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Abstract

We develop an approach based on the Noether method to construct nilpotent BRST charges and BRST-invariant actions. We
apply this approach first to the holomorphic part of the flat-space covariant superstring, and we find that the ghostsb, cz, which
we introduced by hand in our earlier work, are needed to fix gauge symmetries of the ghost action. Then we apply this technique
to the superparticle and determine its cohomology. Finally, we extend our results to the combined left- and right-moving sectors
of the superstring.
 2002 Published by Elsevier Science B.V.

1. Introduction and summary

Recently, a new approach to the completely super-
Poincaré covariant quantization of the superstring with
spacetime supersymmetry was developed in [1–3],
based on earlier work by Berkovits [4–7]. A free quan-
tum action invariant under BRST transformations and
a nilpotent BRST generatorQ were constructed [1].
The correct massless and massive spectrum for the
open and closed string was obtained [2]. The defini-
tion of physical states in terms of equivariant cohomol-
ogy was established [3]. In [1] a ghost pair(cz, b) was
introduced by hand to make the BRST charge nilpo-
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tent, and another BRST-inert ghost system (namely,
ηm, ωmz in [1], replaced byηmz , ωm in [2]) was in-
troduced by hand to cancel the central charge. In this
Letter we shall construct the quantum action and the
BRST charge using the Noether method, and we ob-
tain in this way a derivation of the ghost pairb, cz.

We start from the classical Green–Schwarz action,
but we take a flat worldsheet metric,1 and we replace
the κ transformationδκθα = γ

αβ
m Πm

z κ
z
β by the more

general expressionδλθα = λα where λα is a real
commuting 16-componentD = (9,1) spinor. Using
the Noether method applied to BRST symmetry,
new ghosts are added to the action. A preliminary

1 At the tree level the choice of a flat worldsheet metric is
sufficient, but clearly at one loop or for higher genus surfaces (with
or without punctures) it is inadequate.
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ghost action will turn out to have a rigid symmetry
but is not BRST-invariant. Making this symmetry
local leads to the ghost systemb, cz leads and a
BRST-invariant action. We apply this general method
to several cases: (i) the heterotic superstring, (ii) the
superparticle and, (iii) the flat space superstring with
combined left- and right-moving sectors. In all the
cases we do arrive at an invariant action and a nilpotent
BRST charge.

There exists now a derivation of theb, cz system
from first principles. For theηmz , ωm ghost system a
similar derivation is still lacking.

A different approach, starting from a twisted ver-
sion of the complexifiedN = 2 superembedding for-
mulation of the superstring, has been studied in [8].

2. Heterotic superstring and superparticle

The basis for our work is a remarkable identity
between the free classical (i.e., without ghosts) su-
perstringSclass

free , the full nonlinear classical Green–
Schwarz (GS) superstringSGS, and antihermitian com-
posite objectsdLα and dRα [9]. In the conformal
gauge,hµν = ηµν , one has in Minkowski space

Sclass
free = SGS−

∫
d2z

(
dLµα(η

µν − εµν)∂νθ
α
L

+ dRµα(η
µν + εµν)∂νθ

α
R

)
,

Lclass
free = −1

2
∂µx

m∂µxm −pLµαP
µν∂νθ

α
L

(2.1)− pRµαP̄
µν∂νθ

α
R,

where Pµν = ηµν − εµν and P̄ µν = ηµν + εµν .
Furthermore,SGS= Skin + SWZ with

Lkin = −1

2
Πm
µ Π

µ
m,

LWZ = −εµν[i∂µxm(θLγm∂νθL − θRγm∂νθR)

(2.2)− (θLγ
m∂µθL)(θRγm∂νθR)

]
and

dLµα = pLµα +
(
i∂µx

m + 1

2
θLγ

m∂µθL

+ 1

2
θRγ

m∂µθR

)
(γmθL)α,

dRµα = pRµα +
(
i∂µx

m + 1

2
θLγ

m∂µθL

+ 1

2
θRγ

m∂µθR

)
(γmθR)α,

(2.3)Πm
µ = ∂µx

m − iθαLγ
m
αβ∂µθ

β
L − iθαRγ

m
αβ∂µθ

β
R.

In chiral notation one has

Lclass
free = −1

2
∂xm∂̄xm − pLα∂̄θ

α
L −pRα∂̄θ

α
R

with ∂ = ∂σ − ∂t and∂̄ = ∂σ + ∂t . Further,

dLα = pLα+
(
i∂xm + 1

2
θLγ

m∂θL

+ 1

2
θRγ

m∂θR

)
(γmθL)α,

dRα = pRα+
(
i∂̄xm + 1

2
θLγ

m∂̄θL

+ 1

2
θRγ

m∂̄θR

)
(γmθR)α.

For us the identity in (2.1) is useful because it
defines objectsdLµα and dRµα which play a crucial
role in what follows. They become constraints in
the quantum theory and form the starting point for
the BRST charge. We denote the left-moving spinor
in the Green–Schwarz action byθL, while θR is
the right-moving spinor. Chiralθ ’s have spinorial
superscriptθαL andθαR and antichiralθ ’s are denoted
by θα . Thus for the IIA case, we use the notationθαR.

There also exists a relation in Berkovits’ approach
between the free quantum action, the GS action and a
BRST exact term. It reads (we use the notationwα for
the conjugate momentum ofλα instead ofβα of our
earlier work to facilitate the comparison with [4–7])

S
qu
free = SGS+QB

∫
d2z

(
wLµαP

µν∂νθ
α
L

(2.4)+wRµαP̄
µν∂νθ

α
R

)
,

where

Lqu
free = Lclass

free −wLµαP
µν∂νλ

α
L −wRµαP̄

µν∂νλ
α
R.
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Further,QB = (QB,L +QB,R) with

QB,L =
∫
dσ dt

(
iλαL

δ

δθαL
+ λLγ

mθL
δ

δxm

(2.5)+ dLµ
δ

δwLα
−Πm(λLγm)α

δ

δdLα

)
,

and similarlyQB,R, which satisfy

Q2
B,L =

∫
dσ dt

(−iλLγmλL)

×
(

δ

δxm
+ (

∂mθγ
m
)
α

δ

δdLα

)

(2.6)−Πm(λLγm)α
δ

δwLα
.

In Berkovits approach the BRST operatorQB is
not hermitian or antihermitian, because hisλα is com-
plex, but in our approach the BRST operator, denoted
by Q, is antihermitian. For pure spinorsλ satisfying
λγmλ= 0,QB is clearly nilpotent onxm, θα , λα and
dzα , but does not vanish onwα . The free quantum ac-
tion (2.4) is invariant under the gauge transformation
δw

µ
α =Λ

µ
m(γ

mλ)α if the λ’s are pure spinors, and the
BRST operators are nilpotent up to a gauge transfor-
mation. TheQB variation ofSGS does not vanish ei-
ther, butSqu

free is QB -invariant. The relation in (2.4)
was discovered by Oda and Tonin [10], and has been
used by Berkovits to construct the pure spinor action
in a curved background [11]. In our derivation below
this relation plays no role. We shall use the Noether
method, applied to BRST symmetry.

In this section we restrict ourselves to one (left-
moving) sector (the heterotic string). In Section 4 we
discuss the combined left- and right-moving sector.
We start from the GS action which we decompose
into a kinetic term and a Wess–Zumino (WZ) term,
SGS = Skin + SWZ. We shall not needSWZ but only
its exterior derivative which is given by the following
3-form both for the IIB and the IIA cases

(2.7)dLWZ = −i dθL /Π dθL + i dθR /Π dθR.

The action is invariant under localκ (Siegel) gauge
transformations if one does not fix the conformal
gauge. We consider the GS action in the conformal
gauge. In this gauge theκ symmetry transformations
acquire extra compensating terms and are quite com-
plicated. We follow, therefore, a different approach.

We choose the conformal gauge and replace the com-
posite parameters/Πκ of κ symmetry by a new local
classical gauge parameterλ. The GS action (from now
on in the conformal gauge) is of course not invariant
under theλ transformations ofxm andθα , but we shall
use the Noether method to obtain a BRST-invariant
free quantum action. The new local gauge transforma-
tions ofx andθ follow straightforwardly by replacing
Πzmγ

αβκzβ by λα

(2.8)δλx
m = −iλγ mθ, δλθ

α = λα.

The matricesγmαβ are real and symmetric, hence the
reality of δλxm and ofδλθα is preserved.

The geometrical meaning is at this point unclear.
However, Eq. (2.8) has the same form as the BRST
transformations generated by the BRST chargeQB

in Berkovits’ formalism. Therefore, we interpretλ
from this point on as a real ghost which changes its
statistics:λ becomes commuting. The BRST trans-
formations with constant anticommuting antihermitian
parameterΛ readδBθα = iΛλα andδBxm = iΛδλx

m.
Denoting the BRST transformation ofxm andθα with-
out Λ by s, we obtainsθα = iλα and sxm = λγmθ .
The BRST transformations close (they are nilpotent)
if the λ’s are pure spinors. In our approach [1] we do
not impose any constraints on the spinorsλ, and there-
fore, to still regain nilpotency of theλ transformation,
we modify theλ transformation rules ofx andθ by
adding further fields such that they become nilpotent.
Nilpotency ofs is achieved by definingsλα = 0, but
sinces is not nilpotent onx, we introduce a new ghost
ξm in sxm

(2.9)sxm = λγmθ + ξm, sξm = −iλγ mλ,
whereξm is anticommuting and real. We have obtained
s2 = 0 onx. For the variation of the action we need the
variation ofΠm

µ which is given by

(2.10)sΠm
µ = ∂µξ

m + 2λγm∂µθ.

The variation ofSkin contains a term with a deriva-
tive of a ghost which we can handle with the Noether
approach, and a term with∂µθ which poses a problem
as far as the Noether method is concerned and which
therefore should be removed

(2.11)s

(
1

2
Πm
µ Πνm

)
=Πm

(µ

(
∂ν)ξm + 2λγm∂ν)θ

)
.
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To remove the term with∂νθ we modify the induced
metricGµν =Πm

(µΠν)m by adding a suitable term to it

(2.12)Gmod
µν =Πm

(µΠν)m + 2d(µα∂ν)θ
α,

wheredµα is a new antihermitian anticommuting field.
The extra term−dµαPµν∂νθ

α in the action should be
interpreted as a gauge fixing term which breaks the
κ-symmetry. The gauge fixed kinetic term varies as
follows

sGmod
µν = 2Πm

(µ∂ν)ξm + [
4
(
λ/Π(µ

)
α

+ 2sd(µα
]
∂ν)θ

α

(2.13)− 2idµα∂νλα.

The most general expression forsdµα which leaves
only terms with derivatives of ghosts is given by

(2.14)sdµα = −2
(
/Πµλ

)
α

+ ∂µχ +Am
(
γm∂µθ

)
α
,

whereAm is an antihermitian anticommuting vector
to be fixed. We used that∂(µγ m∂ν)θ vanishes, made
a Fierz rearangement and introduced a new real
commuting ghost fieldχα , which can be interpreted
as the antichiral counterpart of the chiralλα . We fix
these free objects by requiring thatsdµα be s inert
(nilpotency ofs ondµα). This yields

sdµ = ∂µχ − 2/Πµλ− 2iξmγm∂µθ,

(2.15)sχ = 2ξmγmλ.

So far we have achieved that thes variation of

(2.16)Lmod
kin = −1

2
Πµ
mΠ

m
µ − dµα∂

µθα

contains only terms with derivatives of the ghostsλα ,
χα , andξm, namely

(2.17)sLmod
kin = −Πµ

m∂µξ
m − ∂µθ∂µχ + idµα∂

µλα.

We now repeat this program for the WZ term. It is a
good consistency check that this is possible at all. We
define a modified WZ term as follows

(2.18)Lmod
WZ = LWZ + εµνdµα∂νθ

α.

One finds that alsosLmod
WZ only contains terms with

derivatives of ghosts

(2.19)
sLmod

WZ = εµν
[
Πm
µ ∂νξm + ∂µθ∂νχ − idµα∂νλ

α
]
.

The sum of all variations is given by

s
(
Lmod

kin +Lmod
WZ

) = −Πm
µ P

µν∂νξm + idµαP
µν∂νλ

α

(2.20)− ∂µθ
αPµν∂νχα.

The next step is to cancel these variations by adding
free ghost actions and defining suitable transformation
laws for the antighost fields

Lgh = −βµmPµν∂νξ
m −wµαP

µν∂νλ
α

(2.21)− καµP
µν∂νχα.

The antighostβµm is anticommuting and antihermitian,
while wµα andκαµ are commuting and real. Because
the variation ofLkin + LWZ contain the operator
Pµν = ηµν − εµν , the antighosts are holomorphic
(chiral on the worldsheet: they have the index structure
βmz , βαz andκαz ). One finds easily a particular solution
for the variation of the antighosts, but the most general
solution contains a free constantb and a target-space
bispinorηµ,αβ

sβµm = (−Πµ
m − 2κµγmλ

) +
(
b∂µξm + 1

2
∂µbξm

)

+ (
χηµγmλ

)
,

swµ
α = (

idµ − 2iβµmγ
mλ− 2ξmγmκµ

)
α

− i

(
b∂µχα + 3

4
∂µbχα

)
+ (

/ξηµχ
)
,

sκαµ = (−∂µθα) + i

(
b∂µλα + 1

4
∂µbλα

)

(2.22)+ (
ηµ/ξλ

)
.

The transformations withb mapβ into its own ghostξ
andw andκ into the other commuting ghosts while the
transformations withηµ,αβ map each antighost into
the two noncorresponding ghosts.

Setting the anticommuting and antihermitianb and
the real commutingηµ,αβ to zero yields a solution
of the inhomogeneous equation for the transformation
laws of the antighosts, but the terms withconstant b
and ηµ,αβ yield further homogeneous solutions. In
other words, we are encountering a system with
constant ghosts-for-ghosts. We have already added the
terms with a derivative ofb for reasons to be explained
now.

The terms in the transformation rules with con-
stant b and ηµ,αβ yield new rigid symmetries of
the ghost action. Although we have obtained an
s-invariant action, the transformation rules for the
antighosts are not nilpotent. We now letb become a
field and add the terms with∂µb in (2.22). The ac-
tion then ceases to be invariant, but the transformation
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laws of the antighosts can be made nilpotent by defin-
ing suitable transformation laws forb andη, namely,

(2.23)sb = 1, sηµ,αβ = 0.

In fact the terms in (2.22) withηµ,αβ can be removed
by redefiningκαµ → καµ + (1/2)(ηµχ)α and for this
reason we omit them from now on. This redefini-
tion leads to a new term in the action of the form
χαη

µ,αβ∂µχβ ; however, this extra term is a total deriv-
ative which we also omit.

Returning to the problem of making the action
BRST-invariant, we need a kinetic term forb. Hence,
we introduce also a new real anticommuting ghostcµ
and add the following term to the ghost action:
Lextra

gh = −bPµν∂µcν . We determine the transforma-
tion rule ofcµ such that the action becomess-invariant.
One finds

(2.24)

scµ = −1

2

(
ξm∂µξm − 3i

2
χα∂µλ

α + i

2
∂µχαλ

α

)
.

Also this transformation law is nilpotent.
In this way we have reobtained the free BRST-inva-

riant action and the nilpotent BRST transformation
rules of [1]. In particular, we have given a derivation
of the need for theb, cµ system which follows from
the Noether procedure applied to symmetries of the
ghost action. However, the problem of giving a similar
fundamental derivation of theη,ω system remains.
For the string theη,ω system was needed to cancel the
central charge. For the superparticle, to which we now
turn, theb, c system is needed, but theη,ω system is
not needed because for the superparticle there is no
central charge and hence we do not need to cancel it.

3. The superparticle

In this section we apply the procedure presented
in the previous section to the point particle. The
operator formalism of [1] cannot directly be applied
in this case becausėθ vanishes on-shell. The off-shell
BRST approach is successful. We consider the open
string, hence rigidN = 1 spacetime susy with oneθ .
We shall show that the correct spectrum, namely the
field equations ofd = (9,1) N = 1 super-Yang–Mills
theory, is obtained.

We start from theN = 1 supersymmetric ac-
tion [12]

(3.1)

S =
∫
dτ

1

2e

(
ẋm − iθαγ mαβθ̇

β
)2
, α = 1, . . . ,16,

which is invariant underκ-symmetry:

δκθ
α =Πm

(
γmκ

)α
, δκx

m = iθγ mδκθ,

(3.2)δκe= 4ieθ̇ακα,

whereΠm = ẋm−iθαγ mαβθ̇β . The quantization of (3.1)
is nontrivial because of the fermionic constraint
δS/δθ̇α = pα = iPm(γmθ)α with Pm andpα the con-
jugate momenta to thex andθ coordinates. The anti-
commutator
{
pα − iPm(γmθ)α, pβ − iPm(γmθ)β

} = −2γmαβPm

shows that the fermionic constraints are both first and
second class: only half of them anticommute with each
other.2 However, it is difficult to disentangle these
two classes and construct a covariant set of indepen-
dent basis vectors for these constraints.3 The theory
is invariant under reparametrization of the worldline;
however, we will sete = 1 from the beginning and
construct a consistent model with local transforma-
tion rules. In the original superparticle, one could
choose the gaugee= 1, but thenκ transformations ac-
quire extra nonlocal compensating terms withξ(t) =∫ t
dt ′ (4iθ̇k)(t ′).4

2 Decomposingdα = pα − iPm(γmθ)α into /P dα + (1− /P )dα ,
the/P dα are first class and the(1− /P )dα are second class.

3 Recently, two of the authors [13] presented a solution of the
quantization of the superparticle using a “twistor”-like redefinition

of variablesPmγ αβm = λαa (σ
+ + P 2σ−)abλβb whereλαa are the

twistor-like variables andσ± the Pauli matrices. One way to
disentangle the two types of constraints is an infinite number of
ghosts. Using Batalin–Vilkovisky techniques the ghosts of level
greater than three do not interact with the ghost of lower levels and
with the other fields of the theory.

4 There should be a better way to do this: first go to the light-
cone gauge for the superparticle action (3.1) and reparameterize
the fermions byζ a = √

p+ (γ−θ)α where γ± = 1
2(γ

0 ± γ 9).

The BRST operator for the quantized model is onlyQ = cP 2 and
the states are representations of the Clifford algebra{ζ a, ζ b} =
2δa,b. Berkovits [14] finds an interpolating BRST operatorQ̂ in
an enlarged functional space with the unconstrained spinorsλ̂α and
their conjugate momentâwα , and the composite fielddα . One can
show that the cohomology can be constructed in two equivalent
ways: the first reproduces the light-cone massless states of the
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We compute the variation of (3.1) under the BRST
transformations

sxm = ξm + θγ mλ, sθα = iλα,

(3.3)sξm = −iλγ mλ, sλα = 0.

In order that the variation of (3.1) be proportional to
the equations of motion of the ghost fields, we add the
term

∫
dτ dαθ̇

α wheredα and its BRST variation are
given by

dα = pα + iẋm
(
γmθ

)
α

+ 1

2

(
γmθ

)
α

(
θγmθ̇

)
,

(3.4)sdα = χ̇α − 2Πmγ
mλ+Λm

(
γmθ̇

)
α
,

whereΛm andχα are two arbitrary fields. Notice that
we can freely add the ghostχα since on-shell this term
vanishes. The BRST transformation ofdα is nilpotent
if

Λm = −2iξm, sχα = 2ξm(γmλ)α.

Then, following the procedure already discussed, we
add ghost terms to the action

(3.5)Sgh,1 =
∫
dτ

(
βmξ̇

m +wαλ̇
α + καχ̇α

)

whose variation cancels against the variation ofS +∫
dτ dαθ̇

α if the antighosts transform in the following
way

sβm = −Πm − 2κγmλ+ bξ̇m + 1

2
ḃξm,

swα = idα − 2iβm
(
γmλ

)
α

− 2ξm
(
γmκ

)
α

− ibχ̇α − 3i

4
ḃχα,

(3.6)sκα = −θ̇ α + ibλ̇α + i

4
ḃλα.

The contributions with ghosts–antighosts in the trans-
formation rules are needed to compensate the
nonlinear variations of the ghost fieldsξm andχα in
the action (3.5). Further, the terms proportional tob
or ḃ are needed to obtain a nilpotent BRST symme-
try. As we learned from the previous section, a suit-
able redefinition ofκα removes theηm terms from the
symmetry, therefore, we have already chosen the basis

superparticle, the other reproduces the BRST cohomology with pure
spinor constraints. It would be interesting to repeat this approach for
our formulation.

withoutηm. The nilpotency of the BRST symmetry is
achieved by definingsb = 1.

The last step is to add ab− c term to the action and
derive the BRST transformation for the ghostc

Sgh,2 =
∫
dτ bċ,

(3.7)sc= −1

2

(
ξmξ̇m − 3i

2
χαλ̇

α + i

2
χ̇αλ

α

)
.

The sumS + Sgh,1 + Sgh,2 is now invariant under
BRST symmetry. At this point, we can rewrite the
terms of the action which contain the fieldxm in a
first-order formalism. Namely,

∫
dτ 1

2Π
2 = ∫

dτ ×
(PmΠ

m − 1
2P

2). Canonical quantization implies that
[Pm,xn] = −iηmn. This will be used in the next
section.

We now turn to the determination of the massless
cohomology for the superparticle. The physical states
of the superparticle should be found at ghost number 1.
Without further restriction, the cohomology is, how-
ever, trivial, but following [2] we assign a grading to
the ghost fields

gr
(
λα

) = 1, gr
(
ξm

) = 2,

(3.8)gr(χα)= 3, gr(c)= 4,

and the corresponding opposite numbers for antighosts.
We cannot use the affine Lie algebra to determine the
grading ofχ andc as in [2], becausėθ = 0 is a here
a field equation and there is no central charge for a
point particle. However, observing that the partQ0
of the BRST operator which only contains ghost and
antighost fields is nilpotent by itself, one can introduce
a grading which explains this. Namely,Q0 has vanish-
ing grading and this yieldsgr(χ)= 3 andgr(b)= −4.
The relevant cohomology is selected in the functional
space of non-negatively graded polynomials denoted
in the following byH+.5

5 Notice that in the pure spinor formulation,λα should be
complex and its complex conjugateλ̄α should transform under the
conjugated representation ofSpin(9,1). This implies that one can
construct a homotopy operatorK for the BRST chargeQB = λαdα .
It is easy to show thatK = λ̄αθ

α/(λ̄λ) with (λ̄λ) = λ̄αλ
α satisfies

{Q,K} = 1. This obviously renders the cohomology in [15] trivial
since everyQ-closed expression is alsoQ-exact. In order to obtain a
nontrivial cohomology one may use the grading in (3.8) and observe
that the homotopy operatorK has negative grading.
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The most general scalar expression inH+ with
ghost number one is

U (1)(z)= iλαAα + ξmAm + χαW
α

+ b
(
ξmξnFmn + iλαχβFα

β

(3.9)+ χαξ
mFα

m + χαχβF
αβ

)
,

whereAα, . . . ,F αβ are arbitrary superfields depend-
ing on xm, θα . The requirement of positive grading
has ruled outbλαλβ andbλαξm.

The condition{Q,U (1)(z)} = 0 implies the follow-
ing equations

D(αAβ) + iγ mαβAm = 0,

∂mAα −DαAm − 2iγmαβWβ = 0,

∂[mAn] + Fmn = 0, DβW
α +Fβ

α = 0,

(3.10)∂mW
α +Fα

m = 0, F αβ = 0,

whereDα ≡ ∂/∂θα − iθβγ mαβ∂/∂x
m.6 The terms in

{Q,U (1)(z)} which contain the fieldb yield equations
which are the Bianchi identities [1]. From the first two
equations of (3.10) one gets the field equations for
N = 1, d = (9,1) super-Maxwell theory

(3.11)γ
αβ
[mnpqr]DαAβ = 0,

as well as the definition of the vector potentialAm and
the spinorial field strengthWα in terms ofAα

Am = 1

16
γ αβm DαAβ,

(3.12)Wα = 1

20
γ αβm (DβAm − ∂mAβ).

Moreover, the remaining equations in (3.10) imply that
the curvaturesFmn,Fα

m, andFβα are expressed in
terms of the spinor potentialAα .

The gauge transformations of the vertexU (1)(z)
are generated by the BRST variation of a spin-zero
ghost-number-zero fieldΩ(0)(z) ∈ H+, whose most
general expression is given byΩ(0)(z) = C, with C

arbitrary superfield. The BRST variation ofΩ(0) is
δU (1)(z) = [Q,Ω(0)(z)] = iλαDαC + ξm∂mC. One
can easily check thatC is the usual parameter of the

6 Notice thatDα is hermitian. We defineD(αAβ) = 1
2(DαAβ +

DβAα) and∂[mAn] = 1
2(∂mAn − ∂nAm).

gauge transformations on the super-Maxwell poten-
tials: δAα =DαC, δAm = ∂mC. Thus, the only inde-
pendent superfield isAα , and it satisfies (3.11) which
is gauge-invariant. For further discussion of these field
equations we refer to [1].

4. Closed superstrings

In this section we again apply the procedure of
Section 2, but now to the combined left-moving and
right-moving sector of the Green–Schwarz superstring
simultaneously.

We start from the GS action in (2.2). The transfor-
mation rules are now given by

sxm = (
θLγ

mλL + ξL
) + (

θRγ
mλR + ξR

)
,

sθαL = iλαL, sθ α̂R = iλα̂R,

sλαL = sλα̂R = 0,

(4.1)sξmL = −iλLγmλL, sξmR = −iλRγmλR.
One clearly has nilpotency on these fields.

Next we add toLGS the terms withdLzα ≡ dL,1α −
dL,0α anddRz̄α ≡ dR,1α + dR,0α

(4.2)Ld = −dLzα∂̄θαL − dRz̄α∂θ
α
R.

We recall thatdLzα anddRz̄α , given below (2.3), are
such that inLGS+Ld only the free kinetic terms forx,
θL/R andpL/R remain. As before we determine the
variations ofdLzα anddRz̄α (hence ofpLzα andpRz̄α)
by requiring that in thes-variation ofLGS + Ld the
terms without derivatives of ghosts cancel. However,
we also require nilpotency ondLzα and dRz̄α ; since
there are cross-terms, this is less trivial. We find it
convenient to introduce an auxiliary field forΠm

0 , so
we replace(1/2)(Πm

0 )
2 by −(1/2)Pm

0 P0m+Pm
0 Π0m.

There are now two ways to proceed.
(i) We take the rules of the heterotic string in each

sector, but the cross-terms insdLzα are determined by
requiring nilpotency onPm

0 anddLzα. One can achieve
this, but one has then only nilpotency ondRzα modulo
the free field equations ofθL/R andξL/R.

(ii) We write all transformation rules with only∂1
derivatives, but not with any∂0 derivatives. This can
be achieved by using the free field equations. This
changes the rules of the heterotic string, but we obtain
nilpotency on all fields.
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Since one either works with the heterotic string or
with the Green–Schwarz string, we adopt the second
procedure. We obtain then

sdLzα = 2∂1χLα − 2(Π1m −P0m)γ
m
αβλ

α
L

− 4iξLmγmαβ∂1θ
β
L,

sdRz̄α = 2∂1χRα − 2(Π1m + P0m)γ
m
αβλ

α
R

− 4iξRmγmαβ∂1θ
β
R,

sPm
0 = −2

(
λLγ

m∂1θL − λRγ
m∂1θR

)
− ∂1ξ

m
L + ∂1ξ

m
R ,

sΠm
1 = 2λLγm∂1θL + 2λRγm∂1θR

+ ∂1ξ
m
L + ∂1ξ

m
R ,

sχLα = 2ξmL (γmλL)α,

(4.3)sχRα = 2ξmR (γmλR)α.

It is clear that nilpotency ofs holds onΠm
1 , Πm

0 and
Pm

0 in each sector separately. We have writtensΠm
1

below sPm
0 so that the difference becomes clear: in

sPm
0 we have used the field equations

(∂1 + ∂0)θ
α
L = 0, (∂1 − ∂0)θ

α
R = 0,

(∂1 + ∂0)ξ
m
L = 0, (∂1 − ∂0)ξ

m
R = 0.

Because there are only∂1 derivatives inΠm
1 andPm

0 ,
nilpotency of sdLzα and sdRz̄α is relatively easy to
prove.

Using these transformation rules, one finds

sS =
∫
d2z

[(
Pm

0 −Πm
1

)
∂̄ξLm − (

Pm
0 +Πm

1

)
∂ξRm

− 2∂1χLα∂̄θ
α
L − 2∂1χRα∂θ

α
R

(4.4)+ idLzα∂̄λ
α
L + idRz̄α∂λ

α
R

]
.

To prove this simple result requires multiple partial in-
tegrations and Fierz identities. To cancel these varia-
tions we add the ghost action

Sgh,1 =
∫
d2z

(
wLzα∂̄λ

α
L +wRz̄α∂λ

α
R

+ βLzm∂̄ξ
m
L + βRz̄m∂ξ

m
R

(4.5)+ καLz∂̄χLα + καRz̄∂χRα
)

and choose the appropriate transformation laws for

the antighosts

swLα = −idLα − 2iβLm
(
γmλL

)
α

− 2ξLm
(
γmκL

)
α

+ 2ibL∂1χLα + 3i

2
∂1bLχLα,

sβLm = −P0m +Π1m − 2κLγ
mλL

− 2bL∂1ξLm − ∂1bLξLm,

(4.6)sκαL = 2∂1θ
α
L − 2ibL∂1λ

α
L − i

2
∂1bLλ

α
L.

The rules for the right-moving antighostswRα , βmR and
καR are obtained by replacing−Pm

0 byPm
0 (andL byR

of course). These rules are nilpotent ifsbL = sbR = 1,
but the action is not yet invariant. Since it varies into
term withb we add the ghost action

(4.7)Sgh,2 =
∫
d2z

[
bL∂̄cL + bR∂cR

]
,

and find the transformation rules forcL andcR from
the BRST invariance of the action

(4.8)scL = −ξL∂1ξL + 3i

2
χLα∂1λ

α
L − i

2
∂1χLαλ

α
L

and, analogously, forcR. Nilpotency only fixes the
terms with ∂1bL in (4.6) up to an overall constant,
but invariance of the action fixes this constant. All
transformation rules for the combined sectors are now
nilpotent; this has been achieved by introducing only
one auxiliary field, namelyPm

0 .
Needless to say, we can again define the grading

current and we define the BRST cohomology on the
space of non-negatively graded vertices.
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