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In this paper, we propose a large deflection model for the light-induced bending of liquid crystal elasto-
mers, in which we consider the in-plane membrane force and the geometrical nonlinearity. Based on the
Hamilton principle, we derive the in-plane force balance equation and the dynamic deflection curve dif-
ferential equation. The effect of light on the bending is defined as an effective optical bending moment,
which is generated by the inhomogeneous light-induced strain and the membrane force. By coupling
solving these two equations, we can obtain the deflection curves of LCEs under any boundary conditions
and illumination. As examples, we solve the equations by an analytical-numerical method and simulate
the bending under uniform illuminations. Then we consider the situations of non-uniform laser illumina-
tion and solve the equations by finite difference method. The deflection of the LCE sample can be varied
and controlled by changing the illumination position, the illumination direction, the light intensity and
the distribution half width of the electric field. As a result, when the LCE sample is constrained at the
two boundaries, the small deflection bending theory is no longer applicable, and we need to use the large
deflection theory.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Liquid crystal elastomer (LCE) is a kind of crosslinked polymeric
liquid crystalline solid, which combines the rubber elasticity and
physical properties of liquid crystal (Warner and Terentjev,
2003). The nematic liquid crystal mesogens of LCEs have an aver-
age direction, called the director (de Gennes and Prost, 1994).
When the temperature is increased to a critical value Tni, the tran-
sition from the nematic phase to the isotropic phase happens, and
this temperature is called the nematic–isotropic phase transition
temperature. The LCE sample will contract dramatically due to
the variation of the molecules’ order degree.

If some photochromic liquid crystal molecules, such as azo-
benzenes, are added into the LCE, not only thermo but also light
can induce a large contraction up to 20% (Finkelmann et al.,
2001). UV light photoisomerizes the azobenzenes from the straight
trans isomers to the bent cis ones, which changes the alignment
and order degree of the molecules, and thus induces the large
deformation, similar to the situation of thermo. Furthermore, when
the light goes through the LCE sample, the light intensity decays
due to the absorption, which causes the decayed light-induced
ll rights reserved.
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deformation and thus the light-induced bending (Ikeda et al.,
2003; Camacho-Lopez et al., 2004). With different molecular de-
signs of the LCEs, different bending of the sample can be controlled
(Yu et al., 2003; Tabiryan et al., 2005; Harris et al., 2005; Kondo
et al., 2006; van Oosten et al., 2008; White et al., 2008, 2009; Hroz-
hyk et al., 2009). Thus, the photochromic LCEs have the potential
applications to be remote-controllable actuators and sensors
(White et al., 2008; van Oosten et al., 2009).

In recent years, photo-activated polymers have been paid a lot
of attention (Finkelmann et al., 2001; Scott et al., 2005; Lendlein
et al., 2005; Jiang et al., 2006). These materials share the advantage
of remote control, although the mechanisms of light activation
may be different. Especially, the realization of macroscopic large
light-induced deformation (Finkelmann et al., 2001), different
modes of light-induced bending (Yu et al., 2003; Tabiryan et al.,
2005; Harris et al., 2005; Kondo et al., 2006; van Oosten et al.,
2008; White et al., 2008, 2009; Hrozhyk et al., 2009) or shape
memory effect (Lendlein et al., 2005; Jiang et al., 2006) makes these
materials more exciting. Photomechanical models have been built
up to study the light-induced behavior (Long et al., 2009; Long
et al., 2011).

For the light-induced bending of LCEs, Warner and Mahadevan
first derived a model under the simple beam assumption (Warner
and Mahadevan, 2004). The radius of curvature under the uniform
illumination is calculated. In the papers of Wei and He (2006) and
He (2007), the topography of the LCE sample under the spot or
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striped illumination was simulated. Dunn (2007) calculated the
curvature and deflection of the monodomain and polydomain
LCE films under uniform polarized light. Considering the geometri-
cal nonlinearity, Dunn and Maute (2009) further simulated the
bending under the non-uniform illumination by the finite element
method. Gaididei et al. (2010) simulated the anisotropic light-
induced bending under linearly and circularly polarized light with
considering the geometrical nonlinearity. Warner et al. (2010a)
modeled the bending behavior with different molecular designs,
and they also showed the effect that the bending in one dimension
may suppress the curvature in another under certain geometry
condition (Warner et al., 2010b).

However, in the previous work the effect of light on the material
properties of LCE was neglected, and the light-induced strain was
assumed empirically. In our previous papers (Jin et al., 2006,
2010), by considering the opto-chemical process and the nematic–
isotropic phase transition, we have already introduced the light
intensity into the constitutive relation, derived both Young’s mod-
ulus and light-induced strain from it, and constructed a small
deflection model for the light-induced bending. In this paper, we
further derive a large deflection light-induced bending model, con-
sidering the membrane force and the geometrical nonlinearity. LCE
samples are usually thin, and have large deflection. In the experi-
ments, the samples are sometimes constrained at the two bound-
aries (Kondo et al., 2006; Cviklinski et al., 2002). Especially in a
lot of designs of LCE actuators, the LCE films are under constraint,
and people want to make use of the membrane force (Yamada
et al., 2009; Warner et al., 2010; Wang et al., 2011; You et al., in
press; Huo et al., 2011). Thus, such a large deflection model with
considering membrane force and geometrical nonlinearity is
essential. Based on the Hamilton principle, we derived the force
balance equation and the dynamic deflection curve differential
equation, in which the effect of light is defined as an effective opti-
cal bending moment, generated by the inhomogeneous light-
induced strain and the membrane force. The solution of the
differential equation allows us to simulate the deflection curve
under any boundary conditions, and any illuminations, uniform
or non-uniform, and we do not need the complicated skills, such
as Hankel transform and Fourier transform (Wei and He, 2006;
He, 2007). As some examples, we first calculate the deflection
curves of a LCE sample under the uniform illumination and the
different boundary conditions. Then we consider the non-uniform
illumination of lasers, calculate the deflection curves and vary the
deflection of the LCE sample by changing the illumination center,
the illumination direction, the light intensity and the distribution
half width of the electric field.

In Section 2, the large deflection light-induced bending model is
derived based on the Hamilton principle. The solution of the deflec-
tion curve differential equation in the situation of the uniform illu-
mination and different boundary conditions will be given in
Section 3. In Section 4, we will consider the solution in the situation
of non-uniform illumination and vary the deflection of the LCE sam-
ples by light controlling. The conclusions will be given in Section 5.
2. Large deflection light-induced bending model

2.1. Opto-mechanical constitutive relation

In this subsection, we will review the opto-mechanical consti-
tutive relation (Jin et al., 2010).

The elasticity of LCE is induced by entropy. Its uniaxial stress r-
deformation k relation could be (Bladon et al., 1994)

r ¼ l k
km

� �2

� km

k

" #
; ð1Þ
where l = nskBT is the effective shear modulus dependent on the
temperature T, with ns the number of networks per unit volume.
km is the stress-free deformation. However, due to the light-induced
deformation, km changes with the light intensity I, i.e., km = km(I). By
considering the opto-chemical process and the nematic–isotropic
phase transition, we can obtain km(I) and introduce the light inten-
sity into the constitutive relation as (Finkelmann et al., 2001; Jin
et al., 2010)

kmðIÞ ¼
1þ a T0

ni � T � b/ðIÞ
� �n
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� �n

� �
; /ðIÞ < T0

ni � T
� �

=b;

1= 1þ a T0
ni � T

� �n
� �

; /ðIÞP T0
ni � T

� �
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with choosing the configuration before illumination as the initial
configuration. T0

ni is the nematic–isotropic phase transition temper-
ature without illumination, and a, b and n are positive constants. /
= /(I) is the number fraction of the bent cis isomers. It is described
by an approximate rate equation (Finkelmann et al., 2001; Hogan
et al., 2002)

d/
dt
¼ g0Ið1� /Þ � s�1

ct /; ð3Þ

where t is time, g0 is the absorption constant, and sct = s0exp(D/kBT)
is the temperature T dependent characteristic time of the thermal
activated back conversion, with s0, D positive constants, and kB

the Boltzmann constant.
Due to the absorption, the light intensity decays along the light

propagation. The decay can be calculated by

dI
dy
¼ � I

d
; ð4Þ

where y is the distance from the surface and d is the decay distance.
When the light intensity and the concentration of chromophores
are big, d depends on the fraction of trans isomers 1 � / (Corbett
and Warner, 2007; Corbett et al., 2008), and Eqs. (3) and (4) need
to be solved coupling by numerical method. However, when the
light intensity is large, the illumination also causes thermal effect,
which is hard to distinguish from the effect of light in experiments
(Jiang et al., 2010). Here for simplicity, we limit ourselves in small
light intensity and low concentration of cis, and the absorption of
light obeys Beer’s law with d a constant. Solving Eq. (4), we get

IðyÞ ¼ I0 exp � y
d

� �
; ð5Þ

with I0 the light intensity on the surface. Then, Eq. (3) is also analyt-
ically solvable, and the isothermal solution is (Finkelmann et al.,
2001; Hogan et al., 2002)

/ðt; IÞ ¼ sctg0I
1þ sctg0I

ð1� expð�ð1þ sctg0IÞt=sctÞÞ: ð6Þ

From Eqs. (2), (5) and (6), we can see it is the inhomogeneous light-
induced deformation km(I(y)) that causes the bending.

In the following, we only consider the situation of small total
strain et = k � 1, and we can linearize Eq. (1) at k = 1 as

r ¼ Eðet � emÞ; ð7Þ

where E is Young’s modulus and em is the light-induced strain

EðIÞ ¼ l kmðIÞ þ
2

k2
mðIÞ

 !
and

emðIÞ ¼ kmðIÞ �
1

k2
mðIÞ

 !,
kmðIÞ þ

2
k2

mðIÞ

 !
: ð8Þ

Both the light-induced strain em and Young’s modulus E depend on
the light intensity I, and thus the position. The reason is that light
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changes the order degree of LCEs, and thus varies its material prop-
erties. When the temperature T is close to T0

ni, the effect of the inho-
mogeneous Young’s modulus is large (Jin et al., 2010). The
subtraction of the total strain and the light-induced strain is the
elastic strain

ee ¼ et � em: ð9Þ
2.2. Large deflection light-induced bending model

Since the deflection of LCEs’ light-induced bending is usually
large, in this subsection, we will build a large deflection beam bend-
ing model, in which we consider the in-plane membrane force, and
consider the effect of bending on force balance and geometry.

As shown in Fig. 1, we consider a LCE strip, with the director in x
direction. The LCE sample is under the upward perpendicular unpo-
larized light distribution I0(x), and the downward loading q(x). Its
length L is much larger than its width w and height h, satisfying
L�w� h. The decayed light causes inhomogeneous light-induced
deformation, which induces the bending in the x–y plane. Due to
the incompressibility of the material, this further causes the bend-
ing in the y–z plane. However, because of the strip geometry, we ne-
glect the bending in the y–z plane and consider the strip as a beam.

It is reasonable to assume there is no squashing between layers
in the height direction, and thus the deflection at any position y
equals the one in the middle plane, v(x,y, t) = v(x,h/2, t). According
to the plane cross section assumption, the displacement in x direc-
tion at position (x,y), u(x,y, t), can be calculated as

uðx; y; tÞ ¼ vxðx;h=2; tÞðh=2� yÞ þ uðx;h=2; tÞ; ð10Þ

where vx = @v/@x. In the large deflection theory, we should consider
the geometrical nonlinearity and use the nonlinear strain–displace-
ment relation

et
xxðx; y; tÞ ¼

@uðx; y; tÞ
@x

þ 1
2

@vðx; h=2; tÞ
@x

� �2

: ð11Þ

Taking the derivative with respect to x at both sides of Eq. (10), we
obtain the distribution of the total strain in the x direction

et
xxðx; y; tÞ ¼ ðh=2� yÞvxxðx; tÞ þ et

xxðx;h=2; tÞ; ð12Þ

with vxx = @2v/@x2 the curvature. According to Eq. (10). The displace-
ment at any position (x,y) can be expressed by the one in the middle
plane u(x,h/2, t) and v(x,h/2, t), so in the following, we will insert Eq.
(10), and use the single letter u and v representing the displace-
ments in the middle plane.

The Lagrange functional of the LCE strip is

L ¼ 1
2

~q
ZZZ

v
u2

t þ v2
xtðy� h=2Þ2 þ v2

t

� �
dxdydz

� 1
2

ZZZ
v
Eee2

xx dxdydz�
Z

qvdx; ð13Þ

where the first integral is the kinetic energy, with ut = @u/@t and
vt = @v/@t velocities, vxt = @2v/@x@t angular velocity, and ~q the mass
x 

q(x) 

w 

z 
I0(x) 

h 

L 

y 

Fx Fx 

Fig. 1. Schematic of the LCE strip, with the director in x direction. It is under the
upward light distribution I0(x), and the downward loading q(x).
density. In Eq. (13), we have already inserted Eq. (10). Due to the
consideration of the in-plane displacement u for the large deflection
model, we have two new terms: u2

t , which is the kinetic energy of
the middle plane displacement, and v2

xtðy� h=2Þ2, which is the ef-
fect of the rotation. The second integral is the elastic energy, with
ee

xx the elastic strain in the x direction. Inserting Eqs. (9), (12) and
(11) with y = h/2 into Eq. (13), we can see L Eq. (13) is a functional
of displacements u and v. According to the Hamilton principle, we
have

d
Z t1

t0

Ldt ¼
Z t1

t0

Z L

0
�qv tt þ

h2

12
qvxxtt þw

Z h

0
Eee

xxðy� h=2Þ
� �

xxdy

 

� qþwvxx

Z h

0
Eee

xxdy

!
dvdxdt

þw
Z t1

t0

Z L

0
�~qhutt þ

@

@x

Z h

0
Eee

xxdy

 !
dudxdt ¼ 0: ð14Þ

Since du is arbitrary, we obtain the momentum balance in the x
direction

�~qhutt þ
@

@x

Z h

0
Eee

xxdy ¼ 0: ð15Þ

Assume the membrane force in position x is Fx(x), so we haveR h
0 Eee

xxdy ¼ FxðxÞ. If we do not consider the elastic wave, we can ne-
glect the dynamic term �~qhutt , and then we have @

@x

R h
0 Eee

xxdy ¼ 0.
Thus

R h
0 Eee

xxdy ¼ Fx, where Fx is independent on x. Inserting Eqs.
(9), (12) and (11) with y = h/2 into

R h
0 Eee

xxdy ¼ Fx, we obtain

et
xxðx;h=2; tÞ ¼ uxðx; tÞ þ v2

x ðx; tÞ=2

¼ vxxðx; tÞð�yðx; tÞ � h=2Þ þ �em
xxðx; tÞ þ FxðtÞ=Eðx; tÞh; ð16Þ

where

�yðx; tÞ , 1
Eðx; tÞh

Z h

0
Eðx; y; tÞydy and

�em
xxðx; tÞ ,

1
Eðx; tÞh

Z h

0
Eðx; y; tÞem

xxðx; y; tÞdy; ð17Þ

with the effective Young’s modulus Eðx; tÞ, 1
h

R h
0 Eðx; y; tÞdy at posi-

tion x. em
xx is the light-induced strain in the x direction, and �em

xx is
the weighted average of the light-induced strain. Eq. (16) is a cou-
pling differential equation for u and v, with the unknown mem-
brane force Fx. Integrating its both sides with respect to x from 0
to L, we obtain

FxðtÞ
h
¼ E0ðtÞ e0ðtÞ � em

0 ðtÞ þ
1
2L

Z L

0
v2

x ðx; tÞdx
	

� 1
L

Z L

0
vxxðx; tÞ �yðx; tÞ � h

2

� �
dx


; ð18Þ

with

e0ðtÞ ¼
uðL; tÞ � uð0; tÞ

L
;

1
E0ðtÞ

¼ 1
L

Z L

0

dx

Eðx; tÞ
;

em
0 ðtÞ ¼

1
L

Z L

0

�em
xxðx; tÞdx: ð19Þ

Further due to the arbitrariness of dv, we obtain the dynamic deflec-
tion curve equation

qv ttðx; tÞ �
h2

12
qvxxttðx; tÞ þ ðDðx; tÞvxxðx; tÞÞxx �wFxðtÞvxxðx; tÞ

¼ �qðx; tÞ � qeff ðx; tÞ; ð20Þ

where we have already inserted Eq. (16). q ¼ wh~q is the mass per
unit length, and Dðx; tÞ is the effective bending stiffness



Fig. 2. The evolution of the membrane force Fx/3lh under the two-end clamped
boundary condition and the different light intensity i0r = 1, 3, 5.
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Dðx; tÞ ¼ EIzðx; tÞ ¼ w
Z h

0
Eðx; y; tÞðy� �yðx; tÞÞ2dy: ð21Þ

Light produces an effective optical loading qeff. qeff is defined as the
second derivative of the effective optical bending moment
qeff(x, t) , @2Meff(x, t)/@x2, where

Meff ðx; tÞ , w
Z h

0
Eðx; y; tÞ em

xxðx; y; tÞ � �em
xxðx; tÞ

� �
ydyþwFxðh=2� �yÞ

¼ Ms
eff þMF

eff : ð22Þ

The effective optical bending moment includes two terms. The first
term Ms

eff is caused by the non-uniform nonlinear light-induced
strain, which also exists in small deflection theory (Jin et al.,
2010). While the second term MF

eff is the moment produced by
the membrane force in the middle plane with respect to the bend-
ing axis �y as defined in Eq. (17). MF

eff is a new term in the large
deflection model. When there is no light, we have em

xx ¼ 0 and
�y ¼ h=2, and thus the effective moment Meff vanishes. In the deflec-
tion curve Eq. (20), the term �qh2vxxtt/12 comes from the dynamic
effect of the rotation, the term �wFxvxx comes from the consider-
ation of the effect of the large deflection bending on the geometry
and balance. In the following, we only consider the quasi-static
process, i.e., the very slow bending, and the first two dynamic terms
in Eq. (20) can be neglected.

Eq. (20) is a fourth order ordinary differential equation of v.
However, Fx is still unknown. Thus, we further need to use Eq.
(16) or (18). Then with four boundary conditions of v, and one of
u, we can solve both the deflection v and the membrane force Fx.
We can further calculate the effective bending moment, the bend-
ing curvature, the stress and strain distribution.

3. Uniform illumination

When the illumination is uniform and no mechanical loading is
applied the effective bending stiffness D and moment Meff is inde-
pendent on x, so the quasi-static deflection curve Eq. (20) can be
reduced to

Dvxxxx �wFxvxx ¼ 0: ð23Þ

If we only consider the positive membrane force, i.e.,
k2
, wFx=D > 0, the general solution for Eq. (23) is

v ¼ c1 sinh kxþ c2 cosh kxþ c3xþ c4: ð24Þ

We need five boundary conditions to decide c1 � c4 and Fx. In the
experiments, people usually fix the LCE sample by different fixtures.
Thus, in the following we will discuss the solutions under different
boundary conditions respectively.

3.1. Two-end clamped boundary condition with fixed length

If the LCE sample is clamped on both ends x = 0 and x = L, and
the length is fixed in the x direction, such as in paper (Kondo
et al., 2006), we can use the clamped boundary condition for v
and set the displacements u at the two ends are equal. The five
boundary conditions are

v jx¼0 ¼ vxjx¼0 ¼ v jx¼L ¼ vxjx¼L ¼ 0 and ujx¼L � ujx¼0 ¼ 0: ð25Þ

Insert the boundary condition of u into Eq. (18), and the membrane
force satisfies

FxL
Eh
¼ h

2
� �y

� �
ðvxjx¼L � vxjx¼0Þ þ

1
2

Z L

0
v2

x dx� �em
xxL: ð26Þ

Using the boundary conditions of v to calculate c1 � c4 in Eq. (24),
we obtain v(x) = 0. Then according to Eq. (26), the membrane force
is FxðtÞ=h ¼ �EðtÞ�em
xxðtÞ. We can see by clamping the sample on both

ends, we can prevent its bending, and only a membrane force is
needed to keep the initial length.

For the simulation in this paper, we choose the constants as
measured in the paper of Hogan et al. (2002): T0

ni ¼ 340 K;a ¼
0:22; n ¼ 0:195; b ¼ 11:8 K;D ¼ 4� 10�20 J, and define the normal-
ized variables h , T=T0

ni; i0 , sctg0I0, where sct is temperature
dependent and with i0r , i0(h = 0.88) at the room temperature.
Fig. 2 shows the evolution of the membrane force under different
light intensity i0r = 1, 3, 5, with h = 0.88, h/d = 1, L/h = 10. Fx in-
creases with time and light intensity, and arrives at a steady value
when time is large enough, which agrees with the experiments
(Kondo et al., 2006).

3.2. Two-end simply supported boundary condition with fixed length

When the fixtures of the sample can rotate freely, we consider
the boundary condition of v as simply supported on both ends.
With the fixing of the length, the five boundary conditions are

vjx¼0 ¼ Mh=2jx¼0 ¼ vjx¼L ¼ Mh=2jx¼L ¼ 0 and ujx¼L � ujx¼0 ¼ 0;

ð27Þ

where Mh/2 is the moment with respect to the middle plane
y ¼ h=2; Mh=2 ,

R h
0 Eee

xxðy� h=2Þdy ¼ �Dvxx �Meff . Thus the two
moment boundary conditions can be expressed by the derivative
of v as

vxxjx¼0 ¼ vxxjx¼L ¼ �Meff =D: ð28Þ

According to the four boundary conditions of v, we can solve the
constants c1 � c4 and expressed v by the functions of the membrane
force Fx

v ¼ Meff

Dk2

cosh kL� 1
sinh kL

sinh kx� cosh kxþ 1
� �

: ð29Þ

Inserting the boundary condition of u, Eq. (29) and its derivatives
into the force balance equation (18), we obtain a nonlinear equation
of Fx. We can numerically solve Fx, and thus v.

Fig. 3 shows the deflection curve of the LCE strip under upward
illumination and the two-end simply supported boundary. The
light intensities are i0r = 0.2, 1, 3 respectively, and the other vari-
ables are h = 0.88, h/d = 1, L/h = 10 and t ?1. The dependence of
the deflection on the light intensity is non-monotonic. The deflec-
tion first increases with the light intensity, but after a critical value



Fig. 3. The deflection curve under the two-end simply supported boundary
condition and the different light intensity i0r = 0.2, 1, 3.

Fig. 4. Dependence of the membrane force Fx/3l0h on temperature.

Fig. 5. Comparison of the deflection curve results based on the small and large
deflection theories under different temperature h = 0.88, 0.98 and the two-end
simply supported boundary condition.

I0 

k2 

k1 

Fig. 6. Schematic of the one end clamped and the other spring boundary condition.
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of the light intensity, it decreases. In the paper of Jin et al. (2010),
we have the detailed discussion about the non-monotonic behav-
iors of the small deflection light-induced bending model. The
dependence of the membrane force on the light intensity is also
strongly nonlinear. Fig. 4 shows Fx/3l0h versus temperature, with
l0 = l(h = 0.88), h/d = 1, L/h = 10, i0r = 1 and t ?1. When T � T0

ni,
the light-induced contraction is small, so the membrane force Fx/
3l0h is small. While when the temperature is close to the transi-
tion temperature T0

ni; Fx=3l0h dramatically increases with the
temperature by about one order of magnitude, and then decreases
to zero at T0

ni.
The main difference between the large and small deflection the-

ories is whether the membrane force affects the bending deflec-
tion, i.e., with or without the term wFxvxx in Eq. (23). Fig. 5
compares the deflections of large and small deflection theories un-
der temperature far from (h = 0.88) or close to (h = 0.98) the transi-
tion temperature, with h/d = 1, L/h = 10, i0r = 1 and t ?1. The lines
with solid points represent the result of the large deflection theory,
while the ones with hollow points represent the small deflection
theory. From the figure we can see the membrane force has large
effect on the deflection. Even when the temperature is far from
the transition temperature h = 0.88, the deflection calculated by
the small deflection theory is larger than the large deflection
theory by 85%. When h = 0.98, it is larger than the large deflection
theory by 250%. As a conclusion, if we fix the length of the LCE
sample, the small deflection bending theory is no longer applicable,
due to the existence of the membrane force.

3.3. One end clamped and the other spring boundary condition

As shown in Fig. 6, if the LCE sample is clamped on one end, but
fixed by springs on the other end, with the stiffness of the springs
k1 and k2, the five boundary conditions are

vjx¼0 ¼ vxjx¼0 ¼ Mh=2jx¼L ¼ 0 Q jx¼L ¼ �k1v and
wFx ¼ �k2ðujx¼L � ujx¼0Þ; ð30Þ

where Q = dMh/2/dx is the transverse force on the cross section.
According to the definition of Mh/2, the transverse force boundary
condition can be rewritten as

vxxx ¼ k1v=D: ð31Þ

Inserting the boundary condition of u into Eq. (18), we obtain the
force balance as

L

Eh
þ w

k2

� �
Fx ¼

h
2
� �y

� �
ðvxjx¼L � vxjx¼0Þ þ

1
2

Z L

0
v2

x dx� �em
xxL: ð32Þ

Following the similar procedures as last subsection, we can relate
the constants c1 � c4 to the membrane force Fx as

c1 ¼
Meff

Dk2
k3 sinh kL�ðcosh kL�1Þk1=D
k3þðkL cosh kL�sinh kLÞk1=D

;

c2 ¼ �c4 ¼
Meff

Dk2
�k3 cosh kLþðsinh kL�kLÞk1=D
k3þðkL cosh kL�sinh kLÞk1=D

;

c3 ¼
Meff

Dk

ðcosh kL�1Þk1=D�k3 sinh kL
k3þðkL cosh kL�sinh kLÞk1=D

:

ð33Þ

Insert v and its derivatives into the force balance equation (32), and
we can numerically solve Fx and thus v.



Fig. 7. The deflection curves of the LCE strip under the one end clamped and the
other spring boundary condition with different spring stiffness k/3lw = 1e�3, 2e�3,
1e�2, 0.5, 10.

Fig. 8. The displacements of the right end u and v versus the spring stiffness.

Fig. 9. The distribution of the effective moment Ms
eff =3lwh2 in the x direction with

different half width of the laser a = 0.1L, 0.3L, 0.5L.
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Fig. 7 shows the deflection curve under different spring stiff-
ness, when k1 = k2 = k, k/3lw = 1e�3, 2e�3, 1e�2, 0.5, 10,
h = 0.88, h/d = 1, L/h = 10, i0r = 1 and t ?1. When the stiffness of
the spring is small, such as k/3lw = 1e�3, the spring k1 has little
constraint to the deflection, so the LCE sample bends downward
and almost all the deflection is negative under the upward illumi-
nation as shown in Fig. 6. With the increase of k, the constraint ef-
fect of the spring k1 becomes larger, the negative deflection of the
right end becomes smaller, and the deflection of the middle part
starts to be positive. When k is very large, such k/3lw = 0.5 or
10, the deflection of the right end is almost zero. Under the bound-
ary condition of one end clamped and the other spring, besides the
displacement in the y direction, the displacement in the x direction
is also large. Fig. 8 shows the displacements of the right end u and v
versus k, with k1 = k2 = k and the variables same as in Fig. 7. With
the increase of k, both u and v increase from the negative values
to zero, while the magnitude of u is always larger than v.

4. Non-uniform illumination

In Section 3, we discuss LCEs’ light-induced bending under
uniform illumination. However, in real applications, non-uniform
illumination is often used. In this section, we will discuss the
light-induced bending of LCEs under non-uniform laser illumina-
tion. In this situation, the effective moment Meff, Young’s modulus
and the bending stiffness are all functions of position x. Eq. (23) is
no longer applicable, and we need to turn back to Eq. (20).

4.1. Effective optical bending moment

Lasers are frequently used to illuminate a LCE sample. Many la-
sers emit beams, with the amplitude of the electric field U satisfy-
ing a Gaussian distribution (Saleh and Teich, 1991)

Uðr; yÞ ¼ Uð0; yÞ exp � r2

aðyÞ2

 !
; ð34Þ

where y is the direction of the light propagation, r is the radial dis-
tance from the center axis of the beam, and a(y) is the radius at
which the field amplitude drops to 1/e of their axial value.

Now we consider a LCE strip illuminated by a laser, as shown in
Fig. 1. Because its length L is much larger than its width w and
height h, L�w� h, we neglect the bending in the y–z plane but
consider the LCE strip as a beam with bending in the x–y plane
only. Since I = U2, the light intensity distribution on the surface of
the sample is

I0ðxÞ ¼ Im exp �2ðx� bÞ2

a2

 !
; ð35Þ

where b is the illumination center (0 6 b 6 L), Im is the light
intensity at x = b on the surface, and a = a(0) is the half width of
the distribution of the electric field on the surface. Based on
the light intensity distribution I0(x), we can further calculate
em

xxðx; y; tÞ; Eðx; y; tÞ; Dðx; tÞ, the effective moment generated by the
non-uniform nonlinear light-induced strain Ms

eff and the corre-
sponding effective optical loading qs

eff ðx; tÞ , @
2Ms

eff ðx; tÞ=@x2.
First we talk about the situation when the illumination center is

at the middle of the LCE sample b = 0.5L. Fig. 9 shows the distribu-
tion of the effective moment Ms

eff in the x direction under laser
illumination with different distribution half width of the electric
field a = 0.1L, 0.3L, 0.5L. The other variables are imr , sct(h =
0.88)g0Im = 1, t ?1 and h = 0.88. When the LCE sample is illumi-
nated by lasers with the same light intensity Im, but different
distribution width of the electric field, the effective moments Ms

eff

at the illumination center is the same. With the increase of the half
width a, the width of the effective moment increases. At the same
position x, the light intensity increases, and thus the effective



Fig. 10. The distribution of the effective moment Ms
eff =3lwh2 in the x direction

under different light intensity imr = 0.5, 1, 3, 5, 10. Fig. 11. The deflection curves under the two-end clamped and simply supported
boundary conditions.

Fig. 12. The deflection curves under the two-end clamped boundary condition with
different half width of the electric field a = 0.1L, 0.3L, 0.4L, 0.5L, 0.6L.
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moment increases when the light intensity is not too large. How-
ever, when the light intensity is large enough, with the increase
of the light intensity, the effective moment decreases. As shown
in Fig. 10, when a = 0.5L, t ?1 and h = 0.88, under the small light
intensity such as imr = 0.5, 1, the effective moment is the largest in
the illumination center, but decays at the two ends. On the con-
trary, when the light intensity is large such as imr = 3, 5, 10, the
effective moment at the illumination center is smaller than the
two end regions. This non-monotonic dependence of the effective
moment Ms

eff on light intensity can be understood as following:
the increase of the light intensity only increases the light-induced
strain, but not necessarily the inhomogeneity of the distribution of
the light-induced strain due to the nonlinearity of the distribution
of the cis isomers Eq. (6) and the nonlinearity of the dependence of
the light-induced strain on the number fraction of cis isomers Eqs.
(2) and (8), while it is the inhomogeneity that determines the
effective moment Ms

eff , as shown in Eq. (22) (Jin et al., 2010). Thus
it is possible that the effective moment Ms

eff is smaller at the posi-
tion where the light intensity is bigger.

Besides Ms
eff , the total effective optical bending moment in-

cludes another term MF
eff . MF

eff is the moment produced by the
membrane force in the middle plane with respect to the bending
axis. Thus it is a new term due to the effect of large deflection.
We can only calculate MF

eff after we solve the membrane force,
and we will talk about MF

eff in the next subsection.
4.2. Solution of deflection curve and membrane force equations

We further need to solve the deflection curve Eq. (20) for the
LCEs under non-uniform illumination. It is a fourth order nonlinear
nonhomogeneous differential equation, coupled with the force bal-
ance equation (18). There is no analytical solution for this problem.
We use finite difference method to coupling solve these two equa-
tions. It allows us to solve the equations under any boundary con-
ditions and illumination.

As a result, Fig. 11 shows the deflection curves under the two-
end clamped and simply supported boundary conditions, both
with imr = 1, a/L = 0.1, h = 0.88, h/d = 1, L/h = 10 and t ?1. From
the figure we can see the boundary condition has large effect on
the bending deflection. The deflection of the two-end clamped sit-
uation is smaller than the one that is simply supported. Fig. 12
shows the deflection curves under the clamped boundary condi-
tion with different half width a = 0.1L, 0.3L, 0.4L, 0.5L, 0.6L. The
other variables are imr = 1, h = 0.88, h/d = 1, L/h = 10 and t ?1.
With the increase of the half width, the effective moment at any
position increases, but due to the clamped boundary condition,
the deflection may decrease. When a ?1, it is just the situation
of uniform illumination as discussed in Section 3.1, and thus the
deflection tends to be zero. In Fig. 10, we have already shown the
distribution of the effective moment which is larger at the two
ends but smaller at the illumination center. Similarly, the deflec-
tion also has non-monotonic dependence on the light intensity.
Fig. 13 shows the deflection curves under the simply supported
boundary condition and the different light intensity imr = 0.5, 1, 5,
20. The other variables are a/L = 0.1, h = 0.88, h/d = 1, L/h = 10 and
t ?1. We can see with the increase of the light intensity, the
deflection first increases and then decreases.

The membrane force is mainly caused by the light-induced con-
traction, so the boundary condition of v has little effect on the
membrane force. Here we only show an example of the membrane
force under the two-end clamped boundary condition. Fig. 14 is the
evolution of the membrane force Fx with different half width
a = 0.1L, 0.2L, 0.3L, 0.5L, and the other variables are imr = 1,
h = 0.88, h/d = 1, L/h = 10. Since the light-induced strain increases
with the illumination time, the membrane force also increases
with time. With the increase of the half width a, the light-induced
strain at any position x increases and the width of the light-
induced strain becomes larger. According to force balance equation



Fig. 13. The deflection curves under the two-end simply supported boundary
condition and different light intensity imr = 0.5, 1, 5, 20.

Fig. 14. The evolution of the membrane force Fx/3lh under the two-end clamped
boundary condition with different half width a = 0.1L, 0.2L, 0.3L, 0.5L.

Fig. 15. The distribution of the total effective optical moment Meff and the effective
moment caused by the inhomogeneous light-induced strain Ms

eff under different
light intensity imr = 5, 10.

Fig. 16. The deflection curves with the different illumination position b = 0.1L, 0.2L,
0.3L, 0.5L, under the two-end simply supported boundary condition.

L. Jin et al. / International Journal of Solids and Structures 48 (2011) 3232–3242 3239
(18), the membrane force Fx is related to the force produced by the
average light-induced strain over the whole length, so Fx monoton-
ically increases with a.

Usually the effective moment generated by the membrane force
MF

eff is small, so Ms
eff , the effective moment generated by the inho-

mogeneous light-induced strain, is still the main part of Meff. How-
ever, when the half width a and the light intensity Im are large, and
the temperature is close to the transition temperature T0

ni, the
membrane force Fx is large and the bending axis �y is far from h/2,
and thus MF

eff may be large. Fig. 15 compares the difference of Meff

and Ms
eff under the large light intensity imr = 5, 10, with large half

width a = 0.5L, and under high temperature h = 0.98. The other
variables are h/d = 1 and L/h = 10. The difference of Meff and Ms

eff ,
i.e., MF

eff , can be as large as 30% of the total effective optical bending
moment Meff.

4.3. Controlling LCEs’ deflection

For the photochromic LCEs, the deflection can be controlled by
light, which may create 3D movement (Yamada et al., 2009). In the
paper of Huo et al., 2011, patterned LCE composite films were
designed and bending deflection was simulated. In our model here,
we can simulate the variation and controlling of the deflection of
the LCE strip by changing the illumination position, the illumina-
tion direction, the light intensity, the distribution half width of
the electric field and so on. Our model includes a deflection curve
differential equation and a force balance equation. By these two
equations, we can solve the deflection curve under any illumina-
tion, uniform or non-uniform. In this subsection, we will give some
simple examples.

First let us consider the illumination position. Fig. 16 shows the
deflection curves of the LCE sample under the upward laser illumi-
nation at different positions b = 0.1L, 0.2L, 0.3L, 0.5L under the two-
end simply supported boundary condition. As shown in Fig. 16,
when the position of the illumination center b is changed, the
shape of the deflection curve varies. Since the boundary condition
is symmetric, here we only discuss the situation of b < 0.5L. The
other variables are a/L = 0.1, imr = 1, h = 0.88, h/d = 1, L/h = 10 and
t ?1. When the illumination center moves to the left, the position
of the largest deflection moves to the left, and its magnitude de-
creases. The LCE sample always bends away from the light. How-
ever, when we change the boundary condition to the two-end
clamped boundary condition, and keep all the other conditions,
as shown in Fig. 17, the LCE sample may bend toward the light.
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When we move the illumination center from the middle to the left,
first, the position of the largest deflection moves to the left and the
magnitude decreases, just like the situation of the simply sup-
ported boundary condition. However, when b is smaller than a crit-
ical position, the deflection starts to be negative, due to the
constraint of the boundary. When b = 0.1L, almost all the deflection
curve becomes negative.

We can also use several lasers to control the deflection of the
LCE sample. As shown in Fig. 18, we simulate the deflection curve
of the LCE sample under two upward laser illuminations with the
two-end clamped boundary condition. The first laser is in the posi-
tion b1 = 0.2L, with a1 ¼ 0:1L; i1

mr ¼ 1, and the second laser is in the
position b2 = 0.7L, with a2 ¼ 0:2L; i2

mr ¼ 1. The other variables are
h = 0.88, h/d = 1, L/h = 10 and t ?1. There are two peaks of the
deflection at the two illumination centers. The second laser, which
is farther to the boundary constraint and has larger half width, can
Fig. 17. The deflection curves with the different illumination position b = 0.1L, 0.2L,
0.3L, 0.4L, 0.5L, under the two-end clamped boundary condition.

Fig. 18. The deflection curve of the LCE sample under two upward laser
illuminations.
cause larger deflection. Fig. 19 shows the deflection curve of a LCE
sample under one upward laser and another downward laser
illumination with the two-end simply supported boundary
condition. The first laser is upward in the position b1 = 0.2L, with
a1 ¼ 0:2L; i1

mr ¼ 1, and the second laser is downward in the
position b2 = 0.7L, with a2 ¼ 0:1L; i2

mr ¼ 2. The other variables are
the same as in Fig. 18. The two upward and downward illumina-
tions cause a wave shape of the LCE sample, with one positive
and one negative peak. However, the two peaks deviate a little
from the illumination centers because of the coordination of the
Fig. 19. The deflection curve of the LCE sample under one upward and another
downward laser illuminations.

Fig. 20. The deflection curve of the LCE sample under two upward and two
downward laser illuminations.
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two deformations. Although the second laser has larger light inten-
sity and is farther to the boundary, the first peak is larger, because
the first illumination has larger half width, which has larger effect
here.

In Fig. 20, we simulate the deflection curve of a LCE sample
under two upward and two downward laser illuminations with
the two-end simply supported boundary condition. The two
upward lasers are in the position b = 0.125L and b = 0.625L, i.e.,
the one-eighth and five-eighth of the sample, while the two
downward lasers are in the position b = 0.375L and b = 0.875L,
i.e., the three-eighth and seven-eighth of the sample. All the la-
sers are the same with a = 0.1L and imr = 1. The other variables
are the same as in Fig. 18. The LCE sample deforms like a worm.
If we can further move the illumination centers, the ‘worm’ can
squirm.
5. Conclusions

In this paper we construct a large deflection light-induced
bending model for LCEs, taking account that in the experiments
the LCE sample under the illumination is always thin, has large
bending deflection and is sometimes constrained at the two ends.
In this model, we consider the membrane force and its effect to the
bending geometry and force balance. We derive the force balance
equation and the deflection curve differential equation by the
Hamilton principle. The effect of light on the bending is defined
as the effective optical bending moment and the effective optical
loading. Calculation shows that when the light-induced contrac-
tion is constrained, the membrane force has large effect on the
bending. At this time, the small deflection theory is not applicable,
and we have to use the large deflection theory.

For the situation of the uniform illumination, we solve the
deflection curve differential equation by an analytical-numerical
method, and obtain the deflection curves under the clamped,
imply supported and spring boundary conditions. As a result,
the dependence of the deflection on the light intensity is non-
monotonic. When the temperature is close to the transition
temperature, the membrane force is much larger than the low
temperature.

We further simulate the light-induced bending under the non-
uniform laser illumination. We use the finite difference method
to discrete the deflection curve equation, and coupling solve it with
the force balance equation. The results show that the boundary
conditions have large effect on the deflection. The deflection may
decrease with the increase of the light intensity and the half width
of the electric field. By changing the illumination position, the illu-
mination direction, the light intensity and the half width of the
electric field, we can vary the deflection of the LCE sample and con-
trol its shape. For the two-end clamped boundary condition, if we
move the laser illumination from the middle to the end, the sample
will change its shape from bending away from the laser to toward
the laser.

However, our model is still a one-dimensional beam bending
model, and it can be generalized to the two-dimensional plate
bending situation. After that, we can further consider the bending
under the polarized light, and simulate the controlling of the bend-
ing deflection. This will be our future work.
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