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Abstract

In this short paper the core of the direct method for proving stability of functional equations is
described in a clear way and in a quite general form.
0 2004 Elsevier Inc. All rights reserved.
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1. Introduction

In the last years a great number of papers dealing with the Hyers—Ulam stability of
functional equations have been publishednAst all of them treat functional equations
in several variables and in order to prove stability they perform certain manipulations.
The core of these manipulations (sometimes calieect methodlis always the same and
essentially goes back to a result of mine published in 1980 [3] (see also [6,8]). This is not
always recognized (or the authors are not aware of this result) and so hundreds of pages
have been written repeating essentially the same procedure.

The manipulations come down to the following: there is (in an appropriate framework)
a functional equation

E1(F) = E2(F)
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in the unknown function” and appear several variables (note thas a one-place func-
tion); moreover we have a functighsatisfying the related inequality

d(Ev(f). E2(f)) < 4,

whereA is a certain function depending (or not) on the variables involddd & distance).
After a certain number of manipulations in the inequality, only one variable remains and
we get something of this form

d(H{f[GW]}, () <80
Itis exactly at this moment that a standard procedure can be applied to get a sflation
the functional equation (in one variable!)

H{F[Gx)]} =Fx)

which isnearthe functionf. The aim of this short paper is simply to enucleate in a clear
way and in a quite general form the procedure of constructiof,ofh order to have a
standard tool ready to be used.

To conclude the stability result it is then necessary to show that the function obtained is
indeed a solution of the original equatidn (F) = E2(F) and this part strongly depends
on the form of the functional equation involved, on the $&ind on the spac¥. Various
results and rich bibliographie®aut stability can bedund in [2,4,7].

2. Main result

Let (X, d) be a complete metric spacka set,G:S — SandH: X — X be two given
functions. From now on we assume thatS — X is a function satisfying the following
inequality:

dH{f[GW)]}, f(x)) <8(x) 1)
for all x € S and for some functiod: S — RT.

Lemma 1. Assume that the functioll satisfies the following inequality

d(Hw), Hw)) < ¢(d(u,v)), u,veX, (2)
for a certain non-decreasing functigh: Rt — R*. Then, for each integer, we have
d(H™H G L H{F[G"W]}) <9"(0[6"W)]). x €5, (3)

whereH!, G' and¢’ denote the-th iterate of H, G and¢, respectively.

Proof. Setting in (1)G (x) instead ofx we get
d(H{f[G*W]}. F[6W]) <5[G )]
Then by (2) we obtain
d(H*{ f[GF]} H{f[G]Y) < (d(H{f[GPW]} [GW]))
< ¢(5[G(X)]),
since¢ is non-decreasing. The lemma follows by inductiom
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Now, we take the sequence of functions
Qn(x):= H'{f[G"(0)]}. xeS,
and consider the problem of its convergence. Since the metric spaceomplete, this is
equivalent to find conditions assuring tHat, (x)} is a Cauchy sequence for everyn S.

Lemma 2. In the hypotheses of Lemntaif the series

Zas’ [G'()])

is convergent for every € S then{Q,, (x)} is a Cauchy sequence. Defined
F(x)= lim Q,(x),
n——+00

we have

d(F (), f(0)) <Y ¢'(5[G'0)]). @)
i=0
Proof. Letm > n; then

m—1 m—1

d(Qn(x), Qm()) < Y d(Qis1(x), Qi) < D ¢'(8[G'()])

i=n i=n

thus the first part of the lemma follows immediately.
Using (3) we get

d(Qn(x), fx)) =d(H"{f[G" ()]}, f(0))

n

< dH{ G W]} B[ w]))

1
< Zq&i*l(S[Gi*l(x)]).
i=1

Taking the limit as: goes to infinity we obtain (4). O

S

Lemma 3. Assume the hypotheses of Lemrhasnd 2. If the functionH is continuous,
then the functiorF is a solution of the functional equation

H{F[GW)]}=Fx), xeS. (5)

Moreover, if¢ is subadditive, therF is the only function satisfying E¢5) and inequal-
ity (4).

Proof. By the continuity ofH we have the following chain of equalities:
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H{F[Gw]}=#| lm_o.[6w]|= lm H{o.[cw)]}

= lim H"™MYf[G" )]} = Foo).

n—-+00

Suppose that a functioki satisfies (4) and (5) anglis subadditive. Thus
d(F), Qu() = d(H"{F[G" )]}, H'{ £[G"™0]})
<@"(d(F[G" ()], F[G"()])) < ¢"(Z¢z 5[G" ()] )

g Z¢I‘l+i (8 [Gn+i (x)])

Taking the limit as: goes to infinity, since the last term goes to zero we obtain

Jim d(F(x), 0n() =d(F(x), F(x)) =0. O
We may now summarize the previous results in the following theorem.

Theorem 1. Assume thaf : S — X is a function satisfying the inequality
d(H{f[GW)]}, f(x)) <8(x).

If the functionH : X — X is continuous and satisfies the inequality
d(H@w), Hw)) < ¢(du,v)), u,veX,

for a certain non-decreasing subadditive functipnR™ — R and the series

Zas’ [G'()])

is convergent for every € S, then there exists a unique functiéh S — X solution of the
functional equation

H{F[GW)]}=F(x), xeS,

and satisfying the following inequality
d(F(x), f () Zab [G'@)])

The functionF is given by
Feo= lim H*{f[G"(")]}.

In the case the functions and H are invertible, we immediaty obtain the following
result.
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Theorem 2. Assume thaf : S — X is a function satisfying the inequality
d(H{f[GW]}. F(0)) <8(x)

and suppose that the functiodsand H are invertible. If the functiord —: X — X is
continuous and satisfies the inequality

d(H w), H'(v)) < ¥ (d(u,v)), wu,veX,
for a certain non-decreasing subadditive functionR™ — R+ and the series

va [G7(™)])

is convergent for every € S, then there exists a unique functiéh S — X solution of the
functional equation

H{F[GW)]}=Fx), xeS,

and satisfying the following inequality
d(F(x). f (x)) Zw (67 @)

The functionF is given by
Fx)= lim H™{f[G")]}.

n—-+00

Appendix A

Following a valuable suggestion of the refef¢thank him/her for the contribution), in
this section | would like tautline a procedure analogous to the one presented above, but
in the spirit of paper [5] of R. Ger. For the sake of simplicity this presentation is not carried
out in a more general setting as in the previous section.

Again, we consider the functional equation

H{F[G(x)]}=F(x) (A.1)

and we assume thdt is a real function and? : R — R (thus,X = R). If F is a solution
of (A.1), on the set where it is different from zero, Eq. (A.1) is equivalent to

H{FIGx)]}
F(x) -
Hence, for a given functioif : § — R\ {0} we can “measure” how far we are from solving
(A.1) by the quantity
H{fIGX)]}
fx)
We have the following stability theorem.
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Theorem A.1. Assume thay : S — R\ {0} is a function satisfying the inequality
H{f[G(x)]}
fx)
Suppose that the following hypotheses are satisfied

- 1‘ <8(x) < 1. (A.2)

(i) the functionH :R — R is continuous and there are two non-decreasing functions
01, 92 :RT — RT with ¢1(1) = ¢2(1) =1, such that

u H(u) u
¢1(;) < H) < ¢2<;> (A.3)

foru e R,ve R\ {0} andu/v > 0O;
(i) the series

i max{ — log[¢} (1 — 8[G' (x)])]. log[5(1 + 8[G' (x)])]}

i=0
is convergent for every € S and let us denote byt (x) its sum.

Then there exists a functian: S — R solution of (A.1) such that
F(x)

exp(—Ax)) < o) < expA(x).

Proof. Sinced(x) < 1, H{f[G(x)]} and f(x) have the same sign and we may assume
without loss of generality that are both positive. We can write (A.2) as

H{fIG)1}

1-6(0) < ————F— <1+6().
fx)
From the above and relation (A.3), we can easily get by induction the following relation:
n n H NI 01 _ o, .
1 (1-8[G"(0)]) < HUIGTON <¢5(1+5[G"()]). (A.4)

Consider the sequena®, (x) := H"{f[G"(x)]} and let P,(x) = log @, (x). If m > n,
from (A.4) we obtain that

m—1

| P (x) — Py (x)| < Z max{ —log[¢} (1 — 8[G' (x)])]. log[#5(1 + 8[ G ()])]}-

i=n

Since we have assumed that the series

i max{ — log[¢} (1 — §[G' (x)])]. log[5(1 + 8[G' (x)])]}

i=0
is convergent, we conclude thg®, (x)} is a Cauchy sequence for everyand so it con-
verges to a functiog(x). But 0, (x) = expP,(x), hence

nli—>moo On(x) =expg(x) =: F(x).
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From the continuity off we can conclude that
H{F[Gw]}=H] lIm 0,[6w]} = lm H{0,[6]}
= lim H" Y F[6" 0]} = Foo,

thus F is a solution of the functional equation (A.1).
From

n

2 _ H'{f1G'(0)]}
f@) HIZHfIG )]

we obtain the inequality
F(x)

i=1

exp(—Ax)) < < expA(x). O

Note that for proving the uniqueness of the obtained solution it is necessary to add some
conditions to the functiong1 andgo.

As a conclusion, | would like to note thateacan consider more general functional
equations as

H{F[G(0)].x}=F(x)

and produce analogous stability thems (see, for instance, [1,9]).
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