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Abstract
In this paper, we study the local regularity of very weak solution u € Llloc (£2) of the elliptic equation
Dj(a;jj(x)D;u) = 0. Using the bootstrap argument and the difference quotient method, we obtain that if

0,1 2,
ajj € Cp. (£2), then u € W27 () for any p < oo.

© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

The simplest kind of linear elliptic equations in divergence form is
Dj(aij(x)Diu) =0, in$2, (1.1)

where £2 is adomain in RY, N > 2, and the coefficients a; j (x) are bounded measurable functions
satisfying the uniformly ellipticity condition, i.e.,
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MEP <aij(x)&E < AIEE, Vxe R 1.2
1§17 < aij(x)&:§; < A7, xef2, &€ ) (1.2)

with0 <A< A<o0.ue WIL’CP(SZ) for p € [1, 00) is called a weak solution of (1.1) over £2 if

/aijDiuDjsﬁ:O, Vo € CX(£2). (1.3)
2

A fundamental result of E. De Giorgi [6] states thatif u € Wli’cz (£2) is a weak solution of (1.1),
then u is locally bounded and then locally Holder continuous. N.G. Meyers [15] also proved that

ue Wl’p(.s?) for some p > 2.

loc
J. Serrin in [18] showed by a counterexample that in general the solutions of (1.1) in Wllu’cp (£2)
for p € (1,2) need not be locally bounded only under the assumption (1.2). He proposed a

conjecture that if the coefficients a;; are locally Holder continuous, then any weak solution u €
WIL’CI (£2) of (1.1) must be in W,L’f(s?). R.A. Hager and J. Ross [11] proved that the conjecture

is true for the weak solutions in Wllo‘cp (£2) for p € (1,2). In 2008, a celebrated theorem was
established by H. Brezis (see [2], a full proof can be found in [1]).

Theorem 1.1. Assume that a;; are Dini continuous in §2, and let u € BV ,(§2) be a weak solution
of (1.1), then u € W,;%(£2).

Here the coefficients a;; are Dini continuous in £2, i.e., a;; € C 0(SZ), and for any subdomain
2’ € £2, there exists a function ¢, such that

diam £2’
,
|aij(x) —ai;(M|<e(lx —yl), x,yeR’, where / (pi)dr<oo.
0

And u € BV,.(£2) means u € Llloc(‘Q) and

/|Du| =sup{/u-diVT)’: v eC(l)(.Q’,RN), |7 < 1} <00, VR e€fn.
Q/

Q/

Theorem 1.1 confirmed completely Serrin’s conjecture in the case of less smooth given coeffi-

cients and solutions, since Holder continuity on a;; were replaced by Dini continuity, and u was
extended from WIL’C] (£2) to BV, (£2).
For merely continuity on a;;, H. Brezis obtained the following result.

Theorem 1.2. Assume that a;; € CcY(). Ifue Wllo’cp (£2) is a weak solution of (1.1) for some
p>1,thenue Wli)’cq (82) for every q < oo.

There are the counterexamples to show Theorem 1.2 is not true in the cases p =1 or
q = oo. Therefore Theorem 1.2 is optimal in some sense. For the unit ball B; and the con-
tinuous coefficients g;;, T. Jin, V. Mazya and J.V. Schaftingen [13] constructed a weak solution
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ue Wl:fcl (B1)\W110‘Cp(Bl) for every p > 1. They also gave a function u € Wllo’cq (B1)\Wllo‘cOo (By)
for every g < oo, satisfying (1.1).
Now we consider a very weak solution u € L}U - (£2) of (1.1), namely

/uDi(aiijgo)zo, Vo € C(2). (1.4)
2

It is easy to be seen that a very weak solution in Wllo’f(.Q), p € [1,00), of (1.1) must be a
usual weak solution. Because of the very weak assumptions made on the solutions it is natural
that the coefficients should be interpreted as the local Lipschitz functions. H. Brezis raised a
question whether any very weak solution u € L}o -(£2) is in Wll)’cz(.Q), and then one can apply

E. De Giorgi’s theory if a;; are only in C ZOO’ Cl (£2). We give the positive answer and have

Theorem 1.3. Assume that a;; € Cy) (2). If u € L}, () is a very weak solution of (1.1), then
ue leo’cp(.Q)f()r any p €[1, 00).

Throughout the paper, we always assume that the coefficients a;; € CIOO’ Cl (£2) are elliptic, i.e.,
for any subdomain £2” € £2, there exist the constants K, A, A, depending only on §2’, such that

|aij(x) —aij(»| < Klx—y|, Vx,ye' i j=12,....N, (1.5)
MEP <aij(0)&E; < AlEFR, Vxe, EeRY. (1.6)

The very weak solution has been studied by many authors. In [3], H. Brezis, T. Cazenave,
Y. Martel and A. Ramiandrisoa proved the existence and uniqueness theorem for a very weak
solution in L!(£2) of the Poisson equations Au = f(x) with zero boundary value. They also
established the estimate

lull 1y < || f - dist(x, 882) | 11 -

Later, X. Cabré and Y. Martel [4] showed the very weak solution is in L?(§2) for any 1 <

N
49<wN=7-

Therefore, the question of the integrability of the weak derivative of the very weak solution
arises in a natural way.

Recently, J.I. Diaz and J.M. Rakotoson [8] extended the results of Brezis et al. to Lu = f(x),
where L is a linear second order elliptic operator with variable coefficients. They obtained if

f - dist*(x,32) € L'(2), 0 < a < 1, then Du belongs to the Lorentz space LNfIYJra’OO(.Q),
where

t
LiNfYJra,OO(Q): f: §2 — R measurable and sup taNI/|f|*ds<oo},
1<182|
0

[ flx(s) = inf{t € R: meas{| f| > ¢} < s} for 0 < s < |§2]. In particular, for Poisson equation

(Lemma 6 in [8]), if f € L'(£2), then Du € L1(£2) C L%»OO(Q), where 1 < g < 725.
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There are other results on the very weak solutions, such as [7,9,12,14,19] for semilinear ellip-
tic equations, [16] and [20] for elliptic systems, [17] for Neumann problems.

The rest part of the paper is organized as follows: In the next section we present some prelim-
inary facts which will be used later. Section 3 is devoted to the proof of Theorem 1.3. We obtain
the theorem by using the bootstrap argument and the difference quotient method.

2. Some preliminary facts

In this section, we list some preliminary facts that will be needed in our proof.
For convenience, we abbreviate a ball with center xg and radius R as By, and then consider
the Dirichlet problem

{aij(x)DijUZf(X), x € Bg, o

v=0, Xx € 0Bg.

Lemma 2.1. Suppose that a;; € CO(B_R) satisfy (1.6) in Bg and f € LP(Bg) with 1 < p < o0.
Then (2.7) exists a unique solution v € WZP(Br) N Wol’p(BR) satisfying

lvllw2.r gy < CILfllLr(Bg)
where C depends only on N, p, A, A, R and the modulus of continuity of a;; on Bg.
This lemma is the direct conclusion of Theorems 6.3 and 6.4 in Chapter 3 in [5].

Lemma 2.2. Let u be a W>P(Bg) solution of (2.7) with 1 < p < oc. If ajj € C%1(Bg) are
uniformly elliptic, and f € WH49(Bg) with 1 < q < oo, then u € W39 (Bg).

This lemma is a special case of Theorem 9.19 in [10].
3. Proof of Theorem 1.3

Proof. For fixed 27 € 2’ € £2, let 28 = min{l, +d(2”,9852")}. For any xo € 2", we let
n(x) € CZ°(Bas(xp)) be a cut-off function:

@) I, |x—xo| <6,
X) =

1 0, |x—xol =25,
such that 0 < n(x) < 1,

M M,
Dyl < == and [D%y] < 5

where M1, M, are positive constants.
For the sake of clarity, we divide the estimate in Theorem 1.3 into three steps.
Step 1. L? regularity.
N

1 l1<p<y=-
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Let w; be a smooth function in Bys. According to Lemma 2.1, there must be a unique function
V] € wZa (Bys) N W(}’ql (Bys), such that

aij(x)Dijvy = wi, x € Byg,
V1 :O, xeaBza.

Moreover
villy2a1 (gyyy < CllwillLar (o), (3.8)
where g € (N, 00). Since a;; € C%!(Bys), wi € C®°(Bas) C W41 (Bys), by Lemma 2.2, we

have v; € W34 (B3s). Then using the Sobolev imbedding theorem, we get v € C 2’“(3_25).
From (1.4) and a density argument, we have

/uD,-(a,-ijv) =0, YveCl(R). (3.9)
2

Now we choose v = nzv] in (3.9), and get

O=/MD, a;jjD 17 vl))
Q
/MDlalj 77 Ul)"‘uaszij(nzvl)
Bas
=/2nuv1Dl~a,-ijn+un2Diaiijv1 +2uvia;jDinD;n
Bas

+/2nuv1aijDijn+4nuaijDinDjv1—i—unzaile-jvl.
Bos

By the properties of the cut-off function and ¢;;, we have

2KM 2A
’/un ai;Dijvi| < 1|+K/ D v+ /|uv1|

Bas Bos Bos

2AM2
+—5 |uvi]

Bas Bos

< C ” Lt “ Wl‘oc(325) ||M ”L] (Bas)*

By the Sobolev imbedding theorem and (3.8), we have

101wt (yy) < CllVtlly2an gy < Cllwtllzor (8-
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So we get

[

Bos

< Cllwillpa (Bza)”””L](Bza)'

Since w is an arbitrary smooth function in By, we conclude
H T H LP1(Bys) S ClluliLr sy (3.10)

where p| 1= 5 € (1, = 1)
Now using ﬁmte covering theorem, we obtain u € ZOC(Q) Vpe(l, N 1)

@ p=g55

Let wy be a smooth function in Bogs. According to Lemma 2.1, there must be a unique function
v2 € W2V (Bas) N Wy (Bas), such that

aij(x)Dijva =w2, x € Bog,
vy =0, x € 0B»s.

Moreover

vzl we. N(Bys) & C||w2||LN(323) (3.11)
Since a;; € C%1(Bas), wa € C®(Bas) C WV (Bys), by Lemma 2.2, we have v € WV (Bys).

Then using the Sobolev imbedding theorem, we get v, € W22(Bag), Yy < 00.
From (1.4) and a density argument, we have

/uDi(aiijv) =0, VveW,"(Bs), hhe(N,o0). (3.12)
Q
Now we choose v = 774v2 in (3.12), use the properties of the cut-off function and a;;, and have

4
‘/un aijDijvz

Bys

< Cllvzllyra (Bas) ” 772” ”Lm (Bys)’

where pi € (1, §49), g1 = 527 € (N, 00).
By the Sobolev imbedding theorem and (3.11), we obtain

lvallyr.a; (Bag) X < Cllozllya N(Bys) C||w2||LN(325)-

/un4w2 <

Bys

So we get

Cllws ||LN(Bza) H n2u ” LP1(Bys)”
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From a duality argument and (3.10), we conclude

”77414”117 ) SCHM”Ll(BM). (313)

N-T (B

Now using finite covering theorem, we have u € Lﬁ) C(.Q), p= %
Q) Fr<r<ws
Let w3 be a smooth function in Bys. According to Lemma 2.1, there must be a unique function

vy € W43 (Bas) N W, % (Bas), such that

a;jj(x)Djjv3 =w3, x € Bos,
v3 =0, X € 0B»s.

Moreover
103l 23 (yy) < CllwsllLas (8y5)- (3.14)

where g3 € (X, N). Since ajj € CO1(Bys), w3 € C®(Bas) C W43 (Bys), by Lemma 2.2, we
have vz € W393(Bys). Then using the Sobolev imbedding theorem, we obtain v3 € W273(Bas),
N
r3= N_q;3 G(N,OO)
From (1.4) and a density argument, we have

/uD,-(a,-ijv) =0, Yve W, (By). (3.15)
2

Now we choose v = n6v3 in (3.15), use the properties of the cut-off function and a;;, we obtain

6
‘/un a,-jD,-jv3
Bos

4
<Cllvsll | vas [ntu] :
W N=43 (Bys) LNG3=N+03 (Bys)

Recall that g3 € (X, N). So we have % e(l, %), and

4 < 4
I MHL%M <hrul ey

By the Sobolev imbedding theorem and (3.14), we obtain

losll | wves < Cllvsllygaas sy < Cllwsllzos suy)-

W N3 (Bos)
So we get

/Mn6w3 < Clwslps @y [n'ull v .

» LN=T (Byy)

Bas

From a duality argument and (3.13), we conclude
[n%u] o <Cllullpg,). (3.16)

L9371 (Byy)
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Since g3 € (¥ 7> N), we have T € (N s Ne 2) By taking p3 = ‘Iil,it follows that g3 = p;’il_
So we get
Ng3 _ Np3 . (1 N )
Ngz3—N+q N+p3 "N-1)’
and
”’7 u||L”3(Bza) Cllull L1 (y)- (3.17)

for % < p3< %

Now using finite covering theorem, we have u € L l()c (£2),p=p3e (NL %)

@ p>+5 (N=3).

From (2) and (3), we have 7% € LP(B»s) for any p € [%, %). Likewise, for any given
positive integer k =3, 4, ..., N, we obtain that 772("‘“)14 € LP(Bys),Vp € [ﬁ, %). More-
over,

2(k+1
D gy <l (3.18)

[
forall p > %
Now, for p > 1, using finite covering theorem, we have

lullLr2n < Cllullpon,

where the constant C depends only on N, p, A, A, K, £2” and £2’.

Step 2. WP regularity.

Recall that 5 is the cut-off function defined at the beginning of our proof. For fixed & <
%dist(supp n,0Byg)andk=1,2,...,N

_ulx +hep) —u(x)
N h

Afu(x) e LP ("),

we have |17A§u |p_lsign(nA’;lu) € L"(Bys), where r = %. According to Lemma 2.1, there must
be a unique function

v € W2 (Bas) N Wol’r(Bza),
such that

-1 .
{Clij(x)Dijvh = |;7A’;lu|p s1gn(nA’flu), X € B,
v, =0, Xx € 0Bys.

Moreover

(3.19)

lvnllwar gy < C” |’7A]1§”|p_1 | L7 (Bys) CH"A ”||Lp(1325)'
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From (1.4) and a density argument, we have

/uDi(aiijw) =0, Ywe W (2). (3.20)
2

Now we choose w = nAk_hvh in (3.20), and get

0= / uD; (aiij (UA]ihvh))
Bas

= / uDiaij DinA* v+ unDjai; A, (D jvp) + uaij Dijn(A* o)
Bas

+ [ 2uay Dinsk Dy + st (010 (321)

Bas
Meanwhile by the property of difference quotients, we get

/Maij'?Ak_h(Dijvh)=—/ﬂA]f,MijDijvh
Bas Bas

- /(A';,n)u(x + hey)ajj(x + hey) Dijvy
Bas

— [ (A} aij)nu(x + her) Dijup. (3.22)
Bas

From (3.21) and (3.22),

/nA'f,uaijDijvh</nu(x+hek)(AIZaij)Dijvh
Bos Bys

+ /(A’;,n)u(x + hey)aij(x + hey) Dijuy
Bas

+ / |uDja;; Djn(A* ,vy)|
Bys

+ f lunDja;j A*,(Djvp)| + |uai; Dijn(A%,vh))|
Bas

+ / Z‘MaijDinAlih(Djvh)|.
Bs
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By the properties of the cut-off function and a;;, we have

nAyuaijDijup < K |u(x+hek)Dijvh|+T |u(x+hek)Dijvh|
Bas suppn suppn

KM
1 / Ak, vp) + K / lurk (D)

supp”n supp”

AM 2AM
+ 22 [ s+ 25 [ Jeat,0u).

supp supp 1

By Holder inequality, (3.19), Sobolev imbedding theorem, the property of difference quotients
and Young inequality, we obtain

1 C
k k. ||P p
f naij A uDjjvy < EHnAhu“L,,(BM) + 5Tp||u”LP(st)' (3.23)
Bys
Meanwhile
-1 .

/naijA];luD,-jvh=/nA1;lu|nA1;lu|p mgn(nAl,‘lu): ||7]Alflu||€p(325). (3.24)
Bos Bys

From (3.23) and (3.24), we have

k C
H Ahu”LP(Bg) S 5_2”"‘”“’(323)'
Using the property of difference quotients again, we obtain Dyu € L”(Bs), and

| DiullLr(Bs) < CllullLr(B,s)-

Now, using finite covering theorem, we have

lullwrpery < CllullLr(srys

where C depends only on N, p, A, A, K, 2" and £2’.
Step 3. W27 regularity.
Now, u € Wllo’cp (£2) is a weak solution of (1.1), i.e.,

/ai./DiuDJ'(p:O, V(pGC?O(Q).
2
In particular,

/ai,DiuDj(ngo) —0, VpeCX(Q).
22
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where 7 is the cut-off function given at the beginning of our proof. Let v = nu, then v =0 on
0Bys and

/aijDiijs0= / fo, Yo e CX(By), (3.25)
Bys Bys
where
f(x)=—Dj(ua;jD;in) — a;jDjuD;n € L?(Bys).

Consider the Dirichlet problem

{Dj(aij(X)Diw)z_f(x)a x € B, (3.26)

w =0, x € dBys.

Using Theorem 6.3 in [5], (3.26) exists a unique w € WZP(Bas) N Wol’p(Bg(;) and

||w||w2,p(326) SCISfllLrBy) < C”””WLP(B%)-

Obviously, w is also a weak solution of (3.26) in Bys. By the uniqueness of the weak solution
of (3.26), we conclude v = w € W2 (Bys), i.e., nu € WP (Bas). Moreover

||14||W2,p(35) < C||14||Wl,p(325)o

Now, using finite covering theorem, we obtain

||M||W2,p(g~) < C||M||W1,p(_rz/)~

Finally, from Step 1 to Step 3, we conclude that
||“||W2,p(g/') < C”“”Ll(g/),
where C depends onlyon N, p, A, A, K, 2" and 2. O
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