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1. INTRODUCTION

Consider the evolutionary bilinear control system
z(t) = Az(t) + u(t)(Bu(t) + b), z(0) = xo, 1

where the state z(.) takes the value in the separable real Hilbert space H and the control func-
tion u(.) is R-valued and b € H. Here A : D(A) — H is a linear closed densely defined operator
on a Hilbert space H, B is a bounded linear operator from H into itself. (.,.) and [|.|| are, re-
spectively, the usual inner product and the norm of H. The norm of the linear operator on H
will be denoted also by }|.|| for convenience and if there is no ambiguity.

We make the following assumptions regarding the unbounded operator A.

(A1) A generates a Cp-semigroup of contractions (e*4) on H;

(A2) Rx(A) = (M — A)7! is compact for some A > 0.

In this work, we continue the study the problem of global feedback stabilization of systems (1).
We give a necessary and sufficient condition for system (1) to be strongly stabilizable by an
a priori bounded control. ’

DEFINITION 1. System (1) is said to be globally asymptotically strongly stabilizable (in short
GASS) if there exists a continuous feedback control u(.) : H — R such that the following hold.

(1) System (1) with u(t) = u(z(t)) has a unique weak solution z(t) defined on R*.
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(2) The origin is a Liapunov stable equilibrium point.

t—+00

(3) The origin attracts every point in H (ie., ||z(t)]] — 0, whenever o € H).

Then, for the system (1) with the feedback u(t) = u(z(t)), there exists a mild solution of the
following form:

z(t) = ez + / t et~y (z(s))(Bz(s) + b) ds.
0

In the sequel of the paper, we use the following sets:
o M = {x € H; (Be™z + b,e"™1) = 0 for every 7 € R},
e N = {z € D(A); {(Ae™z,e"z) = 0 for every 7 € R*}.
Our main results in this pa;;er'are' essentially based on the following canonical decomposition

of a contraction semigroup due to Foguel [1] and Foias-Nagy [2] and the asymptotic behavior of
nonlinear contraction semigroups due to Dafermos and Slemrod (3].

THEOREM 1. (See [1].) Let (¢'4);>0 be a Cy contraction semigroup on H. Then H can be
decomposed into an orthogonal sum H = H, ® H,,, where the subspaces H,, and H.p, are
etA-invariant. Moreover:

(1) the restriction of et4 to H, is a unitary semigroup,
(2) the restriction of e'* to Hen,, is a completely nonunitary semigroup and weakly stable,
(3) the decomposition is unique and H,, can be characterized by

H, = {x € H; ||e*4z|| = He““x’ =|lzll, ¢ > o} =R,  Ku=H,ND(A).

THEOREM 2. (See [3].) Let A be a maximal monotone operator on H. Assume that A(0) =0
and (A +.A)~! is compact for any A > 0. Then, for every zo € H, the weak solution denoted by
z(t, zo) of the Cauchy problem

i(t) = —Az(t) +d(t),  d(.) e L' (R, H),

z(0) = xo,

approaches as t — +0o a compact subset Q(xo) of a sphere {y € H/|ly — a| = o}, with
o < |lzo — all + ||d( )21 (r+ &y, and a is any element of H s.t. A(a) = 0. Furthermore, Q(zo) is
invariant under the semigroup T'(t) generated by ~A. If in addition o € D(A), then the set (zo)
is contained in D(A).

In the finite-dimensional case (H = R™), when A is antisymmetric, this bilinear control problem
has been studied by Slemrod [4], and he showed that the so-called ad-condition M = {0} is
sufficient for the stabilization of system (1).

For a real Hilbert space, the authors in [5] have already studied the strong stabilization problem
of systems (1) using the theory of nonlinear contraction semigroup [3] and LaSalle’s invariance
principle. It has been shown that condition (C;): M NN = {0} is sufficient for the GASS by the
feedback law u.(z) = —r(Bz + b, z) if either the semigroup (e*4);>o or the resolvent R, (A) is
compact on H.

For the complex Hilbert space and if (€*4);>0 is compact, based on Theorem 1 listed above the
authors in [6] prove that condition (Cz): M N H, = {0} which is weaker than condition (C;) is
sufficient for GASS of system (1) by means of the feedback u,.(z). We remark that the compact-
ness of (e*4)¢>0 on a complex Hilbert space H is needed to guarantee that the strong Q-limit
set ((xo) of the closed-loop system is nonempty. Note that the compactness of (et4)>0 gives
a very simple and nice description of H, and Hcn, (7). Moreover, the authors in [6] use this
description and prove that Q(zo) C Hy, = N C D(A).

The compactness of (e/4);>o used in [6] can be considered a strong one. However, it is satisfied
by finite-dimensional systems and a few class of operators (ex. parabolic). Note that if this
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condition is dropped, then for a general Hilbert space, it is well known that existence of the
set Qzp) associated to the closed-loop system is not guaranteed. Moreover, the set H, is not
necessarily contained in D(A) (even if (et4);5¢ is compact on a real Hilbert space) and only
H,NnD(A)C N. .

Of course, the canonical decomposition given in Theorem 1 is still true even for a real Hilbert
space. In this work, we are interested in particular in the bounded feedback stabilization (1)
(i.e., ju(z)| £ r, Yz € H) of a certain system of kind (1) and only the assumptions (A;),(A2) are
assumed to give a weaker condition than (C2) to resolve the GASS of system (1) by a judicious
state feedback law.

2. MAIN RESULTS

We are now ready to present the main results of this paper.

2.1. Homogeneous Case: b =10

PROPOSITION 1. Assume that B is a self-adjoint dissipative (or positive) operator. Then MN K,
is reduced to the origin if and only if system (1) is GASS by the bounded state feedback law

r{Bz,x)

“TT B a)’ ¢ = sign({Bz, 1)). (2

ur(z) =
PROOF OF PROPOSITION 1. The “if” part. It is obvious to see that the feedback (2) is such
that sup,e g |ur(z)} < 7. It is well known that [8] system (1),(2) has a unique weak solution z(t)
defined on R*. Moreover, the nonlinear operator A = —A + (r(B.,.)/(1 + €(B.,.)))B defined
on H is a maximal monotone on D(A) = D(A), so D(A) = H and (A\I + A)~! is compact for
every A > 0 [5]. According to the result of Dafermos and Slemrod (3], (—.A) generates a nonlinear
semigroup T'(t) of contraction defined for ¢t > 0 and the unique mild solution of system (1),(2)

given by z(t,zo) = T(t)(zo), which satisfies the integral equation

T(t)(wo) = et4zo + / " =940, (T(s)(z0)) BT (s) o) ds (3)

approaches as t — 00 a compact, subset Q(zg) C {y € H/|y|| = o}, ¢ < ||lxo||, which is
T(t)-invariant. To end, we must prove that £2(zo) is reduced to the origin. Let xo € D(A). Then
Q(zo) € D(A), the solution T'(t)(zo) is a strong one, and T'(t)xo lies in D(A), Vt >0 [5].

Let £ € Q(xo). Since Q(zo) is T'(t)-invariant V(¢) = (1/2)|T()Z)? = (1/2)|IZ?, YVt € R*.
Differentiating V' (t) along the trajectories of (1),(2) we obtain

r{BT(t)(%), T(t)(z))*

V() = TO@), AT ~ 5 et 2oy, =

Hence,

(BT(t)(Z), T(t)(Z)) = 0; (T(t)(z), AT(t)(z)) =0, VteR* . (4)
Using integral equation (3), we deduce that T(t)(Z) = et4Z (i.e., Q(xo) is e*4-invariant). Finally,
equation (4) implies that T € M and (e'4z, Ae!4z) = 0, Vt € Rt. From the fact that Z € D(A),
we obtain

dfle*4z||?
dt
le4all” = 2>

According to Theorem 1, there exist Z; € H, and $2 € H.pny such that T = Z; + T2. Since H,
and H,,, are et4-invariant orthogonal subspaces, a direct computation gives

= ("7, A1) =0, VteR",
(5)

1212 = 1211 + 12201,

le42][” = Jle 42| + fle*2a]|".

(6)
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Combining (5) with (6), we deduce
2
lle42:||" = lIZall* (M

Let n > 0 be a sufficiently large integer. The fact that R,(A) is cémpact and Ty € Hepy, using (2)
in Theorem 1, we have

Rn(A)etz, 250, (8)
On the other hand,
nRy(A)etAz, "2 etz (9)

Since (€*4);»0 is a contraction semigroup and R,(A) = [;° e "*e!4 ds is such that R,(A)e!4 =
€A R, (A), then nR, (A)e!*Z, converges to e!4Z, as n — +oo uniformly in ¢. It follows that

. . tA= Y _ 1 ; tA =
N Br_(r_loo (t_l}gloo nR,(A)e :vz> = t_l}inm (ngar}w nRy(A)e .’L‘z) . (10)
According to (8)-(10), we obtain
lim ez, = 0.

t—+4-c0
This combined with (7) implies that Z; = 0. Finally, Z = 7; € K, N M, which is reduced to the
origin. Hence, Q(zo) = {0} for all zo € D(A). Since D(A) = H and T'(t) is a contraction, the
triangle inequality and an argument of density show that Q(zg) = {0} for all zo € H.
The “only if” part. Let £ € M N K, and Z(t) be the solution of system (1),(2) emanating
from F at t = 0. It is given by
t Bix(s), z(s))

#(t) = et47 (t—s)A { ) = )

Z(t) = % /0 e T +s(Bi(s),a‘;(s))Bx(s) ds (11)
But Z is such that (e!4%, Be!4z) = 0 for all t > 0. It follows that e*4Z is also a solution of

integral equation (11). Uniqueness of solution implies that Z(t) = e!4Z. Due to the fact that

% € K, and system (1),(2) is strongly stable, we have ||Z|| = ||e!4Z| = ||&(t)|| “=*5° 0. This ends
the proof of the proposition. , ]

2.2. Linear Case: B =0

PROPOSITION 2. M N K, is reduced to the origin if and only if system (1) is GASS by the

bounded state feedback law
r{b,x)

14 |(b,z)]
PROOF OF PROPOSITION 2. The “if? part. The authors [9] showed that the nonlinear operator
A= —A+r{b,.)/( + |{b,.)]))b is maximal monotone and (AI + A)~! is compact on H. As
the reader can see, the rest of the proof can be obtained by applying the same reasoning as in
Proposition 1; it is omitted.
The “only if” part. Let £ € M N K, and Z(¢) be the solution of system (1)}—(12) emanating
from Z at t = 0. It is given by
¢ —

(1) — Az _ t-na__(6,2(s))

Z(t) = ‘% T/o e T |(b,1‘:(s))|bds' (13)
But Z is such that (b,etAZ) = 0 for all t > 0. It follows that €!4% is also a solution of integral
equation (13). Uniqueness of solution implies that Z(t) = etA%Z. Since Z € K,,, then |et4Z] is
constant. The strong stability of system (1)-(12) gives ||Z|| = |letAz|| = ||Z()|| *=*5° 0. This
ends the proof of Proposition 2. B

up(x) = (12)

REMARK. We note that [9] for a general linear control system when b is replaced by a bounded
linear operator mapping another real Hilbert space U of control into H, the affirmation analogous
to Proposition 2 takes place. The problem of feedback stabilization with an a priori bounded
control of linear control system has been initially studied by Slemrod [10] by using the energy
stability method, while an earlier paper [11] treated a related of suboptimal control.



Feedback Stabilizatien 851

2.3. Nonhomogeneous Case

PROPOSITION 3. Assume that (e!4);¢ is compact. Then M N H,, is reduced to the origin if and
only if system (1) is GASS by the bounded state feedback law

r(Bz + b,x)

"1+ (Bx+b,z)?’ (14)

ur(z) =

PROOF OF PROPOSITION 3. The “if” part. Let o € H and z(t) be the solution of sys-
tem (1)—(14) emanating from zo at ¢ = 0. According to Lemma 5.5 [12], it is easy to verify
that the solution is bounded on H. Moreover, for all ¢; > t;|lz(¢1)]| < [|lz(t2)||. Because (e*“);>o
is compact on H, applying Theorem 4.1 [13] the authors in [5] have shown that the Q-limit set
Q(zo) associated to system (1)-(14) is nonempty, e*4-invariant, and Q(zo) C M. Now let us
prove that Q C H,. From the fact that (t) = ||z(¢)| is a decreasing nonnegative function, it
follows that ’

Je2>0, lim o(t) =c . (15)

t—+o0

Let Z € Q(xp). On the contrary to the complex case, we remark that even if o € D(A) and
(et4);>0 is compact, do not assure that Q(z¢) C D(A). By definition of Q(xg), we obtain

Jt, "5 oo, lim z(t,) = Z. (16)
n—+00
Combining (15) and (16) and the fact that Q(zo) is e*4-invariant, we deduce ||le*4Z|| = ||Z|| = ¢

for all t > 0. To finish the proof, it is sufficient to refer to Proposition 1. It is proved.
The “only if” part. It is obtained in a similar way as above. This ends the proof of Proposi-
tion 3. B
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