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The subject of this paper is the long time asymptotic behavior of
solutions of semilinear hyperbolic systems of the form

3
a,E=E<1>.[<z H,j‘akF>—S(z, X, E,F)] +GW, (1.1)

k=1

3

k=1

with the initial-condition
E(0, x) = Ey(x), F(0, x) =Fy(x). (1.3)

Here Ee C([0, c0), L*(2, R™)) and Fe C([0, o0), L* 2, RY)) are the
unknown functions depending on the time #>0 and the space-variable
xeQ. GV eLY((0, ), LR, R™)) and GP e L'((0, «0), LA R, RY)) are
prescribed functions.

The domain QcR? is arbitrary. H e are constant matrices,
EWeL>(Q RM*M) and E@eL*(Q, RV*N) are positive symmetric
variable matrices, which depend on the space-variable x e Q and satisfy
EM=1and E? =1 on Q,=%TQ\G with some subset G = Q.

The generally nonlinear function S: [0, c0) x Q x R¥*¥ — RM satisfies

RNXM

S(t,x,y,z)=0 forall xeQ,=Q\G and

S(¢, x,0)=0 forall xe,te(0, o0).
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In particular the damping-term S(¢, x, E, F) is only present on a certain
subset G = Q. The following dissipativity-assumption is imposed.

yS(2, x, 'y, z) = y(x) min{|y|?, |y|} forall =0,

yeRY, zeRM xeG.

Here pe[2, o) and ye L*(G) is a positive function on G, which does not
necessarily have a uniform positive lower bound on G.

This means that S(¢, x,y, z) is allowed to be bounded as |y| - oo and
IS(¢, x,y,z)| behaves like |y|?~! for small |y|. In particular a linear
damping-term S(z, x, E, F)=0a(t, x) E with 6e L*([0, 0)xG), =0 is
possible.

A domain D(B)< L*(Q, R™*¥) containing C(Q2, RM*Y) is chosen,
such that the operartor

B(E, F) <E(”{ Y H 8kF},E(2){ i HkakE]>

k=1

is skew-adjoint on D(B), i.e., B* = — B with respect to a weighted scalar-
product. The choice of D(B) depends on the boundary conditions on 0Q2
supplementing (1.1)—(1.2).

A physically important example for this system are Maxwell’s equations
describing the propagation of the electromagnetic field

g0, E=curl H—S(t, x, E, H) —j and uo,H= —curlE, (14)
supplemented by the initial-boundary conditions

AANE=0 on (0,00)x[I7, AAnH=0 on (0,00)x1,, (L5)

E(0, x) =Eo(x),  H(0, x) =H(x). (1.6)
In (1.5) I'; €0Q and [, Eoo\r 1- E, H denote the electric and magnetic
field respectively which depend on the time >0 and the space-variable
xeQ, whereas je L'((0, o), L*(Q, R?)) is a prescribed external current.
The term S(z, x, E, H) describes a possibly nonlinear resistor. The dielectric
and magnetic susceptibilities ¢, u € L*(£2) are assumed to be uniformly
positive.

For (1.4), (1.5) the operator B is defined in the space X =% L%(Q, C®) by

BEF)E (e 'curl F, —p~'curlE)  for (E,F)eD(B)E w,xw,.

Here Wy, is the closure of CP(R3\I,, C?) in H,,,(Q), where H_,,(Q), is
the space of all Ee L?(Q, C?) with curl Ee L*(Q).
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W denotes the set of all E€ H,,,,(£2), such that

f Ecurl F—FcurlEdx=0 for all Fe Wy,

Q

which includes a weak formulation of the boundary-condition 77 A E=0 on
Iy, see [8] and [9].

Another example for (1.1)—(1.2) is the first-order system corresponding
to the initial-boundary-value-problem of the scalar wave-equation with
nonlinear damping, for which the long-time behaviour in the case of a
bounded domain has been investigated in [ 3, 4-6, 10, 14, and 17].

02 =div(EVep) — S(x, 0,¢) (1.7)

supplemented by the initial-boundary-onditions
=0 on (0, 00)x0Q (1.8)
= fo(x) and 0,0(0, x)= fi(x (1.9)

0
for initial-data f, e H'(Q2) and f; e LAQ). Here EcL®(Q2,R**3?) is a
symmetric matrix-valued function satisfying E=1 on Q,=Q\G.
Note that u=%"(0,¢p, EVp)e C([0, x), LA, R*)) solves the system

d,u=(div(u,, ..., uy) — S(¢, x, uy), EVu,) (1.10)

which is of the form (1.1)—(1.3).
The aim of this paper is to show that the solution (E, F) of (1.1)—(1.3)
satisfies

(E(1), F(1)) =250  in L%(Q) weakly (1.11)

if and only if the initial-data (E,, F,) e L*(2) obey

j(E(1>—1E0e+E<2>—1FOf)dx=o for all (e, f)e.t". (1.12)

Q

Here

def =~

EO_EO+j GVdr and T, =°F0+j G? di

and A" < L*(Q, RM*+¥) denotes the set of all (E, F) eker Bwith E=0on G.

Furthermore it is shown that for arbitrary initial-states (E,, F,) e L%(Q)
the solution (E,F) of (1.1)-(1.3) converges weakly in L%Q) to some
element of A" as t — oo.
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It follows easily from the assumptions on S that ./ is the set of stationary
states of the system (1.1)—(1.3) provided that G =0.

In the case of Maxwell’s equations (1.4)—(1.6) the condition (1.12) on
(Eqy, Fy) implies

div<sEo—jwjdz>=o on @, and div(Hy) =0 on Q
0
(1.13)

since ./ contains all elements of the form (Ve, Vi) with ¢ € CF(2,) and
YeCP(Q).

If S is independent of ¢ and monotone with respect to E strong
L’-convergence is shown, i.e.,

TEO | rexey + 1F() | 20k 22,0 forall 1<r<2, and compact sets

KcQ (1.14)

if the initial-data (E,, F,) € L%(Q2) obey condition (1.12).

Finally (1.11) is used to prove that the solution the wave-equation
(1.7)~(1.8) in an arbitrary domain Q < R? decays with respect to the
energy-norm on each bounded subdomain of Q. For all Re(0, w0),

0
fo € HY(Q) and f, e LA(Q) it is shown that

t— o

(Vo) 22 ~ By + Hat€ﬂ(Z)HLZ(QnBR)) — 0.

The proof of (1.11) is based on a suitable modification of the approach in
[4] for the case that the operator B does not necessarily have purely dis-
crete spectrum. The basic idea is to show that for each f e C?(R\{0}) and
gewy(Ey, Fy) the function f(iB)g is real-analytic and vanishes on G,
where wy(E,, Fy) denotes the w-limit-set with respect to the weak topology
of the orbit belonging to the initial-state (E,, F,). This implies f(iB) g=0
for all fe C(R\{0}) and hence ge ker B. (Here the operator f(iB) can be
defined by the spectral-theorem, since iB is self-adjoint in L*(Q, CM**7))

In [14] it is shown that the solution of the scalar wave-equation in a
bounded domain tends to zero weakly in the energy-space if S(x, y)=
a(x) g(y) obeys kergc=(—o0,0] or kergc [0, co). The assumptions on
the nonlinear damping-term have been further weakened in [5] where
strong convergence is obtained in the case that 2 is a bounded one-dimen-
sional interval. In [17] also decay-rates for the energy-norm are obtained,
which depend on the behaviour of the damping term for y near zero.

In [4, 6, 14] the following unique—c%ntinuation-principle is used. Let
Q< RY be bounded and ue C([0, w0), H(Q))n CY[0, cv), LARQ)) be a
solution of the wave-equation d?u= Au on [0, o) x Q with the property
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that u(z, x) =0 on [0, c0) x E for some subset E < Q2 with positive measure.
Then u=0 on all of [0, c0) x Q.

In this paper the following modification for not necessarily bounded
domains is proved, see Theorem 1. Let (e, f)e C(R, L*(Q, R¥*+¥)) solve
d,e, f)= B(e, f) with the property that e(z, x)=0 for all r7e R and xeG.
Then (e(0), f(0)) e ker B.

2. NOTATION, ASSUMPTIONS

For an arbitrary open set K = R? the space of all infinitely differentiable
functions with compact support contained in K is denoted by CJ’(K).

Let Q2 <R3 be a (connected) domain and let 2, = Q be an open subset,
such that G & Q\Q, has nonempty interior. The variable matrices
EWeL*(Q, RM*M) and E@ e L*(Q, RY*M) assumed to be symmetric
and uniformly positive in the sense that

yEED(x)y=co|ly)? and  zt E@(x)z=colz)?  (2.15)
for all xeQ, yeR™ and zeR" with some ¢, e (0, co) independent of
X, , Z.
Next,
EM(x)=1 and E@(x)=1 forall xeQ,. (2.16)

The assumptions on S: [0, 00) x Q x R¥ ™Y — RM are the following.

S(t,x,y,2)=0  if xeQ,=Q\G, (2.17)
S(-,-,y,2) measurable for fixed yeRM, zeRY (2.18)

and Lipschitz-continuous, i.c., there exists L e (0, oo), such that
IS(z, x, ¥, 2) =S(1, x, §, Z)| < L(|y = §| + [z —Z]) (2.19)
forally, yeR™, z,Ze RY and xe Q.
IS(z, x,y,2)|* < Coy -S(t, X, y, z) (2.20)
forall >0, xe G, ye R™, ze R¥, with some C, (0, o). Moreover,
yS(2, x, y, z) = p(x) min{|y|?, |y|} (2.21)

forall >0, yeR™, zeRY, xeG.
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Here ye L*(G) with y>0 and pe[2, o). The function y does not
necessarily have a uniform positive lower bound on G. It follows from the
two latter assumptions that S(¢, x, y, z) =0 if and only if y=0 for all xe G.

In the sequel Li(K) denotes for a measurable subset K = G the weighted
Li-space endowed with the norm

1/q
d
il (a7 )

where ge[1, o0) and y as in (2.21).
The matrices H; € RV** obey the following algebraic condition, which is
fulfilled in the examples (1.4)—(1.6) and (1.7)—(1.9).

<Z3: kak><i 5kaf><i > |f|2<i éka> for all ¢eR?
- o = o (2.22)

Let Wy < L*(Q,CM) be the space of all eeL*(Q,C™) with 33 _,
0.(He)e L¥Q) in the sense of distributions endowed with the norm

3

Z (He)

2
lel3, <

lellZ>+

L2

Furthermore, let D(A) with Cg°(2, CY) <= D(A) be closed subspace of W,
with respect to the above norm and

3
def

Ae =) 0,(He) for eeD(A). (2.23)

k=1

Then the adjoint operator 4* obeys CF (2, CY)<= D(A*) and

3
A*F=—Y 0, H{F) forall FeD(A4*). (2.24)

k=1

For a vector we CM+¥V

N components of w.
Now, the folflowmg operators are defined.
Let D(By) = D(A) x D(A*) and

we denote by w, the first M and by w, the last

Bow & (—A*w,, Aw,)  for weD(B,)=D(A)x D(A*).

Next, B X EB, with E ¥ diag (EV, E®), ie., D(B) ¥ D(B,) and

BwE EByw=(—EVA*w,, EPA4w),) (2.25)
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for we D(B). It turns out that B is a densely defined skew self-adjoint
operator in the Hilbert-space X Lz( Q, CM+N) endowed with the scalar-
product

{u, V>X—f E~lavdx

This follows from the closedness of A, which implies that A** = 4 = 4. (It
is advantageous for following considerations to consider a complex space
X. But whenever the term S(¢, x, E, F) occurs in an equation, the functions
E and F are of course assumed to be real-valued.)

Now, let A" be the set of all aeker B with a,(x)=0 for all xeG.

Moreover, let X° & 4L be the space of all we X with (u, w) =0 for
allue 1.

For G=(G",G®)e L' ((0, ), L*(2, R™*Y)) and we L*(Q, R™ V) a
function ue C([0, o0), X) is called a weak soution to the problem

(1.1)—(1.3), if
d
7 Cu(0), a0 = —<u(1), Baj x+ (G(1) — F(t, u(t)), a) x
for all aeD(B) (2.26)

and u fulfilles the initial-condition.
Here F: (0, 00) x X — X is defined by

F(t,u) £ (EVS(1, -, u(-)), 0).

(2.26) is equivalent to the variation of constant formula
t
u(t)=exp(tB) w+ f exp((z—s) B)[G(s)—F(s,u(s))]ds (2.27)
0

where (exp(zB)),.r 18 the unitary group generated by B. Since F(z,-) is
assumed to be Lipschitz-continuous in X by assumption (2.19), it follows
from a standard result that this integal-equation has a unique solution
ue C([0, ), X), (see [ 11, chap.7]).

(2.27) yields the energy-estimate

5= ()5 =<G(t) = F(z, u(1)), u(1)) x

= CG(1), u(t)y x— [ S(t, x, u(t)) - u() d

G

<CG(1), u(?)) . (2.28)
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In the sequel 7(-)we ([0, 0), X) denotes the unique solution to
(1.1)—(1.3) in the sense of (2.26).

3. WEAK CONVERGENCE FOR T — «©

In the following lemma it is shown in particular that 7T(-)we
L*((0, 00), X), 1.e., ||T(t) w| x is bounded as ¢t — o0.

Lemma 1. Suppose we X and u(t) & T(t)w. Then

u(t) | x < W] x+ HGHLI((O, ), X)>
(3.29)

[ <uton Fec e x de < 1w+ 16 o, )

and

fo 1F(2, ()] 5 dt < Co( W] x + |Gl 110, w0, x))

with some C, € (0, o0) independent of w. Moreover,

u, € L7((0, «0), L,'(K)) for all bounded measurable subsets Kc G.
(3.30)

Proof. Let u(t) = (E(z), F(¢)) =1 T(t) w. By the assumptions (2.20) on S
one has

IF(t, £)|2< C K F(t,£),f>y  forall feX

with some C,> 0 independent of f. Therefore, the energy-estimate (2.28)
yields

14 lu(t) |15 < <G(1) — F(t, u(0)), u(t) > x

<G| x a(t) | x— <F (2, u(2)), u(2) ) x
<G| x llu(0) | x— Cg ' [1F(z, u(1))] % .
This implies (3.29) by Gronwall’s lemma. .
To prove (3.30) let fe X and define a, be LG, R™) by a(x) = f,(x) if

If,(x)| <1 and a(x) £ 0if |f,(x)] > 1. Moreover, b(x) & £,(x) if |f,(x)| > 1
and b(x) £ 0 if |f,(x)] < 1.
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Then it follows from assumption (2.21) that

a(x) S(z, x, a(x), f5(
b(x) S(z, x, b(x), f5(x)) =

=2
\%

(x) la(x)|”  and

Y
7(x) [b(x)|
for all x e G. Holder’s inequality yields

If, HL;(K) < HaHLi(K) + HbHL;(K)

< CK, 1 HauLg(K) + HbHL;(K)

1/p
= Ca([_laoirya ) " [ ol yas
1/p
<Cx, ( [ a(x)S(2, x, a(x), £5(x)) dx)
G
+ | bx) (2, %, b(x), £(x))
G
1/p
<Cr <j f(x) (1, x, f(x)) dx>
G

+f f(x) S(t, x, f(x)) dx

= C 1 (KE F(6, )y )P+ L F(t,£))
< Ca(1H IIE)CE F(1, £)) )7 (3.31)
Finally, the assertion (3.30) follows from (3.29) and (3.31). |
Next some lemmata concerning the operator B are given.
LemMMA 2. (i) Aw=B2w on Q for all we(rang By)nD(B2), in

particular —Ae=A*Ae and —Af=AA*f on Q for all ee(rang A*)n
D(A) and fe (rang A) N D(A*) with Aee D(A*) and A*fe D(A).

(il) Aw=B>w on Q,=Q\G for all we X° n D(B?).

Proof. Let ue CP(Q, CM*N)y= D(B}) for all neN. Then it follows
from the algebraic condition (2.22) using Fourier-transform that

F(Bju), (&)= i (g s,-Hj*Xél éH><ZéH> F(u)(&)

3
=—i|¢? < Y éle*> Z(u,)(€)
I=1
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Analogously,

3
F(Bgu), (&) = —i [ <Z szz> uy)(é)

and hence
Bju=B,Au  forall ueCy(Q,CM*+M) (3.32)

Now, assume we(rang By) N D(B}), ie., w=B,v with some ve D(B}).
Then

f (B2w)udx ={B3v, ) 2= — (v, B3u)> 2
Q
:—<v,BOAﬁ>Lz=<w,Aﬁ>Lz=f w Au dx
Q

for all ue C(2), which means Bjw = Aw in the sense of distributions.
To prove (ii) let we X° n D(B?). Suppose ue C(2,, CM*¥), and define
i< (B2—A)ue CP(Q,, CM*V) = D(BY). Then (3.32) yields Byii=0 and
hence i € 4. In particular 0 = {w, @i) 5, because we X°. Since E=1 on Q,,
it follows Bu= Byue D(B) and ii= (B> —4) u. Now,

0=<w, 1) y=<W, B2u) y—<w, dud y={B?>w,ud y—{w, dud »
=j ([B*w] i—w 4u) dx

Since ue C(Q,, CM*%) is arbitrary, the assertion follows. |

Remark 1. Due to the facts that generally E¥’#1 and a, =0 on G for
all ae /" we have 4w, #(B?>w); on G for all we X°~ D(B?) in general.

For example is the case of Maxwell’s Egs. (1.4)-(1.6) all we X°~ D(B?)
obey (B*w), = —¢ 'curl(u !curlw,). The condition we X° implies
div(ew;)=0 on Q, and div(uw,)=0 on £, as mentioned in the introduc-
tion, but it does not provide any information on the divergence of w; on
the set G, since a, =0 on G for all ae /"

The next theorem is the generalization of the unique-continuation-
principle in [4] and [6] as mentioned in the introduction.

THEOREM 1. Let ge X with the property
(exp(tB) g), =0 on G for all teR. (3.33)

Then ge N cker B.
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Proof. Since iB is self-adjoint in X, f(iB) = |g f(1) dE, can be defined
by the spectral-theorem for a Borel-measurable function f: R— C. Here
(E,),cr denotes the family of spectral-projectors of iB. If f e C°(R), then
bounded operator f(iB) has the representation

f(iB)u=(2rn) =12 fRf'(t) exp(—tB)udt  forall ueX. (3.34)
Here f denotes the Fourier-transform of £, To see this let u, ve X. Then
{S(iB) u, V>X=J[Rf(i) d{E,u,v) x
= (2n)"\? fR jR F(t) explith) dt d{ Eyu, v y

=(21) 2 [ fe)Cexp(—tB) u, v ydi
R

Suppose € Cg(R\{0}). Then (3.33) and (3.34) yield

(f(iB)g);=0 on G. (3.35)
Moreover,
f(iB) g=iBf(iB) g=i(—E"WA* (f(iB) g),, E?4 (f(iB)g),)  onQ,
(3.36)

where f(1) = Af(A). In particular (3.35) and (3.36) yield by replacing f by
g(A)E A7 (2) e CF(R\{0}) that

(f(iB)g),=iE®A (g(iB)g);=0 on G
and hence by (3.35)
f(iByg=0 onG (3.37)
Since E(x)=1 on Q\G, (3.35)(3.37) yield
Bof(iB)g=B(f(iB)g)= —if(iB)g  forall feCP(R\{0}) (338)
with f(1) = Af(2).

In particular it follows by induction
J(iB) ge (rang Bo) nD(Bg)  with B f(iB)g=B"(f(iB)g)  (3.39)

for all fe Cy(R\{0}) and ne N.
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The aim of the following considerations is to show that f(iB) g is real
analytic on Q. This will be achieved by means of a local integral representation.

Let fe C3(R\{0}) and choose y € Cy(R\{0}) with y(1)=1 on supp f.
Define

F(1) = exp(—1B) 7(iB) g=(2m) ™" | 7(&) exp((—1—&) B) g de.

Then (3.39) and Lemma 2(i) yield
0?F(t) = B*F(t) = BiF(t) = AF, (3.40)
in particular
04 A*F =(—1)/ B+ F(.)e L*(R, L¥Q))
forall jeN and keN,
which implies F e C*(R x Q) and

0I0*Fe L*(Rx A") for all compact # =@, jeN, and aeNj.
(341)

Suppose x, € 2 and choose R>0 with B,g(x,) = Q. Let
K(x, &) & (4n |x]) =L f(é— |x]) for ¢eR and xeR3

Then (3.41) yields for all x € Bg/(xo)

1imff NIK(x—p, &) V(& p)
aB(x)

r—0

—F;(& )V, K(x =y, £)]1dS(y) dS

r—0

= (47)~" lim ( JJE=n] DI 0TEE ) dS() dé>

J, @ Ee x de

jR )(exp( —EB) x(iB) g); (x) dé

(27)'2 (f(iB) x(iB) g),(x)
(27)"2 (f(iB) g); (x). (342)
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For all x € Bg;y(x,) and all y € Byg(x,) with y # x one has by (3.40)
div,[K(x—p, &) V,F;(& p) —F,(& y) V,K(x = »,&)]
=K(x_y5 é) AyF](és y)_F](éa y) AyK(x_ya f)
=K(x—, &) 0°F (& ») —F,(& p) 0.7K(x — y, &)

=0 K(x—p,8) 0:F;(& y) —F;(&, p) 0:K(x—p, <) ]

and hence
[ L, ARG = 5 &) VB ) =B 3) VK= 3 &) dS)

=y Ly FONKC= 2 )V, )

—F;(& )V, K(x —y, £)]dS(y) dS

j j div,[ K(x — y, &) V,F, (&, »)
R BR(X())\B,(?C)

—F,(& y) V, K(x — p, &)1 dy dé

=| | oK =y, &) 0., )
Bp(xp)\B,(x) R

—F,(& y) 0:K(x— y,&)] dS dy =0, (343)

[ [€l—>

since K(x—y,{)—— 0 and 0.K(x — y, {) —— 0, whereas F and 0.F
remain bounded as |£| - oo by (3.41) for fixed y # x.
Now, (3.42) and (3.43) yield for all x € Bg(x,)

(21)' 2 (fiB) g),(x)= [ AIKx—y, &) V,F(E )
R YoBg(x)
—F,(& ») V,K(x—p,$)1dS(y) dS (3.44)
Since f'e C°(R), there exists a constant C, € (0, o0) with

(1483 |f®E)<ck  forall ¢eR and keN.
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Hence there exists a constant C, € (0, co) with

dk
J R Lz&(xo) < dr*
k

dz*

K(xo+101 =, 5)‘

+‘ (ﬁ(y)VyK<xo+m—y,é>>DdS<y)df

< Chk! |n|*

for all e R® with |#| <R/2, te(—1,1) and ke N. Now it follows from
(3.41) and (3.44) and the previous estimate that there exists a constant
C; €(0, o0) with

dk
7% (SiB) g)(xo +77)) < (Cs [l )< k!
T

for all neR* with || <R/2, te(—1,1) and keN, which yields the
analycity of f(iB) g.

Next this analycity yields by (3.37) and the assumptions that G has
nonempty interior and 2 is connected that

f(iB)g=0  forall feCP(R\{0}). (3.45)
Choose a sequence f, € CF(R\{0}), ne N with | £,(2)| <1 andf,(1) —> 1
for all 2e R\{0}.
By the spectral-theorem (3.45) implies

n— oo

0=</f(iB) g, 8> x—— {(1 =Py, 5) & 8> x

and hence g = P, g € ker B. Together with (3.33) this yields g e A", which
completes the proof. ||

Remark 2. In [7], Chap. VIII the following result can be found
(Theorem 8.6.8), which is a consequence of Holmgren’s uniqueness-theorem:

Let X;, X, = RY open and convex with X; = X,. Let L be a differential
operator with constant coefficients. Then the following conditions are
equivalent:

(1) Allue 2'(X,) with Lu=0 on X, and u=0 on X, are identically
zero on all of X,.

(i1) Every hyperplane which is characteristic with respect to L and
intersects X, also intersects X;.
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This can be used in the proof of the previous theorem as follows. Let
7€ CP(R\{0}) and define

def

F(1) = exp(—1B) 7(iB) g=(2m) ™" | 7(&) exp((—1—¢) B) g dL.

As above it follows from (3.37), (3.39) and Lemma 2(i1) that Fe C*(R x Q)
solves the scalar wave-equation (3.40) and vanishes on the subset R x G. In
order to apply Theorem 8.6.8 in [7] define U as the set of all x e Q, such
that there exists a neigbourhood % of x with F=0 on Rx %. The aim of
the following considerations is to show U= Q, in particular F is identically
zero.

By (3.37) and the assumption that G has nonempty interior there exists
some x, € G with this property, in particular U# ¢J. Since U is open
and Q is connected, it suffices to show that U is relatively closed in Q.
Suppose x; €2 U and choose R>0 with Bg(x;)=Q. Then one can
find ye Br(x;)n U and r>0 with B,(y)< Bg(x;) and F=0 on X, =
R x B,(y). Now every hyperplane, which is characteristic with respect to
the wave-operator intersects X;. Therefore Theorem 8.6.8 in [7] asserts
that F=0 on X, “RxB r(X1), In particular x; € U, which completes the
proof of Theorem 1 with the aid of Theorem 8.6.8 in [7].

However the proof of Theorem 1 given in this paper is independent of
Holmgren’s theorem.

Remark 3. The proof of Theorem 1 can be simplyfied further under the
additional assumption that

0,0 (3.46)

Suppose that g € X satifies the assumption in Theorem 1. As above one has
for all fe Cy(R\{0})

f(iB)g=0 onG (3.47)

and f(iB) g satisfies (3.39).
Next it is shown that f(iB) g is real analytic on Q. Lemma 2(i) and
(3.39) yield

Bf(iB) g =B; f(iB) g(t) = 4f(iB) g, (3.48)

By induction it follows

(1—4)"f(iB) g =(1— B*)" f(iB) g=f (1+2)* f(2) dE;g e L*(Q)

R

(3.49)
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and hence

I(1—4)" f(iB) gl x= (1 — B*)" f(iB)] x
<sup (1+22)" /(D)) lglx<C7 (3.50)

AeR

for all ne N with some constant C; € (0, co) independent of n.

Let F e L’(R?*) be the extension of f(iB)g by zero defined by
F(x ) = (f( B) g)(x) if xe Q and F(x) =0 if x e R*\Q. Since F(x) =0 for all
xeG=0\Q, by (3.47) the support of F is contained in the closed subset
Q, = Q by assumption (3.46). Now, it follows easily from (3.48)—(3.50) that
(1—4)"F e L*R?) and

[(1—=2)"F| 2y < [(1 =4)" f(iB) gl x < C} forall neN. (3.51)
This yields by Sobolev’s embedding-theorem F e C*(R?) and

HaaFHLw <C HaaFHHZ(R3) =C H(l + 52) f“FHLZ(W)
SC(1+E)" 1 Fl| gy = C (1= 4)" "' F o)
<crt! (3.52)

for all neN and |x| <2r with C, €(0, c0) as in (3.51), which yields the
analycity of F. Since F(x) =0 for all x € G, this analycity implies F =0 on
all of R® and hence (3.45)

In the sequel let wy(w) denote the w-limit-set of the solution 7°(-) w with

respect to the weak topology of X, ie., the set of all ge X, such that there
exists a sequence f, ——» oo with T(t,) W ——> g in X weakly, that
means with {(7(¢,) w, f> y —— (g, ) for all fe X.

Since the T(-)weL*((0,0), X) by Lemma 1 the weak -limit-set

wo(W) in nonempty for all we X.

THEOREM 2. Let we X. Then wy(w) < AN .

Proof. Let u(z) o T(t) w for t€R. Suppose g€ X and 1, ——> oo with
T(t,) w =" g in X weakly. Let e R. By (2.27) one has

u(z,+t)=exp(tB)u(t,) +jtn+t exp((t,+t—7) B)[G(t)— F(t,u(t))] dr

n

for all sufficiently large ne N, such that ¢,+¢>0. (In order to apply
Theorem 1 it is necessary also to consider ¢ <0.) With G e L((0, ), X) it
follows from Lemma 1, (3.29) that
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lu(z, 4 1) —exp(1B) u(1,)| x
<f (IG(D)llx+ [ F(z, u(z)) x) de
[t,,t,+1]

< IG(2)lly dr + |12

[2,,t,+1]
1/2
n— oo
x < | IF(z, u(r))|% dr) =50
[t,,¢,+1]

and hence

u(t,+1t)—>>exp(tB)g  in X weakly for all reR.  (3.53)

) def def

Suppose a,beR with a<b and define fd—efjb exp(tB) gdt and f™ =
§” (t,+t)dt for neN sufficiently large, such that ¢z, +a>0. Then (3.53)
yields by the dominated convergence-theorem

b
<f(">,h>X=j Cult, +1), b 4 d

b
25 [ Cexp(iB) g by  di
for all he X, ie., £ 222 f weakly. In particular

f, 2=5f,  in LXAG)<=L)(K) weakly for all bounded Kc<G.
(3.54)

On the other hand it follows from Lemma 1(iii) that

1/p* b+t" Vp n— oo
HQIHL;(K)g(b_a) /» <J |“(f)1|{;(1<)dt> — 0 (3.55)

a+t,

for all te R. Now (3.54) and (3.55) yield

b
j (exp(tB) g), dt=0 on K for all bounded K< G

a

and all a,beR, a<b.

This implies that g obeys condition (3.33) of Theorem 1. Hence ge .4". |
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Let P be the orthogonal-projector on ./ in X.

t— oo

LemMma 3. Supposewe X. Then |PT(t) w— P(w+ L‘;O G(t)dt)|xy— 0.

Proof. Suppose we X and ae /", that means aeker Band a,=0 on G.
Then (2.27) yields

CPT()w,a) x=T(1) W, a) 5

= <exp(zB) w+ jt exp((t—s) B)(G(s)

— F(s, T(s)w)) ds, a>

X

— (w, exp(—1B)a) y

+ [ <G(s) — F(s. T(s) w). exp((s—1) B) a) x ds
0

= (W)t [ CGls) = Fls, TUs) wh ) v ds

= (wa) y+ jot (G(s), a) y ds

_ <P(w + jot G(s) ds), a>

X

Hence
PT(t)w=P<w+fG(s) ds>. (3.56)

With Ge LY(0, oo, X) the assertion follows. ||

Now, the main theorem concerning weak convergence can be proved.

THEOREM 3. Suppose we X.
Then T(t)w ——"> P(w+ [ G(t) dt) in X weakly.
Proof. By Lemma 3 one has for all ge wq(w)

0

Pg=P<w+I G(s) ds>.
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On the other hand Theorem 2 yields g e./" and hence
g—Pg—P <w+j G(s) ds> forall geawy(w).  (3.57)
0
Now it follows from (3.57) that

wo(w)c{P <w+f G(s) ds>}. (3.58)
0

Since the orbit {7(z)w:¢>0} is precompact in the weak topology by

Lemma 1(1), this completes the proof. ||

In particular it follows from the previous theorem that 7(¢) w 2%, 0in
X weakly if and only if w + [ G(7) dt € X° = 4"+, which is condition 1.12.

4. STRONG L2-CONVERGENCE OF SOLUTIONS

The aim of the following considerations is find sufficient conditions for
strong convergence. Assume that in addition S(z, x, y, z) is independent of
t, 1e., S(t, x,y,2) =Sy(x,y, z) and

(SO(x’ Y. Z) - SO(X’ S]’ i))(y_ S’) 20 (459)

forallt>0, ye R¥, ze RV and x € G with some function Sy: Q x R¥+¥ — R™,

The main purpose of this assumption is to ensure that 7(¢) we D(B),
0,(T(t)w)e L*Q) and BT(-)we L*((0, ), X), ie., | BT(t) w|  is bounded
as t — oo if we D(B) as shown in the following lemma. (For example in the
linear case S(z, x,y, z) =a(t, x) y the condition that S is independent of t
can be replaced by the weaker assumption

0,06 L*((0, 0) x G) and |0,0(t, x)| < Cyo(t, X)

for all 1>0 and x € G with some constant C, independent of ¢, x.)

LemMA 4. Suppose in addition that Ge W''((0, ), X) and we D(B).
Then one has

T(-)we W-*((0, o), X) n L=((0, o0), D(B)) (4.60)

Proof. Tt follows from the assumption that there is a nonlinear operator
Fy: X — X with F(z, w) = Fy(w) and

(Fo(W)— Fo(W), w—W)> >0 forall w,welX
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Suppose we D(B) and set u(t) & T(t)w. It follows from a standard
regularity-result that we CY([0, o0), X)n L((0, o), D(B)) is a strong
solution of

u'(t) = Bu(?) + G(1) — Fy(u()). (4.61)

In analogy to Lemma 1 an energy-estimate for u’ can be obtained using the
monotonicity of F:

d
12— 10,u(1)|5<<8,G(1), 0,u(t)> x< 0, G(1)ll x [0,u(2)ll x

With 9,G e LY((0, ), X) this yields ue W <((0, ), X).
By (4.61) one obtains also u(¢)eD(B*)=D(B) and Bu(-)e
L=((0, ), X). 1

LEMMA 5. X°~D(B") is dense in X°nD(B™) for all m,neN with
m<n.

Proof. Let we X°n D(B™) and define w, = ™(t— B) " we D(B") for
7> 0. Then

1B (W, — W) x=|1B*W — [t(t — B) ~']" B*W|| y—— 0
for all ke{0,1,.,m}. (4.62)
Suppose a € .A". Then
dw,a) y={w, T"(t+B)"ay y=<{w,a) y=0.
Hence w, € X°. By (4.62) the proof is complete. ||

The next lemma concerns regularity-properties of elements of X° n D(B).

LEMMA 6. (i) Let K< Qq be a bounded open set with K = Q.
Then we HY(K) and

Wl a0y < Ci 1Wl oy for all we X°n D(B).

with some constant Cg € (0, o0) depending only on K.
(ii) Suppose in addition E® =1 on all of Q.

Let U< Q be a bounded open set with Uc Q.
Then Fe H(U) and

¥l gy <CulWllpw  forall w=(E, F)eX°n D(B).

with some constant Cy € (0, o0) depending only on U.
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Proof. (i) Let K=, be a bounded open set with K< Q,. Choose
7€ C(Q,) with y =1 on K. Suppose we X° D(B?). Then Lemma 2(ii)
yields we H? (2,) and

loc

M+ N
S| 2 vw P ax
k=1 "%

M+ N

=3 j div(y? Vw,) W, dx
Q,

k=1 0

M+ N M+ N

<Cer X [ VWl lwlde+ Y[z Awwdx
k=1 "% k=1 "%

M+ N

<Ca W13 Y [ 2 (Vwel” de+ GRB W) W)
k=1 0

M+ N

< Cis Wl + 13 X [ 22 1Vwel? dx - Gr(BwW), Bw)
k= 0

1

M+ N
<CralIBWIG+ W3 +23 3 [ 22 (Vw2 d
k=1

2
by assumption (2.16). Hence

M+ N
Wl < IWli%+ X LZ 72 IVWe |2 dx <3Cx 4[| BW] 5+ [wl3)
k=1 0

By Lemma 5 the estimate holds for all we X°n D(B).
To prove (ii) consider first fe D(4*) N (ker A*)* with A*feD(A).
Since (ker A*)* =rang A Lemma 2(i) yields Af= —AA4*f From a
similar cut-off argument as in the proof of the first part it follows that

1210y < Copal A1 72 + £ 72) (4.63)

Since the set of all fe D(A*) (ker A*)* with A*fe D(A) is dense in
D(A*) ~ (ker A*)*, (4.63) holds for all fe D(A*) n (ker A*)*.

Now let (E, F)e X°n D(B).

Since (0,g)e A" for all ge(ker 4)*, it follows from the assumption
E® =1 on Q that

<F5 g>L2(.Q):<(E’ F)’ (07 g)>X:O fOr au ge(kerA)*a

in particular FeD(A4*)n (ker A*)*. Finally, the assertion follows from
(4.63). 1
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Remark 4. As described in Remark 1 the H| -regularty of w, for

we X°n D(B) does generally not hold on the set G=Q\Q, even if E¥ =1
on Q.

Lemma 7. Suppose E® =1 on Q.
Then (e(t), f(1)) < T(t) w— P(w+ & G(1) dt) obeys

(”e(Z)HLZ(K) + ”f(t)HLZ(U)) R 0.

for all compact sets K< Qy and Uc=Q and we X.

Proof. First suppose in addition that we D(B) and G € W' 1((0, ), X).
Define (&(7), T(1))% (1 —P) T(t) we /*+ = X°. Since PT(t)we N < D(B),
Lemma 4 yields

(&,f) e L*((0, ), D(B) n X°) (4.64)

Hence, it follows from Lemma 6 and Sobolev’s imbedding theorem that
{&(#):1>0} is precompact in L*(K)
and {f(#): t>0} is precompact in L*(U).

Therefore, Lemma 3 and Theorem 3 yield

1&(1) ]| 2k + IT()]| 2y — 0. (4.65)
Next it follows from Lemma 3 that

l€(?) —e(t) 2y + If(¢) — e()| 2wy

t— oo

— 0. (4.66)

X

< PT(z)w—P<w+f°OG(z) dt>
0

Now, the assertion follows from (4.65) and (4.66) under the additional
hypothesis we D(B) and G e W-1((0, ), X).

In order to prove the theorem in the general case assume that w, We X
and G,GeL'((0,0),X). Let @t be the corresponding solution to
(1.1)—(1.3) with w, G replaced by W and G respectively. Then one obtains
from (4.59) and a similar estimate as in (2.28)

d ~
5 1T w— i(1)[15=2¢G(1) = G(1) = Fo(T(t) w)

+ Fo(u(2)), T(1) w—u(z) ) x
<IG(1) = GO ¥ IT(1) w—1(1)]
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and therefore
IT() w—(1)| x < [W =W x+ |G — Gl 110, o), x)-

Since W1((0, ), X) is dense in L'((0, c0), X), it follows from the latter
estimate that the assertion holds for all we X and G e L'((0, »0), X). |

In the next lemma the strong L} -convergence of u; on the set G is
proved, which in general does not follow from Lemma 6, see Remark 4.

def

Lemma 8. Suppose weX, R>0 and re[1,2). Then (e(2),f(1)) =
T(t) w— P(w +§8° G(t) dt) obeys

le(t) | 7y ——— 0.
Proof. By the same density-argument as in the proof of the previous
lemma it sudﬂ;lces to consider we D(B) and G e Wb 1((0, w0), X).
Let G(R) = GmBR and M = H(e, f)”LOO((O, ), LZ(Q))’
Suppose 6>0. With >0 as in (221) one has G=U),cn
{x€eG: y(x)>1/n}. Therefore there exists a subset G$¥ = G, such that

M |GRN\GR | =12 < 5>, (4.67)
and
yx)=cs; forall xeG{® (4.68)

with some positive constant ¢;>0. In (4.67) |[G®\G®| denotes the

Lebesgue-measure of this set.
Since (P(w+ g G(¢)dt));=0 on G, one obtains from (4.68) and
Lemma 1 that

ec L7((0, o), L)(G5®)) = L?((0, o), L'(G5™)). (4.69)
Lemma 4 yields
ec W ((0, o), LXQ)) = Wh*((0, 00), L'(G5*®)). (4.70)

By (4.69) and (4.70) the function ¢ — ”e(t)H{I(GgR)) is uniformly continuous
and integrable over (0, oo) and hence

t— o
le(2) ]| ) —— 0.
Since re (1, 2), this yields
(D) || o) < He(l‘)H}o} R ”e(t)HlLl_g(R)
¢ G (@)

<M [le(0)]| pigdumw) —— 0. (4.71)
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where 1/r=6/2+1—6. Next it follows from (4.67) that

”e(l‘)”u(c(R)\GgR)) < ”e(l‘)HLZ(Q) |G(R)\G(5(R)|(l/r_l/2)
<M |GPNG; PV =1=2 <52, (4.72)
Finally, the assertion follows from (4.71) and (4.72), since >0 is
arbitrary. ||

Now the main theorem concerning strong L?-convergence can be proved.

THEOREM 4. Suppose E@ =1 on Q. Then it follows for all ge[1,2),
w=(E,, Fy) e X and all compact U< Q that

t— oo

(e zaw) + I z2(r)) —— .

def

where (e(1), (1)) & T(t) w— P(w+ [ G(1) dr).

Proof. Define M [ (e, f)HLm((O,OO)’ 12Q))-
Suppose d>0. Choose a compact set K< UnQ, with M |[(Un Q,)\
K|Y4=12 < 5. Then Hoélder’s inequality yields
()| Loy < €D Lawn ) + 1€ 2oy

+ lle() | 2oy (U N Q)\K|Ma=1/)
< ”e(t)HLq(UﬁG)—f— He(t)HL'l(K)‘f‘é.

Now, Lemma 7 and Lemma 8 yield limsup,_, ., [W(?)|l o) <6, Which
completes the proof. ||

In the case of Maxwell’s Egs. (1.4)—(1.6) the assumption E® =1 on Q
can be omitted using the compactness-result in [8, 12, 15].

Under the general assumptions considered so far it cannot be expected
that the assertion of the previons theorem holds for ¢ =2 or sets U which
may overlap the boundary 0Q2. However, for the system corresponding to
the scalar wave-equation the result can be improved in this direction.
Consider

02 =div(EVep) —S(x, 0,¢) (4.73)

supplemented by the initial-boundary-onditions
=0 on (0, 00)x0R2 (4.74)
x) = fo(x) and 0,9(0, x) = fi(x (4.75)
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Here the nonlinear function S:Q2xR— R obeys the assumptions
(2.1)—=(2.7). According to (4.59) it is assumed that S is independent of ¢ and
monotone with respect to y € R®. For a domain Q, = Q let H'(2,) be the

usual first order Sobolev space and I(;V (2,) denotes the closure of C(2,)
in H'(Q,).
0 0
Next, D(o/) = HY(Q) is defined as the set of all fe H(Q), such that

def

AfE —div(EVf)e LA Q).

It is well known that for f eI(-)I (2)) and f; eL %(Q)) problem (4.73)—(4.75)

admits a unique solution ¢ e C([0, o), H'(Q)) with 8,0 e C([0, x0),
L*(Q)). The usual energy-estimate yields

0,0 L*((0, 00) L¥(RQ)), Ve € L*((0, c0), L*(Q)). (4.76)

If in addition f; GI(‘)II(.Q)) and f, e D(</) then ¢ e C([0, o0), D(</)) and
0
0,90 C([0, ), H(Q)) with

atV(p’ a?(ﬂ € LOO((O’ OO) Lz(‘Q))’

(4.77)
div(EVp) = () e L=((0, o), LARQ)).

In order to consider problem (4.73)-(4.75) is the settmg of Section 2 the
def def

following operators are introduced. Let D(A) = H'(Q, C), = Vo.
D(A*) is the space of all vector-fields ae L*(Q, C?) with A*a— —dlv ae
LX(Q). Next, D(B) & D(4)x D(A4*) and

def

B(wla R W4) = (_A*(Wz, [ W4), EAWI) = (diV(Wz, ey W4), val)

for we D(B).
Suppose goeC([O,oo),I(j)ll(Q)) is for foeI(-)I (2)) and f, eL*Q)) a

def

solution of problem (4.73)-(4.75). Then u= (0,0, EVp)e C([0, o0),
L*(Q2, R*)) is a weak solution of (2.26), i

%(u(l), ay,=—u(?), Ba) y—<{Fy(u(t)),a)y x for all aeD(B)

where F,: L*(Q2, R*) - L*(Q, R*) is defined by

def

Fo(u) =(S(-, wy(-)), 0).

If foeD(</) and f; 61011(9)) then u(0)e D(B) and hence by Lemma 4
ue L*((0, o), D(B)), whence again (4.77).
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Next it 1s shown that

t— oo t—

Vo(t) —— 0 and d,0(t) —= 0 in L*(Q) weakly. (4.78)

for all f, 61(‘)11(.9)) and f, € LA Q). For this purpose let w & (f,, EVf,)e
L*(Q, R*). Then (0,9(t), EVp(t)) =u(t) = T(t) w solves (2.26). In order to
apply Theorem 3 it suffices to show

we X° (4.79)

0
Suppose aec./". Then a, e H'(Q), with Va, =0, which implies a, =0.
Moreover, div(a,, ..., a,) =0 by the definition of 4, B. Hence

(W, ad = L) [E~'(Wa, . W) (g, ., 84) dx = L} (g, oy 84) Vo dx =0

0
since f, e H'(2). Thus, (4.79) and (4.78) are proved. In the following
theorem local strong convergence in the energy-norm is shown.

THEOREM 5. For all Re (0, ), f, eH Q)) and f, € LA(Q)) one has

t— oo

(”V(P(I)HLZ(QmBR)‘F ”atgo(t)HLz(.QmBR)) — 0.

Proof. By a density-argument it suffices to consider f, e D(./) and
fie Q).

Choose ye C&(Byg) with y(x) =1 on By and define Q4 Lon B, and
@r(t, x) = )(( ) @(t, x). It follows easily from (4.77) using Poincare’s
1glequahty that ¢ e L*((0, o0), lgll(QmBZR)) and 8,¢RGL°°((O o0),

H'(Q N B,g)). Since Q N B,y, is bounded, the imbedding H (2N Byg) —
L*(Q N B,g) is compact. Hence

{o(1): 1 >0} is precompact in L*(Q N Bp) (4.80)

and {0,¢(1): t>0} is precompact in L*(Q N Bp). (4.81)
for all Re (0, c0). Next, one obtains by (2.25) and the definition of .o/ that
co [V(@(t1) = p(t2))1 728,

<[, ZEV(0(0) = (1) V(pl11) = pl1z)) d



SEMILINEAR HYPERBOLIC SYSTEMS IN ARBITRARY DOMAINS 465

= —LZ (p(11) — @(15)) div(XEV[ p(1,) — 9(15)]) dx

<llo(t;) *(P([2)HL2(32R) (.o (p(2y) — §0(t2))“L2(Q)
+ Ky HV(Qﬂ(tl)—ﬁD(tz))”LZ(g)) for all ¢,,1,=0.

which implies by (4.76), (4.77), and (4.80) also

{Vo(t): t>0} is precompact in L*(2 N Bg) (4.82)

Finally, the result follows from (4.78), (4.81), and (4.82). ||
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