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In recent years the derivatives and integrals introduced by P. L. Butzer
and H. J. Wagner |1| have been widely discussed in the literature. In
Walsh—Fourier analysis and approximation theory they play a very
important role. In 1977, C. W. Onneweer |4] introduced a kind of derivative
of fractional order and obtained some intersting results, but they are not a
generalization of the preceding derivatives. The aim of the present paper is to
generalize the Butzer and Wagner derivatives and integrals to the case of
fractional order. In this paper we give their definition and, under this new
definition, establish some of the basic properties given in the case of integral
order by Butzer and Wagner [1|, Pal and Simon |6], etc. As applications to
approximation theory, we generalize a Jackson—type theorem and Bernstein-
type theorem given by Watari |10], Butzer and Wagner |2, 8] to the case of
fractional order, and estimate the degree of approximation by the typical
means of the Walsh—Fourier series.

The generalized “Walsh functions” studied in this paper were also
considered by Bunenxun |13].

1. SYmMBOLS
_ (a) Let N:={L2..}; P:={01L2..} meN-=|{l} jek.
lim; m, < o0; M, =1, M, =mym, ---m,_,, renN; Z;:—

{0, 1,...,m;—1}; then each xe&[0,1) has a unique expanéion
x=Y7,x;M " (x;€Z;), and each kK€ P has a unique expansion
k=237 k;M; (k€ ;)

(b) Let X=3 7 x;M; ' y=27, y;M;" (x;, ¥, € L)

o
x@yi=1 (+y—a) M

-
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a, =0 if .\‘j + yl‘ < m/"
=m,; it x,+ v, 2m

If m;=m, j&€ P, then the symbol @ is called the addition modulo m.

(€) oux) = exp(2ni)/(m) 7., (€01 i=\-1. kel
wilx) II/ o (9 (\ K, Wherel‘*z/‘f okiM,. 1‘ €Z,.D,(x):= L;' nl V7( X),
Fox):=1/nY" | Dix)

i1
(d) X.VX|O.1)::WC|O,1)0rL”|0.1)(lgp<oo).
I1f]ly= sup [£Co if X=WC.
Os X<

1ip

:(\L;'O'\ Seyds) i X =L

where WC|0. 1) := {/]sup,. .., |f(x® h)— f(x)—0as h— 0l
() IF/EX0 1) g€L'[0. 1), (/+ g)x) = [}/ (x ® )AL d.
(f) For f€ X|0, 1), let f(k):= [} f(1) w,(2) at.

(8) ©(0):=w(f.0):=w(X. [0):=sup, .,/ Dh) =)
Lip 8 :=Lip(X, B) == {f € X | w(X, f, §) = O(6"), 6> O}. lip B := lip(X, B) :=
[f€X|w(X, f,0)=0(3")., 6 0). E,(f)=E,X.[)=infy . [lf - PnH_\
where W, denotes the set of all Walsh polynomials of order <#, i.e., W, :=
IfEL0, )|/ (k)=0., k>n}.

2. DEFINITION AND PROPERTIES OF DERIVATIVE (INTEGRAL)

In [1], Butzer and Wagner gave the following definition of the dyadic
derivative:

DeriniTION A, Let £ € X|0, 1),
< L
df @)= N V| S —f (3@ 5t ) . (1)
where @ is the addition modulo 2: if there exists g € X|0, 1) such that

lim, . id,f(:)— f()lly =0, then g is called the (strong) derivative of f.

In {7, 11] Zhen Weixing et al. gave the following definition of the m-adic
derivative:
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DEFINITION B. Let f € X[0, 1),
d,f(x)= NS a;f(x®jm "), (2)

kO /()

where @ is the addition modulo m, and

—27i

exp j—1

If there exists g€ X[0, 1) such that lim, . ||d,f(-)— g(-)| =0, then g is
called the (strong) derivative of f.

In [5] Onneweer gave the following definition of the {m,}-adic derivative:

DerINITION C.  Let f € X[0, 1),

Jt+1

"0 37—

7+

if there exists a g such that lim,_ . ||d,/(-) — g(-)| =0, then g is called the
(strong) derivative of f, and denoted by D''!f.

Formula (3) may be reduced to

- mn; ‘l k
4,/ (x) = \_ 3 s (xo——). @
-0 k=0 J+1
where
m.,—1
ay = ’2 . k=0.j=0,12,..,n—1,
1 .
= k=1,2,.,m—1,j=0l..n—1
—27i .
exp k—1
i
In fact,
mi.—1 3 mi— 1
B k - :
i l/mi ®; ( ) = 1/m,, N\ [e~»(2m/m,/)k1:aik’
=0 " M;,, ) ’
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Obviously, Definition B is more general than Definition A, and
Definition C than Definition B.

In [1] Butzer and Wagner also gave a definition of the integral for the
case m; =2, j€ P; it is also suited to that of m; in the general case. The
1ntegra1 of f can be defined as /!'If := W, « f. where W, e L'(0,1) and

Wik)=1 if k=0.
=k ' if ke

Now we give a definition of derivative and integral of fractional order,
which is a generalization of the preceding definitions of derivative and
integral of integral order.

To simplify our statements hereafter, in this paper we define 0 =1 if
a<0.

DEFINITION 1. Let £ € X(0, 1), a € 7, T4(¢) := Y M} k%, (1); if there
exists g € X|0, 1) such that lim, _, (7% = /)(-) — g(-)ly = O. then if & > 0,
g is called the (strong) derivative of order a of fin X{0.1); if a <0, g is
called the (strong) integral of order (—a) of fin X0, 1). In both cases, g will
be denoted by T¢*f.

THEOREM 1.

(1) T are linear operators for o € II-.
(2) Ty, =k"y,, kel
(3) If T € X[0, 1), then (T“f) (k) =k"f (k). k€ i,
@) Ifa>0, Tf =0« f=const.: if a=0, "/ =0« f=0.
Proof. (1) and (2) are trivial in view of the definition.
(3) If T € X[0, 1), ie.. [(f 5 TEN) — T, >0 (— o0), then
(TY (k)= kof (k). k€.

(4) Assume a > 0; if Tf =0, then k% (k)=0, k€ }, ie. f (k)=0
k € N, thus /' = const. Conversely, if /= const, then by definition, T'*’f = 0.
For a < 0, the proof is analogous.

LEMMA 1. If a <0, then T'V(t) converges to a function T'(t) in
X[0, 1), and

(T (k) =k k€ls T = TEC), = 0OM}) (r— o).
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Proof. Applying Abel’s transform twice, we get, assuming s > r > 0,

(1) — TE)
_R
k

1 M3
Yok = N [k =2k + D)+ (k4 2)M (kD FLL ()

=M k—M

r r

= M= (M, + D) M Fy, (D)
+(M=2)* = (M, — )M, - 1) Fy, (1)
—MIDy, () + (M, —1)*D,, (1).
On the other hand (see |[6]), since
1Dy, (=15 [Fll=0(1);
M3~ (M, + 1" = O(M: ), (M, —2)" — (M, — 1)* = O(M~);

M 5 3 My - 3
Nk =2k + D)+ (k4 DNk + D =0(1) N kT =0(M?).
k=M, k=M,
Thus,
1T = T2 (M =0MF)-> 0 as r.s— . (3)

Therefore by the completeness of L'|0, 1), there exists T°*’(1)€ L’[0, 1)

such that
| Tﬁ")(-) _ Tf;')(')Hz.l -0 as r— oo. (6)

It is obvious by (5) and (6) that (7)Y (k)=k® and
I T3 = Tl = 0M7).
The following simple lemma is a counterpart of Lemma 2 in |2]; it plays

an important role in this paper.

LEmMMA 2. Assume f € X(0, 1) and let W(t) be a Walsh polynomial of
order <M,; then

[ seonomwoa

—w (X,f, Ml—> WO, k€ {1, 2o, — 1),

r

Proof. Let x€0,1),j€ Z,, then

1=[ fe@ 0o W a

—‘Jf(x@t@ / ) (t@ ij)kw(z@ / )dr
v~’0 M or M, ., M L

r+ rt1

_ [‘1f (x@t@ Mj )Hi}ke—(Zni/m,)jkW(t) dr,
©o r+1
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le.,
“l 1 m{*l (nitm,)jk k J
I= ¢~ 2miim)i (z)f(th ) W) dt.
0o m, i=0 Mn+1 )
Thus,
< | ey (L ) o
. ’ e jmy), . .
g m, .f:d() Mr+l X t
1! o
— AN ~(2ni/m,) jk ( D Wl 1
m |l = ¢ [f ® MM AW,

w (¥ »le) Wl

LEMMA 3. Assume SEX[0,1), az0, s>r>0; then T« f—

T *fHX— o(1) (LI MYMY. In particular, |T x fy =
0(1)2 o 0(/. I/M)Ma
Proof.

1T f = T7 x [l

s—1 m—1 (j+ DM;—1 o
= 1 Se@eny NN Ky dr),
l roJ- | k M,

s—1 my-1 M;—1 - o
= ‘ SC @Z)\ }_ \_ (M + k) i, 4(2) dt

t=r j=1 k—0

RY

s—1 m, l 1 M1
=N D ) SO ® [)(Pl([)/ N (JM1+k)"Wk(t) dt
f=r j- I N X

Myl

NOM k) (r)

k=0

s—1 m;j—1 1
<N \w(—)
<X Yolngy

i—r j=1

I,]
By applying Abel’s transform twice, we have

M,l

(M, + k), (1)

K=o L1
M-

3 (UM, +k)* = 20M, + k + 1) + (M, + k + 2)* [(k + 1) Fi (1)
k:

+ G+ DM =2)* = [(j+ DM, — D) |M,— 1) Fy,_\(2)

~3
—

=G+ )M, — 1]°Dy, (1)

= OM7). (

I}
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Therefore, | T4 x [ — T % [, = 0(1) X ;=) w(f, 1/M,) M}.

Lemma 4. If fEX|0,1], a>0, M. <n<Mg,, gt)=Yi,

- k=aM;
(n® —k*) w(0), then (g = )y = O(1) w(X, £, 1/M ) MS.
Proof. Letn=3"; qaM;(a,€ Z;,j=0,l..,s, a;#0). Then
n-—1
g)= Y ("= kM) w(0)
k=aM,
s odag_,—laMc+a (M 1+ tag P 1M ,H+(j+l)A\I‘ =1 -
=) N A\ (n" — k") y, (1)
r=1 j=0 k=aM +a 1‘”5—l*'"+uvfr+l“l(—r<l+j”\ v
s a1 )
= : (ps(t)as (057r+1(f)a‘ ! ,\_ (ps‘—r(t)]
r=1 J=0
M, -1
X \__ [na_(asMx+"'+as—r+1Ms—r+I+.jMx r+k)ﬂlq1k(t)'
k—0
By Lemma 2, we have
(g = /YOl
1 s ag_,— !
<o (X,f,«——) S
h M )= S
My -1 o
X \._ {nn((axMV+"'+av”r1lMs—r+l +jMx—r+k)nlwk(t)
k-0 L
1 soag 1
\ M\ 71 /_U
M, -1
X .\_ lz(aSMS_*_'“+a.\‘fr+lM\'—r+l+st—r+k' l)n
k=0

— (@M, + - va, M.+ M+ k)

—(@M,+ - +a, . M, +k+2)[(k+1)F, (1)

+aM 4 ta_, M, +HG+FDM_ —1)°

—@M +-ta Mo, HGFDM DM - D F, ()

+ lnﬂ - (asMs o +as~r+lMs—r+l + (.]+ I)Ms—r_ l)nIDwV ‘,([)

=0(1)w (X’f’—]\il__

I

)Nz MMy M M)
r=1

I
M

—0o(l)w (X,f, )Mg.

s
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LemMMA 5. If T'f € X|0, 1), a > 0, then
(1) o/ 1/M,)= 0(1) /MZ(Tf, 1/M,).
(2) W(Tf1M,)=0(1) Y7, w(f, I/M,) M}.
Proof. (1) Let 0<h <1/M,. By Theorem 1 (3), we have
S @ h) = L] (k) = [(T, 2 = T$ ) (T (x @ h) — TF ) [ (k)
ke,

S ®R) )= (T2 = TC D) a (T (x B h) — T (x)).

Therefore, by Lemma 1, we have w(/. 1/M,) = O(1)(1/M2) o(T*f, 1/M,).

(2) Since w(Tf 1/M,) < 2E,(Tf) < 2 [T~ T = [y €
2T — T s flly + 2| TS % f T % f — T % £ . by Lemma 3, we
get for s = co. (TVf, I/M,)=0(1) Y7 , w(f, 1|/M,) M?.

LEMMA 6. If for £ € X|0, 1) there exists g € X|0, 1) such that k*f™ (k) =
g (k) a>0. kEDP, then f=TS x gt £7(0).

Proof. Since (T% ™« g) (k)=k “k°f (k). we have [f=T, V=
g+/f (0)

THEOREM 2. If « <0, [f€X|0,1). then Tfe€X|0,1) and
T =Tf = T4 « f.

Proof. By Lemma I, T &€ L'|0, 1), thus T « /€ X|0, 1). Moreover.

[T 5 f =T flly <[ TE = T S lly = O(M3) ~ 0 (r—o0)

This completes the proof.

By this theorem and Lemma i we get immediately

CoroOLLARY 2.1. T Rf=1U1f \where I'Y' is the integral operator
introduced by Butzer and Wagner.

THEOREM 3. [fa >0, U :={f€ X|0, )| Tf € X{0.1)};

£

I : ‘
rexon) (f,——):o(a’)s, where a,> 0, \' a,< w;

U(a)
! M? [-1

U= \rexion|o (7 i{) —o(M; ")}

then US® < U < U™,
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Proof.  Suppose f € U'®. By Lemma 3, we have || 7%  f — T¢ « f}|, =
o) Y= oL YMYMF =0(1) 31} a;»0 (r,s—> ). By the com-
pleteness of X[0, 1), there exists g € X|[0, 1) such that | T« f— g|,— 0
(r = ), ie. [ € U,

Suppose f € U'”. By Lemma5, we have w(f.1/M,)=0(1)(1/M?)
(T, 1/M,) = O(1/M?), i.c., [ € U,

CoOROLLARY 3.1. [f0 <a <pB, then U® —lip < U — lip a.

THEOREM 4. Let £ € X|0, 1), [} f(x)dx = 0. If one of the following two
conditions holds, then T®T®f = Téa+ 8y
(1) a<0and T®f € X|0,1).
(2) a>0and T"Pfe X[0,1) or TPL TTHf € X|0, 1)

(¢f. Theorem 3 and Corollary 4 in |4].)

Proof. (1) If a<0, T®feXx|0,1), then by Theorem2 and
Corollary 3.1, we have TT®f T¢“*»fec x]0,1). Therefore, since
(TTPFY (k) =k (k)= (T ®fY (k), kEP, we have TT®f =
T(:I*B)f'

(2) If a>0, T™PreXx|0,1), then T®fe€X|0,1), thus by
T TV = T B and T PF € X|0, 1), we get T“OT®f € X]0,1). If
T TOT®re X[0,1), then by T« T =T@+8f we know
T“*®fec X]0,1).  Therefore, since  (TPT®fY (k) =k**3 (k)=
(T("*B)‘/‘)A(k), we get T(a)T<B)f: Tl Hi)j:

THEOREM 5. If a >0 and f € X|0,1), the following statements are
equivalent:
() Tf=ge X|0,1).
(2) There exists g € X|0, 1) such that g (k) =kf (k), k€ P.
(3) There exists g € X|0, 1) such that f =T~ *g + £ (0)
(¢f. Corollary 1 and 3 in [4]).

Proof.  Assertion (2) follows from (1) by Theorem 1, (3) follows from (2)
by Lemma 6, and (1) follows from (3) by Theorem 4.

CoroLLARY 5.1. TYfe X0, 1)<« D'If € X[0, 1): in this event T"f =
DU,

Proof. By Theorem5 Tf=g€ X|[0,1) is equivalent to g (k)=
k - f (k) (k€P). On the other hand it is proved in [6] that the last
equality is equivalent to D"l = g € X|0, 1).



370 HE ZELIN
3. APPLICATIONS

First we give a generalization of the Jackson-type and Bernstein-type
theorems given in the case a =0 by Watari |10], and @ € I\ by Butzer and

Wagner |2, 8|.

THEOREM 6. If T*f€Lip(X.f), a>0, >0, then E[(X.f)=
0( l/nn +8 )
Proof. Let M, < n<M,, ;then by |14} and Lemma 5 we have

‘ 1

I 1
0 () =0 ()

THEOREM 7. If f€X[0,1). E(X.f)=0(1/n*). B>a>0. then
T*f € Lip(X, f — a).

Proof. Let M, <n <M, ,: then w(/f, 1I/M,)<2E,(f)= O(1/M?%). By
Corollary 3.1, we have T'¥f € X|0, ). Moreover, by Lemma 5,

1 . I S
w (T, 57 ) =0 N o (g ) ME =000 N E,/) M7
( M, i~r oM, [ = [

a‘ B l \

For any 8 >0, let /M, <6< 1/M,: then o(T'f. 0) < w(T*f. 1/M,) =
O(1/M2 )= 0(5* ), i.e, T)f € Lip(X. f — «).

Below we discuss the degree of approximation by the typical means of the
Walsh—Fourier series.

DEFINITION 2. Let f € X[0, 1), K, (1) = 37 78|1 — (k/n)' | wi(t). 4 > 0,
then

Roalhsx) =/ K, ()= | fx@ 0K, (0 di

are called the typical means of the Walsh—Fourier series of f.

THEOREM 8. If T € X[0,1), a0, A >0, then, for M, <n <M, ,,
IR, A(f ) = SOl =0/ ) 35 o(Tf, 1/M) M7
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Proof. Since

Me—1 adM—1 M-
N A R R
v
1 agM—1 no 1
+F {f* _\_ k"lp/\ + ’f’ \__ (’7" ”k'l)l[/k
KM, X ! ko aM, A
/ 1 u\lls‘ 1 0(1)\ ‘1 1 N
<w( )+’f* N b N o L) M)
h M KA, ¢ X = M, . [
aM— 1 . 1
N kN, -O(1) w (—)
_ Wy ‘\f (1) e
agM—1
k=M, Y
u\-l ; 1 |
2. | D <f(a,—1 w( )
'f* (/ ] ) M, /\»\(\ ) M.
y (7). as well as
asMsfl u\ l i+ DM -1
5 Hf* Yk
k:l\ J=1 M. X
ac—-1 ) M1
=| S peal N UM+ R
i1 k-0 v
=O0()w(l/M) M.

it follows that |[R, (/o) —/C)ly=(0()/n") X} o(fi I/M)M; =
0" Y5y (Tf /M) M} .

THEOREM 9. If f€ X|0,1), A >0, then A,=|R, (/)=S0
(n—> o).

Proof. Let M. <n< M, . Since (1/n*)35 (M} <35 (M /M) <
1+ (1/2%) 4 (1/4* )+ 4 (1/2%YY<e< o, we have 4,=0(1)(1/n')
Yioo(fs IYM)YM} =0(1)(1/Y] M) X, o(f. 1/M) My It is easy to
see that the transformation of the sequence {w(1/M,}} into the sequence
(/35 o MY S5 w(f, 1/M,) M} } is regular. Therefore, since w(1/M,;)— 0
(- o), wegetd, -0 (n— o)

640/39/4 6
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Tueorem 10. If T/ € Lip(X, 8), « 20, >0, 1 > 0, then

. . 1 )
[Ryalfi) SO =0 () i aspei

Inn> ) X
:0( l) it o« =

i

! . )
:0(?—-) it ot A

Proof. Let M {n<M, . then by Theorem8, 4,=|[R, (/. )~
SOl =YY S5 (T /M) MY . If @+ § < i. then

A :O(l) \\‘ I M,l ll:O(l) \S‘ M.\ a8
ot = M nt =
O M)
- M?+[} [‘_0 M_\- \ nt [T

I «+ =24, then

If ¢ + > 4. then

O L
- M=

4 }
n A B A —_— A ’
H o M[ n [0 T

The above results have been obtained in the case «=0. 0 << 1. A=1
by Yano |9] and Edumos |14], and for a =0, f=1, A =1 by Omomun
[12].
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