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Abstract

Considered herein is a two-component Camassa—Holm system modeling shallow water waves moving
over a linear shear flow. A wave-breaking criterion for strong solutions is determined in the lowest Sobolev
space H®, s > % by using the localization analysis in the transport equation theory. Moreover, an improved
result of global solutions with only a nonzero initial profile of the free surface component of the system is
established in this Sobolev space H*.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

We consider here the coupled two-component Camassa—Holm shallow water system [12,23,
30,31], namely,

my +umy +2uym — Auy + pp, =0, t>0, x eR,
m=u— Uyy, t>0, xeR, (1.1)
ot + wp)x =0, t>0, x eR,
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where the variable u (¢, x) represents the horizontal velocity of the fluid, and p (¢, x) is related to
the free surface elevation from equilibrium (or scalar density) with the boundary assumptions,
u— 0and p — 1 as |x| — oco. The parameter A > 0 characterizes a linear underlying shear
flow so that (1.1) models wave-current interactions (see the discussions in [15,25,26] and see
also [4,24]). All of those are measured in dimensionless units. Recently, Ivanov [23] gave a
rigorous justification of the derivation of the system (1.1) which is a valid approximation to the
governing equations for water waves in the shallow water regime with nonzero constant vorticity,
where the nonzero vorticity case arises for example in situations with underlying shear flow [24].

Set g(x) = %e’m,x € R. Then (I — 83)’1]‘ =g« f for f € L2(R), where % denotes the
spatial convolution. Let n := p — 1, (1.1) can be rewritten as a quasi-linear nonlocal evolution
system of the type

1 1
=g (u?+ =u? — Au+ —n? , >0, xeR,
Ur + uuy x8 (u +2ux u—|—2n +n >0, x (12)
Ne +uny +nuy +uy =0, t>0, x eR,
or equivalently,
U +uuy, +0,P =0, t>0, xekR,

2 2 1 2 1 2
—0P+P=u +§MX—AM+§77 +n, t>0, xeR,
N +uny +nuy +ux =0, t>0, xeR.

For A= p =0in (1.1), one obtains the classical Camassa—Holm model [5], whose relevance
for water waves was established in [10,27]. The system (1.1) is formally integrable [19,23,31]
as it can be written as a compatibility condition of two linear systems (Lax pair) with a spectral

parameter ¢, that is,
U= —%p% +¢ m_é +1 v
xx = 1Y ) I s

1 1
lI/l = <Z — M)Wx + El/lxlp
and has a bi-Hamiltonian structure corresponding to the Hamiltonian
1 2
H1=§ (mu+(p—1) )dx
R

with m = u — u,, and the Hamiltonian

1
H=3 /(“m — 12+ 2u(p — 1) + 1 + uu? — Au?)dx.
R

There are two Casimirs, i.e. [ p — 1 and [ m with boundary conditions are taken as u — 0 and
p — las |x| — oo.
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The system (1.1) without vorticity, i.e. A = 0, was also rigorously justified by Constantin and
Ivanov [12] to approximate the governing equations for shallow water waves. M. Chen, S. Liu
and Y. Zhang [8] established a reciprocal transformation between the two-component Camassa—
Holm system and the first negative flow of the AKNS hierarchy. More recently, Holm, Nraigh and
Tronci [22] proposed a modified two-component Camassa—Holm system which possesses singu-
lar solutions in component p. Mathematical properties of (1.1) with A = 0 have been also studied
further in many works. For example, Escher, Lechtenfeld and Yin [18] investigated local well-
posedness for the two-component Camassa—Holm system with initial data (uq, pg) € H* x H® -1
with s > 2 and derived some precise blow-up scenarios for strong solutions to the system. Con-
stantin and Ivanov [12] provided some conditions of wave breaking and small global solutions.
Gui and Liu [21] recently obtained results of local well-posedness in the Besov spaces (espe-
cially in the Sobolev space H* x H*~! with s > %) and wave breaking for certain initial profiles.
More recently, Guan and Yin [20] studied global existence and blow-up phenomena for the sys-
tem (1.2) with initial data (ug, po — 1) € H® x H*~! with s > 3.

It is known that different from the Korteweg—de Vries (KdV) equation, the Camassa—Holm
(CH) equation has a remarkable property, that is, the presence of breaking waves [5,11], which
means, the solution remains bounded while its slope becomes unbounded in finite time [9,11].
After wave breaking the solutions of the CH equation can be continued uniquely as either global
conservative [2] or global dissipative solutions [3]. The goal of the present paper is to investi-
gate whether or not the two-component Camassa—Holm system has the similar wave-breaking
phenomena as the classical Camassa—Holm equation in a lower Sobolev space H* x H*~! for
s > % In other words, whether or not both of two components u and p of the solution remain
bounded while their slopes become unbounded in finite time.

As we know, a crucial ingredient to obtain wave breaking in finite time or global solution for
the CH equation is the following invariant property [9].

m(t,q(t,x))qi(t, x) =mo(x), (t,x)€[0,T) xR,

where m(t, x) = u(t, x) — uyy (¢, x) and the function ¢ € C! is an increasing diffeomorphism
of R and satisfies the following differential equation,

%9 _ gy 0<t<T
— =ull, ) <I< )
a1 i

q0,x)=x, x eR.

This is related to the geodesic equation which is on the diffeomorphism group of the circle
[14] or on the Bott—Virasoro group [13,28,29]. Without such a nice invariant property of the CH
equation, the issue of whether or not particular initial data of the two-component Camassa—Holm
system generate a global solution or wave breaking is more subtle.

Our work is motivated in the study of nonlinear models, especially of the transport equation,
that is,

{Btf—l—vaxf:g, (t,x) e RT x R,
fli=0 = fo.

It is well known that most of estimates are available when v has enough regularity. Roughly
speaking, the regularity of the initial data is expected to be preserved as soon as v belongs to
L} (R*; Lip).

loc
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We give the following remark to explain the meaning of the lowest Sobolev space correspond-
ing to the system (1.1) or (1.2).

Remark 1.1. We say H* x H*~! with s > % is the lowest Sobolev space for the two-component
Camassa—Holm system based on the following facts.

(a) For every Sobolev index s < %, the Sobolev space H® cannot be embedded in the Lipschitz
space (Lip), which is the lowest condition for preserving the regularity of the strong solution to
the two-component Camassa—Holm system according to the localized analysis in the transport
equation theory.

(b) Without the effect of linear dispersion, i.e. A =0, the system (1.1) has peakon solitons of
the form, u(x,t) = ce —ctl ¢ # 0 with p = 0 as the solution of the Camassa—Holm equation.
It is noted that the peakon soliton ce~*~¢! is the weak solution in the Sobolev space H* only
for s < %

(c? Following the proof of Proposition 4 in [17], one can see that (1.1) is not locally well posed

in BZOO in the following sense.
3
There exists a global solution u € L (R™; 322 o) and p =0 to (1.1) such that for any positive

3
T > 0 and € > 0 there exists a solution v € L*°(0, T’; B22,oo) and p =0 with

3 <€ and u—v 3 > 1.
oo L®(0,T;B}

00)

Ju0) 0]
B

Therefore, the exponent s = % is critical in the range of Besov spaces B; ,. for r € [1, co].

Inspired by [12], we use the properties of invariance of the component p associated to a
transport equation with more delicate localization analysis in the transport equation theory to
derive a new wave-breaking criterion for solutions for the system (1.1) in the lowest Sobolev
spaces H® x H* ~1 with s > % In this case, due to the Hamiltonian H, the horizontal velocity
component  is uniformly bounded by the Sobolev imbedding of H! into L. It is shown that the
slope of u is bounded below, then the slope of the component p cannot break in finite time. This
implies that the wave breaking of the solution is determined only by the slope of the component u
of the solution definitely. Note in [12,18] that the wave breaking in finite time is determined by
either the slope of the first component u or the slope of the second component p in the Sobolev
space H® x H s=1 with s > % It is, however, established in Theorem 4.1 and Theorem 4.2 that
the wave breaking in finite time only depends on the slope of the first component u in the Sobolev
space H® x H*~! with s > % In other words, the wave breaking in the first component 1 must
occur before that in the second component p in finite time.

On the other hand, we find a sufficient condition for global solutions which determined only
by a nonzero initial profile of the free surface component p of the system in H® x H*~! with
s > % This can be done because the slope of the component u can be controlled by the compo-
nent p in finite time provided the sign of p does not change. These of improved results of global
solutions and wave breaking indeed reveal more important features of wave propagation to the
system (1.1).

Our main results of the present paper are Theorem 4.1 (Wave-breaking criterion), Theorem 4.2
(Precise wave-breaking criterion) and Theorem 5.1 (Global solution).

The remainder of the paper is organized as follows. In Section 2, we recall some basic facts
on the Littlewood—Paley theory, which the localization technique is constantly used in the whole
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paper. Section 3 is devoted to the transport equation theory, where Theorem 3.2 is specially
interesting to the system (1.2). Using the transport equation theory in the Besov spaces, two
wave-breaking criteria to solutions in the lowest Sobolev space H* x H*~! with s > % are
demonstrated in Section 4. Finally, a result of global existence of solution in the lowest Sobolev

space H® x H*~! with s > % is obtained in the last section, Section 5.

Notation. Let A, B be two operators, we denote [A; B] = AB — BA, the commutator between
A and B; a < b means that there is a uniform constant C that may be different on different lines,
such that a < Cb. We denote (c;) jen (or (cj(?)) jeN) to be a sequence in 22 with norm 1. All of
different positive constants might be denoted by the uniform constant C which may depend only
on initial data.

2. Littlewood—Paley analysis

For convenience of the reader, we shall recall some basic facts on the Littlewood—Paley theory,
one may check [1,6,7,16,32] for more details.

def

Proposition 2.1 (Littlewood—Paley decomposition). (See [6].) Let B= {& € R?, |&] < ;—‘} and
def

C= (£ eRY, % <€) < %}. There exist two radial functions x € C>°(B) and ¢ € C2°(C) such
that

X+ e(2798) =1, VEeR’
q=0
la—d'|>2 = Suppgp(Z_q-)ﬂSupp<p(2_q/-)=®,
q =

1 = Suppx()nN Supp<p(2_q-) =,
and

<K@+ Y o) <1, VR
q20

Let h & F ~lp and & & F-i x. Then the dyadic operators A, and S; can be defined as

follows

Ay f dzef(p(Q*‘iD)f:zqd/h(z"y)f(x—y)dy, forg >0,
]Rd
def _ ~
S0 e D) = Y agr=2 [R@i)fe- .
—1<k<q—1 R
A sy and AfFEO forg<—2. @.1)

Lemma 2.1 (Bernstein’s inequality). (See [6].) Let B be a ball with center 0 in R¢ and C a ring
with center 0 in R?. A constant C exists so that, for any positive real number X, any nonnegative
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integer k, any smooth homogeneous function o of degree m, and any couple of real numbers
(a,b) with b > a > 1, there hold

1 1
Suppi CAB = sup 8%, < C*HARFGTE u| o,
|a|=k

Suppi CAC = CTM M ullpe < sup [0%u]| 0 < CAE Jull e,
la|=k

N 1_1
Suppii CAC = [lo(Dul < Comd" G lull o, 2.2
for any function u € L.

Definition 2.1 (Besov spaces). (See [6].) Let s € R, 1 < p,r < oo. The inhomogeneous Besov
space Bls,’r(Rd ) (Bi,’, for short) is defined by

B, (R) L {f S (RY): [If18y, < oo,
where

1

ST ron L
g 8] ez 2 18 fl)7 s forr < oo,
" supgez, 2% 1&g fliLe, for r = c0.

def ;
— oo = S
If s =00, By, = \yer By -

Remark 2.1.

) fe va,r if and only if there exist a constant C and a sequence (cq)geNui—1} in £ with

norm 1 satisfying
[Ag fliLr < Ceg27. (2.3)

(ii) For s € R, p =r =2, the Besov space B‘;’r coincides with the Sobolev space H®.

Proposition 2.2 (Gagliardo-Nirenberg inequality). For s > %, the following statement holds:

Il < C(L+ 1 fllgo, tog(e+ 1 fllas)).
where the constant C = C(s) is independent of f.

The proof of this proposition is trivial, which can be found in [6], and we omit it.
The following proposition is devoted to dealing with the pseudo-differential operator
3 (1 — 08271 (or 8, g%).

Proposition 2.3. (See [6].) Let m € R and f be an S™-multiplier (that is, f : R?Y > R is
smooth and satisfies that for all multi-index o, there exists a constant Cy such that V&€ € R,
10 £ (£)| < Co(1 + |EN™1). Then for all s € R and 1 < p, r < oo, the operator f(D) is con-
tinuous from By, . 1o B ™.
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In this paper, we are going to use Bony’s decomposition which consists of writing

uv="T,v+ Tyu + R(u, v), 2.4)

where

T,v= Z Sq—1uAgv and R(u,v) = Z AgulAgv= Z Aquzqv,
g=-1 lg—q'I<1 g=-1

where Zq =Ap1+ Ay + Ay
Proposition 2.4 (1-D Moser-type estimates). The following estimates hold.

(i) Fors >0,

I fgllas @ < C(Lflas@ligloom + 1L f Lo lgllms®))- (2.5)

(i) Fors >0,

1fOxglms @) < CLF s myllglzoe) + 1L o 1 gl e w)) - (2.6)

(iii) For s1 < %, s > % and s1 + sp > 0,

I fgllas® < Cllfllas @), 2.7

where C’s are constants independent of f and g.
Proof. The proof of this lemma is rather classical, and similar estimates can be found in [6].
(2.5) is a standard Moser-type estimate, and (2.7) was used in [16] and [21]. For completeness,

we present the detailed proof of (2.6) here. Thanks to Bony’s decomposition (2.4), we decompose
foxg as follows:

foxg=Troxg + Ty o f + R(f, 0x8).
Thanks to Bernstein’s inequalities (2.2), we have
|ag(Troce) ]2 < D0 [AgSgot fAG:D] 2 < D ISy—1flliL=llAgdigll
lg—q'I<S lg—q'I<S

<ClUSfle Y g2 Nocgllns < Ceg2 N flloelldegllas  (2.8)
la—q'1<5

and
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AT o< D0 [Ag(Sy—10egDg H] 2 < D ISg—10sglliooll Ag fllz2

l1=4'1<5 lg—q'I<5
! ’
<Clfllgs+iliglipee Z cgr2 6D 0
lg—q'I<5
< Ceg27 | fllgsrllglizoe. 2.9)

While for s > 0, using Bernstein’s inequalities (2.2) again and Young’s inequality, we get

[AgR(f0:)] o< D [Ag(Ag fAGA |2 < Y I1AgdagllllAg fl12
q'2q9-5 q'2q9-5

<C Y NAggllllAg £l
q'=—1,9'29-5

+C Y Ayl Ay Sl
q'20.9'2q-5

< Ceg27 | fll s llglioe,
which, together with (2.8), (2.9) and (2.3), completes the proof of (2.6). O
3. Transport equation theory

To study the well-posedness problem of the system (1.2), we need the following theorem
on the transport equation (especially taking the space dimension d = 1), which has been used
in [21].

Theorem 3.1. (See [16].) Suppose that s > —%. Let v be a vector field such that Vv belongs
to LY([0, T1; HS~1) ifs>1+ ‘71 orto LY([0,T; H% N L) otherwise. Suppose also that fy €

HS, F € L' ([0, T1; H®) and that f € L*®([0, T1; H*) N C([0, T1; S’) solves the d-dimensional
linear transport equations

Wf+v-Vf=F,
) {flt:O:fO-

Then f € C([0, T]; H®). More precisely, there exists a constant C depending only on s, p and d,
and such that the following statements hold.:

M) Ifs#1+9,

t

t
1 s < W foll s +/||F(r>||Hs dr+C/V’(r)||f<r>||Hsdr, 3.1
0

0

or hence,
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t

WA <e”<’>(||fo||m + / e VOUF@] df) (3.2)

0

with V (t) = [, V@l g drifs<1+ L and V(1) = [y |Vo(0)ll o1 d else.
) If f = v, thenforall s > 0, the estimates (3.1) and (3.2) hold with V (t) = fé |0xu(T)|| Lo dT.

The following theorem (Theorem 3.2) is crucial to prove wave-breaking criterion (Theo-
rem 4.1 in Section 4). Compared with Theorem 3.1, the following theorem is also specially
interesting to the regularity propagation of the solution to the second equation of the two-
component Camassa—Holm system (1.2) (where p — 1 = 5 # u), since only one derivative of u
is involved in V (¢) in (3.3) below. It is noted that the estimate (3.3) is quite different from (3.1)
in Theorem 3.1, because there is (1 + %)-order derivative of u involved. This then makes the
problem more difficult to deal with. The proof actually needs more delicate localization analysis
in details.

Theorem 3.2. Let 0 < o < 1. Suppose that fo € H®, g € L'([0,T]; H®), v,dv €
L'([0, T]; L™) and that f € L>([0, T]; H°) N C([0, T1; S’) solves the 1-dimensional linear
transport equation

o f+vof=g,
fli=o = fo.

Then f € C([0,T]; H?). More precisely, there exists a constant C depending only on o and
such that the following statement holds:

(1) {

t t
1 £ 4o <l follae +C / le()] o dr+C f 1 @] 4o V' () dr (3.3)
0 0

or hence,

t
lr®| . < eCVm(nfonHa +C / 8@ 4o dr)
0

with V(1) = [ (I0(@) || + 19:0(2) | ) d.

Proof. The proof of this theorem is motivated by the one of Theorem 3.1 (see [16]). Applying the
localization operator A, to the transport equation (7'), we transform the transport equation (7°)
along the flow of v, in the following equation (7)) on A, f, which is a transport equation along
the flow of S,v

o {8,Aqf+qu3quf=Aqg—Rq,
1 Ag fli=0 = Ag fo,

where R, = Ry (v, f) := Ay (00 ) — VA0, f + (v — S;v) Ay f.
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To deal with R, we need to use the following lemma, which we admit for the time being.

Lemma 3.1. Forall0 <o < 1,

[Ry D)2 S cq272 | fF®) o (10l 2o + 1105 v]I o)
with ¢, (t) € 1% and ||lc,()|,2 = 1.

With Lemma 3.1 in hand, we can continue the proof of Theorem 3.2. Taking the inner product
between the first equation of (7;) and A, f in L2, we have

1d 1
__”Aqf”iz =—= quax|Aqf|2 + (AqglAqf)L2 - (Rq(v, f)|Aqf)L2
2dt 2

R

<10xSgvllLellAg f172 + (1 Rgll g2 + 118Gl 22) 1 Ag £ 2,

which implies

1d
§E”Aqf”%2 < (I0xvlioellAg fll2 + IR 2 + 1 AGg N 2) 1A f L2
<ch(t)Z_‘”(||f(t)HHU(IIvllLoo + 9 vliLe) + ||g(t)||Ha)||Aqf||L2-
Therefore, one has

t

|aq f @ 2 < 1A foll2 + CfCq(f)T""(||f(T)HHa(IlvllLoo +l18xvlizee) + | g(0)]| o ) d.
0

34

Multiplying (3.4) by 297, then taking the /> norm over ¢ and applying Minkowski’s inequality,

we reach

t t
1£ O] o < L foll e + c/Hg(r)Hm dr + c/Uﬂr)UHJ(uanoo 180l d.
0 0

This ends the proof of Theorem 3.2. O
We now are in a position to prove Lemma 3.1.

Proof of Lemma 3.1. Firstly, using Bony’s decomposition, we decompose the term R, as fol-
lows
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Ry = Ay (03, f) — VA3 f + (v — Sgv) Agds f
= [Aq§ 10, f + At]TZ%L,)"U - TAqE)fo + AqR(Uv 0 f)

6
— R(v, Aquf)+(v—qu)Aquf:ZR(’]. (3.5)
i=1
For R(} =l a1<5IAg5 Sg—1v19: Ay f , thanks to (2.1), one has

[Ag: Syl Ay f =21 / 127 = ) [Sy-10() = Sy—1v(0)]dx Ay £ (y) dy.
R

Hence, (2.2) applied ensures

IRy 2 S D 18:Sg—1vllee2 0 Ay fll 2 S g (279 | (O o 050 L. (3.6)
lg’—q|<5

For Rg =Dg Ty, V=22 150 |g—q'|<5 Sq'—19x [ gV, (2.2) applied again implies

IRZO| 2 Y ISy—1defll2lAgvllee
q'20, 1g'—q|<5

Y D 1Akl 227 1A dcvll oo

q'20,1q"—q|<5 k<q’'-2

S ) D 2N l227 T 1Ay d vl

q'20.1¢'—q|<5 k<q'-2

which yields that

2 k —k —q'
EHOI P > 222N fllue 2 1Ay dcvll e
q'20,19’'—q|<5 k<q'-2

S Z Z 2000 | £ 1 279 | vl oo
q'20,1q'—q|<5 k<q'-2
ch(t)z_q(f”f”[‘l” ||axv||L007 (37)

where we used the assumption o < 1.
Similarly, for Rg = =Ty fU= =2 050.g'>q—5 Sq'~18¢dx [ Agrv, we have

RGOS D0 ISy—18g0: fll 2| AgrvllLos
q'20,9'2q9-5

SO A fI27 T Ay Byl

q'20,q9'>2q-5

<Y 277 27 fllae e vlie S g @271 N fllae [cvlle.  (3.8)
q'20,q9'>2q-5
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Since R;1 =A4R(, 0, f) =14y Zq,>q_5 Ay vAy oy f, we get from (2.2) that

IRED||,2 £ 1Al Ay de £l 2
q

q'>2q9-5

= > Al Ay fllz+ Y IAgllLllAgde 1l
q'==1,4"29=5 q'20,9'2q9-5

S ), lslAgfl+ ) IAgdvlle Ay e,
q'=-1,9'29-5 q'20,9'>2q9-5

which gives rise to

[RGO12 S Do 2l f e
q'=—1,q9'29-5

+ Y 2] 27 | f e
q'20,9'>q-5
S g2 £ e (vl + 180l ), (3.9)

where we used the assumption o > 0. ~
While for Rg = R0, Agdc ) =", y1<5 Dy vAg Agdy f , we have

R3O, 5 D IagvliclAy Agdcfllp2
la—q'1<5
= Y 1AgvlexlAgy Ay fll2

q'=-1,1g—q'|<5

+ Y Agvlix Ay Agdyc £l g2,
q'20,lqg—q'|<5

from which and (2.2), we get

— ! — / —
RO D0 277729 D |v)| 1279 | f |l o
q'=-1,lg—q'I<5

_/ f—
+ Y 29|27 | £l e
q'20,1g—q'|<5

SegO27 | fll e (Ivllzes + 1 vllze). (3.10)
Finally, for RS = (v — S,v) A0, f,
IRS® |12 S D I1AgvlieeAgdy fll 2

q'2q

= D lAgvllzsll A fllz+ D IAgvllellAgdy £l 2,
qg'=-1,9'>2q q'20,9">q
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from which and (2.2), we reach

6 A
RSO, Do IlwllAgfllz+ D 2977 Ay dvliielAg £l 2
q9'=—1,9'2q q'20,q9'2q

Seq®27| fllme (vl + [0y v] <),
which together with (3.5)—(3.10) completes the proof of Lemma 3.1. O
4. Wave-breaking criteria

Let us first state the following local well-posedness result of (1.2), which was obtained in [21]
(up to a slight modification).

Lemma 4.1. Suppose that uy = (ug,n0) € H® x H™!, s > % Then there exist T =

T (luoll gsx gs-1) > 0 and a unique solution w = (u,n) € C([0,T); H® x H~Hnclqo, 1)
H~1 x H=2) of (1.2) with u(0) = ug. Moreover, the solution u depends continuously on the
initial value wg and the maximal time of existence T > 0 is independent of s. In addition, the
Hamiltonian

1
H=H(u,n)=5/(u2+u§+n2)dx (4.1)
R

is independent of the existence time T.

With Lemma 4.1 in hand, we establish the associated Lagrangian scale of (1.2) the initial-
value problem

%9 _ gy 0<t<T
- = ull, ’ <r<t1,
ot i

q0,x)=x, x eR,

4.2)

where u € C([0, T), H*) is the first component of the solution (u, ) of (1.2) with initial data
(ug, po — 1) € HS x H~! with s > %, and T > 0 being the maximal time of existence. A direct
calculation also yields g« (t, x) = u, (¢, q(t, x))qx (¢, x). Hence for t > 0, x € R, we have

gu(t, x) = efol ur(r.q(z.x)dr 0,
which implies that g (¢, -) : R — R is a diffeomorphism of the line for every ¢ € [0, T'). This is
inferred that the L° norm of any function u(z,-) € L*°(R), r € [0, T) is preserved under the
family of diffeomorphisms ¢(z, -) with ¢t € [0, T'), that is,
”u(ta ')HLOC(R): ||u(t’q(t7'))HLoc(R)v IE[O, T) (43)

Similarly, one gets

sup u(t, x) = sup u(t, q(t, x)).
xeR xeR
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The following wave-breaking criterion shows that the wave breaking only depends on the
slope of u but not the slope of p. This improves the wave-breaking criterion in [21] and [20],
where the slopes of both components # and p must be considered. The proof of the following
result strongly depends on Theorem 3.2 on the localization analysis for the transport equation.

Theorem 4.1. Let ug = (ug, no) € H* x H*~' be as in Lemma 4.1 with s > % and u= (u,n)
being the corresponding solution to (1.2). Assume Ty > 0 is the maximal time of existence. Then

*
T“O

Tt <o = / |ie(2) | o d7 = 0.
0

Proof. We shall prove this theorem by an inductive argument with respect to the index s. To this
end, let us first give a control on ||n(#)||zo.
In fact, applying the maximal principle to the transport equation about p,

pr +upx + pux =0,

we have

1
|lo®]| 1o < llollz +C/ axullLeellpllL= dz.
0

A simple application of Gronwall’s inequality implies
< C [y 19xull oo dT
lo@ |~ <llpollL~e :
which gives rise to

17| ;o0 < 2O oo + 1< 14 (14 lInoll oo )eC o I19xulioe dr. (4.4)

Now let us concentrate our attentions to the proof of Theorem 4.1. This can be achieved as
follows.

Step 1. For s € (%, 2), applying Theorem 3.2 to the transport equation with respect to 7,

Nt +unx +nuy +uy =0, 4.5)

we have (for every 1 < s < 2, indeed)

t 1
1@ | o= < ol g1 +Cf m3xu + xull gs—1 dt +C/ Il ggs—1 (lullzoe + N[dxuell o) dT.
0 0

Thanks to the Moser-type estimate (2.5), one has
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18y + Bxuell st < |9zl grs—1 + C (IBxuell s Il oo + Il g1 1Bcullzoe).  (4.6)

Therefore, we have

t
@) | -1 < lImoll -1 +C/||axu(r>| et (L [n(@)] 1) dT
0

o (@] e + [0 @] ) de. 47

c fo)

On the other hand, Theorem 3.1 applied to the equation about u,

1 1
ut+uux+8xg>k<u2+§u§+§n2+n—Au>:O,

implies (for every s > 1, indeed)

t
1 1
Hu(r>|m<nuonm+cf axg*(u2+§u§+§n2+n—Au)(r> dt
0 i
t
—i—C/”u(r)’m deu(r)|| ,  dr.
0
Thanks to the Moser-type estimate (2.5) and Proposition 2.3, one has
2, 1y 15 2, 1y 15
Og*x(u"+zui+-n"+n—Au SC\u”+ zuy+=n"+n—Au
2 2 HS 2 2 Hs—1

S C(llull st llueli oo 4 19xuell grs—1 119wl oo
A+ Il gs—t Il zoe =+ Nl gs—1 + 71l gs—1).
From this, we reach

t

)] < ok +€ [ Juco)

0

@] o + 0@ oo + 1) d

t
+€ [ I ger ()] + 1), 48
0

which together with (4.7) ensures that
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t

[ @] o + 11O s < Nollzs + Imoll o1 + C/(||n<r>||HH + e ] )
0

x (Ju@] o + [0t @] ;oo + [7(D)] e +1)dT.  (4.9)
Thanks to the Gronwall’s inequality again, one can see
Hu(t) ” s + H n(t) ” -1 < (”u()” s + ”no”HS*l )ec(/8(”14”LOO+||3xM||LOO+|MHLOC +Ddr . (4.10)
Using the Sobolev embedding theorem H® < L (for s > %), we get from (4.1) that
[u@| s < C(luoll g1 + lInoll .2) (4.11)
which together with (4.4) and (4.10) implies that
| @] e + 1O o < (loll s + lImoll gro-1)eC1EFD U Clou@llzaedr) (4, 12)

where C1 = C1(Jluoll g1, Imoll 2, ImollLoe).

T‘k
Therefore, if the maximal existence time TJO < 00 satisfies fo "85 (T) || Lo dT < 00, wWe
obtain from (4.12) that

lim sup (Jlu@®| s + 7@ ys-1) < 00 (4.13)
=T

0

contradicts the assumption on the maximal existence time 7,; < 0o. This completes the proof of
Theorem 4.1 for s € (3, 2).

Step 2. For s € [2, %), applying Theorem 3.1 to the transport equation (4.5), we have

t t
[90)o-s < Vol + € [ Lrt+ 000 s e+ € [ Wl d.
0 0

(4.6) applied implies that

t t
[ g1 < 1m0l 15 +Cf 0l o1 (14 linll o) d +c/ Il gl 1 d,
0 0

which together with (4.8) yields

Ju@ ] s + @] s < Nuollzzs + ol s

t

€ [ s + @)l gy + 10 e+ 1)
0
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with 0 < ¢y < %, where we used the fact H2+€0 < L 0 HZ. Gronwall’s inequality applied
gives that

cf Dd
Sl 5 4 HIn@llzoo+D .

lu@ | g + 1@ =1 < (loll s + ol grs—1)e (4.14)

Therefore, thanks to the uniqueness of solution in Lemma 4.1, (4.1) and (4.13), we get that: if the

Tﬁ
maximal existence time TJO < o0 satisfies fo "0 10 u(t)| Lo dT < 0o, then (4.14) implies that

lim sup ([u(@®)] s + [0)] 1) <00
t—>T‘;0

contradicts the assumption on the maximal existence time 75 < 0o. This completes the proof of
Theorem 4.1 for2 <5 < %

Step 3. For 2 < s < 3, by differentiating once (4.5) with respect to x, we have

0Ny +udy (Nx) + 2uxny + Nityx +uyxy =0. (4.15)

Theorem 3.2 applied to (4.15) implies that

t
1720 o < Mol sz + C f | @ngts + ndgts + dextt)(D)]| s d
0

t

€ [ I s (00 | + @) )
0
t

< lmoxl s—2 +Cf(||77|IHH + lull s ) (lullzoe + 19wl oo + lInllz + 1) dx,

0
(4.16)

where we used the following Moser-type estimates (from (2.6)):

Izl gys—2 < C(I1Bxull grs—1Inllzoe + 18xn || gs—2 lluax |l o)

and

Imdtexl gs—2 < C (Il gs—1 1052l oo + Nt | gs—2 11l ).
(4.16), together with (4.8) and (4.7) (where s — 1 is replaced by s — 2), implies that

t

[7@ ] ot + [u @] s < ol o1 + llwoll s +C/(||n(r)||HH + u@ ] )
0

< () + [ o + I + 1)
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Gronwall’s inequality applied again gives (4.10). Hence, using arguments as in Step 1, it com-
pletes the proof of Theorem 4.1 for 2 < s < 3.

Step 4. For s =k € N, k > 3, by differentiating (4.5) k — 2 times with respect to x, we have

8,952 + ud, (9572n) + > Ce, 000 T ud 2y 4 09, (05 %u) + 8 T = 0.
L1+HLr=k—3,£1,£,>0
(4.17)
Applying Theorem 3.1 to the transport equation (4.17), we have
[0
<[kl + € / |20 ool ., de
+C / H ( Cey 0,00 T ud 2y + nde (05 2u) + a5~! )(r) dr.
H!

L+l = k 3,201,620
Since H! is an algebra, we have

1m0 (35 2u) || 1 < Clinll g |05 ue | o < Climll g Nl s

and
Z Ce1 Zzall—i-lualz—i-l
0 4+r=k—3, €100 H!
£+1 £a+1
<C Y Cowlarttul 9 ] < Cllull g Il st
L1+Lo=k—3,£1,£,>0
Hence,

t

18520 | 51 < |85 2n0]) 11 +C/(||n||ﬂs-. + el s ) (el g1 + Il o + 1) dz. (4.18)
0

(4.18), together with (4.8) and (4.7) (where s — 1 is replaced by 1), implies that

[ st + 4]

t

< ”nO”HS*l + ”MOHHs + C/(”rl(‘[)”HV—] + HM(T)HHV)(HM(T)HHV_] + Hn(T)HHI + l)d‘[
0

Gronwall’s inequality applied yields that
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cly - d
|u@ | o + 7O | yer < (ol s + Inol o1 )e€ foUulms—r+lnlli+Dde 4 19)

Tﬁ
Therefore, if the maximal existence time 7,; < 0o satisfies fo 0118, u(7)| Lo dT < 00, thanks to
the uniqueness of solution in Lemma 4.1, we get that

[ e + 0@

is uniformly bounded by the induction assumption, which together with (4.19) implies

tim sup (] e + [n®] yecr) < 00.
=Ty

uo

This leads to a contradiction.

Step 5. For k <s <k + 1 with k € N, k > 3, by differentiating (4.5) k — 1 times with respect
to x, we have

3,51y 4+ ud (95 1n) + > Cey,0, 85 ud 2y 4 ndy (95 1u) + 8ku = 0.
C1+o=k—2,£1,£,>0

Theorem 3.2 applied again implies that

195 @) o

<oy ol i + CfH 0 @ s (4@ oo + 0@ ] ) d

|

Using the Moser-type estimate (2.6) and the Sobolev embedding inequality, we have for YO <
€< 3

drt.

Cey 0,00 T ud 2y + nae (05 u) + ajgu)(r) k
Hs—

L1+e= k 2,201,020

I3 (05" ) || pyoeie < C(Umllzoe 050 ] yyos + Il gromicer [ 05 ut] )
<

C(Ilmllzee llull s =+ Il s IIMIIH,(_%W)

and

Z Cy,, e23£]+1u3£2+1
L+lr=k=2,£1,£,20

<C X Can(la ul o nl s+ 920 ] o |00 ] i)
O +l=k—2,£,,6,>0

Hs—k

C(IIMIIH,(_%W 71l gs—1 + IInIIHk_%+€0|IMIIHs)-
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Hence,

1
[~ 0@ e < 135 0] o + Cf(||n(f>||HH +u@] )
0

< (el gy + 1030, + 1) 7 (4.20)

(4.20), together with (4.8) and (4.7) (where s — 1 is replaced by s — k), implies that

t

[1@] s + @] s < lmoll 51 + ol s +C/(||n(r)||HH + |u@ | )
0

X (Ul gy F 1013 + 1) T
Applying Gronwall’s inequality then gives that

Cloull 1, +lnll 3, +Dd
@ | s + 1@ ] jror < (ol ezs + lInoll gs—1)e ™ B RS S

T‘k
In consequence, if the maximal existence time TJO < oo satisfies fo Y018 u ()| Lo dT < 00,
thanks to the uniqueness of solution in Lemma 4.1, then we get that

el gy + IO 3

is uniformly bounded by the induction assumption, which implies
tim sup (Ju@] o + 0] yeer) < 00,
t— ‘:0

which leads to a contradiction.
Therefore, from Step 1 to Step 5, we complete the proof of Theorem 4.1. O

Theorem 4.2. Let (ug, no) be as in Lemma 4.1 with s > % and u = (u, n) being the corre-
sponding solution to (1.2). Then the corresponding solution blows up in finite time if and only

if

lim inf u, (¢, x) = —o0. “4.21)
t—)TlfoxeR

Lemma 4.2. Let (1, n) (with n := p — 1) be the solution of (1.2) with initial value (ug, po — 1) €
HR) x H"'(R), s > %, and T the maximal existence time. If there is M1 > 0 such that

inf uy(t,x) = —My, (4.22)
(t,x)€l0,T)xR

then
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lo. )~ < llpollLce™?, (4.23)
supuy (t, x) < |luo.xllz + Ci + Il poll Lo e™! (4.24)
xeR
hold fort € [0, T), with
14+ A2\ 2
Ci =( 5 ) o, po = D 1,2+ (4.25)

and C a positive constant depending only on A, My and the norm ||(uo, po — D)l grs x grs—1-

Proof. By Lemma 4.1 and a simple density argument, it is needed only to show the desired
results are valid when s > 3. So in the sequel of this section s = 3 is taken for simplicity of
notation. Differentiating both sides of the first equation of (1.2) with respect to x and using the
identity —32g* f = f — g * f lead to

1 1 1 1
Upy + Ullyy + zui = A0y g * Uy +u?+ Epz — g% (u2 + Eui + 5,02). (4.26)

Given x € R, let

M) =ux(t,q(t, %)),  y@®=p(t,q0 x), (4.27)

t €10, T), with g (¢, x) determined in (4.2). Using these notations, Eq. (4.26) and the second one
of (1.2) can be rewritten, respectively, as

M (1) = —%MZ + %yz + f(t.q(@, %)),
y'(0)=—yM, (4.28)

for t € [0, T'), where the notation ' denotes the derivative with respect to ¢ and f represents the
function

f=Adg%uy +u>—gx 2,1 10 (4.29)
= A0x§ x 8 u 2Mx 2,0 . .

Hence, we have

1 1 1
szgx*ux+u2—g*(u2+5u,%)—Eg*l—g*(p—l)—igw—l)z

1 1
<|A||gx*ux|+5u2—5+|g*(p—1>

’

with the help of g s (u? + %u%) > %uz (cf. [9]). Applying Young’s inequality and g(x) = %e"x‘
leads to
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1 11

[Allgx * ux|(t, x) < |Alllgxll 2 luxllp2 < §|A|||ux||L2 Sgt ZAZHMxHin (4.30)
1 11 5

g% (0= 1)t ) <llgl2llp = 2 < Sl =M< g+ 2l1p =i, (4.31)

for (¢, x) € [0, T) x R. On the other hand, the continuous embedding of H!(R) into L>®(R)
gives (cf. [11], for example, for the best embedding constant)

2u2(z,x)</u2+u§ gfu2+u§+(p— 1)2:/u3+u(2)x+(,00—1)2, (4.32)
R R R

for all (¢, x) € [0, T) x R, where we used the fact that H (1, p — 1) is the conservation law of the
system (1.2) in the last identity. Combining (4.30), (4.31), and (4.32) together gives

1 1
(1 ) o= Dl = 2 (4 )@~ Dl 2 = 2CE @33

B

f<

where the conservation law H (u, n) = fR u? + u)zc + n2 of (1.2) was used again in the second
identity and C; was introduced in (4.25). Similarly, we have

1 1 1
—f<|A||gx*ux|+g*(u2+§u§>+5+|g*(p—1)|+5g*<p—1>2

r 1, 2 1
<Z+ZA ||Mx||L2+_

2
2 X

L] I P VI Y
u“+-u —4+-+-|p-— —|lp— ,
pUx| T g TP i gl e

L

where we used the estimate g * (u? + Ju2)(t, x) < llgllzeollu® + $u?|l 1 < %||u||?11. Therefore,
we get

1+ A2
2

1+ A2

—f<1
f+2

|G p =D, <1+ |Go, po— D31, 2 <1+ CF. (4.34)

In view of the definition of M (¢) in (4.27), the assumption (4.22) is now expressed as, for
each x e R,

M@)>—M,, fortel0,T).

In view of this condition, it then follows from the second equation of (4.28) that, for each x € R,

01,41, )| = |y )] = |y O)]els =MO < | pg | oM, (4.35)

for ¢t € [0, T). Hence combining this with (4.3) leads to (4.23).
Given any x € R, let us define

P(t) = M(1) — l|luox || L= — C1 — | pol o™,

with M (1) = u,(t, g(t, x)) and C; in (4.25). Observe that P(¢) is a C'-differentiable function in
[0, T) and satisfies
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P(0) =M(0) — [lug.xllze — Cr — llpoll Lo < uo,x(x) — lluoxllze < 0.
We now claim
P(t) <0, forallte[0,T). (4.36)
Assume the contrary that there is #p € [0, T') such that P(¢y) > 0. Let
1 =max{r <to; P(t)=0}.
Then P(t;) =0 and P’(#;) > 0, or equivalently,
M (1) = [luo.xll= + Cr + llpollLee™ ™, (4.37)
and
M'(t1) = MilpollLe™ > 0. (4.38)

From (4.32), (4.35), (4.37), and the first equation of (4.28), it follows that

/ 1 2 1 2
M) = =3 M>(t) + 37 0) + f(n, a1, )

1 » 1 1
< =5 (ol + Cr + llpollzce™™)” + Sl poll e M + 2CF

<0,

a contradiction to (4.38), so the claim (4.36) is valid. Therefore, the arbitrarily chosen of x and
(4.3) imply (4.24). O

Proof of Theorem 4.2. Assume (4.21) is not valid. Then there is some positive number M| > 0
such that

ux(t,x) = —M
holds for (¢, x) € [0, T) x R. It now follows from (4.24) in Lemma 4.2 that
|ux(t,x)| <ceM,

with C a positive constant depending only on A, M; and the norm |[(xo, po — DIl gsx gs—1-
Theorem 4.1 applied implies that the maximal existence time 7,y = 0o, which contradicts the
assumption on the maximal existence time 7 < 00.

Conversely, the Sobolev embedding theorem H*(R) < L*°(R) (with s > %) implies that if
(4.21) holds, the corresponding solution blows up in finite time, which completes the proof of
Theorem 4.2. O
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Theorem 4.3. Assume that the initial value (ug, no) € H® x H~! with s > % Let Ty, > 0 be
the maximal time of existence for the corresponding solution (u, n) to the system (1.2). Then we
have

*
T“O

Tu*0 <0 = /(Haxu(r)ﬂ BY, + Hp(l’) — ]”Bé’c,m)dt = 00.
0

Proof. We only need to prove this theorem for the case % < s < 2. For s > 2, the induction

argument as in the proof of Theorem 4.1 will complete the proof of Theorem 4.3. Thanks to
Proposition 2.2, we have for s > %,

19zl < C(1+ l1cull g log(e+ l1dxul gs-1)) (4.39)

and

Inllzee < C(L+ lInll gy, log(e + l1nlls-1))- (4.40)

Plugging (4.39) and (4.40) into (4.10), and using the fact (4.11), we get

[ s + I o

Cr+Cf’(H6xu(r)H o HlIn@®l, )logle+llu()llgs -+l ys—1)dt
< (luoll s + ol gs—1)e 0 Boo,00 Bo0,00 " .

Therefore,

log(e + [[u(®|| s T ln®] H-r—l)
<log(e + lluollas + lInoll gs—1) + Ct

t

+C / (loxu@l gy, + 1@ o, ozl + [u@ ] o + [n@] o) d.
0

Applying Gronwall’s inequality yields

log(e + |u@] s + [n )] 1)

< eC./3(”3x”<f)"3gc_w+“’7(f>“Bgm)df (

log(e + lluoll s + ol gs—1) + Cr).

Hence, the proof of Theorem 4.3 is complete. O
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5. Global existence

In view of the criterion for wave breaking (Theorem 4.1), a sufficient condition of global
solutions can be obtained in the following.

Theorem 5.1 (Global solution). Let (ug, po — 1) € H*(R) x H*~YR) with s > % and T >0
being the maximal time of existence of the solution (u, p) to the system (1.1) with initial data

(uo, po)- If
inf pg(x) > 0, 5.1)
xeR

then T = 400, and the solution (u, p) is global.

Remark 5.1. Theorem 5.1 improves the result of the global solutions in [20], where the special
case s = 2 is required.

To prove Theorem 5.1, we need the following lemma.

Lemma 5.1. Assume (u, p) is the local solution of (1.1) with the initial value (uo, po — 1) €
H*(R) x HS~1(R), s > % and T the maximal existence time. If inf,cr po(x) > 0, then

1
Lqt,0)| < CseC 5.2
Plra )] < e Cse o2

|ux(t,q(t,x))

’

hold for all t € [0, T), with (see (4.25) for C1)

3 301 2
Cy= §+C12= §+§(1+A2)”(”Oa:00_ D12

Cs =1+ luo.cll7 + llpoll7 e,
and positive constant C depending only on A and the norm || (1o, po — D) || s x ps—1-

Proof. In view of the proof of Lemma 4.2, by Lemma 4.1 and a simple density argument, it
suffices to show that the desired results are valid when s > 3. So in the sequel of this section
s = 3 is taken for simplicity of notation. Observe that the system (1.2) leads to the following
ordinary differential equations (see Lemma 4.2 for derivation) for a fixed x € R,

/ 1 2 1 2 /
M(t)=—§M +3v + f(t.q(. x)), Yy () =-yM, (5.3)
for ¢t € [0, T') with notation M(¢) = u, (¢, q(t, x)), y(t) = p(t,q(t, x)) defined in (4.27) and f
in (4.29). The second equation of (5.3) implies that y (#) and y (0) are of the same sign.

For every x € R satisfying y (0) = po(x) > 0, define the Lyapunov function (cf. [12]),

w(t) =y )y () + %(1 +M2(0),
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which is a positive function of ¢ € [0, T'). By (5.3), it yields

0 2
w'(t) =y (0)y — %;/(1 +M?) + ;y(O)MM/

—2 oM t t !
=y <f( a( ,x>)+5>

0 1
< 9(1 + MZ)(U(z,q(t,x))\ + E) < Caw(t),

in [0, T), where | f| <14+ C 12 is derived from (4.33) and (4.34). The preceding differential in-
equality gives

w(t) < w(0)e’ = Cse, +e[0,T) (5.4)
with the help of

w(0) = pj (x) + 1+, (x) < 1+ [luoxll7 + looll 7 = Cs.

Recalling that y () and y (0) are of the same sign, the definition of w implies y (0)y (t) < w(¢)
and |y (0)|[|M (1)| < w(7). By (5.4),

1 1
" ’ iy g g C C4t’
Juslr-a @ 0)] = [MO] < G500 < 0 Cse

1 1
) ) == g < C o
pleate )| =IOl < G0 < G565

are valid for ¢ € [0, T'). Thus the conclusions of (5.2) are obtained. O

Proof of Theorem 5.1. Assume the contrary that 7 < oo and the solution blows up in finite
time. It then transpires from Theorem 4.1 that

T
/”ux (t, %) oo dt = 00. (5.5)
0

Note that infycr po(x) > 0. By (5.2) in Lemma 5.1, we have

1
Ct < CeCT

|ux(t7x)| < € X
lpo(x)| infyer po(x)

<0

for all (¢, x) € [0, T) x R, a contrary to (5.5). So T = 400, and the solution (u, p) is global. O
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