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0. Introduction

The notion of an amenable Banach algebra was defined and studied in the seminal work of Johnson [10]. One of the
fundamental results was that for a locally compact group G, the group algebra L!(G) is amenable if and only if the group G
is amenable. Since then amenability has become a major issue in Banach algebra theory and in harmonic analysis.

In this paper we continue our recent investigation [11] of a concept which might be referred to as amenability with
respect to a character. Let A be an arbitrary Banach algebra and ¢ a character of A, that is, a homomorphism from A onto C.
We call A p-amenable if there exists a bounded linear functional m on A* satisfying (m,¢) =1 and (m, f -a) = @(a)(m, f)
forallae A and f € A*. Here f-a € A* is defined by (f -a,b) = (f,ab),b € A. Any such m is called a ¢-mean. This concept
considerably generalizes the notion of left amenability for F-algebras which was introduced and studied by the second
author in [14].

Note that in [16] a Banach algebra is called right character amenable if it is ¢-amenable for each character ¢ and has a
bounded right approximate identity. Note also that for a locally compact group G (respectively, a discrete semigroup S), the
group algebra L'(G) (respectively, the semigroup algebra I1(S)) is amenable with respect to the trivial character 1 precisely
when G is amenable (respectively, S is left amenable). However, ['(N) is not amenable since it does not have a bounded
approximate identity.

We briefly outline the contents of this paper. After introducing some notation, we give two characterizations (in terms
of cohomology groups and a Hahn-Banach type extension property) of ¢-amenability, which are close to results in [11].
In Section 2 we mainly focus on ¢-means of norm 1. We establish various criteria for their existence (Corollary 2.3, Theo-
rems 2.4 and 2.7). Pointwise conditions, in terms of elements f € A* or a € ker ¢, the kernel of ¢, are given that ensure the
existence of g-means of norm 1 (Theorem 2.1, Proposition 2.2 and Theorem 2.4).
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In Section 3, we concentrate on weakly sequentially complete Banach algebras. We show that if there is no ¢-mean in A
itself, but there exists a so-called sequential bounded approximate ¢-mean, then A admits at least 2° g-means, and there
are no more if A is separable (Theorem 3.1). We also relate the existence of ¢-means to Arens regularity of A (Theorem 3.9).
A result of a flavour similar to that of Theorem 3.1 is obtained in Theorem 4.1. It implies that if A is a separable F-algebra
and € denotes the identity of the von Neumann algebra A*, then there are 2¢ e-means of norm 1 with the additional
property that ||m —n|| =2 for any two of them.

Finally, in Section 5 we present illustrative examples such as Lipschitz algebras and algebras LP(G), where G is a compact
group.

1. Preliminaries and some basic results

In this paper, the second dual A** of a Banach algebra A will always be equipped with the first Arens product which is
defined as follows (compare [2, Section 10]). For a,b € A, f € A* and m,n € A**, the elements f -a and m- f of A* and
mn € A** are defined by

<f'asb>:<f7ab>7 (mfvb):(mvfb> and (mnsf):(mvn'f)v

respectively. With this multiplication, A** is a Banach algebra and A is a subalgebra of A**. Alternatively, the multiplication
on A** can be defined by using iterated limits as follows. For m,n € A**, let
mn = w*- lim (w*— lim ab).
a—m b—n

In general, the multiplication (m,n) — mn is not separately continuous with respect to the w*-topology on A**. But, for
fixed n € A**, the mapping m — mn is w*-continuous, and also for fixed a € A, the mapping m — am is w*-continuous.
Moreover, for all m,n € A** and ¢ € A(A), the set of all homomorphisms from A onto C, (mn, ¢) = (m, ¢)(n, ¢). Conse-
quently, each ¢ € A(A) extends uniquely to some element ¢** of A(A**). The kernel of ¢**, ker ¢**, contains ker¢ in the
same sense that A** naturally contains A. Since each of these ideals has codimension 1, the theory of second polars shows
that ker ¢ is w*-dense in ker ** and that ker ¢** = (ker ¢)**.

The Banach algebra A is said to be @-amenable if there exists m € A** such that (m, @) =1 and (m, f -a) = ¢(a)(m, f)
for all f € A* and a € A, and any such m is called a ¢-mean. By Theorem 1.4. of [11] the ¢-means are nothing but the w*-
cluster points of bounded nets (u,), in A with ¢(u,) =1 for all y and |lauy, —@(a)uy || — 0 for all a € A. Consequently, we
call such a net (uy), a bounded approximate ¢-mean. Given a ¢-mean m, the net (u,), can be chosen so that [[uy || — [m]|
(compare the proof of [11, Theorem 1.4]).

If X is a Banach A-module, then so is the dual X* of X with the module actions given by

(a-f.x)=(f,x-a) and (f-a,x)=(f,a-x),

aecA, xeX, feX* In the following theorem H!(A, X*) denotes the first cohomology group of A with coefficients in X*.

Theorem 1.1. Let A be a Banach algebra and ¢ € A(A). Then the following three conditions are equivalent.

(i) A is ¢-amenable.
(ii) If X is a Banach A-bimodule such thata - x = @(a)x forall x € X and a € A, then H' (A, X*) = {0}.
(iii) Give (ker @)** a second A-bimodule structure by taking the left action to be a - m = @(a)m for m € A** and taking the right
action to be the natural one. Then any continuous derivation D : A — (ker ¢)** is inner.

Proof. The equivalence of (i) and (ii) has been shown in [11, Theorem 1.1]. Trivially, (ii) implies (iii), and therefore we only
have to show (iii) = (i). Choose any b € A with ¢(b) = 1. Then Da =ab — ba,a € A, defines a derivation from A into
(ker )**. By (iii), D is inner, so there is m € (ker ¢)** such that Da =a(—m) — (—m)a for all a € A. Then

a(b+m)=(b+m)a=ge@b+m)
forallae A and (b+m,p)=¢(b)=1.Sob+m is a g-mean. O

The implication (iii) = (ii) in the above shows that if H!(A, X*) = {0} for the particular case in which X = (ker ¢)*, then
all such cohomology groups are zero. The following result should be compared with Theorem 1.5 of [11].

Theorem 1.2. Let A be a Banach algebra and ¢ € A(A). Then the following two conditions are equivalent.

(i) Ais ¢p-amenable.
(ii) If X is any Banach A-module and Y is any Banach A-submodule of X and g € Y* is such that the left action of A on g has the
forma- g=q(a)g foralla € A, then g extends to some f € X* suchthata- f =¢(a)f foralla € A.
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Proof. (i) = (ii) Let g € X* such that g extends g and ||Z|| = ||g||. If a € A satisfies ¢(a) =1, then a-g also extends g. Since
A is p-amenable, there exists a net (uy), in A such that, for all ¥, ¢(uy) =1 and |luy, || < C for some constant C > 0 and
llau, — @(@uy || — 0 for all a € A [11, Theorem 1.4]. Then u, - g extends g and we may assume that |ju,, - || < Cligll +1
for all y. After passing to a subnet if necessary, we can also assume that u, - g — f in the w*-topology for some f € X*.
Clearly, f extends g. Taking w*-limits, we obtain

a-f=lima- (uy g)= lim(auy) - g= li)l/n[(auy —p@uy) - E+e@uy, -Z]=9@f

for all a € A. So (ii) holds.

(ii) = (i) Take X = A* and Y = Cp. Let ¢* € Y* be defined by (¢*, ¢) = 1. Then the left action of A on @* is given
by a - ¢* = ¢p(a)p*. By hypothesis, there exists m € A** such that m|y = ¢* and a-m = @(a)m for all a € A. Since (m, ¢) =
(p*,9)=1,mis a p-mean. O

Using w*-continuity, we easily see that an element m € A** is a ¢-mean for A if and only if for all n € A** we have
nm = ¢**(n)m. It is tempting to introduce a new general concept by saying that, when ¢ is a complex homomorphism on
a complex algebra B, m is a ¢-right zero if nm = @ (n)m for all n € B (the term ‘right zero’ in this context comes from the
measure algebra on a semigroup with a right zero). However, this is hardly worthwhile, as it would merely be giving a new
name to a g-mean which lies in B. But this viewpoint does reduce the idea of a ¢p-mean to a purely algebraic one, and
sometimes it is easy to prove results in this context and then interpret them as applying to Banach algebras. It is trivial to
notice that A has a ¢-mean if and only if A** has a ¢**-mean which lies in A**. The next proposition and its corollary
provide an example of this technique.

Proposition 1.3. Let B be a complex algebra and ¢ : B — C a homomorphism. Let | be an ideal in B with | C ker¢ and let ¢ :
B/ ] — C be the homomorphism induced by @. If | has a right identity and B/ ] has a ¢-mean in B/ J, then B has a ¢-mean in B.

Proof. Let q: B — B/], so that ¢ = ¢ o q. Let e be a right identity for J and let m € B be such that q(m) is a @-mean
for B/J. Since q(e) =0 we find for all x € B,

q(x)q(m —me) = q(x)q(m) = §(q(x))q(m) = p(x)q(m — me).
This shows that x(m — me) — ¢(x)(m — me) € J. Since e is a right identity for J and (m — me)e = 0, we see that in fact

x(m —me) — ¢(x)(m —me) =0, so that m — me is a p-mean for B. O

Corollary 1.4. Let A be a Banach algebra, ¢ € A(A) and I a closed ideal in A with I C ker ¢. Suppose that I has a bounded right
approximate identity and that A/I is ¢-amenable, where ¢ € A(A/I) is the homomorphism induced by ¢. Then A is ¢-amenable.

Proof. The statement follows from Proposition 1.3 on taking B = A** and J = I**. In fact, since I has a bounded right
approximate identity, I** has a right identity, and since B/J = A**/I** = (A/D** and A/I is ¢-amenable and ¢** = 9;:*
B/J is ¢*™-amenable. Thus B/J has a (Zs‘/"-mean and the proposition shows that B has a ¢**-mean. This says that A is
@-amenable. O

Note that this corollary generalizes Proposition 2.1 of [11].
2. ¢-Means of norm 1

Let A be a Banach algebra and ¢ € A(A). In this section we establish several criteria for A to possess a ¢-mean of
norm 1. We start by showing that the existence of such a mean is a pointwise property.

Theorem 2.1. Let A be any Banach algebra and ¢ € A(A). Suppose that for each f € A* there exists my € A** such that ||my|l =
(mg, @) =1and (my, f -a) = @(a)(my, f) foralla € A. Then A has a ¢-mean of norm 1.
Proof. Define a subset S of A** by

S={meA™: |mll=(m,¢)=1}={me A™: |m| <1, (m ¢)=1}.

Then S is w*-compact and easily seen to be a semigroup for the first Arens product. Let F denote the collection of all finite
subsets F of A*, and for every F € F, let

Sp={meS: (m, f-a)=¢()(m, f) for all f € F and a € A}.

Then S is closed in S and Sg, 2 Sp, whenever Fi C F,. Clearly, every m € (\{Sr: F € F} is a ¢-mean with |m| = 1.
It therefore suffices to show that Sr # ¢ for each F € F. We achieve this by induction on the number of elements in F.
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So suppose that some mj € S exists and let g € A*\ F and set h =m;j - g € A*. By hypothesis, there exists m; € Sgn. Let
m=mymy € A**. Then m € S since S is a semigroup. For f € F and a, b € A, we have
(m1 - (f -@).b)=(m1. f - (@b)) = p(@(m1, f)p(b).
Hence my - (f -a) = @(a)(mq, f)e, and similarly my - f = (mq, ). It follows that, for f € F and all a € A,
(m. f-a)={mz2.m1 - (f @)= @@(m1, f)(ma, ¢) = p(@(ma. (1. flg) = @@ (mz,m1 - f) = p@(m, f).
Moreover, for all a € A,
(m, g-a)=(my, (m; - g)-a)= (@) (my, m - g) = @@ym,g).

So m € Sruyg), and this finishes the proof. O

Let A be a Banach algebra and ¢ € A(A). For f € A* and € > 0, let

Kre=lu-fiuecA ow=1, |ul <1+e€}" CA*

Clearly, Ky ¢ is convex and w*-compact, and so is Ky = (..o K e.

Proposition 2.2. For f € A*, the following conditions are equivalent.

(i) There exists m € A** such that |m| =1, (m,¢) =1and (m, f -a) = ¢@(a)(m, f) foralla € A.
(ii) Ky contains ¢ for some A € C.

In fact, Co N Ky equals the set of all (m, )¢, where m is as in (i).

Proof. Let m be as in (i), and let (uy), be a net in A such that ¢(u,) =1 for all y, |luy|l - 1 and u), — m in the
w*-topology. Then

(uy - f,a)y=(uy, f-a) - (m, f-a) =p(@){m, f)

for all a € A, and hence (m, f)¢ € K¢ ¢ for every € > 0.

Conversely, assume that Ap € Ky and let € > 0. There exists a net (uy )y in A such that @(uy ) =1, [uy || <1+€ for
all y and Ap = w*-limy, (uy ¢ - f). Let nc be a w*-cluster point of the net (uy (), in A™. Then |n¢ll <1+4¢€, (ne, @) =1
and (ne, f -a) = g(a) for all a € A since

(Uye, f-a)=(uyc- f.a) > rp(a).
Let n be a w*-cluster point of the net (n¢)e. Then |n|| =1, (n,¢) =1 and
(n-f.a)=n, f-a)=xp)
for all a € A. Finally, let m =n? € A**. Then (m, ¢) = (n, )2 =1 and ||m| = 1. Moreover,
(m, f)=n.n-f)=n,rp) =1, @) =1,
and hence, for all a € A,
(m. f-a)=(n.(n-f)-a)=(n. ) -a) = re@n. ) = p@m, f).

So m satisfies all the requirements in (i).
Actually, the above proof shows that ¢ belongs to K if and only if A = (m, f) for some m e A** as in (i). O

As an immediate consequence of Proposition 2.2 and Theorem 2.1 we obtain

Corollary 2.3. For a Banach algebra A and ¢ € A(A), the following are equivalent.

(i) A admits a ¢-mean of norm 1.
(ii) Foreach f € A*, Co N Ky # 0.

The next theorem, which is one of the main results of the paper, in particular shows that the existence of a ¢-mean of
norm 1 is a pointwise property in the sense that it follows from the existence of a certain functional on A* associated with
each of the elements of the ideal ker ¢.
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Theorem 2.4. For a Banach algebra A and ¢ € A(A), the following four conditions are equivalent.

(i) There exists a ¢-mean m such that |m|| = 1.

(ii) There exists a net (uy ), in A such that p(uy) =1 forall y, |luy |l — 1 and |lau, || — |@(a)| foralla € A.
(iii) For each a € ker ¢, there exists mq € A** with ||mq| <1, (mg, ¢) =1 and am, = 0.
(iv) For eacha € ker ¢ and € > O, there exists u € A such that |lu|| < 1+¢, |lau|| < € and p(u) = 1.

Proof. (ii) = (iv) is clear. Also, (i) = (iii) is simple: If m is a ¢-mean, we can choose m; =m for all a € A. Therefore, in
order to establish the theorem it suffices to show the implications (i) = (ii), (iii) = (iv) and (iv) = (i).

(i) = (ii) There exists a net (u,), in A with the following properties: ¢(u,) =1 for all y, |luyll — 1 and
llau, —@(@uy || — 0 for all a € A. Thus,

[llauy Il = [e@]] < [llauy I = e@uy || +[|¢@uy | - |o@][] < [auy = p@uy | +|e@] - [luy | - 1}.

(iii) = (iv) Fix a € kerg and take any net (uy), in A such that |lu,|| <1 and u, — mg in the w*-topology. Then
¢(uy) — 1. By replacing each u,, with a scalar multiple of itself and taking a cofinal subnet, we may arrange that [lu || <
14 € and ¢(uy) =1 for all y. Since w*-limau, =amy =0 and au, € A, 0 is in the weak closure of the set (auy),, and
therefore 0 is in the norm closure of the convex hull of (auy),. The set (uy), being contained in the closed hyperplane
{x € A: @(x) =1}, we easily reach our conclusion.

(iv) = (i) We claim that for every finite subset F of A and € > 0, there exists ur ¢ such that ¢(ure) =1, [[urell <1+€
and

laur.c —p@ur.e| <e

forallae F. Let F ={ay, ..., ay}, say, and choose § > 0 such that (1+ 8)¥*! < 1+ €. By hypothesis, there exists ug € A such
that ¢(up) =1 and |lup|| < 1+ 4. Since ajupg — ¢(a)up € ker ¢, again by (iv) there exists u; € A such that

e =1, [uill<1468 and |(@juo— ¢(@anuo)us| <s.
Likewise, axuou — @(az)upu; € ker and hence there exists u; € A such that
euz) =1, |uzll<1+8 and |(auous — @(azx)uour)uz | < 6.
For j=1,2, we have |lu;|| <1436, ¢(u;)=1 and
[ajuouiuz — @(ajuouiuz|| < 8(1+96).
Proceeding inductively, we see that there exist uj, 1< j <k, such that ¢(u;) =1, |uj||<1+46 and, fori=1,...,j,
|aiuouy - -+ - uj — @(apuouy - -+ - ui <81 +8)7" <e.

In particular, when j =k, setting ur ¢ = 1_[’]‘»:0 uj gives us p(ure) =1, lurell <14 € and |laur e — @(@ur |l < € for all
a € F. This proves the above claim.

Now, order the pairs (F,€), F C A finite, € > 0, in the obvious manner, and let m be a w*-cluster point of the net
(ur.e)r,e in A**. Then |m|| <1 and (m,¢) =1 (and hence ||m| =1) and am = ¢(a)m for all a € A. So m is the required
@-mean. O

Remark 2.5. Using methods similar to those employed in the proof of Theorem 2.4, the following can be shown. Let A be a
Banach algebra and ¢ € A(A). For C > 0, the following statements are equivalent.

(i) A has a ¢-mean of norm C.
(ii) A contains an approximate ¢-mean with norm bound C.
(iii) For each a € ker ¢, there exists my € A** with |mg| = C, (mg, ¢) =1 and am, = 0.
(iv) There exists a net (uy)y in A with ¢(u,) =1 for all y, |luy | — C and au, — 0 for every a € ker ¢.

For a Banach algebra A and ¢ € A(A), let N(A, ¢) denote the set of all f € A* with the following property: for each
8 > 0, there exists a sequence (ay), in A such that ¢(a,) =1, |lag]l <146 for all n and | f - ay|| > 0. We now aim at
a criterion for the existence of a ¢-mean of norm 1 involving the set N(A, ¢) (Theorem 2.8. below).

Lemma 2.6. For a Banach algebra A and ¢ € A(A), the following hold.

(1) ¢ € N(A, ).
(ii) N(A, @) is closed in A* and closed under scalar multiplication.
(iii) If A is commutative, then N(A, @) is closed under addition.
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Proof. (i) is immediate since ¢ -a = ¢ for all a € A with ¢(a) = 1.
(ii) Let f, e A*, ne N, and f € A* such that f, — f. For every n there exists a; € A such that ¢(a;) =1, |la|| <1+ %

and || fp - anll < 3. Then ||f -anl| <|If = fall - llan|l + & for all n, whence f € N(A, @).
(iii) Let f1, f2 e N(A,@) and 6 > 0. If aj € A, j =1, 2, are such that ¢(a;) =1, lla;|| <1+ and || f; - aj|| <4, then since
A is commutative,

|1+ f2) - (@a)| < fr-arll - lazll + [ f2 - azll - lar |l < 28(1 +6).
It follows that f1 + f2 e N(A,¢). O

Lemma 2.7. Suppose that A admits a ¢-mean of norm 1. Then N(A, @) is a subspace of A*.

Proof. Let | ={a € A: ¢(a) =1} and let € > 0. Since A has a ¢-mean of norm 1, there exists a net (uy), in A such that
@(uy)=1and |luy|| <14¢€ forall y and |lauy, —uy || — O for every a e J.

Now let f1, f2 € N(A, ¢). Given € > 0, there exist aj,az € J such that || fj-a;|| <€ and |la;|| <1+¢€, j=1,2. By the first
paragraph, there exists u € A with |Ju]| <1+¢€, ¢(u) =1 and

laiu — axull < llaru —ull + llu —azxull <e.
Then

[(fi+ f2) - @w| < |fi- @w|+ | f2: (@u) = fo- @]+ | f2- @u]
If1-all - llull + 120 laru — axull + 1| f2 - a2l - llull
€(1+e)+elfall +€(1+e€)
— €242+ 1121

Since @(aju) =1 and |jaju|l < (14 €)? and € > 0 is arbitrary, it follows that f; + f> € N(A, ¢). O

<
<
<

Theorem 2.8. Let A be a Banach algebra and ¢ € A(A). Then the following two conditions are equivalent.

(i) There exists a o-mean m with |m| = 1.
(ii) N(A, @) is a subspace of A*and f -a— f € N(A, @) forall f € A*and alla € A with ¢(a) =1.

Proof. Let m be a ¢-mean of norm 1. By Lemma 2.7, N(A, ¢) is a subspace of A*. Let f € A* and a € A with ¢(a) = 1. There
exists a net (uy)y in A such that ¢(uy) =1, |luy |l — 1 and |lauy, —uy || — 0. Since [[(f-a— f)-uy | <|fll - llauy, —uy |, it
follows that f-a— f € N(A, ¢).

Conversely, suppose that N(A, ¢) is a subspace of A* and that (ii) holds. Since ¢ ¢ N(A, ¢) and ||¢|| =1, by the Hahn-
Banach theorem there exists m € A** such that ||m|| = (m, ¢) =1 and m|na,y) = 0. Then, by (ii), (m, f -a) = (m, f) for all
f e A* and all a € A with ¢(a) =1 and hence (m, f -a) =¢@(a)(m, f) forallae A. O

We shall see in Example 5.3 that if ||m| > 1, it can even happen that N(A, ¢) = {0}.
The following corollary is an immediate consequence of Lemma 2.6 and Theorem 2.8.

Corollary 2.9. If A is a commutative Banach algebra and ¢ € A(A), then A has a ¢-mean of norm 1 ifandonlyif f-a— f € N(A, ¢)
forall f € A* and alla € A with p(a) =1.

Before proceeding, recall that an F-algebra A is a Banach algebra which is the predual of a von Neumann algebra M such
that the identity € of M is a multiplicative linear functional on A. In this case, the e-means of norm 1 are nothing but the
topologically left invariant means (TLIM) on A* [14]. Examples of F-algebras include the group algebra, the Fourier algebra
and the Fourier-Stieltjes algebra of a locally compact group. Other examples are the measure algebra of a locally compact
semigroup and the predual of a Hopf-von Neumann algebra (see [14] for details and also [17]).

Let A be a Banach algebra and ¢ € A(A). We say that an element a of A is ¢-maximal if it satisfies ||a|| = ¢(a) = 1.
Let P1(A, ¢) denote the collection of all ¢-maximal elements of A. When A is an F-algebra and ¢ is the identity of the
von Neumann algebra A*, the ¢-maximal elements are precisely the positive linear functionals of norm 1 on A* and hence
span A. However, in general P1(A, ¢) can be quite small (see Examples 5.2 and 5.3).

Let X(A, ¢) denote the closed linear span of P;(A, ¢). Then X(A, ¢) is a closed subalgebra of A.

Proposition 2.10. Let A be a commutative Banach algebra and ¢ € A(A). If X(A, ¢) = A, then A has a ¢-mean of norm 1.

Proof. Let K = {m € A**: ||m| = (m, ) = 1}. Then K is a w*-compact convex subset of A**. For each a € P1(A, ¢), let
Ty : K — K denote the map m — am. Then a — T, is a representation of the commutative semigroup P1(A, ¢) as w*-w*-
continuous affine mappings from K into K. Therefore, by the Markov-Kakutani fixed point theorem (see [5]), there exists
m € K with am =m for all a € P1(A, ¢). For all a € A, it then follows that am = ¢(a)m, and hence m is a p-mean. O
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Remark 2.11. Let A be a Banach algebra such that A is a left or right ideal in A**. Let ¢ € A(A) and suppose that there
exists a ¢-mean m. Then there exists a ¢-mean in A itself.
To see this, fix a € A with ¢(a) = 1. If A is a right ideal in A**, then m = ¢(a)m =am € A. If A is a left ideal in A**, then

(mav(p>:<mva'(p):(mv(p>:1

and b(ma) = ¢(b)ma for all b € A, whence ma € A is ¢-mean.
3. Weakly sequentially complete Banach algebras

A ¢-mean of a Banach algebra A is an element of the second dual of A. There are some aspects of the theory of second
duals which are particularly striking for weakly sequentially complete algebras. In this section we offer some results which
are relevant to ¢-means.

A Banach algebra A is weakly sequentially complete if every sequence (a,), in A which is weakly Cauchy is weakly conver-
gent in A. As is well-known, preduals of von Neumann algebras are weakly sequentially complete (see [20]). In particular,
L'(G) and A(G), the group algebra and the Fourier algebra of a locally compact group G, are weakly sequentially complete.
The w*-topology on A** induces the weak topology on A, so an easy consequence of the definitions is that if a sequence
(ap)n in A converges to a w*-limit a € A**, then in fact a € A. Since bounded subsets in A** are relatively w*-compact, we
see that if (a,), is a bounded sequence in A which has just one w*-cluster point in A**, then that cluster point is in A.

Theorem 3.1. Let A be weakly sequentially complete with a sequential bounded approximate ¢-mean, but with no ¢-mean in A itself.
Then A has at least 2¢ ¢-means. If A is separable, then it has precisely 2 ¢-means.

Proof. Let (u,); be a sequential bounded approximate ¢-mean, and let M denote the set of all w*-cluster points of (up),
in A**. Each element of M is a ¢-mean, and M is w*-compact. We claim that no element of M has a countable neighbour-
hood base in M. Indeed, suppose that for some m € M, there is a decreasing countable base (V) of closed neighbourhoods
of m in M. Choose w*-closed neighbourhoods Wy, k € N, of m in A** with Wy N M = Vj. Then M N (2, W) = {m}, and
we can arrange for the sequence (Wy), to be decreasing. For each k, select up, € Wy. Then every w*-cluster point of the
subsequence (up, )i lies in each Wy and in M, so must be equal to m. Since A is weakly sequentially complete, it follows
that m € A, which is impossible by hypothesis.

Thus no point of M has a countable neighbourhood base. This implies that M has at least 2¢ elements (see Theorem 7.19
in Chapter I of [12]). Finally, if A is separable, then A** has a countable w*-dense subset and hence no more than 2°¢
elements. O

Example 3.2.

(1) If G is a locally compact group, then € : f — fc f(x)dx defines an element of A(L'(G)). In this case, the e-means
correspond to the set of topologically left invariant means on L°(G). Suppose that G is amenable, second countable and
noncompact. Since then L'(G) is separable, it follows from Theorem 3.1 that L°°(G) admits precisely 2¢ topologically
left invariant means, a fact which is known from [15].

(2) Let G be a locally compact group and A(G) its Fourier algebra. Then A(G)* = VN(G), the von Neumann algebra gen-

erated by left translation operators on L%(G). The identity operator I on L%(G) defines an element € of A(A(G)) by

€)= (I,u) =u(e), u € A(G). Then the set of e-means coincides with the set of topologically invariant means studied
in [18]. If G is second countable, then L?(G) is separable and hence A(G) is separable and weakly sequentially complete

(see [6, (3.1) and p. 218, Théoréme)). If, in addition, G is not discrete, then no e-mean can belong to A(G). Thus the car-

dinality of the set of topologically invariant means on VN(G) is exactly 2¢ in this case, as was shown in [9] (see also [7]).

Consider the convolution algebra A =1'(Z,). For z € D, the closed unit disc, define @;:A— C by ¢,(a) = 230:0 anz",

a = (ap)p € A. Then the map z — ¢, is a homeomorphism between D and A(A). We already know that A is @,-

amenable if and only if |z| =1 [11, Example 2.5(2)]. Let z € D with |z| = 1. Since A is weakly sequentially complete and

separable, by Theorem 3.1 there either exists a ¢,-mean in A itself or there are precisely 2° ¢,-means. Now, suppose

that u = (up)y € A is a @,-mean. Then, for all a € A and f = (fy)n €1°(Z4) = A%,

Zn(Zakunk) =(f.axu)y=(f-a,u) =@, @(f,uy=2 anz"- Y faun.
k=0 n=0 n=0

n=0

(3

—

Taking f =8, and a=§;, | > k, we obtain z'uy = 0. Thus u = 0 and hence there are exactly 2¢ ¢,-means.

If m; and m;, are two ¢-means on A, then mymy = @(m)my = my. One of the immediate consequences of Theorem 3.1
is therefore that if A satisfies its hypotheses, A** is not commutative, even if A is. There is a formulation of this which
makes sense for non-commutative algebras. Define a second multiplication on A** by

mon=w*-lim (w*— lim ab)
b—n a—m
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(a similar formula to that which determines the multiplication in A**, but with the limits taken in the other order). The
product m ¢ n is w*-continuous in n for fixed m. A is called Arens regular if m o n =mn for all m,n € A**. A condition
equivalent to Arens regularity is that mn should be w*-continuous in n for fixed m. When A is commutative, so that ba = ab,
we find that in A** we have m ¢n =nm. Thus we have shown that, under the hypotheses of Theorem 3.1, a commutative A
is not Arens regular. We shall obtain a non-commutative result generalizing this.

We must introduce some additional concepts. We call m € A** a 2-sided ¢-mean if (m, ) =1 and for each f € A* and
a € A we have not only (m, f -a) =¢@(a)(m, f), but also (m,a- f) = @(a){m, f). Of course, the latter two conditions are
equivalent to am = ¢ (a)m and ma = ¢(a)m for all a € A, respectively. W*-continuity then gives nm = (n, ¢)m for all n € A**.
However, we cannot conclude that mn = (n, ¢)m unless A is Arens regular. Notice that if A is commutative, every ¢-mean
is automatically a 2-sided ¢-mean.

A bounded net (uy ), in A is called a bounded approximate 2-sided ¢-mean if ¢(u,) =1 for all y and for each a € A,

Jau, —@@uy | -0 and |u,a—g@@u,|—o0.

Proposition 3.3. An element m of A** is a 2-sided @-mean for A if and only if m is a w*-cluster point of a bounded approximate
2-sided @-mean.

Proof. If m is a w*-cluster point of a bounded approximate 2-sided ¢-mean (uy ), then for each a € A, am is a w*-cluster
point of (au, ), and this implies that am = ¢(a)m. Similarly, ma = ¢(a)m. Since also (m, ¢) =limy, ¢(u,) =1, we get that
m is a 2-sided @-mean.

Conversely, let m be a 2-sided @-mean. Then m is the w*-limit of some net (vy), in A with ||v}, || — [Im||. Then
¢(y) —1=(vy, —m, ¢) — 0, and w*-continuity gives

avy —@@vy »am—@@m=0 and v,a—g@@v, - ma—¢@@m=0
in the w*-topology for each a € A. So the nets
(avy, — (p(a)vy)y and (vya— (p(a)vy)y

in A both converge to 0 weakly for all a € A.
Now take any finite subset F = {aq, ..., a} of A and let

C={((ajv— (p(aj)v)l;:], (vaj — ga(aj)v)I;:l, p(v)—1): ve A}

Then in the Banach space A% x C, 0 is in the weak closure of C and hence in the norm closure since C is convex. Thus,
given € > 0, we can find v ¢ € A such that ||vr || <2|m]||, say, |¢(vFe) — 1| <€ and for all a € F,

lavre —@@vre| <€ and ||vrea—g@@vre| <e.

Finally replace vf ¢ by a scalar multiple ur ¢ = Ar ¢Vre for which ¢(ur ¢) =1. Then |Af | < ﬁ and

[aur.e — p@ur | < i and |up.ea—@@urc| < —

So the net (uf ¢)F. is a bounded approximate 2-sided ¢-mean and m is the w*-limit of (Ure)re. O
We shall prove

Theorem 3.4. Let A be weakly sequentially complete. Suppose that A has a bounded approximate 2-sided ¢-mean, but that there is
no 2-sided @-mean in A itself. Then A is not Arens regular.

In proving Theorem 3.4, we will partly follow an idea of Ulger [23] (see also [21]), where he established a parallel result
for bounded approximate identities.

Let I be a commutative idempotent semigroup, that is, i2 =i for all i € I. Define an order on I by i < j if ij = j. Then I
is a directed set with max{i, j} =ij.

Proposition 3.5. Let A be a Banach algebra. Let I be as above and let h : I — A be a homomorphism into the multiplicative semigroup
of A such that h(I) is bounded and 0 ¢ h(I). If the net (h(i)); has a weak cluster point in A, then h(I) has a maximal element.

Proof. Let e be a weak cluster point of (h(i));. Take ] to be a cofinal subset of I with w-lim;cjh(i) =e. For i <j in J
we have h(i)h(j) = h(j). Taking the j-limit gives h(i)e = e and then taking the i-limit gives e? = e. Since weak and norm
closures of convex sets coincide, e is in the norm closure of the convex hull of {h(i): i € J}. Thus given € > 0, we can find
j1,.--,Jjn € J and scalars Aq, ..., Ay > 0 with ZZ:] M = 1 such that

n
D hGir) —e
k=1

<E€.
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For j € J with j > max{ji,..., jn} we have
n n
(Zxkhuk))hu) =Y Mh(ik) =h(j).
k=1 k=1

Because h(I) is commutative, we see that eh(j) =e for all j and therefore

> ah(ih() — eh(j)
k=1

Ih)—e] = <

n
> ach(i) —e
k=1

But h(j) —e is an idempotent, so either is zero or satisfies ||h(j) —e|| > 1. Since € > 0 is arbitrary, it follows that h(j) =e.
This holds for a cofinal set of j’s and consequently e is a maximal element in h(I). O

Ih(] < esup[a(p].
jel]

Next we present a general construction which produces subalgebras which have sequential bounded approximate ¢-
means.

Proposition 3.6. Let A be a Banach algebra with a bounded approximate 2-sided ¢-mean (respectively, a bounded approximate ¢-
mean) (uy)y. Let X = {x1, X2, ...} be any countable subset of A. Then there is a closed separable subalgebra A(X) of A which contains
X and has a sequential bounded approximate 2-sided ¢-mean (respectively, a sequential bounded approximate ¢-mean) (uy, )y,
chosen from (uy),.

Proof. We shall only prove the 2-sided g-mean case (the other one being easier). If we replace each element of X by any
non-zero scalar multiple of itself we do not change A(X), and we may therefore arrange for X to be bounded. Thus let
C > 0 be such that |[x ||, [luy || < C for all n, y. We choose uy,, n €N, inductively to satisfy
1 1
[xitty, — @iy, | < a and [uy,x — p(xiuy, || < n
for 1<i<n, and

1 1
luytty, — Uyl < a and  [luy, uy, —uy, || < o

for 1 <i <n. We take A(X) to be the closed linear span of X U {uy,, uy,,...}.

Now (uy,)y, is a bounded approximate 2-sided ¢-mean for A(X). This requires a little argument, whereas the corre-
sponding conclusion when dealing with bounded approximate identities is just a simple observation (see [4, Proposition
2.9.17]). Take any k elements ay, ..., a, from X U {uy,,uy,,...} and let € > 0. Choose N so large that kCk=1/N < € and that
if n > N, then x, and u,, do not belong to {ay, ..., a}. Then, for n > N, we can estimate the norm

Cp = Ha] .. .akUyn - SD(al .. 'a’()u]/n ||

as follows:

k
Cn < Z”m e 0jQ(@j41) . Q@)U — a1 ...aj_19(a)) ... @)Uy, |
=1
k
<Y larl- - llajall- e@ipn)| - Je@o] - |ajuy, —e@)puy,|
j=1

k
g C]—]ck—j_ :kck—]_
2 ; ;
j=1
< €.

A parallel calculation deals with uy,ay ...a. Similar methods will allow us to treat finite linear combinations of products
ap----- ax. We then have a bounded approximate 2-sided ¢-mean for the algebra generated algebraically by X U{u,,: n e N}.
Standard arguments extend this to the norm closure, that is, A(X). O

Corollary 3.7. Let A be a separable Banach algebra and ¢ € A(A). If A is ¢-amenable, then there exists a sequential bounded approx-
imate g-mean.

Proof. This follows from the preceding proposition simply by taking for X a countable dense subset of A. O
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Remark 3.8. Note that even if A is an amenable Banach algebra, a closed subalgebra B of A need not be ¢-amenable
for all ¢ € A(B). Indeed, Hochster [8] has constructed a 2-step solvable group G which contains a free subsemigroup S
on two generators. Then I'(G) is amenable [10], but I'(S) is not p-amenable, where ¢ is the homomorphism defined by

P(f) =Y ses f(5), f €l (S).

The algebra A(X) constructed in the proof of Proposition 3.6 is of course not unique, as it depends on the choice of
(uy,)n. We now prove Theorem 3.4 in the following form.

Theorem 3.9. Let A be weakly sequentially complete and Arens regular, and suppose that A has a 2-sided ¢-mean m. Then m is unique
and contained in A.

Proof. We first consider the case in which the bounded approximate 2-sided ¢-mean is sequential, say (up),. If m; and m;
are both 2-sided ¢-means, we have a - m; = ¢(a)m; for all a € A, and choosing a net in A converging w* to mq, we get
mymy = (my, ¢)my =my. In the same way, from m; - a = ¢(a)m,, because A is Arens regular, we get that m;my =mj. Thus
mq = my, and in particular any two w*-cluster points of (u,), are equal. Since A is weakly sequentially complete, there
exists a cluster point in A itself, which then is the unique 2-sided ¢-mean.

Now let A be arbitrary. Take any countable subset X; of A and form A(X7) as in Proposition 3.6. Then A(X7) is weakly
sequentially complete and Arens regular and has a sequential bounded approximate 2-sided ¢-mean. By the first part of the
proof, A(X1) has a unique 2-sided ¢-mean, my. If m; is a 2-sided ¢-mean for A, we are finished. Otherwise we can find
a countable subset X, of A with m; € X, for which m; is not a 2-sided ¢-mean. Then A(X) contains a 2-sided ¢-mean,
my say. In particular, mymy = (my, ¢)my; =my and similarly mymq = my. Again, if my is a 2-sided ¢-mean for A, we are
finished. Otherwise, take X3 with my, m; € X3 in order to find ms, and so on. If this process stops we have found a 2-sided
@-mean in A. If it does not stop, we find a bounded infinite sequence (m;,), in A with the product mym; = mpax(k, 1. This is
impossible by Proposition 3.5. 0O

4. Invariant means on F-algebras

Let A be an F-algebra. We now use the term topologically left invariant mean (TLIM) rather than e-mean of norm 1 (see
Section 2). The purpose of this section is to prove the following theorem which was proved by Chou [3] for the Fourier
algebra of a locally compact group.

Theorem 4.1. Let A be a separable F-algebra which is e-amenable. Suppose that A* contains a C*-subalgebra B such that B is w*-
dense in A* and m(B) = {0} for every e-mean m. Then there is a linear isometry @ from I'(N) into A with the property that each
m e @*(BN\ N) is an e-mean. In particular, if my, my € ®** (BN \ N) are distinct, then |mq; —my|| = 2.

The proof of Theorem 4.1 will make substantial use of the following lemma.

Lemma 4.2. Let A and B be as in Theorem 4.1.

(i) If mis a TLIM on A*, then ||m —a|| =2 for everya € P1(A, €).
(ii) If a net (uy ), is an approximate €-mean with ||u, || =1 for all y, then limy, |u, —all =2 foreacha € P1(A, €).

Proof. (i) Since B is w*-dense in A*, by the Kaplansky density theorem [20, Chapter II, Theorem 4.8] the unit ball of B is
w*-dense in the unit ball of A*. Consequently, the map r: A** — B*, m — m|p is a linear isometry of A** into B*. Choose
a bounded approximate identity (eg)g in B such that eg >0, [leg]| <1 and eg < eg if B < B’ (such a bounded approximate
identity exists in every C*-algebra). Let a € P1(A, €). Then |la|| =limg({eg, a) and hence, given any § > 0, there exists 8 such
that (eg,a) > |la]l —8§ =1—4. Let g =2eg — € € A*. Now, if m is any e-mean, then

(a—m, g)={(a—m,2eg—€)=2(a—m,eg) >2(1 —8) —2(m,eg) =2 — 28,

as (m,eg) =0. So |la—m]| > 2 — 24, and since § > 0 was arbitrary, |ja —m| =2.
(ii) If |luy —a|| does not converge to 2, then by taking a subnet, we may assume that |u, —all <2—4§ for all y and some
8> 0. Then ||m —a| <2 — § for every w*-cluster point of (uy),. This contradicts (i) since any such m is an €-mean. O

We now turn to the proof of Theorem 4.1. For a € A, let s(a) denote the support of a in A*, that is, the smallest projection
p such that (p,a) =€(a) = ||a||.

If m is a positive linear functional of norm 1 on A*, then there exists a net (u,), in A such that u, >0, |uy |l =1
(equivalently, u), € P1(A, €)) and u, — m in the w*-topology. Thus w*-lim(au, — €(a)u,) =0 for every a € A.
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By an argument similar to the one in the proof of Proposition 3.6, we can find a sequence (uy,), such that
llauy, — €(@uy, || — O for all a € A. By Lemma 4.2, lim, ||uy, —a|| =2 for all a € P1(A, €). Using Theorem 2.4 of [3], we can
find a subsequence (uy"j)j of (uy,)n and a sequence (v;); in P1(A, €) such that

Iy, — viill < 2]1—,1
for all j and s(vj)s(vi) =0 if j#k. Clearly, (vj); is an approximate €-mean.
Let V ={vq,vy,...}. Since V is orthogonal, V is a linearly independent subset of A. Let
©® :span{éy: veV}— spanV
be defined by

n n
@(le&,j) :Z)»J'Vj.
=1 =

Clearly, ||@(Z’}:1 AVl < 2221 |Aj]. On the other hand, if p; =s(v;), then (p;); is a sequence of pairwise orthogonal
projections in A*. Let M be the w*-closure of the span of the p;, j € N. Then M is a commutative W *-subalgebra of A*.
For each j, let uj € C such that pji; =|A;], and let g = Z?‘:] ujpj€ A*. Then |q|| =1, and

n n
<@<ijsvj),q> = I,
j=1
and therefore

=
n n
e ( ZM’%) ‘ ol P
=1 j=1

Consequently, ©® extends to a linear isometry, also denoted ®, from I'(V) into A.

Finally, since each n € BN\ N is a w*-cluster point of (3y;);, and ©®* is w*-continuous, it follows that m = ©@**(n) is
a w*-cluster point of the sequence (v;);. So for each w*-neighbourhood U of m, there exists ny € N such that v,, € U.
Let U/ denote the set of all w*-neighbourhoods of m. Then (v, )y is a subnet of the sequence (v;); and vn, — m in the
w*-topology. Indeed, otherwise there exists N € N such that ny < N for all U, which implies that m is an e-mean in A.
However, since m|g =0, this is impossible. Clearly, m is an e-mean.

Remark 4.3. The above condition on the existence of B is satisfied when A = A(G) of a non-discrete locally compact group
or when A = L'(G) of a non-compact locally compact amenable group. In the first case, B can be taken to be the reduced
group C*-algebra C,(G) (see [13]), whereas in the second case one can take B = Co(G).

5. Examples

In this final section we present two illustrative examples: algebras of Lipschitz functions on compact metric spaces and
convolution algebras LP(G) on a compact group G. In both cases, the relevant singletons in A(A) are open. We therefore
start by looking at how openness of {¢} and @-amenability are related.

Remark 5.1. Let A be a Banach algebra and ¢ € A(A) and suppose that A is gp-amenable. For every ¥ € A(A) such that
V¥ # @, there exists ay € kery with @(ay) =1. So, if m is a ¢-mean, then (m, ) =1, whereas

<ma ¢> = (m, 1 alﬁ) = (m, 1//(0\//)1#) =0
for all i # . Hence {¢} is open in (A(A), weak).

Lemma 5.2. Let A be a semisimple commutative Banach algebra. Let ¢ € A(A) and suppose that {¢} is open in A(A). Let a be the
unique element of A with ¢(a) =1 and ¥ (a) =0 forall € A(A) \ {p}.

(i) Then ais a ¢-mean for A and it is the only one in A**.
(ii) If llall =1, then N(A, @) = {f € A*: (f,a) =0}.

Proof. The existence of a follows from Shilov’s idempotent theorem. However, in the present special situation it is easy to
avoid such heavy machinery. To see this, let | be the closed ideal of A defined by

J={aeA: y(@=0forall y € A(A) \ {¢}}.



E. Kaniuth et al. / J. Math. Anal. Appl. 344 (2008) 942-955 953

Since {¢} is open in (A(A), w*), A(J) ={¢|;} and hence ] is 1-dimensional as A is semisimple. Of course, ker¢ + ] = A and
kerg N J = {0} since A is semisimple and v (kerp N J) = {0} for all ¥ € A(A). Thus A=kerep @ J and A* = (kerp)* @ Cep.
Let a € J such that ¢(a) = 1. Then v (a) =0 for all 1y € A(A) \ {¢}, and a is the only element of A with these properties
since A is semisimple.
(i) For each x € A, ¢(xa) = ¢(¢(x)a) and, for ¢ € A(A) \ {¢}, ¥ (xa) =0 = (p(x)a). So xa = ¢(x)a by semisimplicity and
hence a is a p-mean. Now, let m € A** be any ¢p-mean for A. Since A is commutative, every element of A commutes with
every element of A**. Thus

m=@(@m=am=ma=@**(ma=(m,p)a=a.

So a is the only ¢g-mean for A in A**.

(ii) Let |la|| = 1. Since N(A, ¢) is a proper linear subspace of A*, by definition of N(A, ¢) it suffices to show that for
any f € A*, (f,a) =0 implies f-a=0. Now, every x € A has a decomposition x =y + Aa with y € kerg and X € C. Since
ay ekerpn J ={0}, for f € A*,

<f'a7x>=(f7a}/>+)"(faa>=)"(faa>~
So f-a=0 whenever (f,a)=0. O

Since an amenable Banach algebra is ¢-amenable for each ¢ € A(A), Remark 5.1 generalizes Theorem 2.1 of [22]. If A is
commutative and semisimple and the weak and weak* topologies coincide on A(A), then by Remark 5.1 and Lemma 5.2(i),
A is gp-amenable if and only if {¢} is open in A(A). The condition that the two topologies coincide, however, is quite
restrictive. It is for instance satisfied if A is an ideal in A** [22, Theorem 3.1].

Example 5.3. Let X be a compact metric space with metric d and let 0 < o < 1. Then Lip, X is the space of all complex-
valued functions u on X such that

lu®) —u)l,
W. X,yEX, X?éy}

is finite, and lip, X is the subspace of functions satisfying
[u(x) —u(y)l
d(x, y)*
With pointwise multiplication and the norm |[u|| = ||u]le + pa(4), Lipy X is a unital commutative Banach algebra and lip, X
is a closed subalgebra. These algebras were first studied by Sherbert [19] and later by Bade, Curtis and Dales [1]. All facts
relevant to us can now be found in Section 4.4 of the monograph [4].
We first treat Lip, X. The map x — ¢x, where ¢x(u) = u(x) for u € Lip, X, is a homeomorphism from X onto A(Lip, X).
If x is a non-isolated point of X, then there exist non-zero continuous point derivations at ¢x and hence Lip, X is not
@x-amenable (compare [11, Remark 2.4]). Now, let x be an isolated point of X. Then, by Lemma 5.2(i), there exists a unique
@x-mean, namely the Dirac function 8y € Lip, X. In view of Section 2 where the means are supposed to have norm 1, we
point out that

pa(u) = sup{

—0 asdx,y)—0.

1
I8l =1+ pa(8x) =1 +SUP{W5 y #X},
which, depending on d, can be arbitrarily large.

In light of Lemma 5.2(ii) which shows that N(A, ¢) is a linear subspace of codimension 1 if there exists a ¢-mean of
norm 1, it is interesting to note that N(Lip, X, ¢x) = {0} for any isolated point x of X. To see this, let f € N(Lip, X, ¢x)-
There exists a sequence (up), in Lip, X with up(x) =1 for all n, ||uy|| > 1 and f - up, — 0 in norm. It suffices to show that
up — 1 in Lip, X because then f = f-1=Ilimy_ f - up, =0. Since

14 pa(un) = }un(x)| + Pa(Un) < upll — 1,

it follows that py(up — 1) = py(uy) — 0. Therefore it remains to verify that u, — 1 uniformly on X. Since X is compact,
there exists C > 0 such that d(y,x)® < C for all y € X. For y #x it follows that

un(y) — un ()]
dy,x)*

which tends to zero. So u, — 1 uniformly on X \ {x} and hence on all of X.

We now turn to lip, X. Note that lip; X can be very small since for X a compact interval it consists only of the constant
functions. In fact, if d(x, y) = |x — y|, then each u € lip; X is differentiable with u’ =0 on X. Thus, let 0 < o < 1. Then
Lip; X is dense in lip, X and A(lip, X) can be identified with X in the same manner as above. However, in contrast
to Lip, X, all continuous point derivations on lip, X are zero. Nevertheless, for x € X, lip, X is also ¢x-amenable if and
only if x is an isolated point of X. This follows from Lemma 5.1 and the remarkable result that (lip, X)** is isometrically
isomorphic to Lip, X. Indeed, this latter fact implies that the weak* and the weak topologies coincide on A(lip,, X) since X
is homeomorphic to both A(lip, X) and A(Lip, X).

|un(J/)_1|:‘un(Y)_un(X)|gc < Cpy(un),
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Example 5.4. Let G be a compact group with normalized Haar measure and consider the convolution algebra LP(G), 1 <
p < oo. Let G denote the set of all continuous homomorphisms from G into the circle group T, equipped with the topology
of uniform convergence. For x € G, define @y 1 LP(G) > C by ¢, (f) = fc f (%) x (x)dx. It is routine to show that the map
X — @x is a homeomorphism from G onto A(LP(G)).

Let g = %. Fix x € G and define m, on LI(G) = LP(G)* by

<mx,g)=/g(X)x(X)dx, g L90G).
G

Then (my, ¢y) = [c Ix(®)]*dx=1 and
(my.g-f)= <mx,g*]‘>=f[g(xy)f(y)x(x)dydx=f/g(x)f(y)x(xy—l)dxdy=<px<f><mx,g>
G G G G

for all g € L9(G) and f € LP(G). Thus my is a ¢y-mean, and we claim that it is the only one. In this context, note that
LP(G) does not have a bounded approximate identity and hence Lemma 5.2(i) does not apply. So let m be a ¢-mean and
let

L={g-800X: g€L1(G)}.
Then L =kerm, and, since g+ ¥ =Z(X)X, we also have
(m.g —8C0x)=(m. (m.¢y)g —2GOX)=(m. g+ ¥ —8G0OX)=0

for all g € L9(G). So m|;, =0 and since (m, ¢y ) = (my, @y), it follows that m=m,,.
We now determine Pq(LP(G), @y). If p=1, then

P1(LYG), py) ={f el (G): fx =0, IfxI =1}

For every h e L'(G) and x € G, h) can be written as a linear combination hy = Z?ﬂ cjhj, where cj € C, hj >0, and
Ihjll=1,1< j<4.Hence h= Z?:l cjhjx and hjx € P1(L'(G), ¢y). So P1(L1(G), ¢y) spans L!(G). Alternatively, we could
appeal to the fact that L!(G) is an F-algebra.
We claim that P1(LP(G), ¢y) = {x} whenever p > 1, so that P{(LP(G), ¢y) is as small as it can be in this case.
Suppose first that p > 2. Then LP(G) C L?(G) and hence, for f € P1(LP(G), ©y),

=122 1f3=Y T[> =1+ > [Fan[*.

neG n#x

So f(1) =0 for n # x and hence f = ZnegT(n)n = x in L%(G).
Finally, let 1 < p <2 and f € LP(G) € L'(G). Then, by the Hausdorff-Young inequality, f € Iq(ﬁ) and || fllg < |l fllp. Thus,
if f e P1(LP(G), ¢y), then

1= flp > (Z\f(n)}q) - (1 + Zmn)r’)

neG n#X

1/q

Again, ’f\(n) =0 for n# x and hence, since LP(G) C L1(G), f k(a\ {x})=Cyx. Then f = x since ’f()() =1.
We now determine N(LP(G), ¢,). If G is abelian, it follows easily from Lemma 5.2(ii) that

N(LP(G). ¢x) = {f € L9G): F(X)=0}.
We show that the same description of N(LP (G), @y) is true when G is an arbitrary compact group.
Observe first that, for f € L9(G) and n € G, we have
Fxm=Fxxm= f M( f f(xy)x(y)dy) dx= / / FENGX W) dxdy = F () f X)) dy.
G G G G G

The orthogonality relations now imply that f/\X =0 whenever f(¥)=0. Thus f-x =0, and since ¢, () =1 and
llx|lp =1, this shows that

[fel9G): T(X) =0} S N(LP(G), py).
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Conversely, let f € N(LP(G), ¢,) and let (g,)n be a sequence in LP(G) with | f - gxll = 0 and ¢, (gn) =1 for all n. Since

q \1/4
v (-1
<(Gf‘6/f(xy)gn(y )dy dX)

\?o—o\=Uf<x)x<x>dx-fgn<y>>mdy‘=Uff(xy)gvn(y”)x<x>dydx
G G G G

=|f- &nllg,
which tends to 0. It follows that 7(7() =0 and hence
N(LP(G). ¢x) C {f € L9G): F(X) =0},

as required.
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