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Abstract

In this paper, the generalized Cochrane sums and Cochrane–Hardy sums are defined. The arithmetic
properties of the generalized Cochrane sums are studied, and the Cochrane–Hardy sums are expressed in
terms of the generalized Cochrane sums. Analogues of Subrahmanyam’s identity and Knopp’s theorem are
given and proved. Finally, the hybrid mean value of generalized Cochrane sums, Cochrane–Hardy sums
and Kloosterman sums is studied, and a few asymptotic formulae are obtained.
© 2006 Elsevier Inc. All rights reserved.

MSC: 11F20; 11B68; 11L05

Keywords: Cochrane sums; Hardy sums; Kloosterman sums

1. Introduction

For a positive integer q and an arbitrary integer h, the Cochrane sums are defined by

c(h, q) =
q∑′

a=1

((
a

q

))((
ah

q

))
,
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where
∑′

a denotes the summation over all a such that (a, q) = 1,

((x)) =
{

x − [x] − 1
2 , if x is not an integer;

0, if x is an integer,

and a is defined by the equation aa ≡ 1 mod q . The second author [17] gave the following upper
bound estimate:

∣∣c(h, q)
∣∣ � √

qd(q) ln2 q

and

p−1∑
h=1

c2(h,p) = 5

144
p2 + O

(
p exp

(
4 lnp

ln lnp

))
,

where d(q) is the divisor function, and exp(y) = ey .
In [14], the second author found that there are some relationships between c(h, q) and Kloos-

terman sums

K(m,n;q) =
q∑′

a=1

e

(
ma + na

q

)
,

where e(y) = e2πiy . For example, if q is a square-full number, then we have

q∑′

h=1

c(h, q)K(h,1;q) = − 1

2π2
qφ(q) + O

(
q exp

(
3 lnq

ln lnq

))
,

where φ(q) is the Euler function. For general integer q � 3, the second author [15] obtained the
asymptotic formula

q∑′

h=1

c(h, q)K(h,1;q) = − 1

2π2
qφ(q)

∏
p‖q

(
1 − 1

p(p − 1)

)
+ O

(
q

3
2 +ε

)
, (1.1)

where ε be any fixed positive number. The authors [16] proved that the error term in (1.1) is
O(q1+ε). Furthermore, Liu Hongyan [9] defined the generalized Cochrane sum as follows:

c(h,m,n, q) =
q∑′

a=1

Bm

(
a

q

)
Bn

(
ah

q

)
,

where

Bn(x) =
{

Bn(x − [x]), if x is not an integer;

0, if x is an integer,
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is the nth Bernoulli periodic function. For m = n = 1, c(h,1,1, q) = c(h, q) is the classical
Cochrane sums.

The Cochrane sums are analogous to the Dedekind sums:

s(h, q) =
q∑

a=1

((
a

q

))((
ah

q

))
,

which is an important concept in number theory and has many applications (see [11]). In [2],
Berndt studied the following Hardy sums:

S(h, q) =
q−1∑
a=1

(−1)
a+1+[ ha

q
]
, s1(h, q) =

q∑
a=1

(−1)
[ ha

q
]
((

a

q

))
,

s2(h, q) =
q∑

a=1

(−1)a
((

a

q

))((
ha

q

))
, s3(h, q) =

q∑
a=1

(−1)a
((

ha

q

))
,

s4(h, q) =
q−1∑
a=1

(−1)
[ ha

q
]
, s5(h, q) =

q∑
a=1

(−1)
a+[ ha

q
]
((

a

q

))
,

which are related to the Dedekind sums, and obtained some arithmetic properties (see [3]). Sitara-
machandrarao [12] and Pettet [10] used elementary methods to express the Hardy sums in terms
of the Dedekind sums as follows:

S(h, q) = 8s(h,2q) + 8s(2h,q) − 20s(h, q), if h + q is odd;
s1(h, q) = 2s(h, q) − 4s(h,2q), if h is even;
s2(h, q) = −s(h, q) + 2s(2h,q), if q is even;
s3(h, q) = 2s(h, q) − 4s(2h,q), if q is odd;
s4(h, q) = −4s(h, q) + 8s(h,2q), if h is odd;
s5(h, q) = −10s(h, q) + 4s(2h,q) + 4s(h,2q), if h + q is even.

In [7,8], the authors gave some high power mean value formulae for Hardy sums.
Naturally, one might consider whether the Hardy sums be generalized in the same way the

Dedekind sums are generalized to the Cochrane sums? If yes, then what can be expected? These
problems may be interesting.

First we define the Cochrane–Hardy sums as follows:

c1(h,m,q) =
q∑′

a=1

(−1)
[ ha

q
]
Bm

(
a

q

)
, m ≡ 1 mod 2,

c2(h,m,n, q) =
q∑′

(−1)aBm

(
a

q

)
Bn

(
ha

q

)
, m ≡ n mod 2,
a=1
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c3(h,n, q) =
q∑′

a=1

(−1)aBn

(
ha

q

)
, n ≡ 1 mod 2,

c5(h,m,q) =
q∑′

a=1

(−1)
a+[ ha

q
]
Bm

(
a

q

)
, m ≡ 1 mod 2.

We will study the arithmetic properties of c(h,m,n, q) in Section 2, and give some interesting
identities. In Section 3, the Cochrane–Hardy sums will be expressed in terms of the generalized
Cochrane sums. Next we pose and prove generalized Subrahmanyam’s identities and Knopp’s
theorems. Finally in Section 5, the hybrid mean value of generalized Cochrane sums, Cochrane–
Hardy sums and Kloosterman sums is studied, and a few asymptotic formulae are obtained.

2. Arithmetic properties of the generalized Cochrane sums

From [1, Theorem 12.19] we know that

Bn(x) = − n!
(2πi)n

+∞∑
r=−∞
r 	=0

e(rx)

rn
, 0 < x � 1. (2.1)

Then for any real number x, one can easily deduce

Bn(−x) = (−1)nBn(x). (2.2)

If x is not an integer, then by (2.1) we get

k−1∑
j=0

Bn

(
x + j

k

)
= − n!

(2πi)n

+∞∑
r=−∞
r 	=0

1

rn

k−1∑
j=0

e

(
rx + rj

k

)
= − kn!

(2πi)n

+∞∑
r=−∞
r 	=0
k|r

e( rx
k

)

rn

= − n!
kn−1(2πi)n

+∞∑
s=−∞
s 	=0

e(sx)

sn
= 1

kn−1
Bn(x). (2.3)

First we establish a connection between generalized Cochrane sums and Gauss sums:

Theorem 2.1. Let q � 3 be an integer and (h, q) = 1. Then we have

c(h,m,n, q) = 4m!n!
(2πi)m+nφ(q)

∑
χ mod q

χ(−1)=(−1)m=(−1)n

χ(h)

( +∞∑
r=1

G(r,χ)

rm

)( +∞∑
s=1

G(s,χ)

sn

)
,

where G(r,χ) = ∑q
χ(a)e( ar ), a Gauss sum.
a=1 q
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Proof. From the orthogonality relations for characters and (2.1) we can get

c(h,m,n, q)

=
q∑′

a=1

Bm

(
a

q

)
Bn

(
ah

q

)

= 1

φ(q)

∑
χ mod q

[
q∑

a=1

χ(a)Bm

(
a

q

)][
q∑

b=1

χ(b)Bn

(
bh

q

)]

= 1

φ(q)

∑
χ mod q

χ(h)

[
q∑

a=1

χ(a)Bm

(
a

q

)][
q∑

b=1

χ(b)Bn

(
b

q

)]

= m!n!
(2πi)m+nφ(q)

∑
χ mod q

χ(h)

[ +∞∑
r=−∞
r 	=0

1

rm

q∑
a=1

χ(a)e

(
ra

q

)][ +∞∑
s=−∞
s 	=0

1

sn

q∑
b=1

χ(b)e

(
sb

q

)]

= m!n!
(2πi)m+nφ(q)

∑
χ mod q

χ(h)

(
1 + χ(−1)

(−1)m

)( +∞∑
r=1

G(r,χ)

rm

)(
1 + χ(−1)

(−1)n

)( +∞∑
s=1

G(s,χ)

sn

)

= 4m!n!
(2πi)m+nφ(q)

∑
χ mod q

χ(−1)=(−1)m=(−1)n

χ(h)

( +∞∑
r=1

G(r,χ)

rm

)( +∞∑
s=1

G(s,χ)

sn

)
.

This proves Theorem 2.1. �
Remarks. From Theorem 2.1 we know that, c(h,m,n, q) = 0 if m 	≡ n mod 2.

Next we prove the following identity, which will be used in Section 4.

Theorem 2.2. Let k > 0, q > 0 and h be integers with (q, k) = 1, then

c(kh,m,n, kq) =
∑
d|k

μ(d)

(
k

d

)1−m

c(dh,m,n, q),

where dd ≡ 1 mod q , and μ(d) is the Möbius function.

Proof. Let u = ak + bq . It is not hard to show

u = ak2k + bq2q,

where uu ≡ 1 mod kq , kk ≡ 1 mod q , qq ≡ 1 mod k, aa ≡ 1 mod q , bb ≡ 1 mod k. Therefore
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c(kh,m,n, kq)

=
kq∑′

u=1

Bm

(
u

kq

)
Bn

(
ukh

kq

)
=

kq∑′

u=1

Bm

(
u

kq

)
Bn

(
uh

q

)

=
q∑′

a=1

k∑′

b=1

Bm

(
ak + bq

kq

)
Bn

(
h(ak2k + bq2q)

q

)
=

q∑′

a=1

k∑′

b=1

Bm

(
a

q
+ b

k

)
Bn

(
hak2k

q

)

=
q∑′

a=1

Bn

(
hak

q

) k∑′

b=1

Bm

(
a

q
+ b

k

)
=

∑
d|k

μ(d)

q∑′

a=1

Bn

(
hak

q

) k
d
−1∑

b=0

Bm

(
a

q
+ bd

k

)
.

Then from (2.3) we can have

c(kh,m,n, kq) =
∑
d|k

μ(d)

q∑′

a=1

Bn

(
hak

q

)(
k

d

)1−m

Bm

(
ak

qd

)

=
∑
d|k

μ(d)

(
k

d

)1−m q∑′

a=1

Bn

(
had

q

)
Bm

(
a

q

)

=
∑
d|k

μ(d)

(
k

d

)1−m

c(dh,m,n, q).

This completes the proof of Theorem 2.2. �
3. Cochrane–Hardy sums in terms of the generalized Cochrane sums

We shall prove the following:

Theorem 3.1. Let q � 3 be an integer and (h, q) = 1. Then we have

c1(h,m,q) = 2c(h,m,1, q) − 4c

(
h

2
,m,1, q

)
, if h is even; (3.1)

c2(h,m,n, q) = −c(h,m,n, q), if q is even; (3.2)

c3(h,n, q) = 2c(h,1, n, q) − 4c(2h,1, n, q), if q is odd; (3.3)

c5(h,m,q) = 2c(h,m,1, q) − 4c

(
h + q

2
,m,1, q

)
, if h + q is even, (3.4)

where 2 · 2 ≡ 1 mod q . Moreover, each one of{
c1(h,m,q) (h odd), c2(h,m,n, q) (q odd),

c3(h,n, q) (q even), c5(h,m,q) (h + q odd)
(3.5)

is zero.
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Proof. By [12, (5.8)] we know that

(−1)[x] = 2((x)) − 4

((
x

2

))
, if x is not an integer. (3.6)

Then for any even number h,

c1(h,m,q) =
q∑′

a=1

(−1)
[ ha

q
]
Bm

(
a

q

)

= 2

q∑′

a=1

((
ha

q

))
Bm

(
a

q

)
− 4

q∑′

a=1

((
ha

2q

))
Bm

(
a

q

)

= 2c(h,m,1, q) − 4c

(
h

2
,m,1, q

)
.

This proves (3.1).
If q is even, then (h, k) = 1 only if h is odd. Therefore

c2(h,m,n, q) =
q∑′

a=1

(−1)aBm

(
a

q

)
Bn

(
ha

q

)
= −

q∑′

a=1

Bm

(
a

q

)
Bn

(
ha

q

)

= −c(h,m,n, q).

This proves (3.2).
From the orthogonality relations for characters we can get

c3(h,n, q) =
q∑′

a=1

(−1)aBn

(
ha

q

)
= 1

φ(q)

∑
χ mod q

[
q∑

a=1

(−1)aχ(a)

][
q∑

b=1

χ(b)Bn

(
hb

q

)]

= 1

φ(q)

∑
χ mod q

χ(−1)=−1

[
q∑

a=1

(−1)aχ(a)

][
q∑

b=1

χ(b)Bn

(
hb

q

)]
,

where we used that
∑q

b=1 χ(b)Bn(
hb
q

) = 0 for even characters χ , if n ≡ 1 mod 2.
Noting that for odd characters (see [5])

q∑
a=1

(−1)aχ(a) = 2χ(2)

q−1
2∑

a=1

χ(a) = 2(1 − 2χ(2))

q

q∑
a=1

aχ(a) = 2
(
1 − 2χ(2)

) q∑
a=1

χ(a) · a

q

= 2
(
1 − 2χ(2)

) q∑
a=1

χ(a)

((
a

q

))
= 2

(
1 − 2χ(2)

) q∑
a=1

χ(a)B1

(
a

q

)
,

then we have
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c3(h,n, q) = 1

φ(q)

∑
χ mod q

χ(−1)=−1

[
2
(
1 − 2χ(2)

) q∑
a=1

χ(a)B1

(
a

q

)][
q∑

b=1

χ(b)Bn

(
hb

q

)]

= 1

φ(q)

∑
χ mod q

[
2
(
1 − 2χ(2)

) q∑
a=1

χ(a)B1

(
a

q

)][
q∑

b=1

χ(b)Bn

(
hb

q

)]

= 2

q∑′

a=1

B1

(
a

q

)
Bn

(
ha

q

)
− 4

q∑′

a=1

B1

(
a

q

)
Bn

(
h2a

q

)

= 2c(h,1, n, q) − 4c(2h,1, n, q).

This proves (3.3).
From (3.6) we can get

c5(h,m,q) =
q∑′

a=1

(−1)
a+[ ha

q
]
Bm

(
a

q

)
=

q∑′

a=1

(−1)
[ a(h+q)

q
]
Bm

(
a

q

)

=
q∑′

a=1

[
2

((
a(h + q)

q

))
− 4

((
a(h + q)

2q

))]
Bm

(
a

q

)

= 2c(h,m,1, q) − 4c

(
h + q

2
,m,1, q

)
.

This proves (3.4).
To prove (3.5), by (2.2) we have

c1(h,m,q) =
q∑′

a=1

(−1)
[ ha

q
]
Bm

(
a

q

)
=

q∑′

a=1

(−1)
[ h(q−a)

q
]
Bm

(
q − a

q

)

=
q∑′

a=1

(−1)
h−[ ha

q
]−1

Bm

(
−a

q

)
= (−1)h+m−1

q∑′

a=1

(−1)
[ ha

q
]
Bm

(
a

q

)

= (−1)hc1(h,m,q).

Then c1(h,m,q) = 0 if h is odd. The proofs of the remaining assertions in (3.5) are similar. �
4. Generalized Subrahmanyam’s identities and Knopp’s theorems

Subrahmanyam [13] proved the following identity:

Proposition 4.1. For any positive integer d , we have



H. Liu, W. Zhang / Journal of Number Theory 122 (2007) 415–428 423
∑
b mod d

s(h + bk, dk) =
∑
c|d

μ(c)s(hc, k)σ

(
d

c

)
,

where σ(n) = ∑
d|n d .

By using the deep properties of logη(τ), Knopp [6] got the following:

Proposition 4.2. Let d > 0, k > 0 and h be integers, then∑
aδ=d
δ>0

∑
b mod δ

s(ah + bk, δk) = σ(d)s(h, k).

Proposition 4.1 in case d = p, is due to Dedekind [4]. Sitaramachandrarao [12] showed that
Propositions 4.1 and 4.2 could be deduced from one another by elementary arguments.

In this section we shall pose and prove analogues of the Subrahmanyam identity and Knopp
theorem for Cochrane sums. First we have

Theorem 4.1. For any positive integers d , k with (d, k) = 1, we have

dn−1
∑

b mod d

c(h + bk,m,n, dk) =
∑
t |d

μ(t)

(
d

t

)1−m

c(th,m,n, k),

where t t ≡ 1 mod k.

Proof. From (2.3) and Theorem 2.2 we can get∑
b mod d

c(h + bk,m,n, dk)

=
∑

b mod d

dk∑′

j=1

Bm

(
j

dk

)
Bn

(
j(h + bk)

dk

)

=
dk∑′

j=1

Bm

(
j

dk

) ∑
b mod d

Bn

(
hj

dk
+ bj

d

)
= d1−n

dk∑′

j=1

Bm

(
j

dk

)
Bn

(
hj

k

)

= d1−nc(dh,m,n, dk) = d1−n
∑
t |d

μ(t)

(
d

t

)1−m

c(th,m,n, k).

This proves Theorem 4.1. �
To extend Knopp’s theorem to generalized Cochrane sums, we need the following:

Lemma 4.1. Let f (h, d) and g(h, d) be two complex valued sequences defined for positive inte-
gers h and d with f (h + k, d) = f (h, d) and g(h + k, d) = g(h, d), then

f (h, d) =
∑

g(ah, δ) (4.1)

aδ=d
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if and only if

g(h, d) =
∑
aδ=d

μ(a)f (ah, δ), (4.2)

where aa ≡ 1 mod k.

Proof. Assume (4.2). Then

∑
aδ=d

g(ah, δ) =
∑
aδ=d

∑
ec=δ

μ(e)f (e · ah, c) =
∑

aec=d

μ(e)f (eah, c)

=
∑
bc=d

f (bh, c)
∑
ae=b

μ(e) = f (h, d),

which is (4.1). Similarly we can deduce (4.2) from (4.1). �
Now taking

f (h, d) = c(h,m,n, k)d1−m, g(h, d) = dn−1
∑

b mod d

c(h + bk,m,n, dk)

in Lemma 4.1, we have

Theorem 4.2. Let d and k be positive integers with (d, k) = 1, then

∑
aδ=d
δ>0

δn−1
∑

b mod δ

c(ah + bk,m,n, δk) = c(h,m,n, k)d1−m,

where aa ≡ 1 mod k.

Using the same methods we can also get the following generalized Subrahmanyam’s identities
and Knopp’s theorems for Cochrane–Hardy sums:

Theorem 4.3. Let d and k be positive odd integers with (d, k) = 1 and (h, k) = 1, then

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∑
b mod d

c1(h + 2bk,m,dk) =
∑
t |d

μ(t)

(
d

t

)1−m

c1(th,m, k),

∑
aδ=d
δ>0

∑
b mod δ

c1(ah + 2bk,m, δk) = c1(h,m, k)d1−m,
if h is even;

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

dn−1
∑

b mod d

c2(h + bk,m,n, dk) =
∑
t |d

μ(t)

(
d

t

)1−m

c2(th,m,n, k),

∑
aδ=d

δn−1
∑

b mod δ

c2(ah + bk,m,n, δk) = c2(h,m,n, k)d1−m,
if k is even;
δ>0
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⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dn−1
∑

b mod d

c3(h + bk,n, dk) =
∑
t |d

μ(t)c3(th,n, k),

∑
aδ=d
δ>0

δn−1
∑

b mod δ

c3(ah + bk,n, δk) = c3(h,n, k),
if k is odd;

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∑
b mod d

c5(h + 2bk,m,dk) =
∑
t |d

μ(t)

(
d

t

)1−m

c5(th,m, k),

∑
aδ=d
δ>0

∑
b mod δ

c5(ah + 2bk,m, δk) = c5(h,m, k)d1−m,
if h and k are odd,

where t t ≡ 1 mod k and aa ≡ 1 mod k.

5. Hybrid mean value of generalized Cochrane sums, Cochrane–Hardy sums and
Kloosterman sums

First we need the following:

Lemma 5.1. Let q and r be integers with q � 2 and (r, q) = 1, χ be a Dirichlet character
modulo q . Then we have the identities

∑∗

χ mod q

χ(r) =
∑

d|(q,r−1)

μ

(
q

d

)
φ(d) and

J (q) =
∑
d|q

μ(d)φ

(
q

d

)
,

where
∑∗

χ mod q denotes the summation over all primitive characters modulo q , and J (q) de-
notes the number of primitive characters modulo q .

Proof. This is Lemma 4 of [16]. �
Lemma 5.2. Let q = uv, where (u, v) = 1, u be a square-full number or u = 1, v be a square-free
number. Then for positive integers m, n with m ≡ n mod 2, we have

(I) Ψ1 :≡
∑
d|v

∑
d1| v

d

∑
d2| v

d

u2d2μ( v
dd1

)μ( v
dd2

)

dm
1 dn

2 φ(
q
d1

)φ(
q
d2

)

∑∗

χ mod ud

χ(−1)=(−1)m

χ(d1d2)L(m,χ)L(n,χ)

= q

2

∏
p‖q

(
1 − 1

p(p − 1)

)
+ O

(
qε

)
and

(II) Ψ2 :≡
∑
d|v

∑
d1| v

d

∑
d2| v

d

u2d2μ( v
dd1

)μ( v
dd2

)

dm
1 dn

2 φ(
q
d1

)φ(
q
d2

)

∑∗

χ mod ud
χ(−1)=(−1)m

χ(2d1d2)L(m,χ)L(n,χ)

� qε.
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Proof. We only prove (I), since similarly we can deduce (II). For the case m = n = 1, see
[16, Lemma 5]. Now suppose that n � m > 1. Let σα(r) = ∑

d|r dα , then we have

Ψ1 =
∑
d|v

∑
d1| v

d

∑
d2| v

d

u2d2μ( v
dd1

)μ( v
dd2

)

dm
1 dn

2 φ(
q
d1

)φ(
q
d2

)

+∞∑
r=1

σm−n(r)

rm

∑∗

χ mod ud
χ(−1)=(−1)m

χ(d1d2r).

For (a, k) = 1, from Lemma 5.1 we have

∑∗

χ mod q
χ(−1)=(−1)m

χ(a) = 1

2

∑∗

χ mod q

(
1 + χ(−1)(−1)m

)
χ(a) = 1

2

∑∗

χ mod q

χ(a) + (−1)m

2

∑∗

χ mod q

χ(−a)

= 1

2

∑
u|(q,a−1)

μ

(
q

u

)
φ(u) + (−1)m

2

∑
u|(q,a+1)

μ

(
q

u

)
φ(u).

Then using the same methods of Lemma 5 in [16] we have

Ψ1 = 1

2

∑
d|v

∑
d1| v

d

∑
d2| v

d

u2d2μ( v
dd1

)μ( v
dd2

)

dm
1 dn

2 φ(
q
d1

)φ(
q
d2

)

+∞∑
r=1

(r,ud)=1

σm−n(r)

rm

∑
s|(ud,d1d2r−1)

μ

(
ud

s

)
φ(s)

+ (−1)m

2

∑
d|v

∑
d1| v

d

∑
d2| v

d

u2d2μ( v
dd1

)μ( v
dd2

)

dm
1 dn

2 φ(
q
d1

)φ(
q
d2

)

+∞∑
r=1

(r,ud)=1

σm−n(r)

rm

∑
s|(ud,d1d2r+1)

μ

(
ud

s

)
φ(s)

= 1

2

∑
d|v

u2d2
∑
s|ud

μ

(
ud

s

)
φ(s)

∑
d1| v

d

∑
d2| v

d

μ( v
dd1

)μ( v
dd2

)

dn−m
2 φ(

q
d1

)φ(
q
d2

)

+∞∑
r=1

(r,ud)=1
d1d2r≡1 mod s

σm−n(r)

(d1d2r)m

+ (−1)m

2

∑
d|v

u2d2
∑
s|ud

μ

(
ud

s

)
φ(s)

∑
d1| v

d

∑
d2| v

d

μ( v
dd1

)μ( v
dd2

)

dn−m
2 φ(

q
d1

)φ(
q
d2

)

+∞∑
r=1

(r,ud)=1
d1d2r≡−1 mod s

σm−n(r)

(d1d2r)m

= 1

2

∑
d|v

u2d2

φ2(q)

∑
s|ud

μ

(
ud

s

)
φ(s) + O

(
qε

) = u2

2φ2(q)

∑
d|v

d2J (ud) + O
(
qε

)

= q

2

∏
p‖q

(
1 − 1

p(p − 1)

)
+ O

(
qε

)
.

This proves Lemma 5.2. �
Now we can prove the following result:
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Theorem 5.1. For any positive integers q � 3, m and n with m ≡ n mod 2, we have

q∑′

h=1

c(h,m,n, q)K(h,1;q) = 2m!n!φ(q)q

(2πi)m+n

∏
p‖q

(
1 − 1

p(p − 1)

)
+ O

(
q1+ε

)
.

Proof. Let q = uv, where (u, v) = 1, u be a square-full number or u = 1, v be a square-free
number. Using Theorem 2.1, (I) of Lemma 5.2 and the methods of [16] we have

q∑′

h=1

c(h,m,n, q)K(h,1;q)

= 4m!n!
(2πi)m+nφ(q)

∑
χ mod q

χ(−1)=(−1)m

(
q∑

h=1

χ(h)K(h,1;q)

)( +∞∑
r=1

G(r,χ)

rm

)( +∞∑
s=1

G(s,χ)

sn

)

= 4m!n!
(2πi)m+nφ(q)

∑
χ mod q

χ(−1)=(−1)m

τ 2(χ)

( +∞∑
r=1

G(r,χ)

rm

)( +∞∑
s=1

G(s,χ)

sn

)

= 4m!n!
(2πi)m+nφ(q)

∑
d|v

∑∗

χ mod ud
χ(−1)=(−1)m

χ2
(

v

d

)
μ2

(
v

d

)
τ 2(χ)

×
( ∑

d1| v
d

φ(q)χ( v
dd1

)μ( v
dd1

)τ (χ)L(m,χ)

dm
1 φ(

q
d1

)

)( ∑
d2| v

d

φ(q)χ( v
dd2

)μ( v
dd2

)τ (χ)L(n,χ)

dn
2 φ(

q
d2

)

)

= 4m!n!φ(q)

(2πi)m+n

∑
d|v

∑
d1| v

d

∑
d2| v

d

u2d2μ( v
dd1

)μ( v
dd2

)

dm
1 dn

2 φ(
q
d1

)φ(
q
d2

)

∑∗

χ mod ud
χ(−1)=(−1)m

χ(d1d2)L(m,χ)L(n,χ)

= 2m!n!φ(q)q

(2πi)m+n

∏
p‖q

(
1 − 1

p(p − 1)

)
+ O

(
q1+ε

)
.

This completes the proof of Theorem 5.1. �
Noting that

c1(2h,m,q) = c3(2h,m,q) = c5(2h − q,m,q), if q is odd.

Then using Theorem 3.1, (II) of Lemma 5.2 and Theorem 5.1 we also have the hybrid mean
value formulae of Cochrane–Hardy sums and Kloosterman sums as follows:

Theorem 5.2. Let q � 3 be an integer, then we have

q∑′
c1(2h,m,q)K(h,1;q) = −8m!φ(q)q

(2πi)m+1

∏(
1 − 1

p(p − 1)

)
+ O

(
q1+ε

)
, if q is odd;
h=1 p‖q
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q∑′

h=1

c2(h,m,1, q)K(h,1;q) = −8m!φ(q)q

(2πi)m+1

∏
p‖q

(
1 − 1

p(p − 1)

)
+ O

(
q1+ε

)
, if q is even;

q∑′

h=1

c3(2h,m,q)K(h,1;q) = −8m!φ(q)q

(2πi)m+1

∏
p‖q

(
1 − 1

p(p − 1)

)
+ O

(
q1+ε

)
, if q is odd;

q∑′

h=1

c5(2h − q,m,q)K(h,1;q) = −8m!φ(q)q

(2πi)m+1

∏
p‖q

(
1 − 1

p(p − 1)

)
+ O

(
q1+ε

)
, if q is odd.

Acknowledgment

The authors express their gratitude to the referee for his very helpful and detailed comments
in improving this paper.

References

[1] T.M. Apostol, Introduction to Analytic Number Theory, Springer, New York, 1976.
[2] B.C. Berndt, Analytic Eisenstein series, theta-functions, and series relations in the spirit of Ramanujan, J. Reine

Angew. Math. 303/304 (1978) 332–365.
[3] B.C. Berndt, L.A. Goldberg, Analytic properties of arithmetic sums arising in the theory of the classical theta-

functions, SIAM J. Math. Anal. 15 (1984) 143–150.
[4] R. Dedekind, Erläuterungen zu der Riemannschen Fragmenten über die Grenzfalle der elliptischen Funktionen,

Gesammelte Math. Werke, vol. 1, Braunschweig, 1930, pp. 159–173.
[5] Funakura, Takeo, On Kronecker’s limit formula for Dirichlet series with periodic coefficients, Acta Arith. 55 (1990)

59–73.
[6] M.I. Knopp, Hecke operators and an identity for the Dedekind sums, J. Number Theory 12 (1980) 2–9.
[7] Huaning Liu, Wenpeng Zhang, On certain Hardy sums and their 2mth power mean, Osaka J. Math. 41 (2004)

745–758.
[8] Huaning Liu, Wenpeng Zhang, On the 2mth power mean of a sum analogous to Dedekind sums, Acta Math. Hun-

gar. 106 (2005) 67–81.
[9] Hongyan Liu, Wenpeng Zhang, On a generalized Cochrane sum and its hybrid mean value formula, Ramanujan J. 9

(2005) 373–380.
[10] M.R. Pettet, R. Sitaramachandrarao, Three-term relations for Hardy sums, J. Number Theory 25 (1987) 328–339.
[11] H. Rademacher, Dedekind Sums, Carus Math. Monogr., Math. Assoc. America, 1972.
[12] R. Sitaramachandrarao, Dedekind and Hardy sums, Acta Arith. 48 (1987) 325–340.
[13] H. Subrahmanyam, On sums involving the integer part of x, Math. Student 45 (1977) 8–12.
[14] Wenpeng Zhang, On a Cochrane sum and its hybrid mean value formula, J. Math. Anal. Appl. 267 (2002) 89–96.
[15] Wenpeng Zhang, On a Cochrane sum and its hybrid mean value formula (II), J. Math. Anal. Appl. 276 (2002)

446–457.
[16] Wenpeng Zhang, Huaning Liu, A note on the Cochrane sum and its hybrid mean value formula, J. Math. Anal.

Appl. 288 (2003) 646–659.
[17] Wenpeng Zhang, Yuan Yi, On the upper bound estimate of Cochrane sums, Soochow J. Math. 28 (2002) 297–304.


