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1. Introduction

In this article we consider the problem of dependence on an unknown parameteq of
the solutionz(t;q) of the semilinear abstract Cauchy problem

(P)q

{
d
dt

z(t) = A(q)z(t) + F(q, t, z(t)), z(t) ∈ Z,

z(0) = z0, t ∈ [0, T ],
whereZ, a Banach space,q ∈ Qad ⊂ Q, a normed linear space (Qad is an open subse
of Q), andA(q) is the infinitesimal generator of an analytic semigroupT (t;q) on Z for
all q ∈ Qad. The spacesZ andQ are referred to as the state space and the parameter s
respectively, whileQad will be referred to as the admissible parameter set. The setQad
reflects the fact that sometimes not all elements ofQ are “admissible” for the particula
problem at hand, although quite often one hasQad= Q.

Parameter identification problems for system(P)q and other similar type of equa
tions [2,5,7] are usually solved by direct methods such as quasilinearization. F
application of these methods it is essential that solutions be differentiable with resp
the parameterq. For a concrete application of quasilinearization in a model similar to(P)q
for the dynamics of Shape Memory Alloys see [10].

In 1977, Clark and Gibson [4] analyzed the differentiability of solutions in linear
stract Cauchy problems of the type

d

dt
z(t) = A(q)z(t) + u(t),

whereA(q) generates a strongly continuous semigroup andA(q) = A+B(q) whereB(q)

is assumed to be bounded. That is, the dependence onq comes through a bounded comp
nent ofA(q).

Later on, in 1982 [1] this problem was studied under weaker assumptions, allowi
the parameterq to appear in unbounded terms ofA(q).

In 2000 Burns et al. [3] derived conditions under which the solutions of nonli
Cauchy problems of the type

d

dt
z(t) = Az(t) + F

(
q, t, z(t)

)
,

are differentiable with respect to the parameterq. In this case, the parameterq was not
allowed to appear in the linear part of the equation.

In this article we shall obtain conditions under which the solutions of the genera
stract Cauchy problem(P)q are Fréchet differentiable with respect toq. To our knowledge
this problem has never been dealt with before. Moreover, we will prove that, under c
conditions, the corresponding Fréchet derivatives are solutions of particular nonho
neous evolution equations called the “sensitivity equations.” We will provide an ex
form for these equations.

2. Preliminary results
Throughout this paper we shall consider the following standing hypotheses:
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H1: There existε0 > 0 such that the type ofT (t;q), call it wq , is less than or equal to−ε0

for all q ∈ Qad and there existsCq > 0 such that‖T (t;q)‖ � Cqe−ε0t for all t � 0
andq ∈ Qad. The constantCq depends onq but it can be chosen independent ofq on
compact subsets ofQad.

Note. Although we will make explicit use of the hypothesiswq � −ε0 for q ∈ Qad, this
can be relaxed by requiring only that supq∈Qad

wq < ∞.

H2: D(A(q)) = D is independent ofq andD is a dense subspace ofZ.

For q ∈ Qad, let σ(A(q)), ρ(A(q)) denote the spectrum and resolvent, respectiv
of the operatorA(q). Sincewq � −ε0, we have sup{Re(λ), λ ∈ σ(A(q))} � −ε0. For
λ ∈ C such that Re(λ) > −ε0 the fractional powers(λI − A(q))δ of λI − A(q) are
well defined, closed, linear, invertible operators inZ when δ ∈ [0,1] (see [13, Sec
tion 2.6]). We shall denote byZq,δ the spaceD((−A(q))δ) embedded with the norm o
the graph of(−A(q))δ . For fixedδ, these spaces are all the same, independent ofq, since
D((−A(q))δ) = [D,Z]1−δ (the real interpolation space of order 1− δ betweenD andZ),
in the sense of an isomorphism (see [8, Corollary 2.2.3]). Hence, for allq ∈ Q, these
spaces are all set theoretically equal and topologically isomorphic. In order to sim
the notation, we shall then denoteD((−A(q))δ) with Dδ andZq,δ with Zδ . Now, since
0 ∈ ρ(A(q)), it follows that the graph norm is equivalent to‖z‖q,δ = ‖(−A(q))δz‖. Also,

there exists a constantMq such that‖(−A(q))δT (t;q)‖ � Mq
e−ε0t

t δ
, for all t > 0 (see [13,

Theorem 2.6.13]).

H3: There exists a constantδ ∈ (0,1) such that the mappingF : Qad×[0, T ]×Zq,δ → Z

is locally Lipschitz continuous int and z; i.e., for anyq ∈ Qad and any bounded
subsetU of [0, T ] × Zδ there exists a constantL = L(q,U) such that fori = 1,2,

∥∥F(q, t1, z1) − F(q, t2, z2)
∥∥

Z
� L

(|t1 − t2| + ‖z1 − z2‖q,δ

)
for (ti , zi) ∈ U , where the constantL can be chosen independent ofq on any compac
subset ofQad.

This regularity condition guarantees existence and uniqueness of solutions of
lem (P)q , provided that the initial conditionz0 is in Zδ . See [12] and [11] for details.

We will now state and prove two results that will be needed later on.

Lemma 1. Under hypothesesH1 andH2, for anyq1, q2 ∈ Qad andδ ∈ (0,1) we have:

(i) A(q1)(−A(q2))
−δ is bounded onZ1−δ .

(ii ) A(q1)T (·;q2) ∈ L1(0,∞;L(Z)) and A(q1)T (·;q2) ∈ L∞(η,∞;L(Z)) for each
η > 0.

(iii ) T (·;q2) ∈ L1(0,∞ : L(Z,Zq1,δ)) and T (·;q2) ∈ L∞(η,∞;L(Z;Zq1,δ)) for each

η > 0.
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Proof. Since A(q2) is the infinitesimal generator of an analytic semigroupT (t;q2),
this semigroup commutes with any fractional power of−A(q2). Hence, for anyz ∈
D((−A(q2))

δ) and anyt > 0 we have

A(q1)T (t;q2)z = A(q1)T (t;q2)
(−A(q2)

)−δ(−A(q2)
)δ

z

= A(q1)
(−A(q2)

)−δ
T (t;q2)

(−A(q2)
)δ

z.

Note that(−A(q2))
−δ ∈ L(Z) andA(q1) is closed. By the Closed Graph Theorem

follows thatA(q1)(−A(q2))
−δ is bounded onD((−A(q2))

1−δ) (this proves (i)), which is
dense inZ.

Hence, forz ∈ D((−A(q2))
δ),

∥∥A(q1)T (t;q2)z
∥∥ �

∥∥A(q1)
(−A(q2)

)−δ∥∥
L(Z1−δ,Z)

∥∥T (t;q2)
(−A(q2)

)δ
z
∥∥

� C(q1, q2)Mq2

e−ε0t

t δ
‖z‖. (1)

Sincez ∈ D((−A(q2))
δ) is dense inZ andA(q1)T (t;q2) is everywhere defined, it follow

that (1) holds for allz ∈ Z.
Therefore∥∥A(q1)T (t;q2)

∥∥
L(Z)

� C(q1, q2)Mq2t
−δe−ε0t , t > 0,

which clearly implies (ii) since 0< δ < 1 andε0 > 0.
Finally,

∥∥(−A(q1)
)δ

T (t;q2)
∥∥
L(Z)

= ∥∥(−A(q1)
)δ−1

A(q1)T (t;q2)
∥∥
L(Z)

�
∥∥(−A(q1)

)δ−1∥∥
L(Z)

∥∥A(q1)T (t;q2)
∥∥
L(Z)

� C(q1)
∥∥A(q1)T (t;q2)

∥∥
L(Z)

.

Thus, fort > 0,∥∥T (t;q2)
∥∥
L(Z;Zq1,δ)

� C(q1)
∥∥A(q1)T (t;q2)

∥∥
L(Z)

� C̃(q1, q2)t
−δe−ε0t .

Hence (iii) follows and the desired result is established.�
Note. Although this result clearly implies that the operatorA(q1)T (t;q2) is bounded for
t > 0, no uniform bound can be found fort near zero. Forq1 = q2 = q, Lemma 1 implies,
in particular, that the derivatived

dt
T (t;q) of the solution operator of the homogeneo

equation associated with(P)q is integrable in a neighborhood oft = 0.

We will also require thatA(q) be “well-behaved” with respect toq in the following
sense:

H4: For theδ in H3 and for anyq1, q2 ∈ Qad there are constantsM(q1, q2) andC(q1, q2)

both depending onq1 andq2, such that‖(−A(q1))
δ(−A(q2))

−δ‖L(Z) � M(q1, q2),

‖A(q1)[A(q2)]−1 − I‖ � C(q1, q2) andC(q1, q2) → 0 asq1 → q2.
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For an example of a family of differential operators satisfying hypothesis H4 see
Lemma 2.4, Appendix].

Note. It is sufficient to request that H4 be true forδ = 1, since in that case, it can be show
that the first inequality of H4 holds for any 0< δ � 1 (see [9, Lemma 3.3]). We point o
that we can establish Theorem 2 below replacing H4 with the following hypothesis:

H4′: For eachq0 ∈ Qad there existsC = C(q0) such that∥∥(
A(q) − A(q0)

)
z
∥∥ � C‖q − q0

∥∥∥∥A(q0)z
∥∥, z ∈ D, q ∈ Qad.

Theorem 2. SupposeH1–H4 hold. Then for anyq0 ∈ Qad and ε > 0, there exists̃δ > 0
such that∥∥A(q)T (·, q0)z − A(q0)T (·, q0)z

∥∥
L1(0,∞;Z)

� ε‖z‖
for all z ∈ Z, and for allq ∈ Qad satisfying‖q − q0‖ < δ̃, that is∥∥A(q)T (·, q0) − A(q0)T (·, q0)

∥∥
L1(0,∞;L(Z))

� ε,

or equivalently, for every fixedq0 ∈ Qad the mapping fromQ into L1(0,∞;L(Z)) defined
by

q → A(q)T (·, q0)

is continuous onQad.

Proof. Let ε > 0, q0 ∈ Qad. Then forz ∈ Z we have
∥∥A(q)T (·;q0)z − A(q0)T (·;q0)z

∥∥
L1(0,∞;Z)

=
∞∫

0

∥∥A(q)T (t;q0)z − A(q0)T (t;q0)z
∥∥

Z
dt

=
∞∫

0

∥∥(
A(q)A(q0)

−1 − I
)
A(q0)T (t;q0)z

∥∥
Z

dt

�
∥∥A(q)A(q0)

−1 − I
∥∥

∞∫
0

∥∥A(q0)T (t;q0)z
∥∥

Z
dt

� C(q, q0)
∥∥A(q0)T (·, q0)

∥∥
L1(0,∞;L(Z))

‖z‖
� ε‖z‖ for ‖q − q0‖ < δ̃,

whereC(q, q0) is the constant in H4. We have used Lemma 1(ii) to obtain the ne
last inequality while the last inequality follows by choosingδ̃ small enough such tha

−1 ˜
C(q, q0) � ε[‖A(q0)T (·;q0)‖L1(0,∞;L(Z))] andq ∈ Qad, for ‖q − q0‖ < δ. �
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3. Main results

We now proceed to prove the main results. Recall that forz0 ∈ Zδ , the solutionz(t;q)

of (P)q satisfies the integral equation

z(t;q) = T (t;q)z0 +
t∫

0

T (t − s;q)F
(
q, s, z(s;q)

)
ds

.= T (t;q)z0 + S(t;q), t ∈ [0, T ].
It is important to note here that whileS(t;q) is defined only fort ∈ [0, T ] (where solutions
of (P)q are known to exist),T (t;q)z0 is defined for allt � 0.

Consider now the following standing hypothesis concerning theq-regularity of
d
dt

T (t;q):

H5: The mappingq → A(q)T (·;q0) from Q into L1(0,∞;L(Z)) is Fréchet differen-
tiable atq0 for all q0 ∈ Qad (under H1–H4, we already know that this mapping
continuous, by virtue of Theorem 2).

Observation. No general conditions on the family of operatorsA(q) are known to guar
antee hypothesis H5. However, in some examples H5 does hold. For example, in th
of linear delay differential equations, withq denoting the vector of delays (see [1]).

Theorem 3. SupposeH1–H5 hold. It follows that

(i) The mappingq → T (·;q) fromQ → L∞(0,∞;L(Z)) is Fréchet differentiable atq0,
for eachq0 ∈ Qad. Moreover, for anyt > 0 and h ∈ Qad the q-Fréchet derivative
of T (t;q) evaluated atq0 ∈ Qad and applied toh ∈ Q, i.e., [DqT (t;q0)]h, is the
solution vh(t) of the following linear IVP, the so-called “sensitivity equation” f
T (t;q), in L(Z),

(S1)

{
d
dt

vh(t) = A(q0)vh(t) + [DqA(q)T (t;q0)|q=q0]h,

vh(0) = 0,

and
(ii ) for everyq0 ∈ Qad, DqT (·;q0) = DqT (·;q)|q=q0 ∈ L∞(0,∞;L(Q;L(Z))).

Proof. Let q0 ∈ Qad. From Lemma 1(ii) and Theorem 2 it follows immediately that
z0 ∈ D, A(q)T (·;q0)z0, viewed as a mapping fromQ into L1(0,∞;Z) satisfies the hy
potheses of Theorem 1 in [1] and thereforeT (t;q)z0 is Fréchetq-differentiable atq0
as a mapping fromQ into Z (in fact, our hypothesis H5 implies hypothesis H6 in [
Lemma 1(ii) implies hypothesis H4 in [1] and Theorem 2 implies hypothesis H5 in
Moreover, we have

[
DqT (t;q0)z0

]
(·) =

t∫
T (t − s;q0)

[
DqA(q)T (s;q0)z0|q=q0

]
(·) ds. (2)
0
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It remains to show the Fréchet differentiability of the mappingq → T (·;q) when
viewed as a mapping formQ into L∞(0,∞;L(Z)), i.e., in the strongerL∞(0,∞;L(Z))

norm. Letε > 0, t > 0 andq0 ∈ Qad. First note that for anyh ∈ Q with ‖h‖ < δ̃ (δ̃ as
appearing in Theorem 2) we have

d

dt

[
T (t;q0 + h)z0 − T (t;q0)z0

]
= A(q0 + h)T (t;q0 + h)z0 − A(q0)T (t;q0)z0

= A(q0 + h)
[
T (t;q0 + h)z0 − T (t;q0)z0

] + (
A(q0 + h) − A(q0)

)
T (t;q0)z0.

From Theorem 2 we have(A(q0 + h) − A(q0))T (·;q0)z0 ∈ L1(0,∞;Z). It follows
(see [13, Corollary 2.2]) that

T (t;q0 + h)z0 − T (t;q0)z0

=
t∫

0

T (t − s;q0 + h)
(
A(q0 + h) − A(q0)

)
T (s;q0)z0 ds. (3)

Therefore, for allh ∈ Q with ‖h‖ < δ̃, we have
∥∥T (t;q0 + h)z0 − T (t;q0)z0

∥∥
Z

�
t∫

0

Mq0+he
−ε0(t−s)

∥∥(
A(q0 + h)T (s;q0) − A(q0)T (s;q0)

)
z0

∥∥
Z

ds

� C
∥∥(

A(q0 + h)T (·;q0) − A(q0)T (·;q0)
)
z0

∥∥
L1(0,∞;Z)

� Cε‖z0‖Z,

where the last inequality holds by virtue of H5. Thus fort > 0,∥∥T (t;q0 + h) − T (t;q0)
∥∥
L(Z)

� Cε for ‖h‖ < δ̃, (4)

and, since the constantC above does not depend ont ,∥∥T (·;q0 + h) − T (·;q0)
∥∥

L∞(0,∞;L(Z))
� Cε for ‖h‖ < δ̃.

Hence we have the estimate
∥∥∥∥∥T (t;q0 + h) − T (t;q0) −

t∫
0

T (t − s;q0)
[
DqA(q)T (s;q0)|q=q0

]
hds

∥∥∥∥∥
L(Z)

=
∥∥∥∥∥

t∫
0

{
T (t − s;q0 + h)

(
A(q0 + h) − A(q0)

)
T (s;q0)

− T (t − s;q0)
[
DqA(q)T (s;q0)|q=q

]
h
}
ds

∥∥∥∥
0 ∥
L(Z)
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t∫
0

[
T (t − s;q0 + h) − T (t − s;q0)

](
A(q0 + h)T (s;q0) − A(q0)T (s;q0)

)
ds

+
t∫

0

T (t − s;q0)
[
A(q0 + h)T (s;q0) − A(q0)T (s;q0)

− [
DqA(q)T (s;q0)|q=q0

]
h
]
ds

∥∥∥∥∥
L(Z)

�
t∫

0

∥∥T (t − s;q0 + h) − T (t − s;q0)
∥∥
L(Z)

× ∥∥A(q0 + h)T (s;q0) − A(q0)T (s;q0)
∥∥
L(Z)

ds

+
t∫

0

∥∥T (t − s;q0)
∥∥
L(Z)

∥∥A(q0 + h)T (s;q0) − A(q0)T (s;q0)

− [
DqA(q)T (s;q0)|q=q0

]
h
∥∥
L(Z)

ds

� εC

t∫
0

∥∥A(q0 + h)T (s;q0) − A(q0)T (s;q0)
∥∥
L(Z)

ds

+ C

t∫
0

∥∥A(q0 + h)T (s;q0) − A(q0)T (s;q0)

− [
DqA(q)T (s;q0)|q=q0

]
h
∥∥
L(Z)

ds

= εC
∥∥A(q0 + h)T (·;q0) − A(q0)T (·;q0)

∥∥
L1(0,t;L(Z))

+ C
∥∥A(q0 + h)T (·;q0) − A(q0)T (·;q0)

− [
DqA(q)T (·;q0)|q=q0

]
h
∥∥

L1(0,t;L(Z))

� εC
∥∥A(q0 + h)T (·;q0) − A(q0)T (·;q0)

− [
DqA(q)T (·;q0)|q=q0

]
h
∥∥

L1(0,∞;L(Z))

+ εC
∥∥[

DqA(q)T (·;q0)|q=q0

]
h
∥∥

L1(0,∞;L(Z))

+ C
∥∥A(q0 + h)T (·;q0) − A(q0)T (·;q0)

− [
DqA(q)T (·;q0)|q=q0

]
h
∥∥

L1(0,∞;L(Z))

= (ε + 1)C
∥∥A(q0 + h)T (·;q0) − A(q0)T (·;q0)

− [
DqA(q)T (·;q0)|q=q0

]
h
∥∥

L1(0,∞;L(Z))

+ εC
∥∥[

DqA(q)T (·;q0)|q=q0

]
h
∥∥

L1(0,∞;L(Z))
. (5)
Now by hypothesis H5 for the givenε > 0 there existsξ > 0 such that
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∥∥A(q0 + h)T (·;q0) − A(q0)T (·;q0) − [
DqA(q)T (·;q0)|q=q0

]
h
∥∥

L1(0,∞;L(Z))

� ε‖h‖ (6)

for ‖h‖ < ξ .
Also, since DqA(q)T (·;q0)|q=q0 ∈ L(Q,L1(0,∞;L(Z))), there existsM , 0 <

M < ∞, such that∥∥DqA(q)T (·, q0)|q=q0

∥∥
L(Q,L1(0,∞,L(Z)))

� M. (7)

Finally, employing (6) and (7) in (5), we get that for‖h‖ < min(δ̃, ξ),
∥∥∥∥∥T (t;q0 + h) − T (t;q0) −

t∫
0

T (t − s;q0)
[
DqA(q)T (s;q0)|q=q0

]
hds

∥∥∥∥∥
L(Z)

� (ε + 1)Cε‖h‖ + εCM‖h‖ � Kε‖h‖.
Here, the constantK depends onq0 (and also oñδ andξ ), but not ont . Hence the mappin
from Q into L∞(0,∞;L(Z)) defined by

q → T (·;q)

is Fréchetq-differentiable atq0 and

[
DqT (t;q0)

]
(·) =

t∫
0

T (t − s;q0)
[
DqA(q)T (s;q0)|q=q0

]
(·) ds. (8)

It is therefore clear that for everyh ∈ Q, the Fréchet derivative[DqT (t;q0)]h is in fact the
solutionvh(t) of the IVP(S1) in L(Z). Sinceq0 ∈ Qad is arbitrary, part (i) of the theorem
follows.

To prove (ii) we first note that by H5, forq0 ∈ Qad, DqA(q)T (·;q0)|q=q0 ∈ L(Q;
L1(0,∞;L(Z))) and thus there existsC = C(q0) such that forh ∈ Q,∥∥DqA(q)T (·;q0)|q=q0h

∥∥
L1(0,∞;L(Z))

� C(q0)‖h‖. (9)

Now, it follows from (8) that fort > 0, q0 ∈ Qad andh ∈ Q,

∥∥[
DqT (t;q0)

]
h
∥∥
L(Z)

� Mq0

t∫
0

∥∥DqA(q)T (s;q0)|q=q0h
∥∥
L(Z)

ds

� Mq0

∥∥DqA(q)T (·;q0)|q=q0h
∥∥

L1(0,∞;L(Z))

� Mq0C(q0)‖h‖
= C̃(q0)‖h‖.

Thus ∥∥DqT (t;q0)
∥∥
L(Q;L(Z))

� C̃(q0),

and sinceC̃(q0) does not depend ont > 0, it follows that DqT (·;q0) ∈ L∞(0,∞;

L(Q;L(Z))). �
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The next two theorems show that under slightly stronger assumptions on the
ping q → A(q)T (·;q0), it is possible to obtain the Lipschitz continuity of the mapp
q → DqT (·;q0) as a mapping fromQ into L∞(0,∞;L(Q;L(Z))) and fromQ into
L∞(0,∞;L(Q;L(Z,Zδ))). More precisely, consider the following hypothesis:

H6: The mappingq → DqA(q)T (·;q0) from Q into L1(0,∞;L(Q;L(Z))) is locally
Lipschitz continuous atq0, for all q0 ∈ Qad.

Theorem 4. Let q0 ∈ Qad and assume hypothesesH1–H6 hold. Then the mappingq →
DqT (·;q0) fromQ into L∞(0,∞;L(Q;L(Z))) is locally Lipschitz continuous atq0.

Proof. First of all, note that hypotheses H1–H5 imply, by virtue of Theorem 3
that DqT (·;q0) ∈ L∞(0,∞;L(Q;L(Z))). Now, let t > 0, q0 ∈ Qad, select h ∈ Q

such that‖h‖ < δ̃ (δ̃ as appearing in Theorem 2) and let us denoteGq(t;q0)(·) =
DqA(q)T (t;q0)|q=q0(·) ∈ L(Q,L(Z)). Theorem 3 together with the appropriate cho
of α(h), 0� |α(h)| � 1, yield∥∥DqT (t;q0 + h)(·) − DqT (t;q0)(·)

∥∥
L(Q;L(Z))

=
∥∥∥∥∥

t∫
0

[
T (t − s;q0 + h)Gq(s;q0 + h)(·) − T (t − s;q0)Gq(s;q0)(·)

]
ds

∥∥∥∥∥
L(Q,L(Z)

�
t∫

0

∥∥T (t − s;q0 + h)
[
Gq(s;q0 + h) − Gq(s;q0)

]
(·)∥∥L(Q;L(Z))

ds

+
t∫

0

∥∥(
T (t − s;q0 + h) − T (t − s;q0)

)
Gq(s;q0)(·)

∥∥
L(Q;L(Z))

ds

� Mq0+h

t∫
0

e−ε0(t−s)
∥∥Gq(s;q0 + h) − Gq(s;q0)

∥∥
L(Q,L(Z))

ds

+
t∫

0

∥∥DqT
(
t − s;q0 + α(h)h

)
Gq(s;q0)(·)h

∥∥
L(Q,Z)

ds

� Mq0+h

∥∥Gq(·;q0 + h) − Gq(·;q0)
∥∥

L1(0,∞;L(Q;L(Z)))

+ ∥∥DqT
(·;q0 + α(h)h

)∥∥
L∞(0,∞;L(Q;L(Z)))

∥∥Gq(·;q0)
∥∥

L1(0,∞;L(Q;L(Z)))
‖h‖

� C‖h‖,
where the last inequality follows from H6, by the fact thatDqT (·, q) ∈ L∞(0,∞;
L(Q;L(Z))), which is provided by Theorem 3(ii), and by the fact thatGq(·, q0) ∈
L1(0,∞;L(Q;L(Z))), which is a result of H6. Here the constantC depends onq0 andh

but it can be chosen independent of them onQ-bounded sets. We then have the des

result. �
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As we will see later on, in order to obtain theq-Fréchet differentiability ofS(·;q) we
will need stronger regularity results for the mappingq → DqT (·;q0) than the one jus
obtained in Theorem 4. In particular, we will need the local Lipschitz continuity of
mapping when viewed as a mapping fromQ into L∞(0,∞;L(Q;L(Z;Zδ))). This can be
achieved by requiring slightly stronger assumptions on the mappingq → DqA(q)T (·;q0)

than that found in H6. More precisely, consider the following hypothesis:

H7: For everyq0 ∈ Qad, DqA(q)T (·;q0)|q=q0 ∈ L1(0,∞;L(Q;L(Z;Zδ))) and the map-
ping q → DqA(q)T (·;q0) from Q into L1(0,∞;L(Q;L(Z;Zδ))) is locally Lip-
schitz continuous atq0, for all q0 ∈ Qad.

Clearly H7 implies H6 (since theZδ-norm is stronger that theZ-norm).

Theorem 5. AssumeH1–H5 and H7 hold. Then, for all q0 ∈ Qad, we have tha
DqT (·;q0) ∈ L∞(0,∞;L(Q;L(Z;Zδ))) and, moreover, the mappingq → DqT (·;q)

fromQ into the spaceL∞(0,∞;L(Q;L(Z;Zδ))) is locally Lipschitz continuous atq0.

Proof. Let t > 0, z ∈ Z, h ∈ Q. Then it follows that∥∥[
DqT (t;q0)h

]
z
∥∥

Zδ

= ∥∥(−A(q0)
)δ([

DqT (t;q0)
]
h
)
z
∥∥

Z

=
∥∥∥∥∥
(−A(q0)

)δ

t∫
0

T (t − s;q0)
{[

DqA(q)T (s;q0)|q=q0

]
h
}
z ds

∥∥∥∥∥
Z

=
∥∥∥∥∥

t∫
0

T (t − s;q0)
(−A(q0)

)δ[
DqA(q)T (s;q0)|q=q0

]
hzds

∥∥∥∥∥
Z

�
t∫

0

∥∥T (t − s;q0)
(−A(q0)

)δ[
DqA(q)T (s;q0)|q=q0

]
hz

∥∥∥
Z

ds

� Mq0

t∫
0

e−ε0(t−s)
∥∥(−A(q0)

)δ
DqA(q)T (s;q0)|q=q0

∥∥
L(Q;L(Z))

‖h‖‖z‖Z ds

� Mq0‖h‖‖z‖Z

t∫
0

∥∥(−A(q0)
)δ

DqA(q)T (s;q0)|q=q0

∥∥
L(Q;L(Z))

ds

= Mq0‖h‖‖z‖Z

t∫
0

∥∥DqA(q)T (s;q0)|q=q0

∥∥
L(Q;L(Z,Zδ))

ds

= Mq0‖h‖‖z‖Z

∥∥DqA(q)T (·;q0)|q=q0

∥∥
L1(0,t;L(Q;L(Z;Zδ)))
� C(q0)‖h‖‖z‖Z.
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The last inequality above follows from H7.
Hence,∥∥DqT (t;q0)h

∥∥
L(Z;Zδ)

� C(q0)‖h‖,
and we have∥∥DqT (t;q0)

∥∥
L(Q;L(Z;Zδ))

� C(q0).

Since the constantC(q0) does not depend ont > 0, it follows that DqT (·;q0) ∈
L∞(0,∞;L(Q;L(Z;Zδ))). The Lipschitz continuity of this mapping is obtained imm
diately by following exactly the same steps as in Theorem 4.�

We will see next that this result implies thatq → T (·;q) is Fréchet differentiable as
mapping fromQ into L∞(0,∞;L(Q;L(Z;Zδ))). In fact we have the following:

Theorem 6. Under the same hypotheses of Theorem5, T (·;q) is Fréchet differentiable
at q0, for eachq0 ∈ Qad, when viewed as a mapping fromQ into L∞(0,∞;L(Z;Zδ)).

Proof. Let q0 ∈ Qad. Then for h ∈ Q with ‖h‖ < δ̃ so thatq0 + αh ∈ Qad, for all α

satisfying|α| � 1, β(h) appropriately chosen, 0� |β(h)| � 1, and anyt > 0 we can write∥∥T (t;q0 + h) − T (t;q0) − [
DqT (t;q0)

]
h
∥∥
L(Z;Zδ)

= ∥∥[
DqT

(
t;q0 + β(h)h

)]
h − [

DqT (t;q0)
]
h
∥∥
L(Z;Zδ)

�
∥∥DqT

(
t;q0 + β(h)h

) − DqT (t;q0)
∥∥
L(Q;L(Z;Zδ))

‖h‖
�

∥∥DqT
(·;q0 + β(h)h

) − DqT (·;q0)
∥∥

L∞(0,∞;L(Q;L(Z;Zδ)))
‖h‖

� C(q0)
∥∥β(h)h

∥∥‖h‖
� C(q0)‖h‖2

� C(q0)ε‖h‖ for ‖h‖ < ε, for all ε such that 0< ε � δ̃.

Here we have applied Theorem 5 to obtain the above estimate. The desired different
is established. �

It is important to note that Theorems 3 and 6 imply that the solutionzh(t;q) of the
linear homogeneous problem associated to(P)q is Fréchet differentiable with respect toq,
both as a mapping intoZ and intoZδ , respectively. Theorems 4 and 5 imply, moreov
that the corresponding Fréchet derivatives are locally Lipschitz continuous.

We state below a generalization of Growall’s lemma for singular kernels. The proo
be found in [6, Lemma 7.1.1]. This lemma will be of fundamental importance for our
results.

Lemma 7. LetL,T , δ be positive constants,δ < 1, a(t) a real valued, nonnegative, local
integrable function on[0, T ] andµ(t) a real-valued function on[0, T ] satisfying

µ(t) � a(t) + L

t∫
µ(s)

δ
ds, t ∈ [0, T ].
0
(t − s)
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Then, there exists a constantK depending only onδ such that

µ(t) � a(t) + KL

t∫
0

a(s)

(t − s)δ
ds, t ∈ [0, T ].

Observation 1. From this point on‖·‖δ shall denote the norm‖·‖q0,δ = ‖(−A(q0))
δ(·)‖Z .

Recall that forq0 ∈ Q, all these norms are equivalent. Moreover, it can be easily sh
that all these norms are uniformly equivalent forq0 in any subset ofQ for which the
constantC in H4 can be chosen independent ofq1 andq2. For example, ifC in H4 can
be chosen independent ofq1 andq2 on compact subsets ofQ, then all these norms ar
uniformly equivalent forq0 in compact subsets ofQ.

Observation 2. Since(−A(q0))
δT (t;q0 +h) = (−A(q0))

δ(−A(q0 +h))−δT (t;q0 +h)×
(−A(q0 + h))δ onDδ , it follows from H4 that for allt > 0,

∥∥(−A(q0)
)δ

T (t;q0 + h)
∥∥ � Ce−ε0t

t δ
.

Here the constantC depends onq0 andh, but it can be chosen independent ofh andq0 on
any subset ofQ where the constantC in H4 can be chosen independent ofq1 andq2.

Recall now that the solutionz(t;q) of (P)q satisfies the integral equationz(t;q) =
T (t;q)z0 + S(t;q) whereS(t;q)

.= ∫ t

0 T (t − s;q)F (q, s, z(s;q)) ds. Before proving the
Fréchet differentiability of the mappingq → S(·;q) from Q → L∞(0, T ;Zδ), we will
show that ifF(q, t, z) satisfies appropriate regularity properties, such a mapping is lo
Lipschitz continuous atq0, for all q0 ∈ Qad. We will need this result later.

Consider the following hypothesis:

H8: The mappingq → F(q, ·; z) from Q into L∞(0, T ;Z) is locally Lipschitz continu-
ous for allz ∈ Zδ with Lipschitz constant independent ofz onZδ-bounded sets.

Theorem 8. Letq0 ∈ Qad, z0 ∈ Dδ and assumeH1–H5, H7 andH8 hold. Then the mappin
q → S(·;q) fromQ → L∞(0, T ;Zδ) is locally Lipschitz continuous atq0.

Proof. Let t ∈ [0, T ], q0 ∈ Qad. SinceQad is open, there exists a constantγ1 > 0 such that
q0 + h ∈ Qad for all ‖h‖ < γ1. Then, from Theorem 3 we have

S(t;q0 + h) − S(t;q0)

=
t∫

0

[
T (t − s;q0 + h)F

(
q0 + h, s, z(s;q0 + h)

)

−T (t − s;q0)F
(
q0, s, z(s;q0)

)]
ds

=
t∫
T (t − s;q0 + h)

[
F

(
q0 + h, s, z(s;q0 + h)

) − F
(
q0, s, z(s;q0 + h)

)]
ds
0
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s

+
t∫

0

T (t − s;q0 + h)
[
F

(
q0, s, z(s;q0 + h)

) − F
(
q0, s, z(s;q0)

)]
ds

+
t∫

0

[
T (t − s;q0 + h) − T (t − s;q0)

]
F

(
q0, s, z(s;q0)

)
ds

=
t∫

0

T (t − s;q0 + h)
[
F

(
q0 + h, s, z(s;q0 + h)

) − F
(
q0, s, z(s;q0 + h)

)]
ds

+
t∫

0

T (t − s;q0 + h)
[
F

(
q0, s, z(s;q0 + h)

) − F
(
q0, s, z(s;q0)

)]
ds

+
t∫

0

DqT
(
t − s;q0 + β(h)h

)
hF

(
q0, s, z(s;q0)

)
ds,

provided ‖h‖ � γ1, where β(h) is an appropriately selected constant satisfying 0�
|β(h)| � 1.

The above identity, together with H8, H3 and Theorem 5, provides the estimate
∥∥S(t;q0 + h) − S(t;q0)

∥∥
δ

�
t∫

0

∥∥T (t − s;q0 + h)
∥∥
L(Z;Zδ)

∥∥F
(
q0 + h, s, z(s;q0 + h)

)

− F
(
q0, s, z(s;q0 + h)

)∥∥
Z

ds

+
t∫

0

∥∥T (t − s;q0 + h)
∥∥
L(Z;Zδ)

∥∥F
(
q0, s, z(s;q0 + h)

) − F
(
q0, s, z(s;q0)

)∥∥
Z

d

+ ∥∥DqT
(·;q0 + β(h)h

)∥∥
L∞(0,t;L(Q;L(Z,Zδ)))

‖h‖
t∫

0

∥∥F
(
q0, s, z(s;q0)

)∥∥
Z

ds

�
t∫

0

Mq0+he
−ε0(t−s)

(t − s)δ
C1‖h‖ds

+
t∫

0

Mq0+he
−ε0(t−s)

(t − s)δ
L

∥∥z(s;q0 + h) − z(s;q0)
∥∥

δ
+ C2‖h‖

� C3‖h‖ + C4

t∫ ‖z(s;q0 + h) − z(s;q0)‖δ

δ
ds
0
(t − s)
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= C3‖h‖ + C4

t∫
0

‖T (s;q0 + h)z0 − T (s;q0)z0 + S(s;q0 + h) − S(s;q0)‖δ

(t − s)δ
ds

= C3‖h‖ + C4

t∫
0

‖[DqT (s;q0 + β(h)h)h]z0 + S(s;q0 + h) − S(s;q0)‖δ

(t − s)δ
ds

� C5‖h‖ + C4

t∫
0

‖S(s;q0 + h) − S(s;q0)‖δ

(t − s)δ
ds.

The constantsC1 and C2 exist and are independent oft ∈ [0, T ] since z(s;q0) is
bounded fors ∈ [0, T ] andF(q, s, z) is continuous ins andz. The constantsC3, C4 and
C5 represent particular linear combinations ofC1 andC2.

Hence, by Lemma 7, there exist a constantK such that∥∥S(t;q0 + h) − S(t;q0)
∥∥

δ

� C5‖h‖ + KC4C5‖h‖
T∫

0

1

(t − s)δ
ds

.= C6‖h‖, t ∈ [0, T ],

provided‖h‖ � γ1. The theorem follows. �
Observation. Note that this result together with Theorem 6 imply that the mappingq →
z(·;q) from Q into L∞(0, T ;Zδ) is locally Lipschitz continuous atq0.

We proceed now to prove the Fréchet differentiability of the mappingq → S(t;q),
corresponding to the nonlinear part of problem(P)q .

Consider the following hypothesis:

H9: The mapping(q, z(·)) → F(q, ·, z(·)) from Qad× L1(0, T ;Zδ) into L∞(0, T ;Z) is
Fréchet differentiable in both variables, the mapping(q, z(·)) → Fq(q, ·, z(·)) from
Q × L∞(0, T ;Zδ) into L∞(0, T : L(Q;Zδ)) is locally Lipschitz continuous with
respect toq andz, with Lipschitz constant independent ofz on Zδ-bounded sets an
Fz(q, ·, z(·;q)) ∈ L∞(0, T ;L(Z;Zδ)).

Theorem 9. Let q0 ∈ Qad, z0 ∈ Dδ and supposeH1–H5, H7 andH9 hold. Then the map
ping q → S(t;q) = ∫ t

0 T (t − s;q)F (q, s, z(s;q)) ds from Q → L∞(0, T ;Zδ) is Fréchet
differentiable atq0. Moreover, for anyt ∈ [0, T ], and anyh ∈ Qad, [DqS(t;q0)]h .= wh(t)

satisfies the integral equation

wh(t) =
t∫

0

{
T (t − s;q0)

[
Fq

(
q0, s, z(s;q0)

)
h + Fz

(
q0, s, z(s;q0)

)[
DqT (s;q0)z0

]
h

+ Fz

(
q0, s, z(s;q0)

)
wh(s)

] + [
DqT (t − s;q0)F

(
q0, s, z(s;q0)

)]
h
}
ds,
(10)
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andwh(t) is the solution of the following nonhomogeneous linear IVP, the so-called “
sitivity equation” forS(t;q), in Z:

(S2)




d
dt

wh(t) = (A(q0) + Fz(q0, t, z(t;q0)))wh(t)Fq(q0, t, z(t;q0))h

+Fz(q0, t, z(t;q0))[DqT (t;q0)z0]h
+ ∫ t

0 DqA(q)T (t − s;q0)|q=q0hF(q0, s, z(s;q0)) ds,

Wh(0) = 0.

Observation. Clearly hypothesis H9 is stronger than H8. This observation is impo
because in order to prove this theorem we will need to make use of the results in The
for which H8 must hold.

Proof. Using the well-known variation of constants formula from semigroup theory
sensitivity equation (S1) for T (t;q) given in Theorem 3 and recalling th
[DqT (0;q0)z]h = 0 for z ∈ Z andh ∈ Q, it follows immediately that the solutionwh(t)

of the (IVP) (S2) satisfies the integral equation (10).
For t ∈ (0, T ] we write

S(t;q0 + h) − S(t;q0) − wh(t)

=
t∫

0

{
T (t − s;q0 + h)F

(
q0 + h, s, z(s;q0 + h)

) − T (t − s;q0)F
(
q0, s, z(s;q0)

)

− T (t − s;q0)
[
Fq

(
q0, s, z(s;q0)

)
h + Fz

(
q0, s, z(s;q0)

)[
Tq(s;q0)z0

]
h

+ Fz

(
q0, s, z(s;q0)

)
wh(s)

] − DqT (t − s;q0)F
(
q0, s, z(s;q0)

)
h
}
ds

=
t∫

0

T (t − s;q0)
[
F

(
q0 + h, s, z(s;q0)

) − F
(
q0, s, z(s;q0)

)

− Fq

(
q0, s, z(s;q0)

)
h
]
ds

+
t∫

0

T (t − s;q0)
[
F

(
q0, s, z(s;q0 + h)

) − F
(
q0, s, z(s;q0)

)

− Fz

(
q0, s, z(s;q0)

)(
z(s;q0 + h) − z(s;q0)

)]
ds

+
t∫

0

T (t − s;q0)Fz

(
q0, s, z(s;q0)

)[
S(s;q0 + h) − S(s;q0) − wh(s)

]
ds

+
t∫

0

T (t − s;q0)Fz

(
q0, z(s;q0)

)[[
DqT

(
s;q0 + α(h)h

)
z0

]
h

[ ] ]
− DqT (s;q0)z0 h ds
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e

+
t∫

0

{
T (t − s;q0 + h)F

(
q0, s, z(s;q0)

) − T (t − s;q0)F
(
q0, s, z(s;q0)

)

− [
DqT (t − s;q0)F

(
q0, s, z(s;q0)

)]
h
}
ds

+
t∫

0

T (t − s;q0 + h)
[
F

(
q0 + h, s, z(s;q0 + h)

) − F
(
q0, s, z(s;q0)

)]
ds

−
t∫

0

T (t − s;q0)
[
F

(
q0 + h, s, z(s;q0)

) − 2F
(
q0, s, z(s;q0)

)

+ F
(
q0, s, z(s;q0 + h)

)]
ds

.=
7∑

i=1

Ii,

whereIi is theith term in the expression written above. InI2, I3 andI4 we have made us
of the fact thatz(s;q0+h)−z(s;q0) = [DqT (s;q0+α(h)h)z0]h+S(s;q0+h)−S(s;q0),
for some appropriately chosen constantα(h) satisfying 0� |α(h)| � 1.

In what follows,Ci will denote a generic finite positive constant depending onq0.
Let γ1 > 0 be such thatq0 + η ∈ Qad for all η ∈ Q satisfying‖η‖ < γ1. Then for any

h ∈ Qad with ‖h‖ < γ1 we can write

I6 + I7 =
t∫

0

T (t − s;q0 + h)
[
F

(
q0 + h, s, z(s;q0 + h)

)

− F
(
q0, s, z(s;q0 + h)

)]
ds +

t∫
0

[
T (t − s;q0 + h) − T (t − s;q0)

]

× [
F

(
q0, s, z(s;q0 + h)

) − F
(
q0, s, z(s;q0)

)]
ds

−
t∫

0

T (t − s;q0)
[
F

(
q0 + h, s, z(s;q0)

) − F
(
q0, s, z(s;q0)

)]
ds

=
t∫

0

T (t − s;q0 + h)Fq

(
q0 + α1(h)h, s, z(s;q0 + h)

)
hds

+
t∫

0

[
DqT

(
t − s;q0 + α2(h)h

)
Fz

(
q0, s, z

∗
h(q0)

)

( )]
× z(s;q0 + h) − z(s;q0) hds
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sitive
−
t∫

0

T (t − s;q0)Fq

(
q0 + α3(h)h, s, z(s;q0)

)
hds,

where 0� |αi(h)| � 1, i = 1,2,3, andz∗
h(q0)

.= z(s;q0) + β(z(s;q0 + h) − z(s;q0)) for
some 0� |β| � 1.

Continuing, we have

I6 + I7 =
t∫

0

[
T (t − s;q0 + h) − T (t − s;q0)

]
Fq

(
q0 + α1(h)h, s, z(s;q0 + h)

)
h

+
t∫

0

T (t − s;q0)
[
Fq

(
q0 + α1(h)h, s, z(s;q0 + h)

)
h

− Fq

(
q0 + α3(h)h, s, z(s;q0)

)
h
]
ds

+
t∫

0

[
DqT

(
t − s;q0 + α2(h)h

)
Fz

(
q0, s, z

∗
h(q0)

)(
z(s;q0 + h)

− z(s;q0)
)]

hds

=
t∫

0

[
DqT

(
t − s;q0 + α2(h)h

)
Fq

(
q0 + α1(h)h, s, z(s;q0 + h)

)
h
]
hds

+
t∫

0

T (t − s;q0)
[
Fq

(
q0 + α1(h)h, s, z(s;q0 + h)

)
h

− Fq

(
q0 + α3(h)h, s, z(s;q0)

)
h
]
ds

+
t∫

0

[
DqT

(
t − s;q0 + α2(h)h

)
Fz

(
q0, s, z

∗
h(q0)

)(
z(s;q0 + h)

− z(s;q0)
)]

hds.

Hence, by virtue of Theorem 8 and hypothesis H9, it follows that there exist po
constantsC1, C2 andL, such that

‖I6 + I7‖δ � C1‖h‖2 +
t∫

0

L

(t − s)δ

(∣∣α1(h) − α3(h)
∣∣‖h‖

+ ∥∥z(s;q0 + h) − z(s;q0)
∥∥

δ

)‖h‖ds

+
t∫

0

C2

(t − s)δ

∥∥z(s;q0 + h) − z(s;q0)
∥∥

δ
‖h‖ds
� C3‖h‖2, provided‖h‖ � γ1, (11)
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xist
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t

where the last inequality follows from the Lipschitz continuity of the mappingq → z(·;q)

from Q into L∞(0, T ;Zδ) atq0 (note the observation after Theorem 8).
Now let ε be a fixed positive constant. It follows from hypothesis H9 that there e

γ2 > 0 andγ3 > 0 such that

‖I1‖δ �
t∫

0

C4

(t − s)δ
, ε‖h‖ds � C5ε‖h‖, (12)

provided‖h‖ � γ2, and

‖I2‖δ �
t∫

0

C6ε

(t − s)δ

∥∥z(s;q0 + h) − z(s;q0)
∥∥

Z
ds

� C7ε‖h‖, (13)

provided‖h‖ � γ3. The last inequality follows by virtue of the observation following Th
orem 8 and the fact that‖ · ‖Z � ‖ · ‖δ .

With respect toI3, since by H9Fz(q0, ·, z(·;q0)) ∈ L∞(0, T ;L(Z;Zδ)), we have tha
there exists a constantC8 such that

‖I3‖δ � C8

t∫
0

‖S(s;q0 + h) − S(s;q0) − wh(s)‖δ

(t − s)δ
ds (14)

where we have also used the fact that‖ · ‖Z � ‖ · ‖δ .
Similarly, by virtue of the local Lipschitz continuity ofDqT (·;q0) (Theorem 4), there

exist finite positive constantsC9 andγ4 such that

‖I4‖δ �
t∫

0

C9

(t − s)δ

∣∣α(h)
∣∣‖h‖2 ds � C10‖h‖2, provided‖h‖ � γ4. (15)

Finally, from Theorem 6, there exist finite positive constantsC10 andγ5 such that

‖I5‖δ =
∥∥∥∥∥

t∫
0

[
T (t − s;q0 + h) − T (t − s;q0) − DqT (t − s;q0)h

]

× F
(
q0, s, z(s;q0)

)
ds

∥∥∥∥∥
δ

�
∥∥T (·;q0 + h) − T (·;q0) − DqT (·;q0)h

∥∥
L∞(0,t;L(Z;Zδ))

×
t∫

0

∥∥F
(
q0, s, z(s;q0)

)∥∥
Z

ds

� C(q0)ε‖h‖
t∫ ∥∥F

(
q0, s, z(s;q0)

)∥∥
Z

ds � C10ε‖h‖, (16)
0
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provided‖h‖ � γ5. Here we used H9 to obtain our final estimate.
From (11)–(16) we conclude that there exist finite positive constantsC11, C12, andγ

such that fort ∈ [0, T ] andh ∈ Qad with ‖h‖ � γ ,∥∥S(t;q0 + h) − S(t;q0) − wh(t)
∥∥

δ

� C11‖h‖ + C12

t∫
0

‖S(s;q0 + h) − S(s;q0) − wh(s)‖δ

(t − s)δ
ds.

Hence, Lemma 7 provides

∥∥S(t;q0 + h) − S(t;q0) − wh(t)
∥∥

δ
� C11ε‖h‖ + KC12C11ε‖h‖

t∫
0

1

(t − s)δ
ds

� C13ε‖h‖, t ∈ [0, T ], ‖h‖ � γ.

We conclude that the mappingq → S(·;q) from Q → L∞(0, T ;Zδ) is Fréchet differ-
entiable atq0 and wh(t) is the Fréchet derivative ofS(t;q) at q0, i.e., DqS(t;q0) =
wh(t). �
Theorem 10. Under the same hypotheses of Theorem9, the mappingq → z(·;q) from
the admissible parameter setQad into the solution spaceL∞(0, T ;Zδ), is Fréchet dif-
ferentiable atq0. Moreover, for anyh ∈ Q, t ∈ [0, T ], theq-Fréchet derivative ofz(t;q)

evaluated atq0 and applied toh, i.e., [Dqz(t;q0)]h is the solutionvh(t) of the following
linear nonhomogeneous initial value problem inZ, the sensitivity equation forz(t;q):

(S)




d
dt

vh(t) = (A(q0) + Fz(q0, t, z(t;q0)))vh(t) + Fq(q0, t, z(t;q0))h

+DqA(q)T (t;q0)z0|q=q0h

+ ∫ t

0DqA(q)T (t − s;q0)|q=q0hF(q0, s, z(s;q0)) ds,

vh(0) = 0.

Proof. The Fréchet differentiability ofz(t;q) = T (t;q)z0 + S(t;q) follows immediately
from Theorems 6 and 9 and the sensitivity equation is readily obtained by combinin
sensitivity equations(S1) and(S2). �

4. Conclusions and final remarks

In this article we have obtained sufficient conditions that guarantee that the soluti
the abstract semilinear Cauchy problem

(P)q

{
d
dt

z(t) = A(q)z(t) + F(q, t, z(t)), z(t) ∈ Z,

z(0) = z0, t ∈ [0, T ]
are Fréchet differentiable with respect to the parameterq. This type of regularity result
are needed for the implementation of direct methods for parameter identification like

silinearization.
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Some remarks are in order. In Theorems 1–6 all spaces were considered over th
interval [0,∞). This was the case since the solutionT (t;q0)z0 of the associated linea
homogeneous initial value problem exists for allt ∈ [0,∞).

It is interesting to see in Theorems 2–4 how theL∞ q-regularity of the solution of the
associated linear problem is entirely driven by theL1 q-regularity of the time derivative
operator of the associatedC0-semigroup, namely ofA(q)T (·;q0).

For theq-regularity of the term in the solution corresponding to the nonlinear part o
equation, namely ofS(t;q0), not only are smoothness conditions required on the nonli
termF(q, t, z) (H8 and H9) of(P)q but also strongerq-regularity conditions are require
on A(q)T (·;q0) (namely H6 and H7). These conditions guarantee the Fréchet differe
bility of T (·;q0) when viewed as a mapping from the parameter spaceQ into the space
L∞(0,∞;L(Q;L(Z;Zδ))), where the strongerZδ-norm is needed.

It is possible to allowq-dependence on the norms in the state spaceZ if needed. How-
ever, the domains of the operatorsA(q) cannot depend onq. No results are yet known fo
this varying domain case.

References

[1] D. Brewer, The differentiability with respect to a parameter of the solution of a linear abstract C
problem, SIAM J. Math. Anal. 13 (1982) 607–620.

[2] D. Brewer, J. Burns, E. Cliff, Parameter identification for an abstract Cauchy problem by quasilineari
Quart. Appl. Math. 51 (1993) 1–22.

[3] J. Burns, P. Morin, R. Spies, Parameter differentiability of the solution of a nonlinear abstract Cauch
lem, J. Math. Anal. Appl. 252 (2000) 18–31.

[4] L.G. Clark, J.S. Gibson, Sensitivity analysis for a class of evolution equations, J. Math. Anal. Ap
(1977) 22–31.

[5] P.W. Hammer, Parameter identification in parabolic partial differential equations using quasilineari
PhD thesis, ICAM Report 90-07-01, Interdisciplinary Center for Applied Mathematics, Virginia Polyte
Institute and State University, 1990.

[6] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Math., vol. 840, Sp
Verlag, 1989.

[7] T. Herdman, P. Morin, R. Spies, Parameter identification for nonlinear abstract Cauchy problems
quasilinearization, J. Optim. Theory Appl. 113 (2002) 227–250.

[8] A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Birkhäuser, 1995.
[9] P. Morin, R. Spies, Identifiability of the Landau–Ginzburg potential in a mathematical model of shape

ory alloys, J. Math. Anal. Appl. 212 (1997) 292–315.
[10] P. Morin, R. Spies, A quasilinearization approach for parameter identification in a nonlinear model o

memory alloys, Inverse Problems 14 (1998) 1551–1563.
[11] R. Spies, A state-space approach to a one-dimensional mathematical model for the dynamics of ph

sitions in pseudoelastic materials, J. Math. Anal. Appl. 190 (1995) 58–100.
[12] R. Spies, Results on a mathematical model of thermomechanical phase transitions in shape memor

als, Smart Materials and Structures 3 (1994) 459–469.
[13] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Spr
Verlag, 1983.


