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1. Introduction

Let Iy be a finite field with g elements, where q is an odd prime power. Let IFZ be the row vector
space of dimension nn over IF;. The set of all m x n matrices over I is denoted by M, (IFg), and My, (IFg)
is denoted by M;,(IFy) for simplicity. For any matrix A = (a;;) € Mmun(IFg), we denote the transpose of
Aby A

* Corresponding author.
E-mail addresses: fenggaol@163.com (F. Li), wangks@bnu.edu.cn (K. Wang), guojun_1f@163.com (J. Guo), Jianmin.Ma@emory.edu
(J. Ma).

0024-3795/$ - see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.1aa.2011.08.008


https://core.ac.uk/display/81124279?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.laa.2011.08.008
http://www.sciencedirect.com/science/journal/00243795
www.elsevier.com/locate/laa
http://dx.doi.org/10.1016/j.laa.2011.08.008

1298 E Li et al. / Linear Algebra and its Applications 436 (2012) 1297-1311
Let n = 2v + §, where v is a non-negative integer and § = 0, 1 or 2. Suppose

0 ™ ¢ (disappear), if 6 = 0,

1) or (2), if6 =1,
Sovts.a= |1V 0 , A (1)or ()

1
A ( ), ifé6 =2,

where z is a fixed non-square element of Iy such that 1 — z is a non-square element. When § = 1
or 2, A is definite in the sense that for any row vector x € Fé xAxt =0 implies x = 0. Note that
the set

{T € GLay+s5(Fq) | TS2ut6, AT = Savts.a }

forms a subgroup of GL,4s(IFy), called the orthogonal group of degree n = 2v + § with respect
to Syp4s,a over Iy, denoted by 03,45 4 (IFg). The group 03,45 A (IFg) acts on Fé”""s by the matrix
multiplication. IF?I‘””S together with this action is called the (2v-+§)-dimensional orthogonal space over
IF, withrespect to Sy, 45, . Amatrix representation of a subspace P is a matrix whose rows form a basis

for P.When there is no danger of confusion, we use the same symbol to denote a subspace and its matrix
representation. An m-dimensional subspace P ofIFé““"S is called totally isotropic if PSy,+5 AP" = 0.1t

is well known that maximal totally isotropic subspaces of ]Fg"*’S are of dimension v.

Let G be a group acting transitively on a finite set X. For a fixed element a € X, the stabilizer G, is
not transitive on X in general. The orbits of G, on X are said to be suborbits, and the number of such
suborbits is the rank of this action. Wei and Wang [15-17] studied the suborbits of the transitive set of
all totally isotropic subspaces under finite classical groups. We discussed these problems in singular
classical spaces in [5,12].

Dual polar graphs are famous distance-regular graphs and have been well studied [1,2,10]. The
orthogonal dual polar graph I (on the orthogonal space Fg””) has as vertices the maximal totally
isotropic subspaces; two vertices P and Q are adjacent if and only if dim(P N Q) = v — 1. It is well
known that I" is of diameter v. For any vertex P of T, the ith subconstituent I'; (P) with respect to P is
the induced graph on the set of vertices at distance i from P in I'. Munemasa [9] initiated the study of
the subconstituents of dual polar graphs in the orthogonal spaces, and characterized the first and last
subconstituents. Subsequently, Wang et al. [6,7,13,14] characterized all the subconstituents of dual
polar graphs under finite classical groups, and proved that for any vertex P of the dual polar graph T’
in the (2v + §)-dimensional classical space (where § = 0, 1 or 2), the mth subconstituent I';;, (P) is

isomorphic to [r';]q - gMm® where g9 is the graph with the vertex set consisting of the matrices
(X Z) such that

X+ X +219Z" = 0 the unitary case,
X+ X' 4+ZAZ" =0 the orthogonal case of odd characteristic,

where X € M;;(IFg), Z € Mus(Fy); and two vertices (X Z) and (X; Z;) are adjacent if and only if
(X — X1 Z — Zy) is of rank 1. Note that the mapping

X Z) > (X I'™ Z)

is an isomorphism from g3 to the last subconstituent of the corresponding dual polar graph in the
classical space Fé”””s . Therefore, the study of subconstituents of a dual polar graph may be reduced to
that of the last subconstituent. In [8] we studied the suborbits of a point-stabilizer in the unitary group
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on the last subconstituent of Hermitean dual polar graphs. In this paper we discuss the corresponding
problem for orthogonal dual polar graphs over a finite field of odd characteristic.

Let I" be the orthogonal dual polar graph. It is well known that a point-stabilizer of P of I" in
02145, (Fy) is transitive on the last subconstituent of I'. In Section 2 we determine all the suborbits
of this action, and calculate the rank and the lengths of these suborbits. As two applications of our
results, in Sections 3 and 4, we discuss the quasi-strongly regular graphs and the association schemes
based on the last subconstitute of I, respectively.

2. Suborbits

Let I" be the dual polar graph in the orthogonal space Fg"”. Note that the last subconstituent A
is a coclique when § = 0 (see [6]), and A is studied in [7] when § = 1. So the case § = 2 is the main
objective of this paper.

Denote by [X1, Xo, ..., X¢] the block diagonal matrix whose blocks along the main diagonal are

—-10

and by (A B...C) the matrix whose block entries are A, B, . .., C. Suppose 1™ denotes the identity
matrix of order m, and 09 denotes the zero matrix of order pbyqor 0 when p=q.

We now study the suborbits of the stabilizer of each vertex Py in 02,42 A (Fg) on A. Since Oz, 42 A
(Fg) acts transitively on the subspaces of the same type, we may choose Py = (I W) o o:2)),
By [6], A consists of subspaces of form (A 1) Z), where A € M, (Fg) and Z € M, (IFy) satisfy
A+ A" +ZAZ" = 0. Let Gy be the stabilizer of Py in 02,42, (Fq). Then G consists of matrices of the
following form:

0 1
matrices X1, Xz, ..., X;, by Ay = [ A3, ..., Az] the 2r x 2r matrix of rank 2r in which A, = ( )

T 0 0
T (M)~ Tz |
—SAT, Ty 0 S
where Ty € GL, (Fy), To1 € M, (Fy), Tos € My2(Fy), S € Ozx042,4(Fy) and
(T 7'Th) + T T + To3ATh; = 0.

It is well known that Gy acts transitively on A. For any P; € A, the suborbits of Gy are just the orbits
of the point-stabilizer of P; in Gg on A. Let P; = (0%) [) 0(":2)) € A and Gg; be the stabilizer of Py
and Py in 02,42,4 (IF). Then Go; consists of matrices of the following form:

[T, (T, S, (1)

where T € GL,(Fy) and S € Ozx042,4([Fg). The action of 02,42 A (IFg) on ]FLZI‘H‘2 induces an action
Goi on A:

A X Gm —> A
(A 1V Z), [T, (TH™", S]) —> (T'AT I™ TZ5).

Denote by K, the set of all n x n alternate matrices over IF;. In order to determine the orbits of Go;
on A, we need to introduce an action on K,,. Fori = 1, 2, let ©; denote the set of all matrices of the

form
Ty O @)
Ty Ty )
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where Ty € GLi(lFy), To1 € My—; i(Fg) and To; € GL,—i(Fy). Then O; is a subgroup of GL, (Fy), and
there is an action of ©; on K, :

Ky x 0 — K,
X, T) +—> TXT.
Note that {0")} is the trivial orbit of ©; on K,, fori = 1, 2.
Theorem 2.1. (i) The nontrivial orbits of ©O1 on K,, have the following representatives:
[0, A2r, 072V (1 <P < LV = 1)/20), [A2r, 0V727] (1 <7 < [v/2)). (3)
(ii) The nontrivial orbits of O, on K,, have the following representatives:
[0, Az, 072V (1 <7 < L = 1)/2D) 0P, A, 07221 (1 <1 < L = 2)/2)),

[A2r, 0V 7201 (1 <7 < [v/2]), K, Agr—s, 007212 < 1 < |/2)), (4)

0o I®
where K = @ o )

Proof. We only prove (ii), and (i) can be treated similarly. Let X € K,, with rank 2r > 0. Write

¥ — XAy X1z 7
—Xip X2
where Xi5 € My, ,—2(Fg) and X3, € K,_,. ThenrankX,; = 2(r —i),i = 0, 1 or 2. Hence there is a

T11 € GL,—» (Fq) such that T{1X22T11 = [Az(r_,‘), 0(u—2r+2i—2)]' Let

1@
=2 v—2r42i—2 1? ¢ (2r—2i)
Xi2Tn = and T = — Ay Yoy 1
Y12 Y13 T [(v—2r+2i-2)

ThenT € O, and
X1Ay 0 Yi3
T'XT = 0 Ay 0 )

_Y1t3 0 0(V—2T+2f—2)

where x; Ay = xA; — Y12 Ao(r—i)Yio-

Case 1: rank Xy, = 2r. Thenx; = 0, Y;3 = 0 and T'XT = [0@), A,,, 0V=2—2)],

Case 2: rank X3 = 2(r —1).Thenrank Y13 = Oor 1.Ifrank Y13 = 0,thenx; # 0,T; = [x1_1, I("’”] €
O, and TT'XTT; = [Agr, 0729 If rank Yy3 = 1, then there exists a Tj € Gl (Fg) and Ty3 €
GL,_»;(IFg) such that

0 0(\)—21’—1)

T12Y13T13 =
1 0(\)—21’—])
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Let xp. Ay = x4 T12A2Tlt2 and
1@ 1
Ti,

(2r—2)
I, = [2r=2) 01 1

1 0 X3 1
Ti3 [(v=2r—1) [v=3)

Then TT, € O, and (TT)'X(TT;) = [0, Ay, 02— 1],
Case 3: rank X, = 2(r — 2). Then rank Y13 = 2; and so there exists a Ti4 € GL,—_2r42(IF¢) such that
Yi3Tia = (I® 0@V=20) Let

@ 1

1(21‘—2) 0 I(Zl’—4) 1
T3 =
Tia @ 0 —x1 1

I(v—2r) I(v—3)

Then TT3 € O, and (TT3)'X(TT3) = [K, Ap(—2), 0" 727].

Note that matrices of difference ranks can not be in the same orbit. Now we show that any two
distinct matricesin (4) cannot fall into the same orbit of 0. Otherwise, there existsaT € O, whichis of
the form (2), carrying [0, Az, 02~ D]to [0?), Ay, 0"=27=2)], then T4, [0, Axr—1y, 002~ D]Ty,
= [Ayr, 0=2'=2] which is impossible since Ty, is nonsingular. Similarly, the left cases may be
handled.

By above discussion, the desired result follows. [

To determine the orbits of Gg; on A, we need the following two lemmas.

Lemma 2.2. Leta, b € Fywith (a, b) # (0, 0). Then there exists a T € 03042, (IFg) such that the

subspace (a, b)T has the matrix representation of the form (1, 0) or (1, 1) corresponding to a> — zb? is a
square element or not, respectively.

Proof. Note that (a, b) is of type (1,1, 0, 1) or (1, 1, 0, z) in F3><0+2 corresponding to a® — zb? being
a square element or not, respectively. The result follows from [11, Theorem 6.4]. [

Lemma 2.3. Any element of O2x 042, (IFq) has one of the following forms

L) ()
yzZ X —yz —X

where x> — y?z = 1.

Proof. Let T € Ozx0+42, A (IFg) and write

X
T= y’
uv
2

where x> — y?z = 1, xu — yvz = 0 and u®> — v’z = —z. If xyuv # 0,thenu = x"yvzand v? = x?,
ie,v = +xand u = +yz Then T has one of the form (5) with x> — y?z = 1. If xyuv = 0, then T has
one of the following forms

2
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j:I(z), n 1 ’ 0y ’ 0 vy
—1 y'o -y 'o

with —y?z = 1, which are of the form (5). O

Pick a fixed subset €2 of Iy such that {2, —} to be a partition of g, where —Q = {—ala € Q}.
Let E; denote the v-dimensional column vector having 1 as its i-entry and other entries 0’s. Similar to

[6, Theorem4.1],any element of A is of the form (X—2"'ZAZ! I") 7), whereX € K, andZ € M, (Fy).
Note that {9} = {P1} is the trivial orbit of Gp; on A. We have

Theorem 2.4. The nontrivial orbits of Gg1 on A have the following representatives:
P1(r) = ([Azr, 0¥ 1 0™2) (1 < r < |w/2)), (6)
@a(r,a) = ([=27"1(1 = 2a%), Agr, 072V IY) (By aEr)), (0 <T <[ —1)/2]), (7)
3(r, @) = (LA, 0V 72"]

+[=2711 = za%), 0"V 1M (E; aEp)), (1<r< lv/2)), (8)
@a(r) = (0, Ay, 00 71727]
H[=271A,07211Y) (B Ey)), (1 <1< (v —1)/2)), (9)
s (r) = ([Y, Agr—, 071 720]
+[=271A, 0721 1Y) (B By)), (1< < [(v—1)/2)), (10)
0s(r) = ([—27'A, Ayr, 0V=2721 W) (Ey Ey)), (0<r < |(v—2)/2]), (11)
@7(r,b) = ([bAy — 27 A, A2, 00201 1Y) (1 Bp)), (1 <1< [v/2)), (12)
@3(r) = (IK, Aor—a, 002D 4+ [=271A, 0% 21 1Y (B E2)), 2<r< v/2]), (13)

wherea € {0,1}, b € ,

0 01
Y=]10 0 1],
—-1-10

and K is given by Theorem 2.1. Moreover the rank of Go on A is

q@+7)/2-v/2]+4-|(v—-1)/2] + [(v—=2)/2] +3.

Proof. Suppose P € A \ {P;}.ThenP = (X —27'ZAZ! 1Y) 7), where rank (X — 2~ 'ZAZ! Z) > 0.
IfZ = 0, then rankX = 2r > 0, which implies that there exists a T € GL,(FF,) satisfying
TIXT = [Agr, 007277, Observe [T, (TY) ™!, I@] € Gy, carries P to (6).
IfZ # 0, then rankZ = 1 or 2. We distinguish the following two cases.
Case 1:rank Z = 1.Then there existsan S € GL, (IFy) such thatS'Z = (xE; yE;), where (x, y) # (0, 0).
By Theorem 2.1 there existsa T € Oy, which is of the form (2), such that T (S'XS)T is 0" or of form (3).
By Lemma 2.2, there exists an S1; € O2x0+2,a (Fq) such that T'S'ZSy; = b(E; akE;), wherea € {0, 1}
andb € F,’;. Observe

(ST)'(ZAZ")ST = (T'S'ZS11) A(S4,Z'ST) = b*(E; aE1)A(E; aEp)' = [b*(1 — za®), 0V V],
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Let T; = [b~ !, 1"V, Then [STTy, ((STT;)") ™", S11] € Goq carries P to
((STT) (X — 271ZAZYHSTT; 1Y) (STTy)'Z511).

Note that rank((STT;) (X — 27 1ZAZ)STT; (STT1)!ZS11) = rank(X — 27'ZAZ! Z).
If (ST)'X(ST) = 0", then [STTy, ((STT1)") ™", Sy1] carries P to (7) for r = 0.
If (ST)!X(ST) = [0, Ay, 0~1721] then [STTy, ((STT1)") !, S11] carries P to (7) for r > 0.
If (ST)!X(ST) = [ Ay, 00" 727], then [STTy, ((STT1)") ™", S11] carries P to

(b Az, Agr—2, 0¥ 20 4 [—271(1 — za?), 0V 1Y) (E; aEy)).

Suppose Ty = [1, b, V=2 ]. Then [STT; Ty, ((STT; T2)") 1, Sy1] carries P to (8).
Case 2: rank Z = 2. Then there exists an S € GL, (IF) such that StZ = (E; E»).By Theorem 2.1, there

existsaT € O, whichisofthe form (2)satisfying T (S‘XS)Tis 0*") or of form (4). Let T; = [Ty;", 10721,
Then [STTy, ((STT))") ™, @] € Gy carries P to

(ST X — 271Z2AZYSTT; 1Y) (E; Ey)).
Observe
(ST (ZAZY)STT; = (TIT'S'Z) A(Z'STT;) = [A, 072
and
rank((STT})! (X — 27'ZAZYSTTy (E; Ey)) = rank(X — 27'ZAZ! 2).

If (ST)!X(ST) = 0"), then [STTy, ((STTy)") !, I?] carries P to (11) for r = 0.
If (ST)!X(ST) = [0, Ay, 017211 then [STTy, ((STT;))) ™!, I'¥] carries P to

(s Agr—2, 017201 4 [271A, 007271 1Y) (B Ey)),

where
0 0 u
u 1t 0
Yyv=1]1 0 0 v |, =(Ty) .
v 1
—u—voO0
Take T, = [I@®,v= 1,103 or [1(2), =t 103 according to u = 0 or not, respectively. Then

[STT; T2, ((STT;T2)") ™Y, @] carries P to (9), or
([Yr.e Aor—, 07720 4 [=271A,0072] 1V (B By))

where ¢ = u~'v. When ¢® — z is a square element, we may choose an s € F; such that ¢> —z = 5.

LetA = [Aqq, s~ 1, 1V=3)], where

] c —zZ
A]] =5

-1 ¢
By Lemma 2.3, A}, € Ozx0+2.4(Fg), and [A, (A) 7T, (A};) '] € G carries
(Y1, Agr—2. 002" D] [=271A, 00727 1Y) (B Ey))

to (9). When ¢? — z is a non-square element, we may choose an s € IF; suchthats?(c? —z) =1 —z.
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Let B = [Bq1, s, V=31, where

1 c—zz(c—1)
By=—5——
sc2—2)c—1 c—z

By Lemma 2.3, BY; € 025042, (Fg), and [B, (B")~!, (B};) '] € Go1 carries
(V1.0 Agr—2, 0V 7201 4+ [=277A, 00721 1Y) (B Ey))

to (10).

If (ST)!X(ST) = [0?), Ay, 00°=2721] then [STTy, ((STT7)") ™", '] carries P to (11).

If (ST)'X(ST) = [ Ay, 0V=2"], then [STTy, ((STTy)") ™1, I¥)] carries P to @7 (r, b), where (Tj; ") A,
T1_11 = bA, for some b € ]F;. Note that [—1, 1"V, —1,1=D —1,1] € Gy carries @7(r, b) to
@7(r, —b). So we may choose b € Q.

If (ST)!X(ST) = [K, Azr—a, 0727], then [STTy, ((STT;)") ™", I®] carries P to

([U, Ayr—q, 0720 4 [=271A, 007271 1Y) (B Ey)),

where

Pick T3 = [I®, T¢,, " =9]. Then [STT; T3, ((STT1T3)") ", I¥] carries P to (13).

What is left to show that no two subspaces in (6)-(13) can fall into the same orbit. As an example,
we show that any two distinct ¢, (r, a) and ¢, (r, a’) can’t fall into the same orbit, and the rest cases
may be handled in a similar way. If there exists an element of Gy; of form (1) carrying ¢, (r, a) to
@ (r, d'), then T is of the form

t O
T= ,
T T
where t(1, a)S = (1, d’). By [11, Theorem 6.4], the subspaces (1, a) and (1, a’) is of the same type.

Since a, a’ € {0, 1}, we have a = d’, a contradiction.
Therefore, the desired result follows. []

For each vertex Q of A, the symbol Q denotes the suborbit containing Q. Denote by Sp,, (Fy) the
symplectic group of degree 2v with respective to Ay, over Fy, i.e., Spa, (Fq) = {T € GLy, (Fg) [T A2, T
= Ajy,}. By [11, Theorems 1.6, 3.16, and 6.21], we have

IGLy(Fy)| = q"~ V72 [ (g — 1),
i=1
v .
1Sp20 (Fg)| = ¢”° JL(CEE
1=

v . v+1
020 12,4 (F)| = ¢"@*D @ =1 I+
1= 1=
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Theorem 2.5. The nontrivial orbits of Gg; on A have lengths as following:

|GL, (Fg)|

lp1(N)| = ,
! 1Sp2r (Fg)| - GLy—2r (Fg)| - =20
|W| _ (g + 1)|GLU(]F(])|
7 1P2r (Fg)| - |GLy—ar—1 (Fg)] - 2qCrHD0=2-1)
— (q + DIGL, (Fg)]|
lo3(r,a)| = 2r(v—2r)42r—1°
|Sp2r—2(IFq)| : |GLv—2r(]Fq)| - 2q
— (q+1)|GLv(Fq)|
loa(n)| = @+ (v—2n-2"
|Sp2r—2(IFq)| - |GLy—2r—1 (Fq)| - 2q
— (q + DIGL,(Fg)|
|(P5(r)| = Qr+1)v—4(r2+1)’
|Sp2r72(Fq)| - |GLy—2r—1 (Fq)| - 2qlerT VAl
o5l = (bl
|Sp2r(Fq)| |GLy—2r—2 (]Fq)| - qRr2(v=2r-2) 7
- 2|GL,(IFy)|
lp7(r,b)| = ,
’ 1Sp2r—2(F)| - 1GLy—2r (Fg) | - g?rV=20)
— IGL, (Fg)|
s ()] = —

|Sp2r—4(IFq)| : |GLU—2r(]Fq)| : qu(v—Zr)+4r—5 ’

Proof. We only calculate |p3(r, a)| and |¢7(r, b)|. The length of other suborbits may be computed in
a similar way.

Let G3(r, a) be the stabilizer of s (r, a) in Gy, and let [T, (T*) !, S] be any element of Gs(r, a).
Then

T ([Aar, 0 72] = [271(1 = 20%), 007 VDT = [ Az, 00 727] = [271(1 — za), 0" V]
and T*(E; aE;)S = (E; aE;), which imply that x(1 a)S = (1 a) and

101 2r—2 v—2r
w 0 0 o\’
r— |t~ —uT5 Ay 2Tz 0 | ! ’
T31 0 Ts3 0 Jor—2
Ty Ta Ty3 Tyy

where 2 = 1 and T§3A2r_2T33 = Ayr—p.By Lemma 2.3, u(1 a)S = (1 a) implies that S is one of
the following forms

10
m@), % ifa=0,
0 —1
1+z 2
2 n ; —
/LI( ), 12 ifa=1.
-2z —(1+2)
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Hence |Gs(r, a)| = |Spar—2(Fg)| - |GLy—2r (Fg)| - 4¢* V2721 and

(q+ DIGLy (Fg)|
|Sp2r72(Fq)| : |GLv72r(]Fq)| ,2q2r(v—2r)+2r—1 .

lp3(r, a)] = [Gor : G3(r, @)] =

Let G;(r,b) be the stabilizer of @;(r, b) in Go;. Then G;(r, b) consists of matrices [T, (T*)~!,
(Tf)~'], where

2 2r—2 v-=2r

Tn O 0 2
T = 0 Ty 0 Jpr—2,

T31 T3 Ts3
v—2r

Ti; € Oaxo42,a (Fg), Ti AT = Az and Ta, Ayr 2Ty = Azr—p.ByLemma 2.3, the matrix T} satisfying
Ti; € Oax0+2.4(Fg) and T5; A>Ty = Aj is of the form

Xy
T1t1=< ),
vz X

where x> — y?z = 1. By [11, Lemma 1.28], the number of solutions of the equation x> — y?z = 1 s
q + 1.Hence |G (r, b)| = ISp2r—2(Fg)| - |GLy—2(Fg)| - (g + Dg” " and
2|GL, (Fg)

lo7(r, b)| = [Gor : G7(r, b)] = .
§07 o ’ |Sp2T—2(]Fq)| . |GLU—2F(]Fq)| . qu(v—Zr)

3. Quasi-strongly regular graphs

As a generalization of strongly regular graphs, quasi-strongly regular graphs were discussed by
Golightly, Haynworth and Sarvate [4] and Goldberg [3]. Let ¢q, ¢, . .., ¢ be distinct non-negative
integers. A connected graph of degree k on n vertices is quasi-strongly regular with parameters (n, k, A; c1,
2, ..., Cp) ifany two adjacent vertices have A common neighbors, and any two non-adjacent vertices
have ¢; common neighbors for somei (1 <i < p).

Since I" is a regular near polygon, the induced subgraph on A is edge regular, denoted by the same
symbol A. Therefore, A is quasi-strongly regular. In this section we compute all the parameters of A.

Let A (P) be the set of neighbors of Pin A.Clearly, |A (P)NA(Q)| = Owheneverdim (P4-Q) > v+2.
Note that for the vertex P; in A as in Section 2, the subspace Q € A satisfying dim (Q +P;) = v + 2
lies in the set

g Ues(0) |J es(1,a) U (1, D).
ae{0,1} beQ

To study |A(P) N A(Q)| for any two vertices P and Q with dim (P + Q) = v + 2, by Theorem 2.4,
it suffices to consider |A(P1) N A(Q)|, where Q € {¢1(1), ¢3(1, a), s(0), ¢7(1,b)},a € {0, 1} and
be Q.

Lemma 3.1. Forany vertexR = (A — 2~ 'CAC' 1) C) of A, the neighborhood of R is

AR) = {(A—271(CAC" + DAD" +2DACY) 1Y) C+D)|D € My (Fy), rankD = 1}.

Proof. Note that A(R) consists of matrices with the form (A — 27'CACt + X 1) C + D), where
X € My (Fg),D € M,»(Fy), rank (X D) = 1and X + X' + CAD' 4+ DAC" + DAD" = 0.1t follows that
rank D = 1.So we may write D = Dy(x y) and X = DoW*, where 0 # Dy € M,1(IFy), (x, y) # (0, 0)
and W € M1 (IFg). Let C = (C; () and TDg = E; for some T € GL, (IFy). Then
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E1(T(WHXC1 —yzCy)) +T(W +xCy —yzC)EL + (x> — y*2)E1ES = 0.
It follows that T(W + xC; — yzCy) = —27 ' (x* — y?2)E1. So W = —271(x*> — y%2)Dy — xCy + yzCy
and X = —2"1(DAD! + 2DAC"). The desired result follows. [

Note that when v = 1, any element of A is of the form (—2~ ' (a*> —zb®) 1 (a b)), wherea, b € F,.
Then A is a clique with g vertices.

Lemma3.2. LetP and Q be any two vertices of A withdim (P4-Q) = v+2.Ifv > 2,then |A(P)NA(Q)|
isequalto 0, qorq + 1.

Proof. For any Q € {p1(1), ¢3(1, a), ps(0), p7(1, b)}, it suffices to show that |[A(P;) N A(Q)|
=0, ¢% q*> — 1 or ¢> + q. We only compute |A(P;) N A(g3(1, a))|, and the others can be treated
similarly.

Let R € A(Py) N A(g3(1,a)). From R € A(P7) and Lemma 3.1 we know that R is of the form
R = (—27'DAD! 1) D), where D € M,(IFg) and rankD = 1. Again from R € A(g3(1, a)) and
Lemma 3.1 we know that

R = ([Az, 0V P]—[27"(1—za%), 0¥~V ]—27" (D AD| +2D; A(Ey aE1)") I (Ey aE1)+Dy),
where D1 € M,»(IFy) and rank D; = 1. Therefore, D = (E; aE;) + Dy and
—27'DAD" = [4, 0V 7P] — [271(1 — za®), 0¥ V] — 271 (D; ADY + 2D, A(E; aFy)Y).

It follows that —27'(E; aE;)ADY = [Az,00=2)] — 271D A(E; aE;)'. Hence
t t

c zady—20--- 0 14+c zady—20--- 0
Dy = and D = ,

d] dz 0---0 Cl+d1 d2 0---0

where cdy = dy(zady — 2) and d, = a(zad, — 2). Observe the number of (c, dy, dy) satisfying
cdy = dy(zady — 2) and dy = a(zad, — 2)isq,i.e., |A(P1) N A(p3(1,a)| =q. U

Theorem 3.3. Let v > 2. Then A is a quasi-strongly regular graph with parameters
@72 (@ —1D@+1).¢* —2:0.q.9+1).

Proof. Since A consists of the vertices as the form (X —271ZAZ! 1) Z), where X isa v x v alternate
matrix, and Z € M, (Fy), we have n = q"(*t3)/2 By Theorem 2.5,

k= [92(0, 0)| + [¢2(0, 1| = 2[92(0, 0)| = (¢" — D(g + ).

Note that ¢, (0, a) € A(P1).In order to compute the parameter 2, it suffices to compute the size of the
common neighbors of Py and ¢, (0, a).LetR € A(P1) N A(g2(0, a)). Similar to the proof of Lemma 3.2,
we deduce that R is of the form R = (=2~ 'DAD! 1) D), where
t
1+c0---0
D=
a+d0---0

satisfies (c, d) # (0, 0) and (1 +c, a + d) # (0, 0). Observe the number of (c, d) satisfying (c, d) #
(0,0)and (1 4+ c,a+d) # (0,0)is g*> — 2,ie, A = |A(P) N A(g2(0,a))| = q°> — 2. The rest
parameters of A are listed in Lemma 3.2. [
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4. Association schemes
In this section we discuss the association scheme based on A when v = 2.

A d-class association scheme X is a pair (X, {Ri}o<i<a), Where X is a finite set, and each R; is a
nonempty subset of X x X satisfying the following axioms:

(i) Ro = {(x,%) [x € X};
(i) X x X =Ry UR; U---URy, Ri NRj = @ (i # Jj);
(iii) ‘R; = Ry forsome i’ € {0, 1, ..., d}, where ‘R; = {(y, x) | (x,y) € R;};
(iv) foralli,j, k € {0, 1, ..., d}, there exists an integerpg- =|{zeX|(x,2) €R;, (z,y) € Rj}| for

every (Xx,y) € Ry.

The integers pg- are called the intersection numbers of X, and k; (= p?i,) is called the valency of R;.

Furthermore, X is called symmetric if i’ = i for all i. As for more information concerning association
schemes, the readers may consult [1,2].

Let G be a transitive permutation group on a finite set X, and Rg, Rq, ..., Rg be the orbits of the
induced action of G on X x X. It is well known that (X, {Ri}o<i<q) is an association scheme [1, Section
2.2].

Note that the action of Gy on A X A determines an association scheme. We shall discuss the
association scheme in the case v = 2.

In the rest we always assume that v = 2. By Theorem 2.4, the orbits of Gg; on A have the following
representatives:

Yo, P1 (1)s ¢’2(0» a)s (P3(1a Cl), ¢6(0)» §07(]s b)s

where a € {0, 1}, b € Q. For the action of Go on A x A, let Rg, R1, Rz,, R3,, R4, Rs, denote the orbits

Containing ((PO, (p())v ((/70’ (4] (1))v (¢07 §02(0, a))v (‘p()? ¢3(]a a))r ((PO’ (pG(O))v ((/70, (P7(17 b))v respec-
tively. Then Ro, R1, Ry, , R3,, R4, Rs, are all the orbits of the action of G on A X A.

Let Gy, (1) be the stabilizer of ¢1 (1) in Gg1. Then G, (1) consists of matrices with the form [T, (TH~1,
S], where T* € Spy(Fg) and S € O2x0+2,4 (Fg). So

|G| = ISp2(Fg)] - [02x042.4 Fg)| = 2q(q — 1)(q + 1D*.

In order to discuss the association scheme based on A, we need the following lemmas.

Lemma 4.1. The orbits of Gy, (1) on A have the following representatives:

bix = (xAy 1@ 09),
Prca = (xA3 +[—5(1 —2a%),0] 1) (E; akEy)),
b3 = XAz +[—32, 32) 1P [c, 1)),

wherea € {0,1},x € Fgandc € Q.
Proof. The proof is similar to that of Theorem 2.4, and is omitted. [J

Lemma 4.2. Let ¢ € Q. Then the number of (T, S) satisfying T* € Sp2(Fq), S € O2x0+2.a(Fq) and
T'c,11S = [c, 1]isq + 1.

Proof. Since T'[c, 1]S = [c, 1], by Lemma 2.3,

—2 -1
c sz —c7 s
=" Cs=( " ,
s u —c sz
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where u,s,c € Fy and w —c”

1309

252z = 1. By [11, Lemma 1.28], the number of (i, ¢) satisfying

w? —c7 2%z =1isq+ 1, as desired. O

Lemma 4.3. The representatives ¢1x, $ax,a, P3x,c listed in Lemma 4.1 satisfy

(%0, P10) € Ro,

(90, $11) € Ry,

(90, $14) € Ry,

(90, $20,0) € Ry,
(9o, ¥21,0) € R3,,
(90, P2d,0) € Rs,,
(90, $30,c) € Ra,
(@0, P31,c) €Rs__;,

(@10, p1(1)) € Ry,
(@11, 91(1)) € Ro,
(@14, p1(1)) € Ry,
(¢20,a, 91(1)) € R3,,
(P21,0, 91(1)) € Ry,
(¢2d,a> p1(1)) € R,
(#30,c, 91(1)) €Rs__,;,
(@310, 91(1)) € Ry,

(%0, $3d,c) €Rs_ 1,5 (D3d,c, ¢1(1)) € Rs

whered € Fg\{0, 1}, &, &1, 62 € {1, =1}, ec™ !, e1c7d, e2¢7 (1 — d) € Q.

epc1(1-d)”

Proof. We only show (¢o, ¢30,c) € R4 and (¢30.c, 91(1)) € R5M1 .The left cases may be treated sim-

ilarly, and will be omitted. Note that [c™", 1, c, 1, [@] € Gy carries @o and ¢3g ¢ to ¢o and s (0), re-
spectively, so (¢o, ¢$30,c) € Rs.Lete = 1or —1according to ¢! e Qor—c! € Q,respectively. Then

-1 o0

0 —&

%c 0 —c 0 — O € Go
0 —%82 0 —¢ 0 —¢

—1 0 1 0

0 £z 0 ¢

carries ¢3¢ and ¢1 (1) to g and @7 (1, ec™1), respectively, which implies (¢30.c. 1(1)) € Rs. . O

Theorem 4.4. The configuration X = (A, {Ro, R1, Ry, R3,, R4, Rs, }ac{0,1},beq) is a symmetric associa-
tion scheme with class (q + 11) /2, whose non-zero intersection numbers p}j are given by

Por =Plo=1, Py =0—2, Py 3 =D = @—D@+17%/2
P33, = @—2)@— 1@+ 1?/2, pis, =Dps, 4=D35 =2q(¢* — 1),

ebd—1(1—d)
whered € Fg\{0, 1}, & € {1, —1} andebd ™' (1 — d) € Q.
Proof. By Theorem 2.4, X forms an association scheme of class (q + 11)/2.
Now we prove X is symmetric. Since
10
0 —1
0110

1 0 0-—1
1@

€ Gy
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interchanges @1 (1) and g, ‘R; = Ry. The left cases can be treated similarly, and will be omitted.
In order to compute non-zero intersection numbers p}j of X, we need consider the cases listed in

Lemma 4.3. Here we only calculate p%ﬂ’ 3, and P}l,sb by the way of examples.
Let Gy, , be the stabilizer of ¢0 4 in Gy, (1) By Lemma 4.3, p}a,ga =[Gy, (1) : Ggyg ], the index of
Gnoo 1N Gy, (1). Note that Gy, , consists of matrices [T, (T%~1, 5], where

T' € Spa(Fy), T'[1,01T = [1,0], S € Oaxo42.4(Fg) and T'(E; aE)S = (Ey aEy).
It follows that

1 2 2
T = wo ) S=,u1(2) orS:L2 Ttz ¢
iy 1—za —2za —(1+zd®)

where ;2 = 1. Therefore, |Ggpo.a| = 4q and

P33, = [Gor(1) : Ggnoal = 1Gg, 1)1/ Gl = (@ — D(g + 1)%/2.

Let Gy, be the stabilizer of ¢30, in Gy, (1), where ¢ € €. Then Gy,, . consists of matrices
[T, (T")~", S], where

T € Spy(Fy), T'[c?, —2]T = [c?, —z], S € Oaxo+2.4(Fy) and T'[c, 1]S = [c, 1].

Note that T'[c, 1]S = [c, 1] implies T![¢?, —z]T = [c?, —z]. By Lemma 4.2, |Ggso.c| = q+ 1; and by
Lemma 4.3,

Péll,sgcq =[Gy (1) * G, ] = |Gy (1) /1Gg.c| = 2a(q” — 1),
which is independent of choices of ¢ € Q2. Hence p}l,sb =2q(¢* = 1). O

Remarks. All the valencies of X are given by Theorem 2.5. By a similar method in this section, all the
intersection numbers pg» of X can be calculated.
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