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INTRODUCTION

Ler & denote a p-dimensional smooth foliation of a closed, orientable, connected m-
manifold M and H'(#) the first cohomology group of the foliated manifold (M, #). To the
pair (M, %) we associate a symmetric (¢ + 1)-linear mapping « of H'(#) into the real
cohomology group H24* (M), g = m — p, called the characteristic mapping of the foliated
manifold. In 1.3 we discuss the relation between the characteristic mapping and previous
work on the Godbillon-Vey class, and especially the Godbillon operators and measures. In
1.5 we associate to each locally free smooth action 4 of a Lie group G on M a (q + 1)-linear
symmetric mapping a, of the first cohomology group H'!(%) of the Lie algebra % of G into
the real cohomology group H29*!(M). The mapping a,, is called the characteristic mapping
of A. In this paper we study @ when M is the total space of a fiber bundle F - M 5T? and
¥ is a foliation of M transverse to the fibers of 1. & is therefore a suspension foliation of an
action ¢:Z? — diff(F). In Section 3 we identify ergodic properties of ¢ that imply the
vanishing of «. The action ¢ is said to be an E-action if it leaves invariant a Borel probability
measure 4 on F and for every continuous function h: F — R the Birkhoff sums B,(¢)-h
converge pointwise to u(h) for m-almost all x € F where m is a Lebesgue measure on F. We
give some important examples of E-actions. The main theorem of the paper is

3.8. THEOREM. Let F — (M, ) ST? be the suspension foliated bundle of an action ¢ of
Z? on a closed connected q-manifold F. If ¢ is an E-action then the characteristic mapping a of
(M, ) vanishes.

We obtain in particular the following generalization of a theorem of M. Herman, [14].

3.9 CoroLLARY. The characteristic mapping of a C? foliation by planes of T* vanishes.
As an application of 3.8 and a previous theorem of the authors in {1] we obtain
4.1 THEOREM. Let A be a C? locally free action of R? on a closed connected orientable
3-manifold M. If the characteristic mapping
a2, R?*x R?* = H3(M) = R
of A is non-degenerate, then

(i) A has a compact orbit;
(ii) there is a neighbourhood V of A in the C* topology such that every action in V has
a compact orbit.

In case M = T? the hypothesis is in fact weaker, namely: (i) and (ii) hold if «, # 0.
545
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1. THE CHARACTERISTIC MAPPING OF A FOLIATION

In [1] we associate to each non-singular C*, r > 2 action A of R? on a closed orientable
connected m-manifold M a (g + 1)-linear symmetric mapping «, of R? into the real
cohomology group H24*}(M), q = m — p. We called =, the characteristic mapping of A. The
foliated cohomology introduced by B. L. Reinhart in [18] appears naturally in the study of
actions [2]. Using this cohomology we present here a generalization to foliations of the
characteristic mapping. This also directly genaralizes a construction of C. Benson and G.
Ratcliff for actions of simply connected nilpotent Lie groups, [5]. Our construction is
a natural generalization of the Godbillon-Vey invariant of a foliation and of Duminy’s
Godbillon operator. For a foliation & of subexponential growth all residual secondary
characteristic classes vanish whereas the characteristic mapping will in general not vanish.
See 1.2 and [[1], 1.5] for more examples.

Let # be a p-dimensional foliation of M and A(M) the graded algebra of all C®

differential forms on M. If I(#) = A(M) is the annihilating ideal of &, then
I(FY+tt=0 Ly

q = m — p being the codimension of #. Thus A(F) = AM)/I(F) is a graded algebra,
called the algebra of differential forms along & .

The elements of A{F) may be thought of as sections of the j-th exterior power of the dual
bundle of the tangent bundle T# of #. Since dI(F) < I(F) the differential d: A(M) — A(M)
induces the foliated differential d;: A(F) — A(F). The kernel Z(F) of d, is the set of
ds-closed forms and the image B(¥) of d; is the set of d -exact forms. The cohomology
H*(#) of the differential complex (A(F), d;) is the cohomology of the foliated manifold
(M, &). This is a natural gencralization to foliations of the de Rham cohomology. Let
n: A(M) — A(F) be the canonical projection. We say that &e A/(M) is d-closed if d& e [(F)
which is equivalent to n(¢)e Z/(#) and we denote by & the cohomology class of n(¢) in
H!(#). Z(M) and B(M) denote, as usual, the kernel and image of d: A(M)— A(M),
respectively. [£] denotes the de Rham class of & e Z(M).

1.1 Lemma. Let & bed -closed -forms,j=1,...,q+landw=¢, A dé; A ... A
dé,+1. Then

() o is a closed (2q + 1)-form on M,
(i) w is exact if &, is closed,
(iii) w is exact if some n(¢)) is d-exact.

Proof. (i) Since déel(F), j=1,...,q+ 1 the result follows from (1.1).

(i) notethat w = —d(é; A &3 AdEZ A ... A A&y y).

(iii) we may assume, after a permutation of indexes, that n(¢,) = n(dh) for some C*
function h: M —R. Thus ¢, —dhel(¥) which by (1.1) implies that w=
d(hd§y A ... A dE,.,), proving the lemma.

By the above lemma there exists a well defined (g + 1)-linear symmetric mapping
a HY(F)x - x HYF) > H*¥** Y (M) (1.2)

given by a(&y, ..., &) =[& Adé; A ... AdE,, ], called the characteristic mapping
of the foliated manifold (M, #).

1.2. Example. Let T? — T3 LT%, (x,, x, X3) = x5, be the canonical fibration of T3
over T and F be the foliation given by the fibers of =. Choose any two functions fand g in
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C=(T') such that [, fdg #0. The l-forms & =(f°t)dx, and &, =(got)dx, are
d~closed and

a(é, Ez)=f §1 A dS, =47‘2J. fdg.
T T!
Thus the characteristic mapping « of (T3, #) does not vanish.

1.3. We now describe the relation between the characteristic mapping and the Godbil-
lon operator as defined in codimension 1 by G. Duminy in [9] and generalized by J. Heitsch
and S. Hurder in [13].

Since dI(F)? < I(F )4 it follows that (I(F )4, d) is a differential complex whose cohomol-
ogy is denoted by H*(M, #). We denote by {8) the cohomology class in H/(M, #) of
a closed j-form in I(F)% For each j, ¢ <j < m — 1 there is a well defined pairing

H‘(F)XHJ(M,?')LH’“(M,?’) (1.3)

given by x;(&)- (6> = [¢ A 0]. To see that g, is well-defined just observe that if z(£) = n(dn),
then EAO0=d(n A6 and if 0 =dw, wel(F), then £ A 0= —d(é A w). Let Q be an
integrable C*g-form defining a foliation . Then there exists a C* 1-form 4 on M such that
dQ = A A Q. Clearly 4 is d-closed and defines the Reeb class Ae H'(F) of #.

The class «(f, ..., &) = [A A (d4)*] in H?>** (M) is the Godbillon-Vey invariant of #.
The Godbillon operators are the linear mappings

g H' (M, F)— H*' (M, F) (1.4)

given by g(<0)) = x,(A)* (6>,q <j < m — 1.Forj = m — 1 we actually have for each Borel
saturated set B < M i.e., B is a union of leaves of # a well defined linear functional

ga: H" '(M, F)—> R, gsK8))= L}. A 6.

The mapping B — gp is a vectorial measure on the o-algebra generated by the saturated
Borel sets of (M, #) and is called the Godbillon measure of &#.
The characteristic mapping « is given by

a(gx. ey Eq+l) = qu(fx)'@i'fz Adcod A dfqu)- (L.5)

1.4 Example. Let A: R x M — M be a C™ locally free action, & its underlying foliation
and X = {X,..., X,} the frame of infinitesimal generators of 4. Let & = {{,, ..., ¢,}
be a coframe adapted to 4, ie, & are C* l-forms on M such that &(X)) =4, 1 <,
j < p. Since the vector fields X; pairwise commute, the 1-forms ¢; are d~closed, [1]. Thus
they define p linearly independent classes & = {§,, ..., £,} in H'(%). This gives a repres-
entation i :R?P— H'(¥)  defined by  ialxy, ..., x)=x& + ... +x,§,
The (q + 1)-linear symmetric mapping «,: R?x ... x R? = H2¢* (M) given by a, = i%Xa
was called in [1] the characteristic mapping of A. It was proved in [1] that a, does not
depend on the choice of the adapted coframe & of A.

1.5 Example. More generally, let A: G x M — M be a locally free smooth action of a Lie
group G on M. Associated to A we have.a natural injection E — E of the Lie algebra & of
G into the Lie algebra of all smooth tangent vector fields of the underlying foliation & of A.
This injection is given by E(x)= DA,(0)'E, xeM where as usual A.:G— M,
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A.(g) = A(g, x). Dually, we have a natural injection w — @’ of the Lie algebra A%(%) of the
invariant forms on G into the algebra A(F) of smooth forms along #. To see this, choose
a normal bundle v to the tangent bundle T# of #. Consider the linear mapping
%* - A'(M), w —» " where @’ is the l-form defined by w*(E) = w(E) if Ec% and
v c kerw”. If 7 is another normal bundle, then w’ — w® belongs to I(F#). Thus we have
a well defined injective linear mapping w — @’ = n(w") of ¥* into A'(¥). This mapping
extends to an injective homomorphism

AR(E*) - AX(F) (L6)

which commutes with the differentials i.e. ;0" = (dw)’ and depends only on the action
A and induces an injective representation
iy H* (%) — H* (%) (1.7
of the cohomology of the Lie algebra ¢ of G into the cohomology of the foliated manifold
(M, ). The (q + 1)-linear symmetric mapping
a o HY (D) x -+ x HY (%) - H¥ {(M) (1.8)

given by o, = i%a is called the characteristic mapping of A.

2. ON THE COHOMOLOGY OF FOLIATED BUNDLES

Let B and F be closed orientable connected C" manifolds, r > 2 and
¢: 7, (B) — Diff"(F) (2.1
be an action.
The foliated bundle F — (M, #) A B suspension of ¢ is constructed as follows: Let
p:B — B be the universal covering of B and x, € B. Associated to ¢ there is an action
®: (B, x,) - Diff"(B x F) 2.2
given by @, (X, y)~= ([¥]* %, i)' (v)) where [y]- X denotes the image of % by the deck

transformation of B corresponding to the homotopy class [y] of n, (B, x,). The orbit space

M of @ is a manifold and actually we have a fiber bundle F - M S B. Every object of B x F
which is invariant under @ induces a corresponding object on M. To the natural foliation
defined by the projection B x F — F, which is invariant under ®, corresponds the foliation
& on M which is transverse to the fibers of . We think of A(#) as the set of differential
forms along the natural foliation B x y, y e F which are invariant under ®. The image of t*:
A(B) = A(M) is called the space of basic forms.

To each probability measure y on F which is invariant under ¢: n{(B, xo) — Diff(F) we
associate an epimorphism of differential complexes

P,:A(F)— A(B) (2.3)
called the averaging operator ie., P, is a continuous surjective linear mapping which
commutes with the differentials: P,od, = d° P,. If he A°(#), then the function

P,(h) = J; h(Z, y)du(y) = h(z) (2.4)

is basic since it is invariant under all the deck transformations of p. If t*w is a basic form, we
let P,(t*w) = w. Let {(#,;a)},ea be an atlas of B and (day,...,da,) be the coframe
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associated to the chart a. Let {4,} be a C™ partition of unit subordinate to the cover {#,}. If
eAY(F ) then& =3, (Y, (A, °1)ffr*da;) where,asusual, [ = (i; < -+ <i), 1 <i;j<p
and da; =dx;, A ... A da;,. We define P,(£) by

Pu(é)'-zzla(zpu(fll)dal)- (25)
a I

A routine verification shows that P, is well defined i.e., does not depend on the choice of
the atlas and the partition of unit, and commutes with the differentials.
The split short exact sequence of differential complexes

0 - ker = A*(F) i‘: A*(B)—0 (2.6)
gives the split short exact cohomology sequences
0 — H/(ker) » H/(¥)—> H/(B) -0 2.7
0 <j<p. Thus

2.1: H(F) = H/(B)® H/ (ker) for 0 < j < p.

Now let G be a connected Lie group and I be a discrete cocompact subgroup of G i.e.,
the right coset space B = G/I" is a compact manifold. Each right translation R;:G - G
induces a diffeomorphism R?:B — B. Let E€ % be a left invariant vector field on G and
a:RxG — Gits flow. Thus L,°a, = a,° L, and a,(x) = R, () (x). The restriction of the right

R
action Gx G — G to the l-parameter subgroup q,(e) is the flow of E. The right action

RO
R induces a right action G x B — B and the restriction to the subgroup a,(¢) gives a flow on

B. Let E, be the corresponding vector field on B. Thus we have an injective homomorphigm
of the Lie algebra ¢ into the Lie algebra &'(B) of all C vector ficlds on B. Let 4, be its

image. Associated to a left action I’ 5 Diff(F) we have a left action

r 1 Diff(G x F) (2.8)

given by @, (x, y) = (yx, ¢, ' (y)), ye I". The orbit space M = G x F/T" is a manifold and we

have a foliated bundle F - (M, #) R B. Each right translation R, gives an automorphism
H. of tie H.:(M, F)— (M, F) preserves the leaves of # and 1o H, = R%e1.

Each vector field E€% may be thought as a vector field on G x F tangent to the first
factor. Since it is invariant by the action ® it induces a vector field £ tangent to the leaves of
F andinfact E = p+(E)and 1, E = E, where p:G x F — M is the projection. Thus we have

an action
H:G - Aut(r) (2.9)

of G as automorphisms of the foliated bundle 1, called the canonical action of 1. The
restriction of H to ' gives an action
H*
I - Aut{H*(F)) (2.10)

of I' on H*(¥).
The foliated cohomology H*(#) is not invariant by homotopy but it is invariant by
integrable homotopy, a concept introduced by A. Haefliger in [12].
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2.2. Definition. Let fand g be two mappings of the foliated manifold (M, #) into the
foliated manifold (M’, #') sending leaves of # into leaves of #'; morphisms of foliated
manifolds. They are integrably homotopic if there is a mapping

P(MxR, F xR)-» (M, F’)
sending the leaves of # x R into the leaves of #' and such that
p(x,t)=f(x)fort <0 and p(x,t) =g(x) for t > 1.
The following is well-known and a proof may be found in [16].

2.3 ProposiTION. Let f, g:(M, ) — (M', F') be two morphisms of foliated manifolds. If
[ is integrably homotopic to g then f* = g*:H*(¥) - H*(F").

2.4. LeMMA. The action H*: T — Aut(H*(F)) is trivial i.e, H} = id for all yeT.

Proof. By 2.3 it suffices to show that each H, is integrably homotopic to the identity.
Choose any smooth curve ¢: R — G such that ¢(t) = y for t <0 and c(¢) = efor ¢t > 1. The

mapping
P:(MxR,FxR)=»(M,F)

given by p(x, t) = H(c(t), x) is the desired homotopy.

2.5 Remark. The representation iy: H*(%) — H*(#) associated to the canonical action

H
G — Aut(t) asin (1.7) is actually given by closed forms on M. In fact, each closed invariant
form w on G induces a closed form wy on B and iy sends the cohomology class of w, in
H*(%) into the cohomology class of t*wg in H*(#) and t* w, is closed in M. Thus to each
basis of * corresponds a closed coframe of (M, #).

11
2.6 ProproOsITION. Let F — (M, F) — B be the suspension foliated bundle defined by the
action of a discrete cocompact subgroup I of a connected Lie group G on a manifold F. Then
the characteristic mapping vanishes on

(g H* @) x H*(F)x ... x HY(F).

Here H: G — Aut(t) is the canonical action of t.

Proof. Follows from the above remark and Lemma 1.1, (ii).
Roussarie’s example shows that in the above Propositon it is crucial to have the foliation
transverse to a fibration over the group G modulo a cocompact lattice. We recall this

example.

2.7 Example (Roussarie). Let G = SL(2;R) and I' be any discrete cocompact subgroup
of G. The Lie algebra 4 of G is the space of matrices of zero trace and is generated by the

matrices
1 0 01 00
X=<O —l)' Y=(0 0> and Z-(l 0).

[X,Y]=2Y, [V,Z]=X and [X,Z]= —2Z

Clearly
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Thus, the dual base {&, n,{} satisfies the relations d§ = —nA{, dp= —~2¢An and
d{ = 2¢ A {. Hence { is an integrable 1-form on G. Let ¥, be the corresponding Lie algebra
on M = G/T. The isomorphism ¥ — %, gives an isomorphism ¥* —» 4§ and we also denote
by §,n and { the corresponding 1-forms on M. The foliation # on M given by { is the
underlying foliation of the action of the solvable group T of triangular matrices in SL(2; R)
acting by right translations on M. The cohomology group H*(¢) of the Lie algebra t of T'is
generated by the 1-form & which is closed in T (t is generated by X and Y). As
Endl = —4& An A wesee that [E A dE] # 0. So the characteristic mapping of F does
not vanishes on (iy H*(t)) x H} (). We also remark that # has no holonomy invariant
transverse measures since T is not unimodular. This follows from a theorem of Bowen [7].

3. ERGODICITY AND THE VANISHING OF THE CHARACTERISTIC MAPPING

In this section we prove a theorem that relates the vanishing of the characteristic
mapping of a foliated bundle with ergodic properties of its holonomy action.

Let, as before, G be a connected Lie group and I' a discrete cocompact subgroup of G.
To each left action ¢: I’ — Diff(F) there corresponds the suspension foliated bundle

F-(M,¥) S B with the homogeneous space B = G/I" as base-space (see (2.9)). The
canonical action H:G — Aut(r) induces an action H*:I' = Aut(H*(#)) as in (2.10). We
restrict ourselves to the case G = R? and I' = Z”.In this case, as G is abelian the action
H leaves invariant the closed basic forms t*w,, as remarked in 2.5.

Now, we consider ergodic averages associated to forms & in A/(#),0<j<p. Let
J.={0,1,...,n} and U,=JE, neZ, be the standard summing sequences of Z?. We
consider the Birkhoff sums

. —_— *®
B,(H): & = nt 1)»,,71,"}" &) (3.1)
and
B,(¢) h = TS “ZU" heo, (3.2
he C°(F).

Choose a basis B = {E,,...,E,} of 9 and let {w,, ..., w,} be the coframe of (M, ¥F)
associated to the dual basis B* of ¥* as in 2.5. As G is abelian the above coframe is invariant
under the action H. For each k-tuple I = (i;, ..., ) of integers | <i; < -+ <i, < pwe
have the k-forms w; = w;, A ... A w, which give an invariant basis of the C*(M)-module

A*(#). We consider the c®-norm on A*(#) given by

[€lo = Zlhllo if &= Zhlwl and |h;lo = sup |h;(x)].
1 1

xeM

3.1. LeMMaA. Let H:R? — Aut(t) be the canonical action of the suspension foliated bundle
of an action ¢ of Z?® into a closed orientable manifold F. Then the Birkhoff sums B,(H) are
uniformly bounded i.e., |B,(H)"&lo < |&lo for everyneZ, and e A/(F),0<5j<p.

Proof. Since the w; are invariant under H, then

B,(H)-¢ = 3 (Bu(H) hi)w;. (3.3)
1

Now, | B,(H) h;lo < |h;lo implies that |B,(H)*§lo < 21“‘1 fo = [€lo.

TOP 31:3-H
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A Borel probability measure 4 on F is invariant under an action ¢: I' — Diff(F) if
#{(p,(X)) = u(X) for every Borel set X < F. In this case we say that (F, ¢, ) is a measured
action. If I’ has polynomial growth then every action ¢:I" — Diff(F) has an invariant
measure. The ergodic property of the holonomy action ¢ which enables us to show the
vanishing of the characteristic mapping of a foliated bundle is the following.

3.2 Definition. Let ¢ be an action of Z? on a Borel measure space (F, p). The action ¢ is
an E-action if it has the following properties

(i) u is invariant under ¢
(ii) for every continuous function h: F — R the Birkhoff sums B,(¢)-h converge point-
wise to u(h) for m-almost all xe F, m being a Lebesgue measure on F.

We give some relevant examples of E-actions.

Examples.

3.3. Anaction ¢:Z” — DIiff(F) is uniquely ergodic if it has a unique invariant probability
measure. Unique ergodicity is equivalent to the uniform convergence of the sums B,(¢)*h to
u(h) for every he C°(F), [11]. Thus a uniquely ergodic action is an E-action.

3.4. A measured action (F, ¢, p) is ergodic if every invariant Borel set have either u-
measure 0 or 1. The measure p is absolutely continuous with full support if 4 = hm where m is
a Lebesgue measure on F and h is a non-vanishing m-a.e. L!-function. If the action ¢:
Z*% - Diff(F) is ergodic and u is absolutely continous with full support then by the
Pointwise Ergodic Theorem [10] the Birkhoff sums B, (@) h, he L' (F) converge in L' and
pointwise to u(h) for m-almost all xe F. Thus ¢ is an E-action.

3.5. The ergodic theory of Anosov diffeomorphisms [6] gives important examples of
E-actions. In fact, if ¢: Z? — Diff(F) is generated by iterates of a transitive C?> Anosov
diffeomorphism then by a theorem of Y. Sinai [21], ¢ is an E-action. Among the C? Anosov
diffeomorphism the ones that do not admit an invariant absolutely continuous measure
u form a dense open subset, see [6]. We also observe that there is a dense open subset of
Anosov diffeomorphisms of the torus T? with trivial centralizer i.e., diffeomorphisms
commuting only with integer powers of themselves. This is a result of J. Palis and J. Yoccoz

in [17].

3.6. An E-action may have a singular invariant measure. If ¢ is a C* diffeomorphisms of
the circle S* with only one fixed point and no periodic points then ¢ is uniquely ergodic and
the invariant probability measure is concentrated at the fixed point. Now if ¢: ' — S* has
two fixed points, a sink and a source, and p is the invariant probability measure concen-
trated at the sink, then the action of Z generated by ¢ is an E-action. Observe that this
action is ergodic but not uniquely ergodic.

3.7. LeMMA. Let ¢: ZP — DIiff(F) be an E-action and H: R? — Aut(t) the canonical action
of the suspension foliated bundle t of ¢. Then for every &€ A(F), the Birkhoff sums B,(H)- &
converge both L' and pointwise to the averaged basic form P,() for v-almost all x in M where
v is a Lebesgue measure in M.

Proof. Consider the invariant measure dx x g an R?x F where dx is the Lebesgue
measure of R? and let 4 be the quotient measure on M. Thus 4 is invariant under the action
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H:Z? — Aut(z). As the canonical coframe of (M, #) induced by the canonical coframe
{dx,, ...,dx,} of R?is invariant under H then by (3.3) it is sufficient to consider the case
he A°(F). By the Pointwise Ergodic Theorem, [10] the averages B,(H)*h converge both
L' and pointwise 4-a.e to an H-invariant L!-function h*. Now since ¢ is an E-action, it
follows that (B,(H)h)(x, y) = (B.(@)h,)(), h(y) = h(x, y) for the suspended function on
RPx F and B,.(@)h,— u(h,)m-ac on F for every xeR?, thus h* = P, (h) and B,(H)-h
converge pointwise to P,(h)v-a.e. on M.
Now we prove the main theorem of this paper.

3.8 THEOREM. Let F - (M, ) 5 T? be the suspension foliated bundle of an action ¢ of
ZP on a closed connected q-manifold F. If ¢: Z® — Diff(F) is an E-action, then the character-
istic mapping
a:HY(F)x ... x H{(F) - H** ' (M)
vanishes.

The idea of the proof is to show that for any leafwise 1-class £ the averaging operator
B,(H) does not change the leafwise cohomology class of £, Lemma 2.4, so does not change
the characteristic pairing x: H'(¥) x H/(M; #) - H'*!(M) i.c., the cohomology classes of
¢ and B,(H)-¢ give the same operator H/(M;#)— H/*'(M, #). This is similar to
Duminy’s ideas for Godbillon-Vey class, [9].

The cohomology calculation 2.1 shows that the averaged form P,({) is a closed basic
form, so by the general vanishing property of the characteristic pairing, Lemma 1.1, ii, the
leafwise class of P, (&) yields a zero pairing. Since the averages B,(H) - { converge pointwise
v-a.e. to P,(&), v a Lebesgue measure on M, and the sequence B,(H) is uniformly bounded
(Lemmas 3.1 and 3.7), the Dominated Convergence Theorem applies giving the vanishing of
«. This is similar to the method of Hurder in [15].

We now give a formal proof.

Proof of 38. Let &,,...,&.+, be d,-closed 1-forms on (M, #) and n={; A d¢,
A ... A dé .. Thusdnisa closed 2q-form whose cohomology class (dn) in H (M, F)is
not necessarily trivial. As we observed in (1.5) the characteristic mapping is given by

a(f—u---,Eqn)=12q(51)'<d’7>=[51Ad'l]- (34)

Now, as in Lemma 2.4, the action H*: Z? — Aut(H!(#)) is trivial, so the averaging
operators B,(H) do not change the leafwise class of ¢, and therefore

a(fyy .- &eer) = [Ba(H) &y A dr] (3.5)

for every positive integer n. To apply the Poincaré duality theorem to conclude that §, A dn
is zero in the de Rham cohomology we observe that (3.4) and (3.5) give

I fxf\d'l/\w'—'J. B,(H): ¢, Ad(n A w) (3-6)
M M

for every closed (p — q¢ — 1)-form w on M and every positive integer n. As ¢: Z? — Diff(F)is
an E-action, then, by Lemma 3.7, the sequence B, (H)* ¢, converges both L' and pointwise
v-a.e. to the averaged closed form P,(¢). Now, by Lemma 3.1 the convergence is dominated,
hence the Lebesgue dominated convergence theorem applies to (3.6), showing that

J i Aadn A w=f P (&) Adnao.
M M



554 J. L. Arraut and N. M. dos Santos

The last integral is zero since P, (&, ) is a closed form. This shows that the characteristic
mapping x vanishes.

As a consequence of Theorem 3.8 we obtain the following generalization of a theorem of
M. Herman [14].

3.9 CoroLLARY. The characteristic mapping of a C2-foliation by planes of T vanishes.

Proof. If (T3, #)is a C*-foliation by planes then by a theorem of H. Rosenberg and R.
Roussarie in [19] it is suspension of a uniquely ergodic action ¢: Z? — Diff(S*'). Thus by
Theorem 3.8 the characteristic mapping a: H'(#)x H'(F) — H*(M) = R vanishes.

3.10. There is an analogue of Theorem 3.8 for actions of finitely generated nilpotent
groups [20].

3.11. We observe that the operators B, (H) do not change the leafwise cohomology class
of a d,-closed form ¢ but that the class of the averaged form P,({) may change even if
B,(H)* & converge to P,(¢) in the C™ topology. In fact, for Liouville linear foliations of T™,
the kernel of P, is non trivial in leafwise cohomology, see [4].

4. THE COMPACT ORBIT THEOREM

In this section, as an application of Theorem 3.8 and a previous theorem of the authors
in [1] we prove a theorem that relates the non-degencracy of the characteristic mapping of
a non-singular action of R? on a 3-manifold M with the existence and stability of compact
orbits. Let A"(R?, M) be the space of all C’ non-singular actions of R on M, r > 2.

4.1. Tueorem. Let M be a closed orientable connected 3-manifold and Ae A"(R?*, M). If
the characteristic mapping

a:R*xR*— H3(M) =R
of A is non-degenerate, then

(i) A has a compact orbit,
(i) There exists a neighborhood V < A’(R*, M) of A in the C" topology such that every
action in V has a compact orbit.

Actually, if M = T? then (i) and (ii) hold if a, # O.

Proof. Assume A has no compact orbit. Then by Theorem 2 in [8] all the orbits are
either planes or cylinders but there is no mixture of the two and every orbit is dense. If all
the orbits are planes then M is diffecomorphic to T2 and by Corollary 3.9 a, vanishes.
Assume every orbit is a dense cylinder. Fix an orbit L and a point x in L. Let X, and X, be
the infinitesimal generators of A. There exist constains ¢, and ¢, such that the orbit of the
vector field E = ¢, X| + ¢, X, through x will be closed with minimal period 1, and so will be
the orbit of any point of L, and therefore the orbit or every point of M, since L is dense. Thus
E defines a free action of §' on M and clearly A is a linear reparameterization of an action of
the cylinder S* x R on M. Now by Corollary 2.2, of [3] «, is degenerate. Actually if M = T3,
then «, = 0. Therefore 4 has a compact orbit. Part (ii) follows from (i) and the continuity of
the characteristic mapping 4 — a4 in the C! topology, [[1], 1.11].
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