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Abstract

We obtain optimal trigonometric polynomials of a given degree N that majorize, minorize and
approximate in LY(R/Z) the Bernoulli periodic functions. These are the periodic analogues of two works
of Littmann [F. Littmann, Entire majorants via Euler—Maclaurin summation, Trans. Amer. Math. Soc. 358
(7) (2006) 2821-2836; F. Littmann, Entire approximations to the truncated powers, Constr. Approx. 22 (2)
(2005) 273-295] that generalize a paper of Vaaler [J.D. Vaaler, Some extremal functions in Fourier analysis,
Bull. Amer. Math. Soc. 12 (1985) 183-215]. As applications we provide the corresponding Erdos—Turan-
type inequalities, approximations to other periodic functions and bounds for certain Hermitian forms.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

An entire function F(z) is said to be of exponential type 27§ if, for any € > 0,
|F(z)| < Aceltlméte)

for all complex z and some constant A, depending on €. We denote by E(27§) the set of all
functions of exponential type 27§ which are real on R. Given a function f : R — R, the
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extremal problem is the search for a function F € E (27 ) such that
() F(x)> f(x) forallx € R,

f (F(x) — f(x))dx = min f (G(x) — f(x))dx. (1.1
R

GEE(Z

A function F' € E(2n$) satisfying (1.1) is called an extremal majorant of exponential type 2§
of f.Extremal minorants are defined analogously.

In the special case f(x) = sgn(x), an explicit solution to the problem (1.1) was found in
the 1930s by A. Beurling, but his results were not published at the time of their discovery.
Later, Beurling’s solution was rediscovered by A. Selberg, who realized its importance in
connection with the large sieve inequality in analytic number theory (see [13]). An account of
these functions, their history and many other applications can be found in the survey [14] by J.
Vaaler.

In the paper [14], Vaaler addresses the periodic analogue of the extremal problem (1.1): given
a periodic function ¢ : R/Z — R and a nonnegative integer N, one wants to find a trigonometric
polynomial x — P(x; N) of degree at most N such that

(@) P(x;N)>y(x) forallx e R/Z,

1.2
(b) / (P(x; N) —¢¥(x)) dx is minimal. (1.2)
R/Z
In this case P (x; N) will be an extremal majorant. Extremal minorants are defined analogously.
One can also consider the problem of best approximating ¥ (x) in the L'(R/Z)-norm, i.e. we
seek P(x; N) such that the integral

/ [P(x; N) — ¢ (x)|dx (1.3)
R/Z

is minimal. The periodic version of the function sgn(x) appearing in [14] is the sawtooth function
VU : R/Z — R defined by

Cx—xl—12 if xgZ
W(x)_{o if xez (14

where [x] is the integer part of x. Vaaler then solves problems (1.2) and (1.3) for this function
¥ (x), obtaining applications to the theory of uniform distribution (we return to this subject in
Section 4).

Recently, F. Littmann extended the ideas of Beurling and Selberg to solve the extremal
problem (1.1) for the functions f(x) = sgn(x)x", n € Ngo = N U {0}. He found not only
the unique extremal majorants and minorants (see [9]), but also the best entire approximation in
the L!(R)-norm (see [10]) to these functions. The purpose of this paper is to transfer these two
works of Littmann to periodic versions, namely to solve the extremal problems (1.2) and (1.3)
for the Bernoulli periodic functions 3, (x), thus generalizing the periodic machinery developed
by Vaaler in [14]. We briefly outline our results below.

The Bernoulli polynomials B, (x) can be defined by the power series expansion

— Z Bn (x) " (1.5)

txt
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where |f| < 27, and the Bernoulli periodic functions B, (x) by
By (x) = By(x — [x]). (1.6)

For n > 1, the Bernoulli periodic functions have the Fourier expansion

o8]

n! 1
Bn(x) = _szz k—ne(kx). 1.7
k0
Observe that, apart from a renormalization at x = 0, we have

Bi(x) = ¥(x).

It is a well-known fact that the function By, (x) (n > 1) has exactly one zero in the interval
(0, 1/2), which we denote by z2, (put zo = 0). By a result of D.H. Lehmer ([7]) the inequality

1/4 =g 12721 < 75 < 1/4 (1.8)
holds for n € N. The odd Bernoulli polynomials By, 11 (x) have zeros at x = 0 and x = 1/2, but
no zeros in the interval (0, 1/2). Define two sequences {oy, }neN, and {B:},en, by:

agr =1 — zax Bak = zak

g+ =0 Bakr1 =1/2

Qak+2 = Z4k+2 Bar =1 — zak42

o3 = 1/2 Bagy3z = 0.

(1.9)

We point out that B;,11(x) assumes its maximum in [0, 1] at x = «;, and its minimum in [0, 1]
atx = B, (cf. [9, Lemma 5]). Our first result is

Theorem 1. Let n and N be nonnegative integers. There exist real valued trigonometric
polynomials x — P,y1(x; N, B,) and x — P,1(x; N, o) of degree at most N such that

Pyy1(x; N, Bn) SBn+l(x) < Py (x5 N, o) (1.10)
at each point x € R/7Z. Moreover,

1) If Q(x) is a real trigonometric polynomial of degree at most N that satisfies Q(x) <
Bp+1(x) for all x € R/Z, then

Bn+1(ﬁn)
/R/Z(BH—H(X) —0(x))dx > —W

with equality if and only if Q(x) = Pny1(x; N, Bp).
(i) If Q(x) is a real trigonometric polynomial of degree at most N that satisfies By11(x) <
Q(x) forall x € R/7Z, then

(1.11)

~ By 11(an)
/R/Z(Q(X) = By1(x))dx > W (1.12)

with equality if and only if é(x) = Pyr1(x; N, ay).

The extremal trigonometric polynomials P,y1(x; N, B,) and P,41(x; N, or) are explicitly
described in Section 2 (Egs. (2.8)—(2.10)).
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An interesting remark is that when n is odd, the extremals of the Bernoulli polynomials
B,+1(x) in [0, 1] are related to the Riemann zeta function (see [7]) by

D=1 (2k)!
B 0) = o 5 k)

By (1/2) = —(1 — 27241 By (0).

(1.13)

To present the optimal approximations to the Bernoulli periodic functions in the L' (R/Z)-
norm we recall the Euler polynomials Ej (x) given by the generating function

m S Z k(x)_ (1.14)
It will also be useful to have the Fourier expansions of the Euler periodic functions

(2k)! & sinRv 4+ Dx

4
Ex(x — [x]) = (=)

(1.15)
2k+1 2k+1
+ = v+ 1) +
42k + D! & cos(2v + Drx
_ (1K1
Eyp1(x —[x]) = (=1) o ;0 Qv DET (1.16)
Define the sequence (6,),eN, by
0 if n is even
On = {1/2 if 7 is odd. (1.17)

Our second result is

Theorem 2. Let n and N be nonnegative integers. There exists a trigonometric polynomial
X = Ruyy1(x; N) of degree at most N such that for any trigonometric polynomial W(x) of
degree at most N the inequality

|En+1(0n)]
~ (2N +2)n !
holds, with equality if and only if W(x) = R,41(x; N).
The extremal trigonometric polynomial R,41(x; N) is explicitly described in Section 3
(Egs. (3.7)—(3.9)).
Since the Bernoulli polynomial B, (x) is monic of degree n, by simple linear algebra, we can

use the approximations obtained in Theorems 1 and 2 to majorize, minorize and approximate in
L'(R/Z) any polynomial periodic function

/ [W(x) — Byy1(x)]dx > (1.18)
R/Z

fx) =ax"+---+ajx+ag forx el0,1).

In general, these approximations will not be extremal. An interesting case, for example, arises
from the Bernoulli inversion formula

0 1 & n—+1
x _—(nH)Z( L >Bk(x). (1.19)

k=0

Substituting B (x) in expression (1.19) by Pr(x; N, Bx—1), Px(x; N, ak—1), Rk (x; N) according
to Theorems 1 and 2 we obtain, respectively, trigonometric polynomials of degree N that
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minorize, majorize and approximate in L' (R/Z) the periodic function f(x) = x", x € [0, 1)
(we adopt above By = Py = Ry = 1).

We proceed now to the proofs of Theorems 1 and 2. In this paper we identify functions defined
on R having period 1 with functions defined on the compact quotient group R/Z. Integrals over
R/Z are with respect to the Haar measure normalized so that R/Z has measure 1. We write
e(x) = e”™™*  The signum symmetric function sgn(x) is given by sgn(x) = 1, if x > 0,
sgn(x) = —1,if x < 0 and sgn(0) = 0. We denote sgn, (x) as the right-continuous signum
function (i.e. sgn, (0) = 1).

2. Proof of Theorem 1

We start this section recalling the notation and results from [9] that will be used here. For
0<a<1,zeCandn € Ny = NU{0}, we define the following entire functions of exponential
type 2m:

sin(z —a)\> RS sgn, (k)
H"(Z;“)=<T> {Z 2 ioap

k=—o00

n
+2) Bia(@z T+
k=1

2By () ] 2.1

z —{a}

where {«} denotes the fractional part of o and B, (x) is the nth Bernoulli polynomial defined in
(1.5). Recall the sequences {a },eN, and {8, }nen, defined in (1.9).

Lemma 3 (cf. Theorem I of [9]). Let n € Ny. The inequality

8" Hy(8x; ap) < sgn(x)x" < 87" Hy(8x; By) (2.2)
holds for all x € R. These are the unique extremals of exponential type 21§ and they satisfy
— X 2Bn—i—l (Bn)
[R((S "H,(8x; Bn) — sgn(x)x™) dx = —W 2.3)
_ . 23n+1 (o)
/R(sgn(x)x" — 8§ "H,(6x; o)) dx = W 2.4)
Lemma 4 (cf. Lemmas I and 2 of [9]). Define the functions
dy(x;8,a) =86 "H,(8x; a) — sgn(x)x". (2.5)

Forany§ > 0and 0 < a < 1 the function x + d,(x; 8, @) is O(x~2) as |x| — oo and therefore
it is integrable. Its Fourier transform is the continuous function given by

00 k
~ e Bitn+1(@) k+1 |71 At
d,(t; 8, = 28! — ) (=2 z
(639, ) ; k+1! \k+n+t1 3 s

1 Bn(a) < < t) ) .
+46 ——sgn(t) |e| —{a}- ) —1 if lt] <6 (2.6)
i é

dn(t; 8, 00) = if |t] > 5. 2.7

© Qrit)nt!
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Let N be a nonnegative integer. To describe the extremal trigonometric polynomials of
degree at most N that majorize and minorize the Bernoulli periodic function B,,41(x) it will
be convenient touse § = N + 1. For 0 < « < 1, we define the following family of trigonometric
polynomials

N
Poyi(s N,@) = Y Poyi(k; N, ) e(kx) (2.8)
k=—N

where the Fourier coefficients are given by

5 . _ Bn—H(a)

Prt1(0; N, ) = W1 T (2.9)
and

~ n+1 ~ 2.n!

Pn+l(k, N, Ot) = — < ) <dn(k, (N + 1), Ol) + W) (210)

for k £ 0. We are now in position to prove Theorem 1.

Proof of Theorem 1. The case n = 0 was treated by Vaaler in [14], so we focus in the case
n > 1. Recall that we are using here § = N + 1. Observe initially that the Poisson summation
formula

o0 o0
Y A+ 18, B = Y du(l; 8, Br)e(lx) @.11)
[=—o0 [=—00
holds for all x € R/Z. The reason for this is simple, from Lemma 4 the function x +—
dy(x; 6, By) is O(x7?) as |x] — oo, therefore the left-hand side of (2.11) is a continuous
function. From (2.7) the Fourier series on the right-hand side of (2.11) is absolutely convergent,

and this suffices to establish the Poisson summation.
Using (1.7), (2.3), (2.7), (2.9) and (2.10) we find that

2 O
iD (But1(x) = Pag1(x; N, ) = z;ood”(l’ 8, Bu)e(lx)
= Y dax+18,8) =0 (2.12)
|=—00

where the last inequality comes from (2.2) and (2.5). This proves that

Buy1(x) = Pyy1(x; N, By) (2.13)

for all x € R/Z. To prove uniqueness recall from (2.1) that H (x, 8,) interpolates sgn(x)x" at

the points B, + m, m € Z. From this we find that

Bn +m
8 b

From (2.12) and (2.14) we have the equalities

Bust (ﬂ";m> — Pt <<ﬁ”:m);1v,ﬁn), m=0,1,2,....N. 2.15)

dp(x;6,8,) =0 ifx = m e Z. (2.14)
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Suppose now that Q(x) is a trigonometric polynomial of degree at most N such that 5,4 (x) >
Q(x) for all x € R/Z. Using (2.15) we have

1 al Bn +m 1 u Bn +m
EmZ=OQ<—8 )Sgglgwrl( 3 )

= .
ZPn+1<<ﬂ ;_m);N,ﬂn>=/ Pii (e N, Bdx  (2.16)
k=0 R/Z

which proves (1.11). If we have equality in (2.16) this means that form = 0,1,2,..., N we

have
0 (ﬁ" :’") — Bos <ﬂ" :’”) = Pt ((ﬁ” :’”) : N,ﬁn). 2.17)

As B, 41 (x) is continuously differentiable at R/Z — {0}, equalities (2.17) imply that for at least
N valuesof m =0,1,2,..., N we have

Q,<ﬁn :m) 5., (ﬂn ;‘m) _p <<5%> N, ,Bn), 2.18)

The 2N 41 conditions in (2.17) and (2.18) are sufficient to conclude that Q (x) = P,+1(x; N, B,)
(see [16, Vol. II, page 23]). The proof for the majorizing case is very similar. [

O(x)dx
R/Z

> |

3. Proof of Theorem 2

Here we start by recalling the corresponding extremal problem in the real line, solved by F.
Littmann in [10]. In this paper he finds the best L (R)-approximation to the function f(x) = x'}
(f(x) =x" forx > 0and f(x) = 0 for x < 0) by an entire function of exponential type 7 §.

The following facts come from Section 6 of [10]. Let ¢ = I'’/ ", where I" is the Euler Gamma
function, and « € [0, 1]. Define the following functions of exponential type 7:

G(z: o) = <Sm”(n$“)) " <¢ (“ > Z) — ¢ —2) +log2 — %Z&(a)z‘k—l)
k=0

where Ej(x) are the Euler polynomials defined in (1.14). Also, recall the sequence (6;),cN,
defined in (1.17).

Lemma 5 (c¢f. Theorem 6.2 of [10]). Let n € Ny. For any entire function A(z) of exponential
type 18, the inequality

*© E 6
/ |A(x)—xi|dxz | n+l(n)|
. (n + 1)sn+1

holds, with equality if and only if A(z) = 87"G,(8z; 6,).
Lemma 6 (c¢f. Lemma 5.1, Theorem 4.3 and proof of Theorem 6.2 of [10]). Define the function
@n(x;8) =87"Gp(8x; 6,) — x| : (3.1

(i) For any 8 > 0 the function ¢,(x;8) is O(x~2) as |x| — oo and its Fourier transform
satisfies
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Pn(t38) = if 1] =68/2. (3.2

C Qritnt!
(ii) Regarding the sign of ¢,(x; §) we have
(=D sgn(sin w8x) = sgn(ax (x; 8)) (3.3)

(=¥ sgn(cos w8x) = sgn(gak+1(x; 8)). (3.4)

Remark 7. It is possible to write an explicit formula for the Fourier transform ¢, (z; §) when
[t| < &§/2, as done in (2.6). For the sake of completeness we quote this result of F. Littmann
(unpublished). Define the function

1
ho(z) = e*(1 —e¥) ™ — 5

then
N A _ . (n) .
On(t; l)__W+h0” (—2mit) forlt] < 1/2 3.5)
and in general
t
On(t; 8) = 8_"_1¢)n(g; 1) for|t| < §/2. 3.6)

Let N be a nonnegative integer. To describe the trigonometric polynomial of degree at most
N that best approximates the Bernoulli periodic function B,41(x) in the L' (R/Z)-norm it will
be convenient to use § = 2N + 2. Define

N
Rut1(iN) = D Ruyi(ki N)e(kx) (3.7)
k=—N

where the Fourier coefficients are given by

Rus1(0: N) = —(n + 1), (0; 2N +2) (3.8)
and

-~ !

Rupi(k; Ny = —(n+ 1) (an(k; 2N +2) + dﬁ) . (3.9)

Proof of Theorem 2. The case n = 0 was done by Vaaler in [14], so we will work here with
n > 1. Throughout this proof we use § = 2N + 2. We can argue as in the beginning of the proof
of Theorem 1 to establish the Poisson summation formula at every point x € R/Z

&)

D en@+ 18 = Y Gulli de(lx). (3.10)

[=—00 |=—00

From (1.7), (3.2) and (3.7) we find that

Rus1 (i N) = Bu1 () = —(n + 1) Y~ §u(l: $)el). (3.11)

[=—o00



98 E. Carneiro / Journal of Approximation Theory 154 (2008) 90—-104

Therefore, from (3.10) and (3.11) we have

o0
/ |Ru1 (6 N) = By (0)] dx = (0 + 1)/ > onlx +18)|dr. (3.12)
R/Z R/Z || =%
Using (3.3), (3.4) and Lemma 5 we find that expression (3.12) is equal to
o
(n+ 1)/ Z ln(x +158)[dx = (n + 1)/ |@n (x5 8)] dx
R/Z ;5% R
|En+l(9n)|

and this proves that equality happens in (1.18) when W (x) = R,41(x; N).

To prove uniqueness we divide the argument into two cases. Suppose first that n is an even
integer. As sgn(sinmx) is a normalized function of bounded variation on [0, 2] its Fourier
expansion

i _ 2 3 ! k ! 3.14
sgn(smnx)_; Z me(( +§> x) (3.14)

L S—

converges at every point x and the partial sums are uniformly bounded. For a general
trigonometric polynomial W (x) of degree at most N we have, by (3.14), (1.7) and (1.16)

/ [W(x) = Byy1(x)]dx > / (W(x)—Bn+1(x))8gn{sinn8x}dx‘
R/Z R/Z

= / B+1(x)sgn{sinwrdx}dx
R/Z

S > <2k+1)—1/ Bn+1(x)e<(k+1> 8x> dx
Tl R/Z 2

k=—o00
20+ 1) 1 |Ent1(6n)|
= gnt2gn+l kz (2k + 1)n+2 = snt+1 (.15
=—00

which proves (1.18). If equality happens in (3.15) we must have

k k
w = — ) fork=1,2,...,2N + 1. 3.16
<2N+2) Bn+l<2N+2) or ,2,...,2N + (3.16)

Since the degree of W (x) is at most N, such polynomial exists and is unique [16, Vol. II, page 1].
It is not hard to see that R,4(x; N) satisfies the same property (Egs. (3.3), (3.10) and (3.11)),
so we must have R,4+1(x; N) = W(x). The proof for n odd integer follows the same ideas using
(1.15) and (3.4) and changing x by x 4+ 1/2in (3.14). O

4. Erdos-Turan inequalities

Let x1,x2,...,xy be a finite set of points in R/Z. A basic problem in the theory of
equidistribution is to estimate the discrepancy of the points xi, x2, ..., x) by an expression
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that depends on the Weyl sums

M
Ze(kxm), where k = 1,2,..., N. 4.1)

m=1

This is most easily accomplished by using the sawtooth function ¥ : R/Z — R, defined in the
Section 1 by

L.
(x) = x—[x]—E ifx €7
0 ifxeZ
where [x] is the integer part of x. A simple definition for the discrepancy of the finite set is

M
Z ¥ (xm — y)|-

m=1

Ap(x) = sup
yeR/Z

In this setting the Erdos—Turan inequality is an upper bound for Ay, of the form

N M
Ap) <ctMN™' 4+ Y k7D elhxm)| . 4.2)
k=1 m=1

where ¢; and ¢, are positive constants. In applications to specific sets the parameter N can
be selected so as to minimize the right-hand side of (4.2). Bounds of this kind follow easily
from the knowledge of the extremal trigonometric polynomials that majorize and minorize the
function ¥ (x). This is discussed in [3,4,12,14,15]. An extension to the spherical cap discrepancy
is derived in [8], and a related inequality in several variables is obtained in [2].

As already noted in the Introduction of this paper, the sawtooth function ¥ (x) coincides with
the first Bernoulli periodic function Bj(x). One is naturally led to generalize the concept of
discrepancy using the other Bernoulli functions. For n > 0 define

Aﬁ'l (x) = sup
veR/Z

M
> Bugi (om — y)|- 4.3)

m=1

We recall the extremal trigonometric polynomials of degree at most N given by Theorem 1
Put1(x; N, Bi) < Bug1(x) < Poy1 (x5 N, o). 4.4)

The following bound for the generalized discrepancy A’jj 1(X) will follow from (4.4) and
algebraic manipulations.

Proposition 8. Let x = (x1, x2, ..., xy) be a sequence of numbers in R/Z. Then

M

Z e(xmk)

m=1
} . 4.5)

MBn-H (,Bn)

M Br) S [Buvati N,

0<|k|<N

’

A’ﬁ'l(x) < max{—

M

Z e(xmk)

m=1

M By 1 (ay)

Wt 2 [P N

0<|k|<N
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Proof. Let y € R/Z. From (4.4) we have

ZPnJrl(xm y; N, ,Bn)<ZBn+1 (xm_)’)<zpn+l(xm i N, ay)

m=1 m=1

which implies that

M M
YD P N, B ek(vm — ) < Y But (om — )

m=1|k|<N m=1

Z Y Pugi(ki N, o) e(k(xn — ). (4.6)

m=1 k|<N

Interchanging the sums in (4.6) we get

M
MP, 10N B+ Y Puri(ks N, B) Y e(k(xm — )
m=1

0<[k|<N

n+1 (Xm —

||M§

M
<MPyi(O; N, a) + Y Payi(ki Noa) Y e(k(om — ¥)) (4.7)
0<lk|<N m=1

and from (4.7) we conclude that

M
— [ MPy1 O; N, B[ = Y [Pk N, B)| | Y elhm — ¥))
0<|k|<N m=1
M
= Z But1 (Xm —y)
m=1
R R M
< |MP1 (0N )|+ Y | PayiGes Noaw)| | ek(on — y))‘ : (4.8)
0<|k|<N m=1
Expression (2.9) gives us
> . o Bpy1(Bn) 5 . _ Bp1(otn)
‘Pn+](0, N,ﬂn)‘——m and ’Pn+l(0, N,an)‘—m
This fact allied to the equality
M M

D elkon — )| =

m=1

show that (4.8) implies the desired bound (4.5). [

Z e(kxp)

m=1

For applications, it would be desirable to obtain simple bounds for the Fourier coefficients
P,11(k; N, o). Another question that arises here is: are there any interesting inequalities relating
the discrepancies A%}, and A’jj’ I
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5. Bounds for Hermitian forms

A classical application of the theory of extremal functions of exponential type provides sharp
bounds for some Hilbert-type inequalities. In [9], F. Littmann obtained the following result
(recall the Bernoulli polynomials B, (x) and the sequences {cy},cn, and {By},cn, defined in
the Introduction).

Proposition 9 (cf. Corollary 2 of [9]). Let {Ar}ﬁvzl be a sequence of well-spaced real numbers,

ie. |\ —Ag|>0dforallr #s. Let {ar}ﬁ\’:1 be a sequence of complex numbers and m € N. We
have

N N — N
. 2 aras 2
Lm(a); jar|* < Z Gy = Un® Z}j ar| (5.1
. -

with the optimal constants

By (atm—1)

L (8) = Qm)" e and U, ) = —-Q2x)" Bin (Bm-1)

om mlg™m

There is a simple argument, due to H.L. Montgomery (see Corollary 1 of [11]), that allows
us to pass inequalities (5.1) to periodic versions. For this we define the periodic functions
pm :R/Z — {0} - Rand g5, : R/Z — {0} - R by

1

=3 — L 52

)= 5.2)
-y (—DF

= e ACE L ©3)

For real numbers x we write
x|l = min{|x —m|:m € Z}

for the distance from x to the nearest integer. We have the following

Proposition 10. Let {kr}ﬁvzl be a sequence of well-spaced real numbers in R/7Z, i.e. ||, —Xis| >
S forallr # s. Let {ar}ﬁ\;] be a sequence of complex numbers and m € N. If m is odd we have

N N N

—Ln@®) Y lar? <) i7" a5 pnOs = As) < Un(8) Y lar (54)
r=1 rrs;Sl r=1

and

N N N

—Ln@® Y la,? <) i ad guhr — As) < Un(8) Y la, . (5.5)
r=1 rs=l1 r=1

r#s

If m is even we have
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N N
— (27" m) + Lu(8) Y lar® < D i ards puhr — Ay
r=1

rs=1

r#s
N
< (<27"2m) + Un(®) D la,? (5.6)
r=1
and
N
(@=22i"sm) = Ln(®) Y lar?
r=1
N
<Y T4 g O — A)
sz;
N
= (@=227"i"5m) + Un ) ©) Y la 2 (5:7)

r=1

where { is the Riemann zeta function.

Proof. We prove here inequality (5.6). Apply Proposition 9 with a doubly-indexed set of N K
variables a,j, 1 <r < N,1 < j < K and well-spaced constants A,;. Then

arjas; 2
—Ln(®) ) larj|* < I < U ()Y N .
m ; rj ”2,:[ (@i ()\rj — Ag))™ m %: rj
(r, #(s,D)
Now puta,j = a, and A,j = A, + j. Then
— KLn@®) Y la:* <Y i"al Y (e —hs+j— D"
r

r#s j.l

Y NP Y G D" < KUR®) Y sl G8)

v j# ;

Calling j — I = k and dividing (5.8) by K we obtain

K
L@ Y ar? < Y i Y (1 kK)o — A+ 07
r r#s k=—K

K
HiTY a4 = kKK < Un(8) ) larl.
r k=—K r
k=£0

Now it is just a matter of sending K — oo to obtain

—Ln@® ) lar* <Y i7" a,@5 pu Oy — ) +207"C(m) Y la,
r r;és r

Un(®) ) lar|?

IA
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and this proves (5.6). To prove (5.7) we put a,; = (—1)/a, and repeat the argument. When m is
odd, the proofs of (5.4) and (5.5) are even simpler when we notice that

K K
A= kKK = Y (—DF( = kl/ Kk = 0. O
=) o)

Using the identities

2

T T
—. pi(x) = , (X)) =— (5.9
Sin T x tan T x SIn” T x

q1(x) =
and relations (1.13) we obtain the following interesting special cases.

Corollary 11. In the hypotheses of Proposition 10 we have

—sing (A —As) | T 8 = o '
r'is
N — N
aras
—| < 5.11
—tanw(Ar — Ag) | Z:: lar 1D
r“;és

and

rlts 1
__(82+2)Z|ar|2<zsm na(ka—)») §<__1>Z|ar . >

rs=1

r#s

Expression (5.10) was used by H.L. Montgomery in [11] as a step in the proof of the large sieve
inequality.
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