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Abstract

In this paper, we solve a problem of J.H. Zheng (see Problem 5.12 of [J.H. Zheng, On value distribution of meromorphic functions

with respect to arguments, preprint]) by proving that for any v-valued algebroid function satisfying limsup,_, , ig;’zw)
,

= +00,

there exists a T-direction dealing with multiple values of w(z).
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and main results

The value distribution theory of meromorphic functions due to R. Nevanlinna (see [3] for standard references) was
extended to the corresponding theory of algebroid functions by H. Selberg [8], E. Ullrich [10] and G. Valiron [11]
around 1930. The singular direction for w(z) is one of the main objects studied in the theory of value distribution of
algebroid functions. Several types of singular directions have been introduced in the literature. Their existence and
some connections between them have also been established. G. Valiron [12] conjectured that there exists at least one
Borel direction for any v-valued algebroid function of order p (0 < p < +00). A. Rauch [7] proved that there exists a
direction such that the corresponding Borel exceptional values form a set of linear measure zeros. N. Toda [9] proved
that there exists a direction such that the set of corresponding Borel exceptional values is countable. Later Y.N. Lii
and Y.X. Gu [5] proved that there exists a direction such that the number of Borel exceptional values is equal to 2v at
most.

For a meromorphic function f(z), J.H. Zheng [17] introduced a new singular direction, namely a T -direction, and
conjectured that a transcendental meromorphic function f(z) must have at least one T -direction, provided that
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This result was later proved by H. Guo, J.H. Zheng and T. Ng [2] by using Ahlfors—Shimizu character T (r, £2) of a
meromorphic function in an angular domain §2. A recent work of Q.D. Zhang [16] shows that the connection between
T -direction and Borel direction. Thus a natural question is: Are there similar results for algebroid functions (this
problem was raised by J.H. Zheng in [18])? In this paper we investigate this problem.

Let w = w(z) (z € C) be the v-valued algebroid function defined by the irreducible equation

Ay@Qw” + Ay 1 @Qw ' - 4 Ap(x) =0, (1.1)

where A, (2), ..., Ap(z) are analytic functions without any common zeros. The single-valued domain ﬁz of definition
of w(z) is a v-valued covering of the z-plane and it is a Riemann surface.

A point in ﬁz is denoted by 7 if its projection in the z-plane is z. The open set which lies over |z| < r is denoted by
|z| < r. Let n(r, a) be the number of zeros, counted according to their multiplicities, of w(z) —a in |Z| <7, 7 (r, a)
be the number of distinct zeros with multiplicity </ of w(z) —a in |Z| < r. Let

W@l T lw'(re®)| \?
Shwy=o /f[1+lw(z)l2} _//(1+|w(rel0)|2) rdrds,

lzI<r
T, w):l/ St.w) .
v t
0
N a) = fn(t ,a) —n(0, a) n(O,a) logr,
v t v
0

NO(r,a) = logr,

/ ) (t,a) —n(0, a di 4 (0, a)
v t v
0
1 ; )
m(r,w) = o / 10g+|w(re’9)|d9, z=re'?,
1Zl=r
where |z| = r is the boundary of |z] < r. Moreover, S(r, w) is a conformal invariant and is called the mean covering
number of |Z| < r into w-sphere. We call T (r, w) the characteristic function of w(z). It is known from [4, 39, p. 84]
that T(r, w) =m(r, w) + N(r,00) + O(1). ~
Let n, (r, w) be the number of the branch points of R; in |Z| <r, counted with the order of branch. Write

,

1 t, - 09 O’

R A
Vv v

0
By [4, Lemma 2.4, p. 87] we have
Ny(r,w) <2(v — DT (r,w) + O(1).
We denote {z: |z| <r, ¢1 <argz < ¢} by £2(r, 91, ¢2) and write 2 for the part of ﬁz on £2(r, 1, ¢2). Let

W)l 72
S(r, wl,wz,w)— TP do,

S(t, o1, ¢2; w)

T(r (plagosz)__\/‘ P

0
7' (r, 91, ¢2; w = a) denotes the numbers of w(z) —a in Q.n x (r, @1, ¢2) denotes the number of the branch points

of ﬁz in 2. Similarly, ND (r,o1,02;, w=a) dq{lotesihe counting function of zeros of w(z) —a. Ny (r, ¢1, ¢2) denotes
the counting function of the branch points of R, in 2.
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We define an angular domain
Ay, &) ={z|largz — 6yl <&}, O<e< %
N’)(r, A(bp, €), a) denotes the counting function of zeros of w(z) —a in A(8p, €).

Definition. Let w = w(z) (z € C) be the v-valued algebroid function defined by (1.1) and / (= 2v + 1) be a positive
integer. For arbitrary ¢ > 0 (0 <& < %), if

. N'(r, A6, &), a)
lim sup >0
r—00 T(r,w)
holds for any complex value a except at most 2v possible exceptions, then the half line B: argz =6y (0 < 6y < 27)
is called a T -direction dealing with multiple values of w(z).

In this paper, by using Ahlfors’ theory of covering surfaces, we give a positive answer by proving

Theorem 1. Let w = w(z) (z € C) be the v-valued algebroid function defined by (1.1), [ (= 2v + 1) be a positive
integer, satisfying that

. T(r,w)
lim sup >— =+
r—00 10g r

’

then there exists a T -direction dealing with multiple values of w(z).

Remark. It is clear that a 7' -direction must be a Julia direction since
N (r, A6o, &), a) < i (r, Ao, &), a) - logr

and
logr

lim sup =
r—oo 1 (r,w)

by the fact that w(z) is transcendental. N. Toda [9] gave a transcendental algebroid function without Julia directions,
Lii [6] calculated the T (r, w) of N. Toda’s example and pointed that 7 (r, w) = 0(10g2 r). Therefore this example
shows that the growth condition is sharp.

The set E = {0: 0 is a T -direction of w(z)} is a non-empty closed subset of [0, 277).

Theorem 2. Let w = w(z) (z € C) be the v-valued algebroid function defined by (1.1), | (= 2v + 1) be a positive
integer; satisfying that
. T(2r, w)
limsup —— > 1,
r—ooo  1T(r,w)

then there exists a T -direction dealing with multiple values of w(z).
2. The proof of the theorems
In order to prove our theorems, we need three lemmas.

Lemma 1. Let F(r) be a positive nondecreasing function defined for 1 <r < 400 and satisfies

. F(r)

imsup —— = +00. 2.1
r—o0 log r

Then, for any subset E C (1, +00) satisfying fE % < %

. F(r)
lim sup 5=
r—>00,re(l,+00)\E log r



Z.-X. Xuan / J. Math. Anal. Appl. 341 (2008) 540-547

Proof. Otherwise, there exists some set E C (1, +00) with f £ % =A< %, such that

. F(r)
lim sup 3
r—o00,re(l,+00)\E IOg r

For any {r}} C (1, +00), {r,} — 0o, we have

/ dr S / dr / dr
rlogr - rlogr rlogr

[, 2())2 I\ E [r,.2(7)2] E

log2+2logr),

/ dr
= ——A
-
logr},
log2 + logr),
~ log2 +2logr!
1

>-—A>0.
2

Then there exists r,: €lr), 2(r,’,)2]\E . By the nondecreasing property of F(r) we have

F(r,) F(r)) _ F(r}) 1
log?r, ~ log?2r))> " log’r;, 2+ 1E2)2

Combing this with (2.2) we have

F(r! F(r! 1
lim sup (;") =4limsup (;")- e
7} —>00 log r,/, 1) —00 log ry/l (2+1:ggr/ )2
F(r,)

"
"
r, —> 00 Og n

< 4limsup ——

. F(r)
<4 lim sup 3
r—o00,re(l,+o0)\E log“r

< 400

Since {r),} is arbitrary, the above inequality contradicts (2.1). Lemma 1 follows. O

543

(2.2)

Lemma 2. (See [14, Lemma 2].) Let w(z) be the v/—\valued algebroid function defined by (1.1) in |z| < +o0. If a1, a2,

..., aq (q = 3) are q distinct complex numbers in C = C U {oo}, then for any ¢, 0 < ¢ < 8, we have

2 =
¢-2-7 S(rpo — @ g0+ w) < Y (g0 — 8,90+ 8 w=a;)
j=

I+1 2h2vr

+ nx(rv¢0_89(p0+8)+

l

2
+(q—2—7)S(1,¢o—<ﬂ,wo+<p;w)

and

— 3 — logr
(] 7)( — @)
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2 -
q=2=7 )T 00— 0. 00+ 0w <Y N 90— 8,90+ 8w =a))
j=1
+ Ty 5.00+8)+ W log?
7,90 — 8, 90 og'r

! @-2-H©E -9
(@-2-2)
(@-2-1%)

+ fS(l,goo — 38,90+ 8; w)logr

h
+ ;L(l,(po — 68,90+ 8)logr
+ X, 00 — 6, o + 8; w),

where h is a constant depending only on {ay, az, ..., a4}, X (¥, 0—38, po+8; w) = % flr M dt, and satisfies
that

X (r, 00 — 8, 90 + 8; w) < hy/287T (r, 0 — 8, 9o + 8; w) log T (r, 9o — 8, 9o + 83 w)

at most outside a set E5 of r, where Ej consists of a series of intervals and satisfies fEa @ dr < +o0.

Lemma 3. Let w = w(z) (z € C) be the v-valued algebroid function defined by (1.1), I (= 2v+ 1) be a positive integer
and m (m > 1) be a positive integer. Put ¢y =0, ¢1 = 2”, ces Op—1 = (m — 1)%”. Let

3
A(fpi)Z{z‘largz—fpil < ;} og<is<m—-1).

Then there exists a A(p;) among A(p;) (i =0,1,...,m — 1) such that
. N@, Agi), a)
limsup— >0
r—00 T(r,w)

for any value of a with 2v possible exceptions.

Proof. Suppose that Fhe conclusion is false. Then for every A(g;) (i =0,1,...,m — 1), there exists ¢ =2v + 1
exceptional values {a; }‘]I.=1 such that

NG, Agi), a))

limsup ——— =0. (2.3)
raoop T(r,w)
Let B be any positive integer. Put ¢; = —l + %krf ,0<i<m—1,0<k< B — 1. For any given numbers r > 1,

writing
A ={z|lzl <r, gix <argz < gips1}.

Then
B—1 m—1

{lal<r}=)">" Aix.

k=0 i=0
There exists a kg, without loss of generality, we may assume that kg = 0, such that

m—1 1
Y n(Aio, R) < Zny(rw).
i0 p
Put
A= {z ) ©®i,0 + @i <argz < (Pi+1,0‘;(pi+1,1 }

A)={z|gio<argz <@it11}, 0<i<m-—1.
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Since A? overlap A; o twice at most, then
m—1 N 1
Z (r AO ) (1 + ﬂ)nx (r, w).
i=0
By Lemma 2 we have
) _ 2041 Z _ I+
{(21} +Dh-2- 7}S(r, A w)< Y i (rAY al) +
Jj=1
+ O(logr) + h; L(r, ¢i,0, ¥i+1,1)-

Adding from i = 0 to m — 1, dividing both sides of this inequality by r and then integrating both sides from 1 to r,
we obtain the following inequality

1

ny (r, A?)

) 2v+1 m—1 I+1 1
l 0 j
{(2V+1)—2—7}T(r,w) > YWl + (1+’3)Nx(r,w)
j=1 i=0
m—1
+0(log’r) + Y X(r. 0. 0ig1.1: W), (2.4)
i=0

where X (7, 91,0, ¢i1,13 ) < hi /2 (1+ 5)AT (91,0, 911,13 w)10g T (7, 50, @i41,15 w) at most outside a set E;
of r, where E; satisfies fEi ﬁdr <+00(i=0,1,...,m—1).

Foranyi €{0,1,...,m — 1}, we can choose r; > 0 such that T (r;, ¢; 0, ¢i+1,1; W) > e?" Then from the proof of
Lemma 2 (see [14]) we have

1 1 1 1
/ dr < <—<-.
J rlogr log T'(ri, ¢i0, it1,1,w)  2m 2

Put E ="' E;, then

/rlogr Z:/rlogr "

E

1
<m ma / dr
0<l<m 1) rlogr

E;

1 1
<m-— < —.
2m 2

Applying Lemma 1 to this set £ and T (r, w), we obtain that
T(r, w)
lim sup
r—00, re(l,+00)\E log?r
There exists {r,} € (1, +00)\ E,
T(rnv w)

lim ——— =+00
n—oo log n

For this sequence {r,}, by (2.4) we have

) 2v+1 m—1 141 1
{(21)+1)—2— T}T(rnvw)g Z ZNI)(TH,A?’ [)+T<1 +E>Nx(rns 'LU)
j=1 i=0
m—1
+ 0(log2 rn) + Z X (rn, 91,0, Pi+1,15 W). (2.5)

i=0
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Note that Ny (r,, w) < 2(v — DT (ry, w) + O(1) and from (2.3), dividing both sides of (2.5) by T (r,, w) and
letting n — o0, we obtain

2 [+1 1

Qv+1)—2—-—-<2 v-Dl1+-=]).
l [ B

Letting B — oo we get [ < 2v. This contradicts / > 2v 4+ 1 and Lemma 3 follows. O

Now we are in the position to prove our theorems.

Proof of Theorem 1. By Lemma 3, for any given positive integer m, there exists

3
Ap = z‘|argz—9m| < —
m

such that
. N'(r, Algm). a)
limsup——— >0,
r—00 T, w)

for any value of a with 2v possible exceptions at most. By choosing a subsequence, we can assume that 6,, — 6,
when m — oo. Then B: argz = 6 has the properties of Theorem 1. O

Remark. S.M. Wang and Z.S. Gao [13] proved the existence of T-direction under the condition

T(r, . JogT(r,
lim sup (rzw) =400, hmmfM = < 00.
r—oo log°r r—00 logr
In their paper, they mainly depend on their Lemma 1 (see also [15]) which needs the condition liminf, _, loglg% =

1 < 0o. Our method here is essentially different from theirs.

Proof of Theorem 2. Since
T(r, w) = O(log*r)
means
TQ2r,w)~T(r,w),
so by hypothesis of Theorem 2, we have
T (r,w)

lim su
r— oop 10g2 r

=—+00.
Thus we deduce Theorem 2 from Theorem 1 directly. O

Remark. It is not difficult to understand that w(z) is a meromorphic function and n, (r, w) = 0 if v =1, thus
N, (r,w) = 0. We can get the T-direction of meromorphic functions dealing with multiple values. Using Lemma 2,
we can find that we need not treat two cases like in [2, pp. 284-285]. This simplifies the proof of [2].

Next we give two meromorphic functions which have T -direction of meromorphic functions dealing with multiple
values.

Example 1. Let ['(z) be the gamma function. From Proposition 7.3.6 of [1] we have

1
T 1/T) = (1 +0(1))—r10gr,
T
so that
TQR2r,1/T)>dT(r,1/T), d>1.

By Theorem 2, we know that 1/ I" has at least one T -direction of meromorphic functions dealing with multiple values.
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Example 2. From the proof of Corollary 6 of [19], we know that every transcendental meromorphic function f(z)
satisfying linear differential equation with rational coefficients must have at least one 7'-direction of meromorphic
functions dealing with multiple values because of T (2r, f) >dT (r, f),d > 1.

Open problem. In [14], the present author proved that for any v-valued algebroid function satisfying

limsup, _, o, % = 400, there exists a Nevanlinna direction dealing with multiple values of w(z). Here we raise an

interesting problem: What is the relationship of these two singular directions?
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