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Abstract

In the present paper, the authors introduce two new subclasses Ss(k) (¢) of close-to-convex functions and
Cs(k) (¢) of quasi-convex functions. The integral representations for functions belonging to these classes are
provided, the convolution conditions, growth theorems, distortion theorems and covering theorems for these
classes are also provided. The results obtained generalize some known results, and some other new results
are obtained.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction, definitions and preliminaries

Let A denote the class of functions of the form

f(z)=z+Zanz”, (1.1)

n=2

* This work is supported by Scientific Research Fund of Hunan Provincial Education Department, PR China.
* Corresponding author.
E-mail address: zhigwang@163.com (Z.-G. Wang).

0022-247X/$ — see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2005.08.060


https://core.ac.uk/display/81121715?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

98 Z.-G. Wang et al. / J. Math. Anal. Appl. 322 (2006) 97—-106

which are analytic in the open unit disk
U:{z: zeCand|z| < 1}.

Let S denotes the subclass of A consisting of all functions which are univalent in /. Also let P
denote the class of functions of the form

o
PR=1+Y pt" (zell),
n=1
which satisfy the condition %{p(z)} > 0.
We denote by S*, KC, C and C* the familiar subclasses of A consisting of functions which
are, respectively, starlike, convex, close-to-convex and quasi-convex in /. Thus, by definition,
we have (see, for details, [1,2]; see also [3,4])

s*:{f: feAandSﬁ{Z;/((Zz))}>O(zeL{)},

IC:{f: feAand?ﬁ{leZ]]::/((ZZ))}>0(ZEU)},

C:{f: feA ges*, andm{i;g)}>0(xeu)},
and

C*Z{f:fEA,gEIC, and?ﬁ{%}>0(z€“)}.

Let f(z) and F(z) be analytic in /. Then we say that the function f(z) is subordinate to F(z)
in U, if there exists an analytic function w(z) in U such that | (z)| < |z] and f(z) = F(w(z2)),
denoted by f < F or f(z) < F(z).If F(z) is univalent in ¢/, then the subordination is equivalent
to f(0) = F(0) and f(U) C FUL) (see [S]).

A function f(z) € A is in the class S*(¢) if

2f'(2)
f@

where ¢ (z) € P. The class S*(¢) and a corresponding convex class /C(¢) were defined by Ma
and Minda [6]. And the results about the convex class K(¢) can be easily obtained from the
corresponding results of functions in $*(¢).

Sakaguchi [7] once introduced a class S; of functions starlike with respect to symmetric
points, which consists of functions f(z) € S satisfying the inequality

/
%{ zf'(2)
f@) = f(=2)
Following him, many authors discussed this class and its subclasses (see [8—16]). Motivated

by S, we can easily obtain the following class C; of functions convex with respect to symmetric
points.

<¢(z) (zel),

}>0 (zel).

Definition 1. Let C; denote the class of functions in S satisfying the inequality

%{ (zf'(2))

Ry — 0 U).
f/(z)+f/(—z)}> (keth
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Now, we introduce the following classes of analytic functions with respect to k-symmetric
points and obtain some interesting results.

Definition 2. Let Ss(k) (¢) denote the class of functions in S satisfying the condition

zf'(2)
Jx(@)
where ¢ (z) € P, k > 1 is a fixed positive integer and fi(z) is defined by the following equality:

<¢@) (zel),

k—1
1 -V v
fi(2) = 528 f(e'2) (5 =1). (1.2)

If k=2 and ¢(z) = (1 4+ 2)/(1 — z), then the class Ss(k) (¢) reduces to the class S;. If k =2,

then the class Ss(k) (¢) reduces to the class S;(¢), which was introduced and investigated recently
by Ravichandran [14]. If ¢(z) = (1 4+ B2)/(1 —afz) (O < a <1, 0 < B < 1), then the class
Ss(k) (¢) reduces to the class Ss(k) [a, B], which was considered recently by Gao and Zhou [15].

Definition 3. Let Cs(k) (¢) denote the class of functions in S satisfying the condition

(zf'(2))
fi@)

where ¢ (z) € P, k > 1 is a fixed positive integer and f;(z) is defined by equality (1.2).

<¢@) (el),

Ifk=2and ¢(z) = (1 4+ 2)/(1 — 2), then the class Cs(k) (¢) reduces to the class C;. If k =2,
then the class c§"> (¢) reduces to the class C; (¢), which was also introduced and investigated
recently by Ravichandran [14].

In our proposed investigation of functions in the classes Ss(k) (¢) and Cs(k)(qﬁ), we shall also
make use of the following definition.

Definition 4 (Hadamard product or convolution). Given two functions f, g € A, where f(z) is
given by (1.1) and g(z) is defined by

oo
g@)=z+ ) b,

n=2

the Hadamard product (or convolution) f * g is defined (as usual) by

(f*)@ =2+ anbaz" = (g% f)().

n=2

In the present paper, first we prove that the classes Ss(k) (¢) and Cs(k) (¢) are subclasses of the
class of close-to-convex functions and the class of quasi-convex functions, respectively. Then
we provide the integral representations for functions belonging to these classes. At last, we pro-
vide the convolution conditions, growth theorems, distortion theorems and covering theorems for
these classes. The results obtained generalize some known results and some other new results are
obtained.
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2. Integral representations
First we give two meaningful conclusions about the classes Ss(k) (¢) and Cs(k) (0).
Theorem 1. Let £ (z) € CF(¢), then fi(z) e K C S.

Proof. Suppose that f(z) € Cs(k) (¢), from the definition of Cs(k) (¢) we can get

/ /
gﬁ{ (Zf/ (2)
fk(Z)

since M{¢p(z)} > 0. Substituting z by £”z in (2.1) respectively (1 =0,1,2,...,k — 1; ek =1),
then (2.1) is also true, that is,

J{{ f'(e"2) + et zf" (eM2)

‘ fi(et2)
According to the definition of fi(z) and ¥ = 1, we know fi(e"z) = f{(z). Then inequality (2.2)
becomes

%{ [/ (e"2) +etzf" (e"2)

' @

Letu=0,1,2,...,k —1in (2.3) respectively, and summing them we can get

}>O (zell) 2.1

}>0 (zeU; u=0,1,2,....k—1). (2.2)

} >0 (zel). (2.3)

k=1 ¢r0.m k=1 eroopm
N Lo I Z)+52“208 UG >0 (zel),
fk(Z)
or equivalently,
. f;é(z)+zf,§’(z)}
RNy —— 0 U,
fi@ =0 zeth

thatis fr(z) e K CS. O

Remark 1. From Theorem 1 and inequality (2.1), we know that if f(z) € Cs(k) (@), then f(2) is
a quasi-convex function. So ka) (¢) is a subclass of the class C* of quasi-convex functions.

By applying similar method as in Theorem 1, we have
Theorem 2. Let £(z) € SY(9), then fi(z) e S* C S.

Remark 2. From Theorem 2 and the definition of S*’ (), we know that if f(z) € S® (¢), then

f(z) is a close-to-convex function. So Ss(k) (¢) is a subclass of the class C of close-to-convex
functions.

In particular, if ¢ (z) = (1 + Bz)/(1 — aBz), then the following results of Gao and Zhou [15]
are obtained as special case of Theorem 2.

Corollary 1. Let f(z) € SP[a, B], then fi(z) € S* C S.
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Now, we give the integral representations of functions belonging to the classes Ss(k) (¢) and

c® ).

Theorem 3. Let f(z) € Cs(k) (@), then we have

/M t}d(, (2.4)

where fi(z) is defined by equality (1.2), w(z) is analytic in U and w(0) =0, |w(z)| < 1.

Z

fe(2) =/CXP{

0 Hn=

Proof. Suppose that f(z) € Cs(k) (¢), from the definition of Cs(k) (¢) we have
(zf'(2))
fi@

where w(z) is analytic in i/ and w(0) =0, |w(z)| < 1. Substituting z by ¢*z in (2.5) respectively
(u=0,1,2,....,k —1; ek = 1), we have

fl(etz) +etzf" (elz)
fi(elz)

It is easy to know that f](¢/z) = f/(z), summing (2.6) we can obtain

=¢(0(2), (2.5)

=p(w(e"z)) (v=0,1,2,....k—1). (2.6)

CH@) 1A
=— E , 2.7
@ kﬂ:od)(w(s R =

from equality (2.7) we get

@) 11 ’il (@ (e"2) - 1

2fi(2) oz k = Z 28
Integrating equality (2.8) we have
1S foeroy -1 18 <<r)>—1
log{ fi(@)} = Z Z/w %Z/ Y dr,
w=07 n=0
that is,
fk(z)—eXPi / M } 2.9)
u=0 0

Therefore, integrating equality (2.9) we can obtain equality (2.4). O

Theorem 4. Let f(z) € Cy ® (@), then we have

k 1 &
fz) = / /exp{ fﬂw(m }-¢(w(c))d§ds, (2.10)

where w(z) is analytlc inU and w(0) =0, |w(z)| < 1.
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Proof. Suppose that f(z) € C¥ (#); from equalities (2.5) and (2.9) we have

(Zf/(Z)) fk(z) ¢(a)(z) —exp{ /¢(w(l)) }(j)(a)(Z))

Iloo

Integrating equality (2.11), we can obtain

fl@)= [exp{ Z/"“‘““” }-qs(w(c))d;

//«00

Therefore, integrating equality (2.12) we can obtain equality (2.10). O

By applying similar method as in Theorem 3, we have

Theorem 5. Let £(z) € S® (), then we have

k—1 &4z
filx)=z- exp{ Z/M }’

N«()()

where fi.(z) is defined by equality (1.2), w(z) is analytic in U and w(0) =0, |w(z)]| < 1.

Corollary 2. [15] Let f(z) € sik) [, B1, then we have

k—1
(I +a)Bw()
fi@)=z- eXP{kMX: 1(1 —afo(1)) t}’
0

where fi(z) is defined by equality (1.2), w(z) is analytic in U and o (0) =0, |w(z)| < 1.

By applying similar method as in Theorem 4, we have

Theorem 6. Let f(z) € Ss(k) (@), then we have

z k 1 &4
—1
Flo) = / exp{ / PO =L 4 }-«p(w(;))dg

0 1=0

where w(z) is analyticin U and w(0) =0, |ow(2)| < 1.

Corollary 3. [15] Let f(z) € S®[a, B, then we have

Z k—1 %
_ (tepo®) | 1+B0w)
f(Z)‘/eXp{k;) (1~ apa(0)) dt} T
0 (]

where w(z) is analyticin U and w(0) =0, |ow(2)| < 1.

@2.11)

(2.12)
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3. Convolution conditions

In this section, we provide the convolution conditions for the classes Ss(k) (¢) and C§k) (@).
Theorem 7. Let f(z) € Aand ¢(2) € P, then f(z) € Sv(k) (¢) if and only if
l[f*(;—qb(em)h(z))} £0 G.1)

z (1—2)2
forall zeU and 0 < 0 < 2w, where h(z) is given by (3.6).

Proof. Suppose that f(z) € Ss(k) (@), since

2f'(2)
Je(@)
if and only if

2f'(2)
Si(@)

forall ze U and 0 < 0 < 2m. It is easy to know that the condition (3.2) can be written as

< ¢(2)

# (") 3.2)

| ‘
;(Zf’(z) — fu@¢(e?)) #0. (3.3)

On the other hand, it is well known that

SO =@ = (3:4)
And from the definition of fi(z), we know

fk(@) =z+iancnz” =(f*h)(2), (3.5)
where -

h(z) =z+icnz” (3.6)
o n=2

0, n#lk+1.

Substituting (3.4) and (3.5) into (3.3), we can get (3.1). This completes the proof of Theo-
rem7. O

{1, n=Ilk+1,
=

By applying similar method as in Theorem 7, we have

Theorem 8. Let f(z) € A and $(z) € P, then f(z) € C($) if and only if

et

forall zelU and 0 < 0 < 2w, where h(z) is given by (3.6).
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4. Growth, distortion and covering theorems

Finally, we provide the growth, distortion and covering theorems for the classes Ss(k) (¢) and
Cs(k) (¢). For the purpose of this section, assume that the function ¢ (z) is an analytic function with
positive real part in the unit disk U, ¢ ({f) is convex and symmetric with respect to the real axis,
¢(0) =1 and ¢'(0) > 0. The functions kg, (z) (n =2, 3, ...) defined by kg, (0) = k:fm O—-1=0
and

z k// (Z)
+ =)
kan (Z)

are important examples of functions in K(¢). The functions hg, (z) satisfying hg,(z) = zk;n ()
are examples of functions in S*(¢). Write kg2 (z) simply as k¢ (z) and hgr(z) simply as hg(z).
In order to prove our next theorem, we shall require the following lemma.

Lemma 1. [17] Let f(2) =z + ax125T + -+ € K(¢p), then we have
ky\11/k Kl/k
[k (=) <[ F @[ < [k ()]
Now we give the following theorem.

Theorem 9. Let miny|—, |¢(2)| = ¢ (—r), max), =, [$(2)| = ¢ (r), |zl =7 < LIf f(z) € C(9),
then we have

%/¢(—t)[k(;(—tk)]l/kdt< |f'(2)] < %/q&(r)[kfp(tk)]l/kdt, 4.1)
0 0
/%/q&(—t)[k(;(—tk)]l/kdtdsé |f @ </%/¢(t)[kfp(tk)]l/kdtds, (4.2)
0 0 0 0
and

1 s

o {w: o </%/q&(—t)[k(’p(—tk)]l/kdtds}. (4.3)
0 0

These results are sharp.

Proof. Suppose that f(z) € Cs(k) (¢), and ¢ (z) is convex and symmetric with respect to the real
axis; it follows that

k—1 k—1 i~
1 —V v 1 —V v v n
Je(@) = % UE:()S f(e"2) = % UEZOS |:8 z+ ngzzan (¢"z) :|

o0
=z+ Zazk+1zlk+l € K(¢).
=1

Thus, by Lemma 1, we have

[k () < | L)) < Tk ()] Y
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Now, for |z|] =r < 1, we have
@f' @)
fk( 2)

By integrating (4.4) from 0 to r, we can get (4.1). (4.2) follows form (4.1). And (4.3) follows
form (4.2), since

rl s / i
/ - / B (DK, (~)] ¥ ar ds
0 0

is increasing in (0, 1) and bounded by 1.
The results are sharp for the function

o (—n)[ky (-] < (e @) | =

R )‘ o[k} ()]~ 4.4)

f(z)=/%/q&(—z)[k;(—rk)]”"dzdsec§k>(¢),
0 0

since it has real coefficients and is in K(¢). O

The proof of Theorem 10 below is much akin to that of Theorem 7 in [14], here we omit the
details.

Theorem 10. Let minj;—, [¢(2)| = ¢(—r), max = [ = ¢ (), |zl =r < L. If f(z) €
Ss(k) (@), then we have

hy(=r) < |f' @] <hy(r),  —he(=r) <[ f(@)| <hg (),

and
fU) > {o: ol < —h(-1)}.

These results are sharp.
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