-
tations.  

2. Mathematical Model and Problem Statement 

2.1. Mathematical model 

The attitude motion of the rigid spacecraft is char-
acterized by the following equations [14]:

b b b b b b dJ TTJ           (1) 

b b b( )M                (2) 
where all the quantities are expressed in the body fixed 
frame B , Jb R3 3 is the spacecraft inertia matrix, 

b [ 1 2 3]T the angular velocity of spacecraft 
with respect to the inertial reference frame I , Tb

[T1 T2 T3]T the control torque offered by the on-off 
thrusters, and Td [Td1 Td2 Td3]T the external distur-
bance torque. The superscript ( ) stands for the linear 
skew symmetric matrix operator for vector. For 
[ 1 2 3]T, it is defined as follows: 

3 2

3 1

2 1

0
0

0

b  [ 1 2 3]T is the modified Rodrigues parame-
ter (MRP) representation of the inertial attitude, and 
M( b) is given by 

2 T
b 3 3 b b b

b
(1 || || ) 2 2

( )
4

I
M

with I3 3 the 3 3 identity matrix and ||·||  the Euclid 
norm. Moreover, MT( b)M( b) m( b)I3 3, and m( b)
(1+|| b||2)2/16. 

The transition matrix from I  to B  in terms of 
MRP is given by 

2
b b b b

b BI 3 3 2 2
b

8 4(1 || || )
( )

(1 || || )
RR I

In this paper, we will focus on the set point control 
problem of reorienting a spacecraft from an arbitrary 
attitude to a steady desired attitude d. Define the error 
MRP as 

T
e1 e2 e3

*
e d b [ ]      (3) 
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where *
b  is the inverse of  b ,  which  is extracted 

from the inverse of R( b) and *
b b, and “ ” is 

the MRP multiplication operator. For two MRPs, e.g., 
x and y, it is defined as [15]

2 2

2 2 T

(1 || || ) (1 || ||

|| ||

) 2

1 || || 2
y x x y x y

x y
y x y x

(4)
Correspondingly, the error kinematics is described as 

T
e e b( )M             (5) 

Furthermore, the inertia matrix uncertainty is taken 
into account. Let Jb= bĴ + Jb with Jb the uncertainty 

caused by the change in mass properties and bĴ
diag(J1, J2, J3) the nominal inertia matrix. Then the 
attitude dynamics is described as 

b b b b b b b b b b b d
ˆ ˆJ J T J J T   (6) 

According to the structural feature in Eq. (6), we 
can lump all the elements caused by inertia matrix un-
certainty and external disturbance as the lumped dis-
turbance, i.e., du= Jb b b Jb b+Td. Then, the 
attitude dynamics is rewritten as 

b b b b b b du
ˆ ˆJ J T         (7) 

It is clear that the lumped disturbance is matched to 
the system. Furthermore, it is assumed that the lumped 
disturbance is not exactly known, but an upper bound 
is available, i.e., du dmax with || ||  being the infi-
nite norm. 

2.2. Problem statement

On the basis of Euler principal rotation theorem, the 
time evolution of error MRP in terms of principal ele-
ments can be expressed as 

e
( )( ) tan
4
tt n              (8) 

where n  [n1 n2 n3]T is the unit eigenaxis vector 
and (t) the principal angle. n is a judicious axis fixed 
in both initial and final orientations [15]. From Eq. (8), 
it is easy to obtain n e(0)/|| e(0)||. Then the motion 
constraint imposed by the eigenaxis rotation can be 
characterized by [16]:

b ( )t 0n               (9) 

The control objective is not only to accomplish the 
desired reorientation maneuver but also to implement 
the maneuver as an eigenaxis rotation in the presence 
of disturbance and parameter variation. This problem 
can be summarized as follows: 

Find a controller such that 

be

b

( ) ( )lim lim

( )
t t

t t

t

0

0n

3. Main Results 

3.1. Robust eigenaxis algorithm via TVSMC 

In this section, an eigenaxis algorithm via TVSMC 
method is designed to guarantee the eigenaxis rotation 
performance in the presence of inertia matrix uncer-
tainty and external disturbance. 

First, a time-varying sliding surface is defined as 

e
b e

e

(
(

)
( ) ( e )

)
tt

m
0S

M
    (10) 

where S(t)  [s1(t) s2(t) s3(t)]T is the time-varying 
sliding function, R+, and  [ 1 2 3]T is the 
coefficient vector related to the initial system states. In 
the following derivations, we will denote M( e) and 
m( e) by M and m for clarity. 

According to the basic idea of TVSMC technique, 
the time-varying sliding surface passes through the 
initial system states at the start of the motion and then 
moves towards a predetermined time-invariant sliding 
surface [17]. Therefore, we can determine  by letting 
S(0) 0, then 

T
b e(0) (0)M

          (11) 

Consider the following Lyapunov function: 

T ˆ (1
2

)( )V t tS JS            (12) 

The TVSMC algorithm is designed to produce a 
negative definite derivative of the above Lyapunov 
function, which is described by 

b eq sw

T T
b e e b

b b b 2
e

ˆ2 (2ˆ
1 || ||

)

T u

J M
J

u

b
dˆ sgn
d

e ( )t

t m m
tM MJ S   (13) 

where ueq is the equivalent control component derived 
from ( )tS 0 in the absence of the lumped distur-
bance, usw sgn S(t) the discontinuous switching 
control component, diag( 1, 2, 3) the switching 
gain matrix with its element i dmax (i 1, 2, 3), sgn S(t)=  
[sgn s1(t)  sgn s2(t)  sgn s3(t)]T, and d(M / m)/d t the 
time derivative of M /m. Especially, if we let 
[ e3 2 e1 3 e2 1]T and  [ e2 3 e3 1 e1 2]T,
then we can get 

T T
e 3 3 e

2 2
ee

8[ ( ) ] 4
(1 |

d
d | ||)(1 || || ) mt m

I MM

Before moving on, a lemma is firstly introduced. 
Lemma 1  A global sliding phase would be 

achieved if the system in Eq. (5) and Eq. (7) is con-
trolled by the TVSMC algorithm in Eq. (13), i.e., for 
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t [0, ), S(t) 0.
Proof  See the Appendix A. 
As shown in Lemma 1, the proposed TVSMC algo-

rithm eliminates the reaching phase in the SMC and a 
global sliding motion is achieved. According to the 
variable structure control theory, this feature implies 
that the system is global robust against matched model 
uncertainty and external disturbance. 

Based on Lemma 1, the following theorem is ob-
tained: 

Theorem 1  For the system in Eq. (5) and Eq. (7), 
by adopting the TVSMC algorithm in Eq. (13), then 

(1) The closed system is almost global asymptoti-
cally stable; 

(2) The attitude maneuver would be performed as an 
eigenaxis rotation, if the initial angular velocity is col-
linear with the initial error MRP. 

Proof  As shown in Lemma 1, the time-varying 
sliding function equals to zero for t [0, ), then from 
Eq. (10), we can conclude 

e
b

( e )t

m
M

         (14) 

By substituting Eq. (14) into Eq. (5), we can get the 
following first-order three-dimensional vector differ-
ential equation: 

e e e t 0          (15) 

The analytical result is obtained for e(t) as 

e e( ) e ( (0) )t tt         (16) 

As mentioned before,  is a constant vector. Then, 
from Eq. (16) and the relationship in Eq. (14), it is 
obvious that e blim ( ) lim ( ) .

t t
t t 0  However, as 

shown in Theorem 1 of Ref. [18], no point of SO(3)
R3 can be a globally asymptotically stable equilibrium 
of Eq. (5) and Eq. (7), which hence causes unwinding 
in the attitude responses. Therefore, the term of almost 
global asymptotic stability is used. 

Furthermore, if the initial angular velocity and the 
initial error MRP are collinear, we can define 

b e(0) (0)k              (17) 

where k is a proper scalar. 
Then Eq. (11) can be described as 

T
e e(0) (0)kM

2
e

e
(1 || (0) || ) 4

(0)
4

k
        (18) 

Furthermore, we can get the following analytical 
expression for e(t) and b(t):

e e( ) ( ) (0)t p t              (19) 

b e( ) ( ) (0)t q t              (20) 

where p(t) and q(t) are scalar functions, which are 
given by 

2
e

2
e

2 2
e

|| (0) ||
4

( )

4 [ (1 ) 4 ]
( ) e

4 [ (e || (0) |1 ) 4
( )

| ]
( ) || (0)1 ||

t

t

k
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t

p t
q

t
k

t
p

As n e(0)/|| e(0)||, the conclusion that b×n 0
can be drawn. 

Especially, for a special case of rest-to-rest attitude 
maneuver, the above results can be further enhanced. 
In this case, we have k  0. Then the scalar functions 
in Eqs. (19)-(20) can be rewritten as 

( ) e (1 )tt tp             (21) 
2

2 2
e( ) || (0) ||

4 e( )
1

t

q t
p

t
t

         (22) 

By a simple extreme judgment of Eq. (21), we can 
conclude that p(t) is monotonically decreasing and 
there is no overshooting of the error MRP response. 
And, more importantly, if the slew rate is constrained 
by physical limit such as the sensor saturation, 
Eq. (22) provides an effective way for the control 
parameter tuning. 

3.2. A precise and robust eigenaxis algorithm via dis-
turbance observer-based time-varying sliding 
mode control (DOTVSMC) 

As outlined in Section 3.1, the global sliding phase 
of TVSMC guarantees the global robustness against 
matched parameter variation and external disturbance. 
However, such a feature also implies that the undesired 
chattering phenomenon exists throughout the motion, 
which has not been extensively investigated in current 
TVSMC studies. 

It is well known that smooth functions are generally 
used to replace the sign function in the control algo-
rithm in order to deal with the chattering problem in 
SMC, which include saturation function, hysteresis, 
and hysteresis with saturation. Then, the switching 
control is modified as usw

1sat S(t) with the 
saturation function defined by 

( )
| ( ) |

sat ( )
sgn ( ) | ( ) |

i
i i

ii

i i i

s t
s t

s t
s t s t

where i=1, 2, 3,  diag( 1, 2, 3), and i is the 
boundary layer thickness which will soften or elimi-
nate the chattering if appropriately chosen. However, 
there is a trade-off in the selection of i. The thicker 
the boundary layer is, the better the chattering will be 
suppressed. However, the static error inside the boun-
dary layer will be larger, and vice versa. When this 
chattering reduction method is applied to TVSMC 



· 488 · CONG Binglong et al. / Chinese Journal of Aeronautics 24(2011) 484-492 No.4 

algorithm, the problem of detriment of robustness and 
precision still exists. Therefore, the robust eigenaxis 
algorithm in Eq. (13) with the boundary layer is en-
hanced by a disturbance observer (DOB) in this sec-
tion, which would reduce the static error inside the 
boundary layer while suppress the global chattering. 

First, a semi-deterministic waveform model is util-
ized to model the lumped disturbance in Eq. (7) [19]:

11 11 12 12 1 1

du 21 21 22 22 2 2

31 31 32 32 3 3

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

n n

n n

n n

t w f t w t
t w f t w t
t w f t w

w f f
w f f
w f f t

  (23) 

where wij (i=1, 2, 3; j=1, 2, …, n) is the weight coeffi-
cient and fij(t) the basis function. It is further assumed 
that the basis function fij(t) satisfies a linear differential 
equation, which means that the lumped disturbance is 
generated by a linear exogenous system. The state 
space expression of the lumped disturbance is de-
scribed by [20]

du H
z
z

z D
                (24) 

where z  [z11 … z1n z21 … z2n z31 … z3n]T is the state 
variable with zi1 = ( du)i, inz = 0, and ( 1)i j ijz z ;       
H R3 3n is the output matrix and D R3n 3n the system 
matrix. 

Based on the characteristics of the space disturbance 
and the effect of the inertia matrix uncertainty, the 
semi-deterministic waveform model used in this paper 
is selected as 

2
11 12 13

2
du 21 22 23

2
31 32 33

t w

t w

t

w w t

w w

w

t

w w t

         (25) 

As d3
du/d t3=0, then output matrix and system ma-

trix in Eq. (24) are given by 

1 1 3 1 3
3 9

1 3 2 1 3

1 3 1 3 3

0 0
0

0
R0

0

H
H H

H
      (26) 

1 3 3 3 3
9 9

3 3 2 3 3

3 3 3 3 3

0 0
0

0
R0

0

D
D D

D
       (27) 

with Hi  [1  0  0], 
0 1 0
0 0 1
0 0 0

iD  (i=1, 2, 3). The 

subscript of 0 denotes the zero matrix with appropriate 
dimensions. 

Here, we present the DOTVSMC algorithm as 

b eq sw obT u u u            (28) 

with the following DOB: 

0

du

ˆ ˆ ˆ( )
ˆ ˆ

z Dz K z

z

z

H
          (29) 

where ob du
ˆu  is the observed value of the lumped 

disturbance and K0 R9 9 the observer gain matrix. The 
initial value of ẑ  is supposed to be 09 1.

However, the DOB in Eq. (29) cannot be directly 
implemented due to the immeasurable state z (or equi-
valently, the unavailable angular acceleration b ).
Therefore, a Q filter is utilized. Define the auxiliary 
variable Q as

1 ( )ˆ tz KQ S             (30) 

where K1 R9 3 is the gain matrix and satisfies the fol-
lowing condition: 

1
0 1 b 9 9

ˆ 0K JK H          (31) 

Then, the modified DOB composed by the measur-
able or known states is given by 

0 0 1 ( )( ) ( ) tQ D K Q D SK K
1

1 b sw ob(ˆ )K u uJ            (32) 

and 1 9 1ˆ(0)(0) (0) 0Q K Sz .
If we define the estimation error of Q as 

1 1ˆ ( )= ( ) ( ( ))t tKQ z K S z S      (33) 

By substituting Eq. (33) into Eq. (32), we can get 
the following estimation error dynamics: 

0( )Q D K Q            (34)

From Eq. (34), we can see that if the gain matrix K0
is selected large enough then the estimation error dy-
namics is global asymptotically stable. 

To sum up, the complete DOTVSMC algorithm is 
described by the following equations: 

b eq sw ob

ob du

du

1

0 0 1
1

1 b sw ob

ˆ

ˆ ˆ
ˆ

( )

( )

( )

    (

)
ˆ

(

 )

t

t

T u u

z
z K

Q

u

u

H
Q S

S

K u

K

u

D K Q D K

J

   (35) 

Now, we will study the system behavior inside the 
boundary layer of both TVSMC and DOTVSMC to 
demonstrate the improvement of DOTVSMC in the 
control accuracy. 

For the DOTVSMC algorithm, the time derivative 
of the time-varying sliding function is described as 

1 1
b du du

ˆ ˆ( ( ( ) ))t tS SJ      (36) 

On the other hand, the time derivative of the time- 
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varying sliding function in TVSMC is expressed as 
1 1

b du( ( ) )ˆ( ) tt SS J        (37) 

Denote the static value of the time-varying sliding 
function inside the boundary layer of DOTVSMC and 
TVSMC as Sd and St. Then, let ( )tS = 0, we can get 

1 1
d du du

1 1
t du

( ) ( )

( )

ˆS

S
       (38) 

From Eq. (38), it is obvious that the static value of 
S(t) by DOTVSMC is much smaller than that of 
TVSMC after the convergence of DOB. According to 
the definition of S(t) in Eq. (10), this feature implies 
that a more precise control performance is achieved by 
DOTVSMC. 

4. Simulation Results and Discussion 

In this section, a numerical simulation is employed 
to test the proposed eigenaxis rotation strategy. For 
simplicity, a rest-to-rest reorientation maneuver is con-
sidered in the simulation. 

Suppose that the inertia matrix for the controller de-
sign is given by bĴ = diag(48,25,61.8) and the uncer-
tainty is 10% of the nominal value. The external dis-
turbance is Td [1+0.2sin(0.01t)  1+0.2sin(0.01t)  2· 
(1+0.2sin(0.01t))] 10 1 N m. The initial attitude vari-
ables of the spacecraft are b(0) [ 0.2  0.3  0.1]T

and b(0) 0 rad/s. The desired steady attitude is d

[0.1  0.2  0.3]T. The maneuver is equivalent to an 
eigenaxis rotation around n  [0.92  0.02  0.39]T

about 106 .
The parameters for the DOTVSMC algorithm are 
0.25,  diag(0.9, 0.9, 0.9), I3 3 10 3, and 

01 3 3 3 3

0 3 3 02 3 3

3 3 3 3 03

0

18 0 0
180 0 0 ( =1, 2, 3)
600 0 0

i i

0 0
0 0
0 0

K
K K

K

K

Based on the characteristic of eigenaxis rotation, we 
adopt the Euclid norm of the motion constraint in 
Eq. (9) to evaluate the eigenaxis rotation performance. 
It is clear that || b n|| should be identically equal to 
zero if an ideal eigenaxis rotation is performed. More-
over, to test the effectiveness of DOB, we define the 
estimation error as e = du du

ˆ  with e  [e1 e2 e3]T.
To demonstrate the major features of the proposed 

eigenaxis algorithms, we firstly assume that the actua-
tors can realize the control torque commands ideally 
just as Ref. [7] and Ref. [13]. The comparison results 

of TVSMC and DOTVSMC are shown in Figs. 1-6. 

Fig. 1  Comparison of inertial MRP evolutions. 

Fig. 2  Comparison of angular velocity responses. 

Fig. 3  Comparison of control torque commands. 
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Fig. 4  Comparison of time-varying sliding functions 
with boundary layer approximation. 

Fig. 5  Comparison of eigenaxis rotation performance. 

Fig. 6  Estimation error response of DOB.

Figs. 1-2 give the illustration of the reorientation 
maneuver in terms of inertial MRPs and angular ve-
locities of both TVSMC and DOTVSMC, with the 
corresponding control torque commands in Fig. 3. It 

can be seen from Figs. 1-3 that the dynamic response 
processes are similar to each other for the two control 
algorithms. On the other hand, as shown in Fig. 4, 
there is a significant difference in the responses of the 
time-varying sliding functions. The time-varying func-
tions of both TVSMC and DOTVSMC are both inside 
the predefined boundary layer thickness ( i  0.001). 
However, the magnitude of S(t) in TVSMC is about 
4 10 4, while 3 10 5 for DOTVSMC. As analyzed in 
Section 3.2, a precise performance would be achieved 
by DOTVSMC. According to the error MRP res- 
ponses, the error MRP precision of TVSMC is about 
2.6 10 4 while 1 10 8 for DOTVSMC, which indi-
cates the improvement in the control accuracy of 
DOTVSMC. 

Fig. 5 gives the comparison of the eigenaxis rotation 
performance between TVSMC and DOTVSMC. As 
the responses of angular velocity are similar as shown 
in Fig. 2, Fig. 5 provides a reliable evaluation of the 
eigenaxis rotation, which indicates that a precise ei-
genaxis rotation can be performed by DOTVSMC in 
the presence of inertia matrix uncertainty and external 
disturbance. The estimation error response is shown in 
Fig. 6, which verifies the fast convergence of the 
DOB.

Noticing that the control torque is actually provided 
by the on-off thrusters, which produce discontinuous 
and nonlinear control actions, we modulate the on-off 
thrusters by the pulse-width pulse-frequency (PWPF) 
modulator and give the proposed algorithms a further 
examination. The PWPF modulator is shown in Fig. 7, 
which is composed of a Schmitt trigger, a pre-filter and 
a feedback loop. 

Fig. 7  Illustration of PWPF modulator.

In Fig. 7, Tb is the control torque command gener-
ated by the attitude control algorithms, km and m are 
the filter gain and the time constant respectively, uon
and uoff are the on-value and off-value of Schmitt trig-
ger, and Um is the output of the Schmitt trigger. The 
output amplitude of the on-off thruster is supposed to 5 
N·m, km  4.5, m  0.15, uon  0.45, uoff  0.15. The 
principle of PWPF modulator and the selections of the 
related parameters can be referred to Ref. [21]. The 
simulation results are displayed in Figs. 8-11. Due to 
the space limitation, the time histories of the inertial 
MRP and angular velocity are omitted. 

As shown in Fig. 8, excessive thruster actions exist 
during the steady state. It can be explained as follows: 
to guarantee the control accuracy, the deadband of the 
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PWPF modulator is selected as 0.1 N·m. While the 
lumped disturbance is actually larger than this mini-
mum input, which will turn on the Schmitt trigger. If 
the deadband is selected larger, the thruster actions 
will be reduced while the control performance will be 
decreased correspondingly. 

Fig. 8  On-off control torque of DOTVSMC. 

With respect to the time-varying sliding functions 
responses, similar conclusions as the ideal condition 
ignoring the actuator dynamics can be drawn accord-
ing to Fig. 9. The time-varying sliding functions are 
both inside the predefined boundary layer thickness all 
the time even the discontinuous on-off control torque 
is applied. The magnitude of S(t) can be kept within 
1 10 4 by the DOTVSMC algorithm. The evaluation 
of the eigenaxis rotation performance is displayed in 
Fig. 10, which also indicates the improvement in the 
control accuracy of the DOTVSMC algorithm. 

Fig. 9  Comparison of time-varying sliding functions with 
PWPF modulator. 

Fig. 10  Comparison of eigenaxis rotation performance 
with PWPF modulator. 

Fig. 11 gives the estimation error responses of DOB. 
When PWPF modulator is used, the estimation error 
cannot converge to zero as depicted in Fig. 11. Even 
though the DOB cannot supply the controller with the 
correct estimation of the lumped disturbance, it does 
provide enough information for the controller. 

Fig. 11  Estimation error response of DOB with PWPF 
modulator. 

5. Conclusions 

In this paper, we have addressed the robust control 
problem of eigenaxis rotation for an uncertain rigid 
spacecraft via TVSMC technique. The proposed con-
trol strategy can guarantee the eigenaxis rotation per-
formance in the presence of external disturbance and 
parametric uncertainty. The major contributions of this 
paper lie in three aspects. First, we extend the current 
results from the rest-to-rest maneuver to the reorienta-
tion maneuver and the necessary condition for the ei-
genaxis rotation is provided. Second, the global chat-
tering problem, which is inherent in TVSMC, is solved 
by the boundary layer method and the disturbance ob-
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server technique. The DOTVSMC algorithm is pre-
sented as a solution of the robust and precise eigenaxis 
rotation control. Finally, the proposed algorithms are 
tested with the on-off thrusters as the actuator, which 
have been proved to be feasible in engineering appli-
cation. 
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Appendix A: Proof of Lemma 1 

Differentiating the Lyapunov function in Eq. (12) 
with respect to time, we can get 

T
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By substituting Eq. (13) into Eq. (A1), we can get 
T

du( )( ( ) )sgnV t tS S
3
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s td        (A2) 

Clearly, for any S(t) R3, V  is non-positive and 
hence V V(0). According to the fundamental idea of 
TVSMC technique, the initial value of the time-vary-
ing sliding function is zero, which results in V(0)  0. 
Then we have V  0. On the other hand, it is obvious 
that V  0 for any S(t) R3 from Eq. (12). Therefore, it 
is easy to conclude that V  0, which implies that 
S(t) 0 for t [0, ).


