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A robust and efficient computational method for reconstructing the elastodynamic structural response
of truss, beam, and frame structures, using measured surface-strain data, is presented. Known as ‘‘shape
sensing’’, this inverse problem has important implications for real-time actuation and control of smart
structures, and for monitoring of structural integrity. The present formulation, based on the inverse
Finite Element Method (iFEM), uses a least-squares variational principle involving section strains (also
known as strain measures) of Timoshenko theory for stretching, torsion, bending, and transverse shear.
The present iFEM methodology is based on strain–displacement relations only, without invoking force
equilibrium. Consequently, both static and time-varying displacement fields can be reconstructed with-
out the knowledge of material properties, applied loading, or damping characteristics. Two finite ele-
ments capable of modeling frame structures are derived using interdependent interpolations, in
which interior degrees of freedom are condensed out at the element level. In addition, relationships
between the order of kinematic-element interpolations and the number of required strain gauges are
established. Several example problems involving cantilevered beams and three-dimensional frame
structures undergoing static and dynamic response are discussed. To simulate experimentally mea-
sured strains and to establish reference displacements, high-fidelity MSC/NASTRAN finite element anal-
yses are performed. Furthermore, numerically simulated measurement errors, based on Gaussian
distribution, are also considered in order to verify the stability and robustness of the methodology.
The iFEM solution accuracy is examined with respect to various levels of discretization and the number
of strain gauges.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Real-time reconstruction of structural deformations using mea-
sured strain data, is a key technology for actuation and control of
smart structures, as well as for Structural Health Monitoring
(SHM) (Tessler and Spangler, 2005). Known as ‘‘shape sensing’’,
this inverse problem is commonly formulated with the assumption
that multiple strain sensors at various structural locations provide
real-time strain measurements. Most inverse algorithms use some
type of Tikhonov’s regularization, which is manifested by con-
straint (regularity) terms that ensure a certain degree of solution
smoothness (refer to Liu and Lin (1996), Maniatty and Zabaras
(1994), Maniatty et al. (1989), Schnur and Zabaras (1990)).

Most of the shape sensing efforts focused exclusively on beam-
bending problems. Davis et al. (1996) used optimized trial func-
tions and weights to reconstruct a simple static-beam response
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from discrete strain measurements. To model more complex defor-
mations, the approach requires a large number of trial functions
and strain sensors. Kang et al. (2007) used vibration mode shapes
to reconstruct a beam response due to dynamic excitation. In their
approach, modal coordinates are computed using strain–displace-
ment relationships and measured surface strains; the method re-
quires the same number of mode shapes and strain sensors. Kim
and Cho (2004) and Ko et al. (2009) used classical beam equations
to integrate discretely measured strains to determine the deflec-
tion of a beam. By regression of experimental strain data and by
accounting for the applied loading, Kim and Cho (2004) obtained
a continuous curvature function, leading to the evaluation of beam
deflection. Ko et al. (2009) developed a load-independent method
by approximating the beam curvature using piece-wise continuous
polynomials; by including bending and torsion modes of deforma-
tion, their one-dimensional scheme has been shown to be suffi-
ciently accurate for predicting the deflection and somewhat less
accurate for assessing the cross-sectional twist of an aircraft wing.

To enable shape-sensing analyses of plates undergoing bending
deformations, Bogert et al. (2003) examined a modal transforma-
tion method that allows the development of suitable strain–dis-
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placement transformations. The approach makes use of a large
number of natural vibration modes. When applied to high-fidelity
finite element models, however, the method requires a computa-
tionally intensive eigenvalue analysis and a detailed description
of the elastic and inertial material properties. Jones et al. (1998)
employed a least-squares formulation for shape sensing of a canti-
lever plate, where the axial strain was fitted with a cubic polyno-
mial. The strain field was then integrated with the use of
approximate boundary conditions at the clamped end to obtain
plate deflections according to classical bending assumptions.
Shkarayev et al. (2002, 2001) used a two-step solution procedure:
the first step involves the structural analysis of a plate/shell finite
element model, and the second, a least-squares algorithm. The
methodology reconstructs the applied loading first, which then
leads to the displacements. In a series of four papers, Mainçon
(2004a,b), Barnardo and Mainçon (2004) and Maree and Mainçon
(2004) developed a finite element formulation that seeks the solu-
tion for the displacements and loads simultaneously, requiring a
priori knowledge of a subset of applied loading and the material
properties. The solution procedure minimizes a cost function con-
sisting of unknown loads and differences between the measured
and estimated quantities (displacements or strains); the cost func-
tion is regularized by way of equilibrium constraints. This type of
strategy is usually known as data assimilation, i.e., the cost func-
tion combines the deviations of the analysis unknowns (strains)
from the measurements, weighted by the accuracy of the mea-
sures, with the deviations of the predicted input fields (external
loads) and the corresponding observations, weighted by the accu-
racy of the predictions. This is done with the purpose of stabilizing
the results. The number of unknowns is three times the number of
the degrees of freedom in the finite element discretization. Impor-
tantly, the accuracy of the solution strongly depends on the choice
of suitable weights; these are computed from a complex procedure
involving the probability distributions of the unknown loads and
measured data. In Barnardo and Mainçon (2004), Maree and
Mainçon (2004), sensitivity analyses were carried out for truss
structures, investigating variations in the input data as well as
the modeling errors. Nishio et al. (2010) employed a weighted-
least-squares formulation to reconstruct, on the basis of measured
strain data, the deflection of a composite cantilevered plate. The
weighting coefficients in the least-square terms were adjusted in
order to account for the inherent errors in the measured strain
data. The weights were computed for a given data-acquisition
apparatus, load case, and test article, with the consequent difficul-
ties in generalizing the procedure.

Many of the aforementioned inverse methods require suffi-
ciently accurate loading and/or elastic-inertial material informa-
tion – the kind of data that are either unavailable or difficult to
obtain outside the laboratory environment. Some of these ap-
proaches also require global equilibrium conditions to be fulfilled
(Mainçon, 2004a; Shkarayev et al., 2002, 2001). Furthermore, some
of these methods imply a good knowledge of the data reliability.
For these reasons, such approaches are generally unsuited for use
in onboard SHM algorithms. A well-suited algorithm for SHM
should be: (1) general enough to accommodate complex structural
topologies and boundary conditions (e.g., built-up aircraft struc-
tures), (2) robust, stable, and accurate under a wide range of load-
ings, material systems, inertial/damping characteristics, and
inherent errors in the strain measurements, and (3) sufficiently fast
for real-time applications.

An algorithm that appears to fulfill the aforementioned require-
ments was recently developed by Tessler and Spangler (2005,
2003). The methodology, labeled the inverse Finite Element Meth-
od (iFEM), employs a weighted-least-square variational principle
which is discretized by C0-continuous finite elements that accom-
modate arbitrarily positioned and oriented strain-sensor data. The
iFEM framework, providing accurate and stable solutions of the
displacement and strain fields for a discretized structural domain,
is amenable to any type of structural modeling including frame
(truss and beam), plate, shell, and solid idealizations. Because only
strain–displacement relations are used in the formulation, both
static and dynamic response can be reconstructed without any a
priori knowledge of material, inertial, loading, or damping struc-
tural properties. To model arbitrary plate and shell structures,
Tessler and Spangler (2004) developed, using first-order shear-
deformation theory, a three-node inverse shell element. Numeri-
cally generated (Tessler and Spangler, 2004) and experimentally
measured-strain data (Quach et al., 2005; Vazquez et al., 2005)
were used to assess robustness and accuracy of the formulation.

The present paper consolidates the authors’ recent efforts (Cer-
racchio et al., 2010; Gherlone et al., 2011a) and presents the devel-
opment and assessment of simple and efficient inverse-frame finite
elements. The methodology permits effective and computationally
efficient ‘‘shape-sensing’’ by reconstructing kinematically compat-
ible displacement approximations for truss, beam, and frame struc-
tures that are adequately instrumented with strain gauges. The
kinematic assumptions are those of Timoshenko shear-deforma-
tion theory (Timoshenko, 1921); they incorporate stretching, tor-
sion, bending, and transverse shear deformation modes in three
dimensions. The formulation uses a least-squares variational prin-
ciple, by Tessler and Spangler (2003), which is herein specialized to
three-dimensional frames. The variational formulation involves
the whole structural geometry that is discretized using suitable in-
verse finite elements in which the measured strain data are assim-
ilated to the element strains in a least-square sense. The resulting
system of linear algebraic equations is efficiently solved for the un-
known displacement degrees of freedom, thus providing the de-
formed structural-shape predictions.

In the remainder of the paper, the kinematic assumptions for a
three-dimensional frame are discussed (Section 2), followed by the
description of the least-squares variational principle suitable for
shape sensing of three-dimensional frame structures (Section 3).
This is followed by a discussion of two C0-continuous, inverse-
frame elements using the well-established interdependent inter-
polations (Section 4). The relationships between the measured sur-
face strains and the sections strains that are used in the least-
squares variational principle are then derived (Section5). Finally,
to examine the predictive capability of the approach, shape-sens-
ing studies are carried for cantilevered beams and three-dimen-
sional frame structures undergoing static and damped harmonic
excitations (Section 6). The concluding remarks and future direc-
tions of this research are presented in Section 7.

2. Timoshenko beam theory basic equations

Consider a straight frame member of constant cross-section re-
ferred to the three-dimensional Cartesian coordinates (x,y,z) as de-
picted in Fig. 1; the coordinate origin, O, is located at the cross-
section’s center of mass, which is also coincident with the shear
center. The longitudinal, elastic x-axis is normal to the cross-sec-
tional plane (y,z), where y and z are the cross-section’s principal
inertial axes. The frame member has length L and its cross-section
has area A, second moments of area with respect to the y- and z-
axis Iy and Iz, respectively, and polar moment of area IP ¼ Iy þ Iz

(Fig. 1). The frame member is made of an isotropic homogeneous
material, represented by the elastic constants: E (Young’s modu-
lus), G(shear modulus), and v (Poisson ratio).

The three Cartesian components of the displacement vector that
are consistent with the kinematic assumptions of Timoshenko the-
ory (Timoshenko, 1921) for three-dimensional deformations are
given by



Fig. 1. Beam geometry and kinematic variables.
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ux x; y; zð Þ ¼ u xð Þ þ zhy xð Þ � yhz xð Þ
uy x; y; zð Þ ¼ v xð Þ � zhx xð Þ ð1Þ
uz x; y; zð Þ ¼ w xð Þ þ yhx xð Þ

where ux; uy, and uz are the displacements along the x; y, and z axes,
respectively, with u;v , and w denoting the displacements at
y ¼ z ¼ 0; hx; hy, and hz are the rotations about the three coordinate
axes; positive orientations for the displacements and rotations are
depicted in Fig. 1. These kinematic assumptions neglect the effect
of axial warping due to torsion, i.e., each cross-section remains flat
and rigid with respect to thickness-stretch deformations along the y
and z axes. The six kinematic variables can be grouped in vector
form as

u � u; v;w; hx; hy; hz
� �T ð2Þ

Adhering to the small-strain hypothesis, the non-vanishing strain
components have the form

exðx; y; zÞ ¼ e1ðxÞ þ ze2ðxÞ þ ye3ðxÞ
cxzðx; yÞ ¼ e4ðxÞ þ ye6ðxÞ ð3Þ
cxyðx; zÞ ¼ e5ðxÞ � ze6ðxÞ

where

eðuÞ � e1; e2; e3; e4; e5; e6f gT ð4Þ

denote the section strains of the theory, given by

e1ðxÞ � u;xðxÞ e4ðxÞ � w;xðxÞ þ hyðxÞ
e2ðxÞ � hy;xðxÞ e5ðxÞ � v ;xðxÞ � hzðxÞ ð5Þ
e3ðxÞ � �hz;xðxÞ e6ðxÞ � hx;xðxÞ
Fig. 2. Beam section forces and moments.
The section forces (N;Qy, and QzÞ and moments ( Mx;My, and MzÞ
are related to the section strains, ei, by way of the constitutive equa-
tions (refer to Fig. 2)

N ¼ Axe1 Mx ¼ Jxe6

Qy ¼ Gye5 My ¼ Dye2 ð6Þ
Qz ¼ Gze4 Mz ¼ Dze3

where Ax � EA is the axial rigidity; Gy � k2
yGA and Gz � k2

z GA are the
shear rigidities, with k2

y and k2
z denoting the shear correction factors

(Cowper, 1966); Jx � GIP is the torsional rigidity and Dy � EIy and
Dz � EIz denote the bending rigidities.

The equilibrium equations that correspond to the distributed
loads qxðxÞ; qyðxÞ, and qzðxÞ along the x, y and z directions, are

N;x þ qx ¼ 0 or Axu;xx þ qx ¼ 0 ð7:1Þ
Qy;x þ qy ¼ 0 or Gy v ;xx � hz;xð Þ þ qy ¼ 0 ð7:2Þ
Qz;x þ qz ¼ 0 or Gz w;xx þ hy;x

� �
þ qz ¼ 0 ð7:3Þ

Mx;x ¼ 0 or Jxhx;xx ¼ 0 ð7:4Þ
My;x � Q z ¼ 0 or Dyhy;xx � Gz w;x þ hy

� �
¼ 0 ð7:5Þ

Mz;x � Q y ¼ 0 or Dzhz;xx þ Gy v ;x � hzð Þ ¼ 0 ð7:6Þ
3. Inverse finite element method for beams

To reconstruct the deformed shape of a frame-member for
which certain in situ strain measurements are known, a functional
UðuÞ that matches in a least-squares sense the complete set of ana-
lytic section strains, eðuÞ; to the in situ section strains, ee, is mini-
mized with respect to the kinematic variables, u; UðuÞ functional
can be written as

U uð Þ ¼ e uð Þ � eek k2 ð8Þ

This functional may be used in a finite element framework by intro-
ducing a discretization in which the element kinematic field is
interpolated by C0-continuous shape functions,

u xð Þ ’ uh ¼ NðxÞue ð9Þ

where NðxÞ denotes the shape functions and ue nodal degrees of
freedom. Thus, the total least-squares functional is a sum of the
individual element contributions, UeðuhÞ, i.e., U ¼

PN
e¼1U

e, with N
denoting the total number of elements. Accounting for the axial
stretching, bending, twisting, and transverse shearing, the element
functional is given by the dot product of the weighting coefficient
vector,
w � wkf g ¼ w0

1; w0
2 Ie

y=Ae
� �

; w0
3 Ie

z=Ae� �
; w0

4; w0
5; w0

6 Ie
P=Ae� �n o

,
and the least-squares component vector, U � Ue

k

� �
,

UeðuhÞ � w �U ð10Þ

where w0
k ðk ¼ 1; . . . ;6Þ denote dimensionless weighting coeffi-

cients; Ae
; Ie

y; I
e
z , and Ie

P are, respectively, the cross-section area, sec-
ond moments of area with respect to the y- and z-axis, and polar
moment of area of the element, and

Ue
k �

Le

n

Xn

i¼1

ek xið Þ � eei
k

� 	2 ðk ¼ 1; . . . ;6Þ ð11Þ

denote the least-squares components of the element functional,
where Le denotes the element length; n and xi (0 6 xi 6 LeÞ are,
respectively, the number and the axial coordinate of the locations
where the section strains are evaluated, and the superscript ei is
used to denote the section strains that are computed from the
strain-sensor values (experimental values) at the location xi. The
w0

k coefficients may be assigned different values to enforce a stron-
ger or weaker correlation between the measured section-strain
components and their analytic counterparts, i.e., a larger value of



Fig. 3. Inverse finite element geometry and nodal topology.
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w0
k enforces a stronger correlation, whereas a smaller value enforces

a weaker correlation.
Substituting Eq. (9) into Eq. (5) gives the section strains in terms

of the nodal degrees of freedom as

ek ¼ Bkue ðk ¼ 1; . . . ;6Þ ð12Þ

A vector form of Eq. (12) that incorporates all six section strains is
given by

e uð Þ ¼ B xð Þue ð13Þ

where the matrix B xð Þ contains the derivatives of the shape func-
tions NðxÞ.1 Substituting Eq. (13) into Eq. (11) and then Eq. (10) re-
sults in the following quadratic form

Ue ¼
1
2

ueð ÞT keue � ueð ÞT fe þ ce ð14Þ

where ce is a constant while ke and fe are defined as follows

ke ¼
X6

k¼1

wkke
k; fe ¼

X6

k¼1

wkfe
k ð15Þ

with

ke
k �

Le

n

Xn

i¼1

BT
k xið ÞBk xið Þ

h i
; fe

k �
Le

n

Xn

i¼1

BT
k xið Þeei

k

h i
ðk ¼ 1; . . . ;6Þ

ð16Þ

Note that ke resembles an element stiffness matrix of the direct fi-
nite element method and fe resembles the load vector; ke is a func-
tion of the measurement locations, xi, whereas fe depends on the
measured strain values. Minimization of functional Ue (see Eq.
(14)) with respect to ue leads to the inverse element matrix
equation

keue ¼ fe ð17Þ

The assembly of the finite element contributions, while accounting
for the appropriate coordinate transformations and by specifying
problem-dependent displacement boundary conditions, results in
a non singular system of algebraic equations of the form

KU ¼ F ð18Þ

The solution of these equations for the unknown degrees of freedom
is efficient: the K matrix is inverted only once, since it is independent
of the values of the measured strains. The F vector, however, is
dependent on the measured strain values that change during defor-
mation. Thus, at any strain-measurement update during deforma-
tion, the matrix–vector multiplication provides the solution for the
unknown nodal displacement degrees of freedom, U ¼ K�1 F, where
K�1 remains unchanged for a given distribution of strain sensors.

The remaining part of the element formulation involves the
selection of suitable shape functions, symbolically defined by Eq.
(9), and the computation of the experimental section strains, eei

k ,
appearing in Eqs. (12) and (13). In Section 3, the shape functions
for two alternative inverse-frame elements, each having two nodes
and twelve degrees of freedom, are derived. In Section 4, a proce-
dure for computing eei

k is described; it relates the number of strain
gauges to the interpolation order of the shape functions.

4. Element shape functions

In this section, inverse frame elements of 0th- and 1st-order are
formulated. As in the direct finite element method, shape functions
are required to satisfy Cðr�1Þ-continuity, where r is the maximum
derivative order of the kinematic unknowns in the strain field.
Fig. 4. Two-node inverse finite element.

1 BðxÞ is defined in Appendix C for the case of shape functions presented in
Section 3.
Thus, considering that first-order derivatives of the kinematic un-
knowns appear in the expression of the strain components, Eqs.
(3)–(5), the element shape functions need not exceed C0-continu-
ity. Moreover, the elements use the so-called interdependent (aniso-
parametric) interpolations (Tessler and Dong, 1981) that are guided
by Timoshenko equilibrium equations, Eq. (7); these shape func-
tions enable excellent predictions over a wide range of span-to-
thickness ratios, including the very slender frame members, with-
out incurring any form of excessive stiffening due to shear locking.

A frame element is referred to a local axial coordinate x 2 0; Le½ �,
where Le denotes the element length. Furthermore, a non-dimen-
sional coordinate n � ð2x=Le � 1Þ 2 �1;1½ � is used to define the ele-
ment shape functions (Fig. 3). The initial nodal configurations are
defined by the two end nodes, 1 (at n ¼ �1Þ and 2 (at n ¼ þ1Þ
and one or three interior nodes. Thus, the initial configuration for
the 0th-order element has the interior node, r (at the midspan,
n ¼ 0Þ; whereas the interior nodes of the 1st-order element are q
(at n ¼ �1=2Þ, r (at n ¼ 0Þ, and s (at n ¼ þ1=2Þ. The initial nodal
configurations of the 0th- and 1st-order elements are readily re-
duced to two nodes and twelve degrees of freedom by condensing
out the interior degrees of freedom at the element level in a man-
ner analogous to static condensation (see Appendix A). The result-
ing elements have three-displacement and three-rotation
unknowns at each end node (Fig. 4); thus, the reduced degrees of
freedom vector of the elements is

�ue � u1;v1;w1; hx1; hy1; hz1;u2;v2;w2; hx2; hy2; hz2
� �T ð19Þ

The process of condensing out the interior degrees of freedom
yields the reduced element equations, �ke �ue ¼ �fe, where �ke is the
Schur’s complement of the ke matrix (see Appendix A). Since the
unreduced ke matrix is independent of the strain values, so is the
�ke matrix. This implies that even for the elements with the con-
densed-out interior degrees of freedom, the corresponding system
matrix, K, is strain-value independent (refer to Eq. (18).)
4.1. 0th-order element

The formulation of the 0th-order element is guided by Eq. (7)
for the loading case of end-node forces and moments. For this case,



Fig. 5. Orthogonal and cylindrical coordinate systems.
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the axial force, twisting moment, and shear forces are constant
along the element; whereas the bending moments are linear. Eq.
(7), when expressed in terms of the section strains with the use
of Eq. (6), indicate that the section strains ei (i = 1,4–6) are con-
stant, and ei (i = 2,3) are linear. From Eq. (5), it is deduced that u
and hx are linear, hy and hz are parabolic, and v and w are cubic.
The inter-relationship of the polynomial order of the deflection
variables, v and w, and bending rotations, hy and hz, can also be in-
ferred from the definitions of the transverse shear section strains
(Gherlone et al., 2011a)

e4 ¼ w;x þ hy
� �

; e5 ¼ v ;x � hzð Þ ð20Þ

It is understood that in e4 both w;x and hy should be represented by
the same polynomial order and, similarly, in e5 both v ;x and hz

should also have matching polynomial orders. The above interpola-
tions give rise to quadratic interpolations for e4 and e5; they permit
a consistent reduction of interior degrees of freedom for v and w by
requiring a constant variation of these section strains across the ele-
ment span

e4 ¼ const:; e5 ¼ const: ð21Þ

The complete set of interpolations for this element is thus given by

u nð Þ¼
X
i¼1;2

Lð1Þi nð Þui; hx nð Þ¼
X
i¼1;2

Lð1Þi nð Þhxi

hy nð Þ¼
X

j¼1;r;2

Lð2Þj nð Þhyj; hz nð Þ¼
X

j¼1;r;2

Lð2Þj nð Þhzj ð22Þ

v nð Þ¼
X
i¼1;2

Lð1Þi nð Þv i�
X

j¼1;r;2

Nð3Þj nð Þhzj; w nð Þ¼
X
i¼1;2

Lð1Þi nð Þwiþ
X

j¼1;r;2

Nð3Þj nð Þhyj

where Lð1Þi nð Þ i ¼ 1;2ð Þ and Lð2Þj nð Þ j ¼ 1; r;2ð Þ are, respectively, linear
and quadratic Lagrange polynomials, and Nð3Þj nð Þ j ¼ 1; r;2ð Þ are spe-
cial-form cubic polynomials (refer to Appendix B). The two interior
degrees of freedom (hyr and hzr , refer to Eq. (22)) are condensed out,
thus, achieving a two-node element with twelve degrees of freedom
(Fig. 4, Eq. (19)).

4.2. 1st-order element

Consider a frame element loaded by uniformly distributed
transverse loads, qyðxÞ and qzðxÞ. After substituting Eq. (6) into
Eq. (7), it is readily deduced that e4 and e5 need to be linear and
e2 and e3 parabolic; the u and hx variables remain linear, as in Eq.
(22). Moreover, v and w variables are quadratic, whereas hy and
hz are cubic. Enforcing e4 and e5 to be linear yields the following
interpolations

u nð Þ¼
X
i¼1;2

Lð1Þi nð Þui; hx nð Þ¼
X
i¼1;2

Lð1Þi nð Þhxi

v nð Þ¼
X

k¼1;q;r;s;2

Lð4Þk nð Þvk; w nð Þ¼
X

k¼1;q;r;s;2

Lð4Þk nð Þwk ð23Þ

hy nð Þ¼
X
i¼1;2

Lð1Þi nð Þhyiþ
X

k¼1;q;r;s;2

Nð3Þk nð Þwk; hz nð Þ ¼
X
i¼1;2

Lð1Þi nð Þhzi�
X

k¼1;q;r;s;2

Nð3Þk nð Þvk

where Nð3Þk nð Þ k ¼ 1; q; r; s;2ð Þ are cubic polynomials that satisfy the
conditions

e4 ¼ linear; e5 ¼ linear ð24Þ

For the detailed expressions of the Nð3Þk nð Þ polynomials, refer to the
Appendix B. The interior degrees of freedom (vq;v r;v s;wq;wr , and
ws, refer to Eq. (23)) are condensed out at the element level, leading
again to a twelve degrees of freedom inverse element as in Eq. (19).

Note that the element shape functions do not satisfy Eq. (7)
identically and they do not depend on applied loading, material,
or cross-section properties (see Appendix B); therefore, these func-
tions are general enough to accommodate arbitrary material sys-
tems, boundary conditions, and loadings. Naturally, the iFEM
solution accuracy will depend upon the level of discretization
(mesh refinement) and the availability of measured-strain data
within a mesh. As in the direct finite element method, finer discret-
izations would generally result in more accurate results. The prob-
lems that involve distributed loading or inertial effects would
necessitate higher-fidelity discretizations. Several numerical
examples addressing the mesh refinement issues are presented
in Sections 5 and 6.

5. Input data from surface strain measurements

A key step in the iFEM formulation is to evaluate the section
strains due to experimentally measured surface strains. In this sec-
tion, the relationships between the measured surface strains and
the six section strains, ei, are established. Also discussed are the
strain gauge positions along the frame axis and their angular orien-
tations that enable the complete description of the experimental
section strains. For illustration purposes only, the present analysis
is restricted to frame members of circular cross-sections; naturally,
other types of cross-sections may be considered. The adopted
cylindrical coordinate system h; x; rð Þ is shown in Fig. 5.

5.1. Section strains derived from linear strain gauge measurements

Taking the usual assumption of negligible ry and rz, then rx

and sxh are the only non-zero stress components acting on the
external surface r ¼ Rext (Fig. 6(a)). The corresponding strain state,
represented in Fig. 6(b), is

ex ¼
rx

E
; eh ¼ �

m
E
rx ¼ �mex; cxh ¼

sxh

G
ð25Þ

Consider a linear strain gauge placed on the external surface at
x ¼ xi, at a particular h and with an angle b with respect to the beam
axis (Fig. 7); x�1; x

�
2; x

�
3

� �
is a local Cartesian coordinate system having

its origin on the frame external surface, the x�2-axis along the strain
gauge measurement axis (e�2Þ, the x�1-axis on the frame surface and
the x�3-axis normal to the frame surface and coincident with r-axis.

Using appropriate strain-tensor transformations from the
h; x; rð Þ to x�1; x

�
2; x

�
3

� �
coordinates (Lurie, 2005), the relationship be-

tween the measured strain e�2 and the strain tensor components in
Eq. (25) becomes

e�2 ¼ ex cos2 bþ eh sin2 bþ cxh cos b sin b ð26Þ

or, using the second of Eq. (25),



Fig. 6. Stress and strain states on the frame external surface (r ¼ RextÞ in the
cylindrical coordinate system: (a) stress state and (b) strain state.

Fig. 7. Location and coordinate system of a linear strain gauge placed on the frame
external surface.
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e�2 ¼ ex cos2 b� m sin2 b
� �

þ cxh cos b sin b ð27Þ

Substituting r ¼ Rext in Eq. (3), yields
Table 1
Strain gauge distributions x, (h; bÞ corresponding to the 0th- and 1st-order elements.

Element-strain
gauge notation

Orientation (h; bÞ of strain
gauges at x ¼ Le=3

Orientation (h; bÞ

0–6E – (�2p/3,0), (�2p/3
1–8E (�2p/3,p/4) (�2p/3,0), (�2p/3
ex ¼ e1 þ e2Rext sin hþ e3Rext cos h

cxh ¼ e4 cos h� e5 sin hþ e6Rext
ð28Þ

Substituting Eq. (28) into Eq. (27) results in the relation between
the measured strain e�2 and the six section strains at x ¼ xi

e�2 xi; h; bð Þ ¼ e1 xið Þ c2
b � ms2

b

� �
þ e2 xið Þ c2

b � ms2
b

� �
shRext

þ e3 xið Þ c2
b � ms2

b

� �
chRext þ e4 xið Þcbsbch

� e5 xið Þcbsbsh þ e6 xið ÞcbsbRext ð29Þ

where ch � cos h; sh � sin h; cb � cos b, and sb � sin b.

5.2. Strain gauge distributions

The iFEM formulation minimizes, in the least-squares sense, Eq.
(8), where ee are the section strains computed from the measured
strains. Thus, an important question arises what constitutes the
minimum number of strain measurements.

For the 0th-order element, e1; e4; e5 and e6 are constant, whereas
e2 and e3 are linear with respect to the axial coordinate, x; these
section strains necessitate eight strain measurements. Similarly,
for the 1st-order element, e1 and e6 are constant, e4 and e5 are lin-
ear, and e2 and e3 are quadratic, thus requiring twelve strain
measurements.

A further reduction of strain measurements is possible if one in-
vokes Eq. (7). Substituting Eq. (6) into Eq. (7) results in

Dye2;x ¼ Gze4; Dze3;x ¼ Gye5 ð30Þ

where Dy=Gz and Dz=Gy are proportional to Poisson’s ratio. It is fur-
ther noted that the above force-equilibrium conditions are only of
auxiliary nature, and they are used herein to reduce the number
of strain-gauge measurements by determining e4 and e5 analytically
rather than experimentally. Thus, for the 0th-order element, Eq.
(30) give rise to two constraints equations, thus reducing the min-
imum number of strain measurements to six; whereas, for the 1st-
order element, Eq. (30) give rise to four constraint equations, thus
reducing the minimum number of strain measurements to eight.

Since the strain gauges can be placed anywhere along the beam
surface, the distributions considered in this study are summarized
in Table 1 (also refer to Figs. 8 and 9). To refer to a specific combi-
nation of the element type and strain gauge configuration, a com-
pact notation, #–#E, is used; where the first position, #, refers to
the element order (0 or 1), the second position, #, indicates the
number of strain gauges per element (6 or 8), and the letter ‘‘E’’
indicates that Eq. (30) have been used in the formulation. The
strain gauges are placed at different positions x =
(Le=3; Le=2;2Le=3) along the element. The strain gauge angular ori-
entations (h; bÞ are also allowed to be different; for example, (h; bÞ =
(-2p/3, p/4) indicates that the strain gauge is placed at the circum-
ferential angle h ¼ �2p=3 and is oriented with an angle b ¼ p=4
with respect to the frame x-axis (Fig. 7).
6. Applications

A simple cantilevered beam and two three-dimensional frame
structures under the action of static and dynamic loadings are ana-
of strain gauges at x ¼ Le/2 Orientation (h; bÞ of strain
gauges at x ¼ 2Le/3

,p/4), (0,0), (0,p/4), (2p/3,0), (2p/3,p/4) –
,p/4), (0,0), (0,p/4), (2p/3,0), (2p/3,p/4) (2p/3,p/4)



Fig. 8. 0–6E strain gauge distribution.

Fig. 9. 1–8E strain gauge distribution.

Fig. 11. High-fidelity FE meshes of the circular cross-sections: (a) thin-walled
section, (b) thick-walled, hollow section and (c) solid section.
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lyzed to assess the accuracy of the proposed inverse finite element
method. The beam and frame structures are made of an aluminum
alloy, E = 73000 MPa, m = 0.3, and q = 2557 Kg=m3. Three different
circular cross-sections are considered, namely, a thin-walled (ra-
dius R = 39 mm, thickness s = 2 mm), a hollow (Rint = 20 mm,
Rext = 40 mm), and a solid one (R = 40 mm), see Fig. 10. The span
of each beam or frame member is L = 800 mm. For the three
cross-sections considered herein, the shear correction factors k2

y

and k2
z have been obtained following the approach in Cowper

(1966): for circular cross-sections k2
y and k2

z depend on the Poisson
Fig. 10. Geometry of the considered cross-sections: (a) thin-walled
ratio, m, and on the geometric ratio, m ¼ Rint=Rext . The resulting val-
ues are as follows: for the thin-walled section, k2

y ¼ k2
z = 0.531, for

the thick-walled section, k2
y ¼ k2

z = 0.620, and for the solid section,
k2

y ¼ k2
z = 0.887.

In lieu of the experimentally measured surface strains, high-
fidelity direct FE analyses (MSC/MD-NASTRAN, 2006) were carried
out. These results were also used to verify the accuracy of the nodal
displacements and rotations reconstructed by iFEM. To model the
thin-walled beam-frame member, QUAD4 shell elements were em-
ployed (Fig. 11(a)). The HEXA8 brick elements were used to model
the hollow and solid cross-section beam-frame members
(Figs. 11(b) and 11(c), respectively). Details of the high-fidelity
NASTRAN models are given in Table 2.

The present iFEM models used the strain gauge distributions in
Table 1 and the uniform weight coefficients w0

k ¼ 1 ðk ¼ 1; . . . ;6Þ in
Eq. (10); the strain values were taken at the nodes (at the specific
locations in Table 1) of the NASTRAN model. It is noted that slightly
more accurate strain values reside at the element Gauss points.
However, considering the high fidelity of the reference FEM model,
the ‘‘measured’’ strains evaluated at the nodes are quite
satisfactory.
section, (b) thick-walled, hollow section and (c) solid section.



Table 2
NASTRAN models for each beam or frame member.

Cross-sections and MPC’s Element
type

No. of elements along the external
circumference

No. of elements along the
beam length

Total No. of
elements

No. of
nodes

Thin-walled QUAD4 114 360 41040 41156
Hollow HEXA8 285 240 68400 82426
Solid HEXA8 384 168 64512 69121
Multi-point constraint (MPC) equations

(MSC/MD-NASTRAN, 2006)
An independent node is established at the centroid of each end cross-section and connected by way of MPC’s to the
cross-sectional nodes. This enables application of concentrated loads, evaluation of displacements and rotations and
joint connections at these specified nodes.
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6.1. Application of iFEM to statically loaded structures

Let us consider a cantilevered beam problem (Fig. 12(a)), where
the free end is statically loaded by a combination of three unit
forces and three unit moments. Only one inverse 0th-order beam
finite element is used to model the total span of the beam and
the six-sensors 0–6E strain gauge configuration is adopted.

In Table 3, the percent errors for the free-end displacements and
rotations of the thin-walled beam are shown; accurate results have
been obtained using only six strain measurements, with the max-
imum error being less than 2%. Different strain gauge distributions
have been explored leading to the same accuracy. For the hollow
and solid cross-sections, the maximum percent error is also less
than 2% (not shown). Fig. 13 demonstrates the accuracy of the iFEM
approach also in terms of distribution along the beam span of the
kinematic variables (displacements and rotations) for the thin-
walled cross-section case.
Fig. 12. Cantilevered beam problem: (a) tip loads:
Fx ¼ Fy ¼ Fz ¼ Mx ¼ My ¼ Mz ¼ 1 and (b) uniform transverse load: qz ¼ �1.

Table 3
Thin-walled cantilevered beam, tip loads:
iFEM (one 0th-order element, 0–6E strain
gauge distribution) percent error with
respect to NASTRAN solution.

Free end dof’s Error (%)

u 0.06
v 0.15
w 0.11
hx 1.38
hy 0.17
hz 0.16
The influence of the measurement errors on the accuracy of the
predicted deformed shape has also been investigated for the canti-
levered beam subjected to tip unit forces (Fig. 12(a)). Normally dis-
tributed errors have been added, independently, to the strains of
the NASTRAN FE analyses. The Gaussian error distributions have
zero mean value and three standard deviations equal to 5% of the
NASTRAN strains, i.e., about 99.7% of the errors are within the
interval (-5%;+5%). Probability density functions of the predicted
free-end degrees of freedom have been evaluated with a Monte–
Carlo simulation, consisting of 106 trial points. For the thin-walled
beam, loaded by the axial force �Fx ¼ 1 (see Fig. 12(a)), the tip axial
displacement is predicted within �5% and + 5% error for the 99.7%
of the cases. For the case of the applied shear force �Fz ¼ 1
(Fig. 12(a)), the bandwidth �5% accounts for 98.6%, for the pre-
dicted transverse displacement, and 98.5%, for the tip rotation.
For the applied moment �Mx ¼ 1 (see Fig. 12(a)), the error in the
twist rotation is less then 5% for 98.4% of the cases.

A further investigation on the robustness of the iFEM formula-
tion in the presence of strain-gauge position uncertainties has been
carried out by Corradi et al. (2011). In addition, iFEM analyses
using experimentally measured strains on cantilevered beams
have been performed by Gherlone et al. (2011b), who used low-
fidelity discretizations to reconstruct accurate deflections and
twist rotations.

When a uniformly distributed transverse load is applied to the
cantilevered beam (Fig. 12(b)), use of a single 0th-order element
is generally inadequate; a finer mesh leads to more accurate results
(Table 4). As expected, however, improved results are obtained
using a single 1st-order element and eight measured strains (1–
8E strain gauge distribution).

In the second example problem, a three-dimensional frame
structure with thin-walled cross-section frame members is sub-
jected to a static concentrated force applied at a joint (Fig. 14). A
single 0th-order inverse beam element is used to model each indi-
vidual frame member using the 0–6E strain gauge distribution, i.e.,
six strain gauges are used in each frame member, resulting in 48
measured surface strains.

The maximum percent error of iFEM recovered nodal degrees
of freedom with respect to NASTRAN is approximately 1% (hz

rotation at joint N3). In the present problem, the number of un-
known degrees of freedom is 24; thus, it should be possible to
solve the inverse problem by instrumenting only four beams
using only six strain gauges. Various combinations of four instru-
mented beams are possible; it is important to remark that in the
iFEM the element equation keue ¼ fe is defined only for the
instrumented elements, while matrices and vectors of the non-
instrumented elements are not assembled in the global equation.
The choice of measured strains on elements E1, E3, E5, and E7
leads to a maximum percent error of 1.39%; the error becomes
2.72% if instrumented elements are E1, E3, E4 and E8. This
example shows the possibility of reducing the number of needed
strain measurements, while taking into account the frame-seg-
ment connectivity, without significantly affecting the solution
accuracy.



Fig. 13. Comparison along the beam axis of iFEM solution (one 0th-order element, 0–6E strain gauge distribution) to NASTRAN kinematic variables for cantilevered beam (tip
loads) with thin-walled cross-section. u�ðxÞ � uðxÞ= uNASTRANðLÞj j and analogous definitions apply for the other kinematic variables.

Fig. 14. Three-dimensional frame structure problem.

Table 5
Global modes of the cantilevered beam in the frequency range of 0–5,000 Hz (nF-type mo

Mode order 1st and 2nd modes 3rd and 4th modes 12th mode

Mode type 1F 2F 1A
f frequency [Hz] 127 730 1670

Table 4
Thin-walled cantilevered beam, uniformly distributed load qz: iFEM percent error
with respect to NASTRAN solution.

Free end dof’s Error (%)

0th-order (0–6E) 1st-order (1–8E)

1 el. 2 el. 3 el. 1 el.

w �16.16 �3.94 �1.67 �0.55
hy �24.85 �6.09 �2.62 �0.86
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6.2. Application of iFEM to dynamically loaded structures

The same cantilevered beam represented in Fig. 12(a) (thin-
walled cross-section), is now subjected at the free end to a har-
monic vertical force Fz tð Þ (where t denotes time) acting in the z-
direction at frequency f0, i.e.,

FzðtÞ ¼ Fz0 sin 2pf0tð Þ ð31Þ

where Fz0 is the force amplitude (Fz0 ¼ 103 N). The dynamic re-
sponse of the beam is calculated using a modal transient analysis
in MSC/NASTRAN and keeping the modes up to 5000 Hz, with the
inclusion of viscous damping of magnitude 5% with respect to the
critical value at each frequency. In the frequency range from 0 to
5000 Hz, 51 modes are present: these include the first lowest flex-
ural beam modes, 1F-5F, appearing twice due to the cross-section
symmetry, and the first axial mode (1A). Table 5 summarizes the or-
der of the global modes, their type, and corresponding frequency
value f; the first three flexural mode shapes are shown in Figs. 15–
17. The other modes in this frequency range are associated with
shell modes describing cross-sectional distortion; these are not
shown nor tabulated.

To investigate the accuracy of the iFEM modeling for dynamic
applications in both low- and high-frequency regimes, three differ-
ent values of the applied-force frequency f0 have been considered,
namely: f0 = 60 Hz (about half of the fundamental frequency),
des are flexural; nA-type modes are axial; n indicates the mode number.)

13th and 14th modes 30th and 31st modes 40th and 41st modes

3F 4F 5F
1835 3187 4671



Fig. 15. 1st flexural mode (1F, f = 127 Hz).

Fig. 16. 2nd flexural mode (2F, f = 730 Hz).

Fig. 17. 3rd flexural mode (3F, f = 1835 Hz).

Fig. 18. Tip deflection wmax of the beam loaded by a transverse concentrated force
�Fz at f0 = 60 Hz.

Fig. 19. Tip deflection wmax of the beam loaded by a transverse concentrated force
�Fz at f0 = 450 Hz.

Fig. 20. Tip deflection wmax of the beam loaded by a transverse concentrated force
�Fz at f0 = 1400 Hz.
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f0 = 450 Hz (halfway between the 1F and 2F modes), and
f0 = 1400 Hz (halfway between the 2F and 3F modes). Figs. 18–20
compare the tip-deflection time histories, wmax(t), calculated by
means of the high-fidelity FEM shell model using MSC/NASTRAN
and the corresponding iFEM frame-element models. The tip deflec-
tion of the NASTRAN model corresponds to the cross-sectional cen-
ter, and is computed at a node which is connected to all other
nodes within the cross-section by means of MPC’s (refer to Table 2).
For the low-frequency loading of f0 = 60 Hz, a single 0th-order in-
verse element gives accurate results, with a maximum error in
the tip deflection of 2.3% (Fig. 18). At this excitation frequency,
when t P 0:1, viscous damping has reduced the structural vibra-
tions to a steady state response, proceeding at a constant ampli-
tude and the same frequency as the forcing function. When the
excitation frequency of the forcing function is increased, the re-
sponse has a longer transient region, which is manifested by inter-
actions between the natural modes of vibration and that due to the
applied dynamic loading. To model the transient response at high-
er frequencies, finer discretizations are required. Thus, for f0 =
450 Hz, a two-element, 1st-order model yields a 1.1% error in the
maximum deflection (Fig. 19). At the f0 = 1400 Hz frequency, a
three-element iFEM discretization using the 1st-order element re-
sults in the maximum deflection error of 2.0% (Fig. 20). These re-
sults clearly demonstrate that the methodology is highly
efficient, requiring only few inverse elements and strain gauge
measurements, and is applicable not only for the steady state por-
tion of the response but also for the transient regime at high
frequencies.

A three-dimensional frame structure having a thin-walled
cross-section has been analyzed subject to dynamic loading (refer



Fig. 21. Three-dimensional frame structure subject to harmonic loading:
�FxðtÞ ¼ �FyðtÞ ¼ F0 sin 2pf0tð Þ.

Fig. 22. Tip deflection V of the frame structure loaded by two transverse
concentrated forces at f0 = 10 Hz.
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to Fig. 21). The free end of the frame is excited by two harmonic
forces, Fx tð Þ and Fy tð Þ, directed along the x- and y-axis, respectively,
with the amplitude F0 ¼ 103 N and frequency f0 = 10 Hz (approxi-
mately half of the fundamental frequency),

FxðtÞ ¼ FyðtÞ ¼ F0 sin 2pf0tð Þ ð32Þ

In addition, the direct transient analysis has been performed using
an MSC/NASTRAN model, utilizing 5% viscous damping of the criti-
cal value at each frequency and keeping the modes up to 2000 Hz.

With the use of a single 0th-order inverse element modeling
each frame member, iFEM is able to reconstruct an accurate
time-history of the beam displacement field. Thus, as shown in
Fig. 22, the direct FEM (MSC/NASTRAN) and iFEM recovered tip dis-
placement V(t) (along y-axis) are compared very favorably, with
the maximum percent error is approximately 1.1%.
7. Conclusions

In search of a suitable computational method for use in struc-
tural health monitoring (SHM) systems, an inverse Finite Element
Method (iFEM) has been formulated to perform the shape-sensing
of three-dimensional frame structures undergoing static and dy-
namic de-formations. The present shape-sensing methodology
(the full-field reconstruction of the three-dimensional displace-
ments) also implies that other essential response quantities such
as stresses can be assessed, thus enabling real-time damage predic-
tions by means of appropriate failure criteria. iFEM uses a least-
squares variational principle, which is discretized by C0-continu-
ous displacement-based inverse frame elements. Linear strain–dis-
placement relations and their components, known as section
strains, are based on the Timoshenko (first-order) shear deforma-
tion theory that includes the deformations due to stretching, tor-
sion, bending, and transverse shear. The variational statement
enforces experimentally measured strains to be least-square com-
patible with those interpolated within the inverse frame elements.
The implementation of this least-square compatibility is accom-
plished using the individual section strains.

Two inverse frame elements, each having two nodes and twelve
degrees of freedom, have been developed. The 0th-order element
has a constant shear-section strain along the element length,
whereas the 1st-order element has a linear shear section strain.
The element shape functions are based on interdependent interpo-
lations that ensure locking-free bending of slender frame members.
The element interpolation order is linked to the definition of the
number and orientation of the uniaxial strain gauges that are nec-
essary for the analysis. Two simple and effective strain gauge distri-
butions have been selected and used in the numerical examples.

The shape-sensing capability has been demonstrated on both
static and dynamic applications. Cantilevered beams and three-
dimensional frame structures of various cross-sections, subjected
to concentrated and distributed static loads have been analyzed.
In addition, iFEM predictions have been carried out for low- and
high-frequency harmonic excitations of damped beam and frame
structures. To provide the simulated strain gauge measurements
and reference displacements, high-fidelity finite element models
have been developed using the MSC/NASTRAN commercial code.
The iFEM shape-sensing analysis, which is based only on the
strain–displacement relations and the surface-strain measurements
(without any reliance on the applied loads and on the material, iner-
tial, or damping properties of the structure), has been shown to be
highly effective and efficient in predicting the static and dynamic
structural response of beam and frame structures. Accurate predic-
tions of both the steady-state and transient response required only a
few elements and strain gauge measurements. As expected, struc-
tures undergoing higher-frequency excitations necessitated some-
what higher-fidelity iFEM discretizations.

Finally, to simulate errors that may affect experimentally mea-
sured strains, normally distributed perturbations have been added
to the input strains extracted from a high-fidelity finite element
beam model. For this computational example, a Monte Carlo sim-
ulation has shown that the solution does not diverge significantly,
i.e., the output error variance is only slightly larger than the input
strain error variance.

Future iFEM efforts will need to examine its suitability for mod-
eling a variety of typical aerospace structures having complex
geometries, material systems, and applied loading. For such struc-
tures, relatively fine discretizations would be required, thus neces-
sitating denser distributions of strain measurements. The latter
requirement may be readily fulfilled by the adoption of Fiber Bragg
Grating (FBG) optical sensors.

Appendix A

The element equations, keue ¼ fe, Eq. (17), can be partitioned as
follows
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where �ue is the vector of end-node degrees of freedom, whereas ue
O

is the vector of internal degrees of freedom. The second row of Eq.
(A1) yields

ue
O ¼ ke

OO

� ��1
fe

O � ke
RO

� �T �ue
� �

ðA2Þ

Substituting Eq. (A2) in the first row of Eq. (A1) yields the reduced
element equations, �ke �ue ¼ �fe, where

�ke � ke
RR � ke

RO ke
OO

� ��1
ke

RO

� �T

�fe � fe
R � ke

RO ke
OO

� ��1
fe

O

ðA3Þ

and �ke is the Schur’s complement of the ke matrix.

Appendix B

The 1st, 2nd, and 4th-degree Lagrange shape functions are given
as follows

� 1st degree
Lð1Þ1 ; Lð1Þ2

h i
� 1

2
1� nð Þ; 1þ nð Þ½ � ðB1Þ
� 2nd degree
Lð2Þ1 ; Lð2Þr ; Lð2Þ2

h i
� 1

2
n n� 1ð Þ;2 1� n2� �

; n nþ 1ð Þ
� 	

ðB2Þ
� 4th degree
Lð4Þ1 ; Lð4Þ2

h i
� 1

6
n 4n2 � 1
� �

n� 1ð Þ; nþ 1ð Þ½ �

Lð4Þq ; Lð4Þr ; Lð4Þs

h i
� 1

3
1� n2� �

4n 2n� 1ð Þ;3 1� 4n2� �
;4n 2nþ 1ð Þ

� 	
ðB3Þ

where n � 2x=Le � 1 2 �1;1½ � is a non-dimensional axial coordinate;
x 2 0; Le½ �, and Le denotes the element length. The subscripts 1 and 2
are labels representing the end nodes, whereas q, r, and s denote the
uniformly spaced interior nodes.

The 3rd-degree shape functions, Nð3Þj nð Þ, of the 0th-order ele-
ment have the form

Nð3Þ1 ;Nð3Þr ;Nð3Þ2

h i
� Le

24
1� n2� �

2n� 3ð Þ;�4n; 2nþ 3ð Þ½ � ðB4Þ

whereas the cubic Nð3Þk nð Þ shape functions of the 1st-order element
are

Nð3Þ1 ;Nð3Þq ;Nð3Þr ;Nð3Þs ;Nð3Þ2

h i
� 4

3Le 1� n2� �
4n� 3ð Þ;�2 8n� 3ð Þ;24n;�2 8nþ 3ð Þ; 4nþ 3ð Þ½ �

ðB5Þ
Appendix C

The matrix B relating the section strains to the element degrees
of freedom is given by

B nð Þ ¼

B1

B2

B3

B4

B5

B6

2
666666664

3
777777775
¼

B11 0 B12

B21 B2c B22

B31 B3c B32

B41 B4c B42

B51 B5c B52

B61 0 B62

2
666666664

3
777777775

ðC1Þ
For the 0th-order element, 0 is a 1 	 2 null matrix and the other
sub-matrices are defined as

B1i � 2
Le Lð1Þi;n 0 0 0 0 0
h i

B2i � 2
Le 0 0 0 0 Lð2Þi;n 0
h i

B3i � 2
Le 0 0 0 0 0 �Lð2Þi;n

h i
B4i � 2

Le 0 0 Lð1Þi;n 0 Nð3Þi;n þ
LeLð2Þ

i
2

� 
0

� �

B5i � 2
Le 0 Lð1Þi;n 0 0 0 � Nð3Þi;n þ

LeLð2Þ
i

2

� � �

B6i � 2
Le 0 0 0 Lð1Þi;n 0 0
h i

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

ði ¼ 1;2Þ ðC2Þ

B2c �
2
Le Lð2Þr;n 0
h i

B3c �
2
Le 0 �Lð2Þr;n

h i
B4c �

2
Le Nð3Þr;n þ

LeLð2Þr
2

� �
0

h i
ðC3Þ

B5c �
2
Le 0 � Nð3Þr;n þ

LeLð2Þr
2

� �h i
For the 1st-order element, 0 is a 1 	 6 null matrix and the other
sub-matrices are defined as

B1i � 2
Le Lð1Þi;n 0 0 0 0 0
h i

B2i � 2
Le 0 0 Nð3Þi;n 0 Lð2Þi;n 0
h i

B3i � 2
Le 0 Nð3Þi;n 0 0 0 �Lð2Þi;n

h i
B4i � 2

Le 0 0 Lð4Þi;n þ
LeNð3Þ

i
2

� 
0

LeLð2Þ
i

2 0
� �

B5i � 2
Le 0 Lð4Þi;n þ

LeNð3Þ
i

2

� 
0 0 0 � LeLð2Þ

i
2

� �

B6i � 2
Le 0 0 0 Lð1Þi;n 0 0
h i

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

ði¼1;2Þ

ðC4Þ

B2c �
2
Le 0 Nð3Þq;n 0 Nð3Þr;n 0 Nð3Þs;n

h i
B3c �

2
Le Nð3Þq;n 0 Nð3Þr;n 0 Nð3Þs;n 0
h i

B4c �
2
Le 0 Lð4Þq;n þ

LeNð3Þq

2

� 
0 Lð4Þr;n þ

LeNð3Þr
2

� �
0 Lð4Þs;n þ

LeNð3Þs
2

� �� �

B5c �
2
Le Lð4Þq;n þ

LeNð3Þq

2

� 
0 Lð4Þr;n þ

LeNð3Þr
2

� �
0 Lð4Þs;n þ

LeNð3Þs
2

� �
0

� �
ðC5Þ
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