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Abstract

Existence and uniqueness of the mild solutions for stochastic differential equations for Hilbert valued
stochastic processes are discussed, with the multiplicative noise term given by an integral with respect
to a general compensated Poisson random measure. Parts of the results allow for coefficients which can
depend on the entire past path of the solution process. In the Markov case Yosida approximations are also
discussed, as well as continuous dependence on initial data, and coefficients. The case of coefficients that
besides the dependence on the solution process have also an additional random dependence is also included
in our treatment. All results are proven for processes with values in separable Hilbert spaces. Differentiable
dependence on the initial condition is proven by adapting a method of S. Cerrai.

© 2008 Elsevier B.V. All rights reserved.
MSC: 60HO5; 60G51; 60G57; 46B09; 47G99

Keywords: Mild solutions of Stochastic Differential Equations; Contraction semigroups; Pseudo-differential operators;
Stochastic integrals on separable Hilbert spaces; Martingale measures; Compensated Poisson random measures; Additive
processes; Random Hilbert valued functions

* Corresponding author.
E-mail address: ruediger @wiener.iam.uni-bonn.de (B. Riidiger).

0304-4149/$ - see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.spa.2008.03.006



https://core.ac.uk/display/81115858?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/spa
mailto:ruediger@wiener.iam.uni-bonn.de
http://dx.doi.org/10.1016/j.spa.2008.03.006

836 S. Albeverio et al. / Stochastic Processes and their Applications 119 (2009) 835-863

1. Introduction

Let A be a (generally unbounded) linear operator on a domain D(A) C H.
A: DA CH— H.

Moreover, let A be the infinitesimal generator of a pseudo-contraction semigroup (S;);>0 (see
Definition 2.1 in Section 2 or e.g. Appendix A of [15], or [21], for the definition and the
description of properties of pseudo-contraction semigroups).

In this article we shall study existence and uniqueness of the mild solutions of the stochastic
differential equation (SDE)

dZ = AZdt + A(t, Z)dt + f F(s,u, Z)q(dsdu) )
H\{0}

on each time interval [0, T], T > 0. Z = (Z;(w)):<[0,7] 1S a process with values in a separable
Hilbert space H with norm || - || g. g(dsdu) := N(dsdu)(w) — dsB(du) is a compensated Poisson
random measure (cPrm) on a filtered probability space ({2, F, (F;)o<i<+oo, P), satisfying the
“usual hypothesis” (see Section 2). B is a Lévy measure (in the sense of e.g. [5,35,1]) on
B(H\{0}), or, more generally, on B(E\{0}), where E is a separable Banach space. (5(Y) denotes
the Borel o -field on a topological space Y.) ds denotes as usual the Lebesgue measure on B(R.),
and N (dsdu)(w) is a Poisson distributed o-finite measure on the o-algebra B(R;+ x E \ {0}),
generated by the product semiring B(R1) x B(E \ {0}) of the Borel o-algebra B(R;) and the
trace o-algebra B(E \ {0}). It is well known that a cPrm with compensator given by dsf(du)
is associated to a Lévy process (X;);>0. (See e.g. [6] (or [37] Section 2), for the definition of
trace o -algebra, and e.g. [25,35,44,46,1,45,14] Section 2, [37] for the definition and properties
of compensated Poisson random measures).

From Section 4 to Section 9 we assume A(t, Z) = A(t, Z;) and F(t,u,Z) = F(t,u, Z;).

In Section 3 we consider the case where the coefficients A and F', still being non-anticipating,
depend on the path of the solution Z. For this case we assume that the cPrm is associated
to a canonical Lévy process (X;);>o, defined on the associated filtered probability space
(2, F, F;, P) (see Section 2); i.e. for this case {2 = D(R,, H) is the space of cad-lag functions

defined on R and with values in H, with the sup norm || - [[co = sup,co. 71l - [l#- (When no
misunderstanding is possible we write for a norm simply || - ||). F = Foo and (for this case)
Fi=0{Z = (Zs)sero,r) € DO, T]; H) : | Zs|| < ¢, s <t,c € R}. 2

Let T > 0 be fixed (and arbitrary). The stochastic process Z := (Z;(w))se[0,7] is @ mild solution
of (1) with initial condition Zy := Zy(w), if it is a solution of the following convolution equation:

t

Zt = StZ() +/ St_SA(S, Z)ds
0

t
+ / / S;—sF(s,u, Z)g(dsdu) P-as.Vtel0,T]. 3)
0 JE\{0}

Let A € B(E \ {0}) and ¢t € [0, T]. Let g(s, u, w) have values in a separable Hilbert space H.
The stochastic integral

t
M, :=/ /gq(dudx) 4
0 JA
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is defined as the Ito integral w.r.t. the cPrm g (dsdu) := N (dsdu)(w) —dsB(du) (see Theorem 2.3
in Section 2). The Ito integral (4) exists if g(s, u, @) is measurable in all the variables, satisfies
adaptedness conditions with respect to the filtration and

T
/0 fA Elllg(t. u)]*1di(du) < oo, 5)

In [37] we proved that the Ito integrals (4) are cad-lag martingales. In the Appendix we show that
the corresponding Meyer process is given by (M); := fOT f/l lg(t, u,-) ||2dt,3 (du). We shall see

in Section 2 that, as S; is a pseudo-contraction semigroup, the Ito integrals fé / 1 St—s8q(dsdx)
exist under the same assumptions. Moreover we shall prove in Section 2 that the integrals on the
r.h.s of (3) are cad-lag.

In Section 3 we shall prove existence and uniqueness of the solution of (3) for the case
where the coefficients A(s, Z) and F(s, u, Z), as functions of Z := (Z;);er, € D(R4, H),
satisfy, for s, and resp. u fixed, a Lipschitz condition. The coefficients A(s, Z) and F (s, u, Z) are
measurable and non-anticipating (see Section 3). Let us stress that the consideration of SDEs with
coefficients depending on the entire past path of a process (“non-Markov case”) is particularly
important in certain applications, including the modelling of the dynamics of polymers moving
in a random medium, see, e.g. [8,13,19].

In Section 4 we analyze the case A(s, Z) = a(s, Zs) and F(s,u,Z) = f(s,u, Zg) and
assume however more general cPrms, which are not necessarily associated to canonical Lévy
processes on the Skorohod space D(R., H). For this case, where the coefficients depend only
on the process at time s, we can also analyze more properties of the solution (Z;);c[0,7]: in
Section 5 we prove that a Yosida approximation theorem holds, in Section 6 we analyze Markov
properties [20], in Section 8 we analyze the continuous dependence of the solution on initial data,
drift and noise coefficients, in Section 9 we prove the differentiable dependence of the solution on
the initial data. The results in Section 8 also hold for the case where the coefficients are random
and of the form a(s, Z;, w) and f (s, u, Z;, w). For this case an existence result of a mild solution
of (3) is proven in Section 7, but uniqueness holds only up to a version. The results obtained for
the case of random coefficients in Section 7 are not only interesting on their own but they are
also needed in Sections 8 and 9, where dependence on initial data is discussed.

We refer e.g. also to [15,17,23,24,26,27,30-33] and references therein for other interesting
existence results on mild solutions of infinite-dimensional SDEs with Gaussian or Poisson noise.
In particular we mention results by Knoche [31-33] which concern SDEs of the type (1) on
Sobolev spaces, where properties of the differential dependence of the resolvent on the initial data
are discussed. Work by Filipovi¢ and Tappe [22], by Marinelli [39], and Peszat, Zabczyk [42]
concern applications of SDEs of the type (1) to financial models. In these work an analysis of
a Lévy driven Heath—Jarrow—Morton term structure equation is given. We also refer to [36] for
applications to filtering, where Zakai’s equation is derived in a general setting. References [9—
11,26] treat SPDEs with state space including M-type-p separable Banach spaces. In particular
in [26] Hausenblas considers on such spaces SDEs of the type (1), assuming however that
the operator A is the generator of a compact analytic semigroup. Existence and uniqueness
of solutions are analyzed in [26] on the domain of the fractional powers of the operator A, in
terms of which Lipschitz conditions for the drift and noise coefficients (depending only on the
solution process) are assumed. The method uses interpolation inequalities for fractional powers
generating analytic semigroups of contractions. We refer also to a recent book by Peszat, Zabczyk
[43], which contains a description of several results obtained (also recently) by the scientific
community on SDEs with non-Gaussian noise on infinite-dimensional spaces.
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2. Properties of stochastic integrals w.r.t. cPrms

We assume that a filtered probability space ({2, F, (Fi)o<i<+o0o0, P), satisfying the “usual
hypothesis”, is given:
(i) F; contains all null sets of F, for all # such that 0 <t < +o0.
3Gi) Fr = .7-',+, where .7-7r = Nyt Fy, forall ¢ such that 0 < t < 400, i.e. the filtration is right
continuous.
Moreover, we assume
(iii) the filtration Fg is independent of (F;)o<t<+oo-

In this Section we assume that g(dsdx) := N(dsdx)(w) — dsB(dx) is a compensated Poisson
random measure (cPrm) on (E, B(E)), where E is a separable Banach space, and is defined on
the filtered space ({2, F, (F;)o<i<+oo, P) (see e.g. [46] for the definition of cPrm). We then
analyze the properties of stochastic integrals obtained by convolution of pseudo-contraction
semigroups (S;);>0 on a separable Hilbert space H w.r.t N (dsdx)(w) — dsf(dx). L.e. we analyze
the integrals

t
/ / St—s f(s, u)g(dsdu) (6)
0 JE\{0}

where (S;);>0 is a pseudo-contraction semigroup on a separable Hilbert space H.

Definition 2.1. A continuous semigroup (S;);>0 on H, which has the property
ISl < exp(eer) Vi = 0. )

for some constant ¢ > 0, and with || - || denoting the operator norm on H, is called a pseudo-
contraction semigroup on H.

Let us first consider the stochastic integrals (4). These are defined like Ito integrals w.r.t.
cPrms. The latter have been introduced and analyzed e.g. in [3,7,47], for the case of R4 -valued
functions, and in [37,45] for the case of Banach spaces valued functions. Let us recall here the
definition.

LetT > 0 and
MT(E/H) = {g:R, x E\ {0} x 2 — H, such that g is jointly measurable and
Fi-adapted Vu € E \ {0}, € (0, T} ®)
T
Mg (E/H) = {g e MT(E/H): / / Elllg(r, w)|*1drB(du) < oo} ©)
0

where E[-] denotes the expectation w.r.t. the probability P.
The following “simple functions” are dense in the Banach space M/ST’Z(E /H) with norm

llgll2 == \/fOT [ Elllg(t, u)||?], see [45] Theorem 4.2 (In [47] Chapter 2, Section 4 a bigger
set of simple functions is considered).

Definition 2.2. A function g belongs to the set X'(E/H) of simple functions, if g € MT (E/H),
T > 0 and there exist n € N, m € N, such that

n—1 m

gt x, ) =YY a5 (@) g1 (Oar (10)

k=1 [=1
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where O & Ay, tx € (0, T1, tx < tiy1, Fxy € Fy,ary € H. Forallk € 1,...,n — 1 fixed,
Ay X Frpy NAg g, X Fp, =01l # .

A stochastic integral of simple functions is defined in a very natural way (see Chapter 3
in [45]): let g € Y (E/H), the “natural stochastic integral” of g is

T
/ / g(t, x, w)gq(drdx)(w)
0 A

1

n

> arilp (@)q (i, 1] N0, T x Agy N A)(@). (1)

k=1 1=1

The “Ito integral” (4) is well defined by approximation through “simple functions”, for all
g € MﬁT’z(E /H). In fact the following property holds (see e.g. [47] Chapter 2, Section 4
[7,41,3], or Theorem 4.14 in [45]):

Theorem 2.3. Given a sequence g, of simple functions approximating g in M ﬁT ’2(E /H), the

sequences fot fA gnq(dsdx) converge in L>(£2, F, P) and the limit does not depend on the
sequence.
The limit [y [4 gq(dsdx) is the “Ito integral of g on (0, t] x A w.rt. g(dsdx)”

(The “Ito integral w.r.t. g (dsdx)” is called “strong-2-integral” in [45,37], to distinguish it from
the “strong-1-integral obtained by convergence in L'.)

Theorem 2.3 is proven by verifying for the simple functions g € X' (E/H) that the following
equality holds:

d

By density of the simple functions in M 7, 2(E / H) it follows the validity of the isometry (12) for
all integrands g € M T, 2(E /H) (see e.g. [47] Chapter 2, Section 4, or [7,41,3], or Theorem 4.14
in [45]):

Here we prove the following inequality.

2 t
¢(s. 1) (dsdu) }= / / Elllg(s, ) |21dsp(dw) ¢ € [0, T]. (12)
0 JE\{0}

E\{0}

Lemma 2.4. Let f(s,u,w) € MTZ(E/H) Then for any t € [0,T], 0 < s < t,
S f(s.u,0) € My *(E/H) and

d

(with a as in (7)).

Si—s f (s, u)q(dsdu)

2 t
}s&“’ f f E[l /s, ) |Pldspdu)  (13)
0 JE\{0}

E\{0}

Proof of Lemma. From the assumption on S; and (12) it follows that S;_ f(s,u,®) €
Mg (E/H)forallt € [0,T1,0 < s < and

2 r
E[ }sez"" / / E[l £ 0)|PdsBdu)  (14)
0 JE\{0}

Vr € [0, T]. The result is then obtained by puttingr =¢. W

Si—s f (s, u)g(dsdu)
E\{0}
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Proposition 2.5. Let f (s, u, ) € My>(E/H), then [, Jevo) Si—s fa(dsdu) is cad-lag.

Proof. In [37] it is proven that

t
M, — [ / Fq(dsdu) (15)
0 JE\{0}

is an J;-square integrable martingale and is cad-lag. In Theorem A.1 in the Appendix we shall
prove that the corresponding Meyer process is given by

t
(M), = / / £ 12dsB(du). (16)
0 JE\{0}

From Lemma 2.4 it follows that S;_; f (s, u, ®) € M;’Z(E/H) and that (6) is well defined as
the Ito integral. As, moreover, S;_; are linear bounded operators acting on H, it follows from
Proposition 3.3 of [38] that the Ito integral fot Si—sdM;(w), with (M;)o</<r given through (15),
is also well defined, and the following equality holds

t t
Y, = / Si_udM, = / / Si-s fq(dsdu). (17)
0 0 E\{0}

From Lemma 5 in [28] we have

2T
P( sup [[Y,]| > e) < 4 E[(M)7). (18)

0<t<T

From [45] it follows that there is a sequence of simple functions {f,},en, Which is L2-
approximating f, i.e. such that

n—oo

T
lim / / ELlLfo (¢ 1) — £, )[P1deB(du) = 0. (19)
0 E\{0}

Let

t
v [ sehatan
0 JE\{0}
t

= [ s 20)
0

t
M ::// frq(dsdu). 21
0 JE\{0}

As Si—s fu(s, u, ) is of the form (10), ¥;* is a martingale and is cad-lag [37].
From Lemma 5 in [28] we have

e20(T
P sup IV =Y/l > €| < 4—-EUM; — Mu)r]
0<t<T €

e2

aT T
<4< / / ELLfo(t, ) — font, ) |21deB(d), (22)
0 JE\{0}

€

where the second inequality follows from [45]. By the Borel-Cantelli Lemma and f,, — f in
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M g ’2(E / F) there is a subsequence {Y;" (w)}zen such that

lim sup [|Y/*(w) =Y, (w)| =0 P-as. (23)
k—00 0<t<T
It follows
Y/ (w) = klim Y/*(w) uniformly in[0, T], P-as. 24)
— 00

We get that Y, is cad-lag, since ¥, is cad-lag. W

Remark 2.6. The result in Proposition 2.5 allows us to set up a contraction in the set of cad-
lag processes, thus giving the solution of (1) to be cad-lag. In [26] the cad-lag property of the
solution has been proven using Aldous criteria for compactness in the Skorohod space. We used
instead Ichikawa’s inequality in Lemma 5 of [28], for the stochastic integrals (6), which is more
straightforward. Reference [26] considers the case where the state space is an M-type-p Banach
space. In an article of Kotelenez [34] it was proven that the stochastic integrals fot S;_sdMs(w)
have a cad-lag version, in the general case of (M;);c[0, 1] being cad-lag martingales. A precise
statement and proof can also be found in Chapter 9.4.2 of the book by Peszat, Zabczyk [43].

3. Existence and uniqueness of solutions under non-Markovian Lipschitz conditions

In this Section we assume that g (dsdx) := N (dsdx)(w) — B(dsdx) is the cPrm associated to a
canonical Lévy process (X;);cR, - See e.g. [2] Section 2, or [46], for the definition of “canonical
Lévy process” and [1] Definition 2.10 for the definition of “cPrm associated to a Lévy process”
(or e.g. [5,4,25,29,35,44,46]). The canonical Lévy process is defined on the filtered probability
space ({2, F, F;, P) introduced in Section 1. Le. 2 := D(R4, H) and the filtration is given
in (2).

In this Section we solve (3) for the case where the coefficients are mappings

A:Ry xDR4+,H) —> H, 25)

F:Ry xH\{0} x DRy, H) — H. (26)
The coefficients A and F are in general nonlinear (see the conditions (a), (b), (29) and (38)
below).

In the whole Section we assume:

(a) F(t,u, Z) is jointly measurable, and for allu € H and ¢ € Ry fixed, F (¢, u, -) is F;-adapted.
(b) A(¢, Z) is jointly measurable, and for all t € R fixed, A(¢, -) is F;-adapted.
Moreover, for each t € R, we consider the function
6 : DRy; H) — DRy; H)
Z — 6,(2) 27

defined by the following formula

0(Z)(s) = Zg, ifO0O<s<t
= Z;, ift <s. (28)

Let us assume that F(t,u, Z) = F(t,u,6;(Z)) and A(t, Z) = A(t, 0,(Z)).
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We assume that
(c) there is I > 0, so that for any 71, 1 € R4

15}

1
/ NEG. . 2)1 Bdu)di + /
n

f

[5)
1A, 2)1%dr <1 / (1 + 16, (2)|12.)dr. 29)
n

Let, for Z € D(R4; H),

t t
I(t,Z2) = / Si—sA(s, Z)ds + / / Si—sF(s,u, Z)q(dsdu), te[0,T]. (30)
0 0 JH\{0}

Theorem 3.1. There exists a constant C; 1,4 such that for any (F;)-stopping time t

t
E[ sup (IG5, 2] < Crra <z+/E[ sup ||Zv||2]ds), te[0,T].  @3D
0<s<tAT 0 0<v<sAT
Proof.
K 2
sup (s, )3 <2 sup / Sy v A(v, Z)dv
0<s<tAT 0<s<tAT 0 H
s 2
+2 sup // Si—vF(v,u, Z)q(dvdu)|| (32)
0<s<tAT 0 JH\{0} H

(where we used the inequality ||x + y||> < 2|lx||> 4 2|/y||?, valid for any x, y € H). Using (7)

and (29) we obtain
2 N 2
“E| sup <le‘” / (1+||9v(Z>||oo)dv)
H 0<s<t 0

E| sup
0<s<tAT
SAT
§2e2°‘712{t2+tE[/ ||9U(Z)||§odu“. (33)
0

N
/ Ss_vA(v, Z)dv
0

Moreover using also Theorem 3 of [28], as well as (16), (17) and (29) we get

K 2
E sup / / St—vF (v, u, Z)q(dvdu)
0<s<tAT 0 H\{0} H

SAT
< 227123 + V10)? {t2+tE [/ ||9U(Z)||§odv“ (34)
0
SAT
E[ sup |I(s. 2)%] < 4e2"‘712(1+(3+«/10)2){t2+tE|:/ ||9,,(Z)||§Odv“
0<s<tAT 0
t
< C T« <t+/ E[ sup IIZUIIZ]dS> (35)
0 0<v<sAT

with C) 7.4 = 4Te*T12(1 + 3+ +/10)%). W
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LetT > 0 and
HZT = {& = (&s)s¢[0,7] : &s(w)is jointly measurable, F;-adapted;
E[ sup |&7] < oo}. (36)

0<s<T

Let us observe that it follows from Theorem 3.1 that the map

I:HY - HE (37)
§—>1(,8).
is well defined.

Starting from here, we assume in this Section that the following additional condition holds:
(d) there is a constant K > 0 such that for any #1, /, € R fixedand Z, Y € D(R;; H) fixed

t

t
/2 |F(t,u, Z) — F(t,u, Y)||%,,B(du)dt + / ’ |A(t, Z) — Alt, Y)||%1dt

I n

15}
< K/ 16,(2) —GU(Y)HgOdt P-as. (38)
n

Lemma 3.2. The map I : HZT — 'HZT is continuous. There is a constant Cy kT, depending on
o, K and T, such that

T
E[ sup [[I(s,Z") —I(s, Z)|%]1 < Cak.T / E[ sup [ ZZ— Z!||3,1ds. (39)
0<s<T 0 0<s<T

The proof of Lemma 3.2 is omitted, as the arguments used are similar to the proof of
Theorem 3.1.

Theorem 3.3. Let T > 0, x € H. There is a unique solution Z = (Zs)sc[0,T] in 'HzT which
satisfies

t t
Z; = S;x +/ Si—sA(s, Z)ds +/ / Si—sF(s,u, Z)q(dsdu). (40)
0 0 JH\{0}

Proof. We shall prove that the solution can be approximated in HZT by Z" = (Z%)sel0,1], for
n — oo, n € N, where

Z%(w) = S;x  P-as. (41)
2N w) = I(s, Z"(w)). (42)
Remark that (Z})s¢qo0,1] is F;-adapted. Let
v =E[ sup 2" — Z2"3). (43)
0<s<t

Then from Theorem 3.1 it follows that there is a constant V;, ; 7(x), depending on o,  and T and
the initial data x, such that

v <E[ sup 12} — Z21%]1 < Vaur(0). (44)

0<s<T
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Similarly as in the proof of Theorem 3.1, it can be proven that there is a constant Cy x T
depending on «, K and T, such that

1 ! 1 0,2 T%(Cox.1)°
v; <Cqx.1 | Elsup [|Z; —Z/|ylds < fVa,l,T(x)- (45)
0

0<s<t

In a similar way we get by induction

t B (TC KT)n+1
v < Ca,K,T/ v lds < WV%LT@)- (46)
0 :
1
n+1\ 3
Lete, = (%)3.Then:
(TCo k. 7)"H!
= Va1, 7(X)
+1D)! %t
P(sup 12} = Z01P 2 &) = —C i = 6 Val, 1 (). (47)
osi=T (Tt

As )", €2 is convergent, we get that _no | SUp,<7 | Zi ! — Z|12 converges P-a.s. It follows
that there is a process Z := (Z;);e[0,11, Z € D([0, T]; H), such that Z" converges, when n goes
to infinity, to Z in the space D([0, T']; H) (with the supremum norm), P-a.s. Moreover

2
n+m—1
E[ sup |Z, — Z"|’]=E| lim sup Z (ZH1 — 7k
k=n

0<t<T Mm=>00 0<r<T

n+m—1 1 2
. k+1 k
<E hm( E sup ||Zt+ —Z,||k;>

m— 00 = 0<i<T

o o 1
<Y Elsup |IZf = Z|PK%) kZ 3
=n

k=n 0<t<T

X (TC 2\ (&1
< Vo1 () <Z % Z 2~ 0 whenn — oo, (48)
k=n ( + ) k=n

where we used the Schwarz inequality. It follows that Z" converges, when n goes to infinity, to
Z in the space ’HzT , too. From Lemma 3.2 it follows that (Z;)o<;<r solves (40). We shall prove
that the solution is unique. Suppose that (Z;)o<;<7 and (¥;)o</<7 are two solutions of (40). Let

Vi == E[ sup ||Zs — Ysl|%1. (49)
0§s§t

Then similarly as for (46) we get

t
V= Cukr [ (50)
0
and by induction

n
< (Ca,K,Tt) E

Vi < [ sup |Zs — YS||%1] — 0 whenn — o0 (629

n! 0<s<T
e.V, =0vre [0, T]. N
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4. Existence and uniqueness of solutions under Markovian Lipschitz conditions

Let us assume that we are given

a:Ry xH — H, 52)
f:Ry xH\{0} x H— H. (53)
Assume

(A) f(¢,u, 2) is jointly measurable,
(B) a(t, z) is jointly measurable,
and for T > 0 fixed

(C) there is a constant L > 0, s.th.

Tla(t, z) — a(t, 2)|? +/ If(t,u,2) — f(t,u, 2)I1*B(du) < L|z — /|
forallt € [0,T],z,7 € F. 54

(D) There is a constant K > 0 such that

T||a<t,z)||2+f It u, 2)|?B(du) < K(|z|* + 1) forallz € [0,T],z€ F.  (55)

Let A(t,Z) = a(t,Z;) and F(t,u, Z) := f(t,u, Z;). Then A(t, Z) and F (¢, u, Z) satisfy the
conditions in Theorem 3.3 so that there is a unique solution Z := (Z;);¢[o0,77] in HZT of

t '
Z: = 872 +/ Sy_sa(s, Zy)ds +/ /St_sf(s, u, Zs)q(dsdu) P-a.s.Vte[0,T].
0 0
(56)

Starting from here we assume, like in Section 2, that in the rest of the present article the cPrm
q(dsdx) := N(dsdx)(w) — dsB(dx) is a random measure on (E, B(E)), where E is a separable
Banach space, and is defined on a filtered probability space ({2, F, (Ft)o<t<+o0, P), satisfying
the “usual hypothesis” (i)—(iv), given in Section 2.

We shall for this case prove the following result: let the coefficient a be like in (52) and

Ry xE\N{0} xH — H. 7

Theorem 4.1. Let 0 < T < oo and suppose that (A), (B), (C), (D) are satisfied. Suppose also
that

E[[| ZolI*] < cc. (58)

Then there exists a unique cad-lag process (Z;):cjo,1] S-th. P-a.s. Z;(w) solves (56) and such
that

(1) Z; is F;-measurable,

Gi) f, EllZsl1*1ds < oo.

Remark 4.2. From Theorem 15 in Chapter 89-1V [18] it follows that (Z;);c[0,7] 1s progressively
measurable.

Proof of Theorem 4.1. Proof of the Uniqueness:
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Let (Z,l)le[oj] and (Z,z),e[o,T] be two solutions with initial conditions Z(l)(a)) and Z(%(a))

respectively which satisfy the hypothesis in Theorem 4.1. Let us define

C(s,u,w) = f(s,u, Z; (w)) — f(s,u, Zf(a)))
g(s, ) == a(s, Z}(w)) — a(s, ZX(w))
v(t) =E[|1Z - Z}|°].

Then

t
(1) < 4e® {E[nzg — Z3IP1 + 1 / E[llg(s)[*1ds
0

t
+ / / E[IIC(s,u)IIQ]dsﬁ(du)},
0 JE\{0}

where we used the contraction property of S; and Lemma 2.4. Using property (C) we get

t
V(1) < 4 {E[IIZé - ZgIP1 + L/ E[[Z; — Z§||2]ds} :
0
By Gronwall’s inequality we then obtain
v(r) < 4™ ElZ) — Z51* 1™
where p, := 4e’*’. This implies that if
ZY(w) = Z}(w) P-as.,
then (denoting as usual by Q the field of rational numbers)
P(Z' =Z%for1 €0, TINQ) =1,
which implies by the cad-lag property
Pz} =Zfort €0, T]) = 1.

Proof of the Existence:
Define, for ¢t € [0, T']:

Z) () = 81 Zo(w)

t t
zZk = s,zo+f S;_sal(s, zf;—l)ds+/ f Si—s f (s, u, ZK" Vg (dsdu).
0 0 JE\{0}

Then by similar arguments as in the proof of the uniqueness we get

t
E[|Z4 - Z47] < 20627 / E[1Z} — 251 )P1ds
0

El|1z) — 72171 < 2¢*T K (1 + E[|| Zo|%]).

Defining

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)
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Ck.1.q =2Le*T (70)

we obtain from (68) and (69)

k+1
t
E[|ZK — ZK)1%) < (cK,T,a>k+1m2e2“TK<1 +E[ ZolI*]). (71)

Moreover, for k > 1.

T
P(sup |ZKEF' —ZF 2% <P ( /0 I1S;—sa(s, Z¥) — §,_sa(s, Z¥"1|ds > 2’”)

0<r<T
> 2_k_1>.

Using Chebychev’s inequality, (18), the Lipschitz condition (C) and the growth condition (D) we
obtain

t
/ / Sy f (s tts Z5) = Si_s f (s, 251 (dsdu)
0 JE\{0}

0<t<T

+P< sup

T
P( sup [[ZKHD = ZK| > 27F) < 2% F2TE [ / I1St—sa(s, Z5) — Si—sa(s, Z?‘l)n%s}
OSI‘ST 0

T
// Elll £ (s, u, ZX) — f(s, u, ZE=1)1dsB(du)
0 JE\{0}

T
< 2+2.20T g [/ 1zk - Z§—1”2dsi|
0

T k
t
< 42k 2207 1 5e20T K (1 4 E[|| Zo 1) /0 (Cr.1.0)" o
K@D S e 2
= (Cx. 1) Gpre oT 18e?*T K (1 + E[[1ZolI1*]). (72)

From the Borel-Cantelli Lemma it follows that P-a.s. there is ko(w) € N s.th. for all k > ko(w),
keN,

sup ||ZM — ZK) <27k, (73)
0<t<T
We have
n—1
Z}w) = Z) (@) + Y (2 () - Zf ()]. (74)
k=0

It follows that Z}' (@) converges uniformly on [0, 7] P-a.s. We define
Zi(w) = lim Z]'(w) P-as. (75)
n—0oo

(Z:(w))telo, 17 1s cad-lag and adapted, as each (Z}' (w));<[0, 7] is cad-lag and adapted by induction.
We now prove that for all ¢ € [0, T'] convergence of Z]'(w) to Z;(w) as n — oo holds also in

the Ly-norm, i.e. lim,— oo (E[| Z" — Z|?])!/2 =0

and that

T
/ E[|| Z,||*]ds < oo. (76)
0
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Letn > m,n,m € N, then from (71) it follows

n—1
B[z — Z"A < ) ElzZF — zF))
m

) (k1
< 2T K (1 +E[| Zo? c k1 vt €[0,T]. (77
< 2e*TK (1 +E[| Zo|| ])%( kra) T Gy Y el0. Tl (77
We get
E[|Z" — Z"|’1 = 0 asn,m — oo. (78)
Hence the limit in L, of Z}' for n — oo exists, we call it
& = lim Z}. (79)
n—>0oo
Then
&(w) = Zi(w) P-as. (80)
From (66), (67), (73), (74) and (75) we have
sup E[[|Z]*] < o0 (81)
1€[0,T]
hence
T
/ E[|Z:|1*1dt < oo. (82)
0
Moreover
T
lim E[|Z} — Zt||2]dt =0. (83)
n—0o0 0
We now prove that (Z;);¢[0,7] solves Eq. (3) P-a.s..
t t
Z;H'l =87+ / St—sa(s, Z3)ds + / / St—s f(s,u, Z))q(dsdu). (84)
0 0 JE\{0}
We define
Cn(sa u, Cl)) = f(sv u, ZY(a))) - f(ss u, Z?((I)))
gn(s, ®) = a(s, Zg(w)) — a(s, Z{ (w)).
Similarly as for (60) and (61) we obtain
t 2 t t
H / Elgn()lds| <1 f Ef]lg, ()[21ds < L f E[1Z, — 27|*1ds (85)
0 0 0
t 2 t
/ / {E[Cu(s, w)]dsB(du)}|| < 62“’L/ E[lZ; — Z")|*1ds. (86)
0 JE\{0} 0

From (83), (85), (86) it follows that (Z;);c[0,7] solves Eq. (3) P-a.s. W
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Corollary 4.3. Let 0 < T < oo and suppose that (A), (B), (C), (D) are satisfied. Let
(Zf),e[oj], resp. (Zl")[g[oj] be the solution of (3) with initial condition &, resp. n, then

E[IZ — Z]I2] < 46%" & — n]|%e™"". (87)
Proof. This follows from (59) and (62). W
5. Yosida approximation

In this Section we assume again the hypothesis of the previous Section: A is the infinitesimal
generator of a pseudo-contraction semigroup (S;);¢[0,7] and conditions (A), (B), (C), (D) hold.
Let

Zo(w) =& P-as. (88)

and let (Z;);<[0,7) be the unique cad-lag process solving P-a. s. (3) for every ¢ € [0, T'] such that
(i), (i1) in Theorem 4.1 are satisfied.

Let {A,},eN be the Yosida approximation to A (see Appendix A.2 in [15] or [21]). For every
T > 0 fixed, there exists a unique cad-lag process (Z}');c[0,17, such that fOT E[|Z] [2]ds < oo
and such that (Z}');¢[0,7] is a strong solution of

Az = A, Z0dt +a(t, Z)dt +/ f(s.u, Z"q(dsdu) (89)
E\{0)

with initial condition (88) [37]. Moreover (Z}]');c[0,7] is also a mild solution, i.e. P-a.s.

t 1
Z} =8¢ —I—/ St ca(s, Z7)ds +/ / St f(s,u, Z7)q(dsdu) (90)
0 0 JE\{0}

for every ¢t € [0, T] and such that (i), (ii) in Theorem 4.1 are satisfied. We shall prove the
following result:

Theorem 5.1.
lim E[|Z, — Z"|*1=0 o1
n—0o0

t 2
E[|Z, — Z"'|*] < 2%|1S"E — S,£|> + 2°E [H / Si—sa(s, Zs) — SP_sa(s, Z")ds }
0

2
LB U } . 92)

We shall analyze separately the three terms on the right-hand side of inequality (92). As for the
first term, we remark that

uniformly in [0, T].

Proof. We have

t
/ / Sy f (5. tts Zs) — Sy £ (s, 1, ZM)gq (dsdu)
0 JE\{0}

lim ||S'E — S,€| = 0. (93)
n—oo
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Moreover, from equation (A.13) in [15] it follows that for all £ € E there is a constant C7 and
no € N, such that for any n > no

576 = Si&ll < Crlgll (94)

so that the convergence in (93) is uniform in [0, T'].
Let us consider the second term on the right-hand side of (92). We have:

]

t
<ot / ElISi_ya(s, Zs) — S .a(s, Z,)|21ds
0

t
E |:H/ St—sa(s, Zs) — S;_ja(s, Z7)ds
0

t
+2T f E[IS/,a(s, Z,) — S_a(s, Z!)|*1ds (95)
0
lim [|S;_sa(s, Zy(®)) — S"_,a(s, Zy(@))| =0 P-as. (96)
n—0oo

and

1S —sa(s, Zs(@)) — S;_a(s, Zs@)|* < Crlals, Zs@)|* < CrK (| Zs@)|* + 1),
o7)

where (97) is a consequence of (94) and condition (D). By the Lebesgue dominated convergence
theorem it follows that the first term on the r.h.s. of (95) converges to zero.

Let us consider the second term on the r.h.s. of (95). We observe that from (94) and the
Lipschitz condition (C) it follows that

TS sa(s, Zs(w) — Ssa(s, ZM(@)|* < CrL| Zs(w) — ZM(w)|? (98)
so that
t t
ZT/ E[|S ,a(s, Zs) — S_.a(s, Zf)||]2ds < ZCTL/ E[|Z, — Zf||2]ds. (99)
0 0

It follows that for all € > 0 there is no € N such that for all n > ng

t
E / St—sa(s, Zs) — S;_ja(s, Z7)ds
0

2 t
] <e +2CTL/ E[||Z, — Z"|*1ds.  (100)
0

Let us consider the third term in (92). By similar arguments as in (100), it can be proved that

- )
E / / Sty f (52102 Z5) — Sy £ (s, 10, 21 (dsdlu) }
0 JE\{0}

t
<e+ 2CTL/ E[|Zs — Z;‘||2]ds. (101)
0
It follows

t
EllZ, — Z"*1 < 2|I8rs — S,6)17 + 2*e2*CrL / E[l|Z, — Z7'|*1ds. (102)
0
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Using Gronwall’s Lemma we get
E[Z, — Z!IP] < @°)1S& — Si&|” + 2%€) exp2* T LCr) (103)
so that (92) gives the result. W

6. Markov property

Let By(H) denote the set of bounded real valued functions on H. We first prove that the
Markov property holds for the semigroup associated to the mild solutions of (1):

LetO <v < Tand& € H.Let (Z(¢, v, §))se[v, ] denote the solution of the following integral
equation

t t
Zi = Si—§ +f Si—sa(s, Zs)ds +/ / St—s f(s,u, Zs)q(dsdu) (104)
v v JE\{0}

(in the sense of Theorem 4.1). Let ]—',Z denote the o-algebra generated by Z(t, v, &), witht <1,
T >v.Letv <s <t <T and Ps; be the linear operator on B, (H), such that

(Ps,))(9)(x) = E[¢(Z(t,5;x))] forg € Bp(H)x € H. (105)
Then the Markov property holds, that is:

Theorem 6.1. Let0 <v <s <t <T.

E[¢(Z(1,v; )/ FF1 = (P.i)(@)(Z(s, v; §))  forany ¢ € By(H). (106)
Proof. As ﬂ.z C Fy, it is sufficient to prove that

E[¢(Z(t,v; §))/Fsl = (P, ) (@) (Z(s, v; §)). (107)
From the uniqueness (Theorem 4.1) we get

Z(t,v;8)(w) = Z(t, 55 Z(s, v; §)(w) (@)  P-as. (108)
Let

n(w) = Z(s, v; §)(@). (109)
Then from (108) it follows that (107) can be written as

E[¢(Z(t,s:m)/Fs] = (Ps.0)(@)(Z(s, vin)). (110)

It is enough to show that (110) holds for every ¢ € Cp(H), with C,(H) denoting the set of
continuous real valued bounded functions on H. We first assume that ¢ is linear and bounded.
Moreover, let us first consider the case where

nlw)=xe€ H P-as. (111)

(instead of (109)). As x is constant and because of the independent increment property of the
cPrm, Z(t, s; n(w)) is independent of F. In fact F; is the o-algebra generated by the pure jump
Lévy process with compensator dsg(dx), (see e.g. [1], Section 2).

El¢(Z(t,s;m)/Fs]1 = El¢(Z(z, 5, x))] = P51 (¢(x)) (112)
so that (110) holds for this particular case.
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Now we prove (110) for the case where

(@) =Y ajla,(Z(s, v; §)) (113)
1
with {A;, j =1,...,n} apartition of H and a1, ..., a, € H. In this case
Z(t,s;n(w)(w) = Z Z(t,s3a;)1a,(Z(s,v; §)) P-as., (114)
1
P(Z(t, s:n(@)(@) =Y $(Z(t,5:a))a;(Z(s,v:£)) P-as., (115)
1

and

El¢(Z(t,s:m)/Fs)] = E |:Z¢(Z(t, syaj)la;(Z(s, v; %))/75}
1

= Z Py (9)(aj)la;(Z(s, v, 8)) = P () (1), (116)
1

where in (116) we used that ¢ (Z(z, s; a;)) are independent of F; and IAJ. (Z(s,v; &)) are Fi-
measurable.

Now we prove (110) for the case where 7 (w) is given according to (109). (From the proof it
follows in particular that the r.h.s of (107) is FZ-measurable.) There is a sequence of simple
functions 7, (w) of the form (113) such that, if for a given natural number M we denote
n,jy =, A M, then

lim tim Ellln," — 5]’ = 0. (117

M—o0n—

Similarly to the proof of Corollary 4.3 it follows that

lim lim E[|Z(, s:n™) — Z(@t, s: |1 = 0. (118)

M — 00 n—>00

There is a subsequence (by abuse of notation we denote it like the original sequence), for which

lim hm Z(t,s;n, )(w) Z(t,s;n)(w) P-as. (119)

M—o0n—

As ¢ is continuous and bounded, it follows from (116) that

El¢(Z(t.5:m)/F)] = lim_ lim El$(Z(t.s. 1)/ F)]
= lim_lim P (@)(®,)") = Por(@)(). (120)

Given ¢ € Cp(H) there exists a sequence of linear bounded functions ¢, converging up to a
set of Borel measure zero to ¢ (see e.g. [48] Chapter V.5). It follows that ¢, (Z(z, s; 1)) —
¢(Z(t,s; n)) P-ass.,, when n — o0. ¢, can be chosen so as to be uniformly bounded, so that by
Theorem 54.14 Chapter X [9]

Tim Elgy(Z(t, 5 m)/F)] = Bl¢(Z(t, s:0)/F)]. B
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Theorem 6.2. Let T > 0, f(s,u,z) = f(2), a(s,z) = a(z) and x € H, then
(Z(t,0; x)(w))ief0,1] is an homogeneous Markov process.

Proof. It is sufficient to prove that
P, =Py;—s forall0<s <t <T. (121)

(121) together with the Markov property (106) in Theorem 6.1 implies that the
Chapman—Kolmogorov equation holds for the transition probabilities associated to Py ;,0 < s <
t < T and (Z(t, 0; x)(w))refo,1] is a Markov process.

Let us remark that the compensated Lévy random measure g (dsdu)(w) is translation invariant
in time. Le. if # > 0 and g(dsdu)(w) denotes the unique o-finite measure on B(R4+ x E \ {0})
which extends the pre-measure g(dsdu)(w) on S(Ry) x B(E \ {0}), such that g((s, 7], A) :=
q((s +t, T +1t],A), for (s,7] x A € S(R;) x B(E \ {0}), then g(B) and gq(B) are equally
distributed for all B € B(R; x E \ {0}).

It follows that

Z(t+h,t;x)

t+h t+h
= S+ / Sinsa(Z(s. 15 x))ds + / / Sths f(Z(s. 15 x))g(dsdu)
¢ ¢ E\{0}
h h
= Spx +/ Sp—sa(Z(t + s, t; x))ds + / / Sp—s f(Z(t +s,1; x))g (dsdu)
0 o JE\(0)

h h
= Spx —I—/ Sp—sa(Z(t +s,t; x))ds + / / Sh—s f(Z(t +s,t; x))g(dsdu).
0 0 JE\{0}
(122)

By uniqueness (Theorem 4.1) it follows that Z(¢ + h, t; x)(w) and Z(h, 0; x)(w) have the same
distribution, so that (121) holds. N

7. Existence of solutions for random coefficients

Let LZT = LZT([O, T] x 82, (Fi)iero, 1) be the space of processes (Z;(w))c[o,7] Which are
jointly measurable and satisfy (i) and (ii) in Theorem 4.1.

Definition 7.1. We say that two processes Zf (w) € LT, i = 1,2, are df ® P-equivalent if they
coincide for all (1, w) € I', with I € B([0, T]) ® Fr, and dr ® P(I'“) = 0. We denote by £2T
the set of d ® P-equivalence classes.

Remark 7.2. £1, with norm

T 1/2
FAVES </O E[||Zs||2]ds> : (123)

is a Hilbert space.

In this section we assume that the coefficients are random and adapted to the filtration and
prove the existence of a solution in £2T . We assume here the growth and Lipschitz conditions of



854 S. Albeverio et al. / Stochastic Processes and their Applications 119 (2009) 835-863

the coefficients independent of w, but depending on the points in H. We assume in fact that we
are given

a:Ry xHx {2 — H, (124)
Ry xE\{0} x Hx 2 — H, (125)
such that

(A") f(t,u,z,w) is jointly measurable, s.th. for all t € [0,T], u € E and z € H fixed,
f(t, u,z,-)is Fs-adapted,

(B') a(t, z, w) is jointly measurable, s.th. for all r € [0, T], and z € H fixed, a(t, z, ) is F;-
adapted,

and for T > 0 fixed;

(C) there is a constant L > 0, s.th.

Tlla(t, z, 0) —a(t, 7, o)|* + /
E\{

<L|z—Z)? forallt €[0,T], 2z, 7 € H, and P-ae.w € 12, (126)

) If(t,u,z,0) — ft,u, 7, 0)|*B(du)

(D') there is a constant K > 0 such that

Tlla(t, z, )|? +f

E\{
forallr € [0,T],z € H, and P-a.e. w € (2. (127)

) I £(t,u, z, ) *B(du) < K(|z||I* + 1)

Theorem 7.3. Let 0 < T < oo and suppose that (A"), (B), (C'), (D) are satisfied. Let x € H.
Then there is a unique process (Z;)o<i<T € EZT which satisfies

t
Zi(@) = Sx + / Si_ya(s, Zs(@), w)ds
0

t
+ / / Si—sf(s,u, Zs(w), w)q(dsdu) Vvt € [0, T]. (128)
0 JE\{0}

As a consequence of Theorem 7.3:

Corollary 7.4. Let 0 < T < oo and suppose that (A"), (B'), (C'), (D') are satisfied. Then there
is up to stochastic equivalence a unique process (Z;)o<i<T € LZT which satisfies (3).

Remark 7.5. As a consequence of Proposition 2.5 we have that (Z;)o<;<7 is cad-lag.

Before proving Theorem 7.3 we show some property of the following function

t
Ko, )(@) = Six + / Sisa(s, & (@), w)ds
0

t
+/f Si—s f (s, u, & (@), ®)q(dsdu) (129)
0 JE\{0}

with x € H and & := (&)seq0.7] € /3;-
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Lemma 7.6. For any T > O there is a constant C } such that
r 2 1 r 2
/ E[lK/(x,§) — K/(x,n)|"1dt < Cp / E[lI& — n.(I7]dz. (130)
0 0

Proof.

T
/0 E[IIK, (x. £) — Ky (x, £)]°1dt

T t 2
< 262“TT/ E |:H/ a(s, &) —a(s, ny)ds :| dr
0 0

T t
+2CM/ / f E[||f(s,u,§s)—f(S,u,rls)szSﬂ(du)] dr
0 0 JE\{0}

T
<207 [ Ele, — P < o (131
0
where we applied Lemma 2.4. This proves (130). W
Let
K(x,€): Hx L} — (132)

be such that its projection at time ¢ € [0, T'] is given by K;(x, &).

Lemma 7.7. There exists a constant o, depending on T, such that ar € (0, 1) and

K (x, &) (@) — K@x, m@)lgr = orll§ —nllgr- (133)
Proof. Let S¢ := K,(x,&). We shall prove that S" is a contraction operator on EZT , for
sufficiently large values of n € N. From (130) it follows by induction

T
| Etiss - st Piar (134)
0
R T T T )
<o [Car [Can [Cas [Bng, o Pis (135)
0 0 0 0
. " T
el f EL, — 1, ]121ds. (136)
- Jo

From this we get that, for sufficiently large values of n € N, the operator S” is a contraction
operator on £2T and has therefore a unique fixed point. Suppose that S"° is a contraction operator
on /.ZZT . We get

T T
/ QE[[SE — Sn, |1 = f QL[S0 — Skt 2]
0 0

C%k”OTknO T 5

L | areniss - sa?
kn(). 0

C;kﬂ0+1Tkn0

T
< —/ drE[||& — 17,||2] — 0 whenk —oco0. N (137)
knog + 1! 0
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Proof of Theorem 7.3. From (133) it follows that K (x, &) is a contraction on EZT for every
x € H fixed. We get by the contraction principle that there exists ¢ € C(H, LZT ) such that

K(x,¢p(x)) = ¢(x) (138)
for every x € H fixed. ¢ (x) := (Z] (w))sef0,1] is the solution of (128). N
8. Continuous dependence on initial data, drift and noise coefficients
Let T > 0. Let us assume that (A), (B), (C), (D) or (A"), (B), (C), (D') are satisfied for
fot,u,z,w) = f(t,u,z,w) and ap(t, z, w) := a(t, z, ). Moreover, we assume that this holds
also for f,(t, u, z, ), and a, (t, z, w), for any n € N. Let (Z;);¢[0,7] be the solution of (128) (in

the sense of Theorem 3.3, or Theorem 4.1 or Theorem 7.3, depending on the hypothesis). We
denote by (Z] (w))[0,7] the unique solution of

t
Ziw) = S, Z8() + /0 Sy san(s, Z1(@), w)ds

t
] St 2 ). @ @sdn (139)
0 JE\{0}

(in the sense of Theorem 3.3, resp. Theorem 4.1, resp. Theorem 7.3). We prove the following
result.

Theorem 8.1. Assume that there is a constant K > 0 such that for all n € Ny, t € [0, T] and
zeH

lan(t, z, @) | +/ I fult, u, 2, )|I*B(du) < K(l|zlI* +1)  P-a.s. (140)
E\{0}
Assume that there is a constant L such that for alln € No, t € [0, T]and z,7' € H:
Tlla(t, z, w) — an(t, 7', w)||* +/ o I fult,u, 2, 0) — fult,u, 2, @)|>B(du)
E\

<Llz—7)* P-as. (141)

Moreover, assume that

sup E[||(ZD*] < oo. (142)
nENo
lim E[]|Z} — Zol*1 =0, (143)
n—oo

(where Zg (w) := Zo(w)) and assume that for every t € [0, T] and z € H fixed

lim {T||an(t, z,w) —a(t, z, a))II2 + f | fut,u, z, 0) — f(t,u,z, w)llzﬂ(du)}

=0 P-as. (144)
Then
lim sup E[||Z] — Z,||2] =0. (145)

=09 4€(0,T]
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Proof. Let < T, then:

E[|Z! — Z,|*] < 2%e*T {E[nzg — ZolI*]
t t
+ 2Lf E[|Z! — Z,|1*1ds +2Tf Ellla(s, Zy) — as, zs)||2]ds}
0 0

t
+25e2”{2 / / E[nﬁl(s,u,zs)—f(s,u,zs)uz]ﬁ(du)ds}, (146)
0 JE\{0}

where the latter inequality is proven by using Lemma 2.4 and inequality (141).
Let

t
=T / Elllan (s, Zs) — a(s, Z)||*1ds (147)
0
t
5 = / / Bl (5, 4, Zs) — £(5, u, Z9) 218 (du)ds. (148)
0 JE\{0}
As
lim la, (s, Zs, w) — a(s, Zs, o) |?
n—oo
+ / | fuls,u, Zs, w) — f(s,u, Zs, a))||2,3(du) =0, P-as. (149)
E\{0}
and (140) implies
llan (t, zs(w),w)||2+/E\{0} | fult, u, Zs (@), ) |*B(du) < K(| Zs(@)]|* + 1)  P-as.,
(150)
it follows
lim sup & + lim sup y/" =0. (151)

=09 4¢0,T] =00 ¢¢(0,T]

(145) follows then by using Gronwall’s inequality. W
9. Differential dependence of the solutions on the initial data

In this section we still assume that the coefficients a and f in (52) and resp. (57) satisfy the
conditions (A), (B), (C) and (D). We shall prove the differential dependence of the solution of
(56) with respect to the initial data.

Let

t t
K/(x, &) = Spx + / Sisals, £)ds + / / Sy f (5. u, £)q (dsdu) (152)
0 0 E\{0}
withx € H and & := (&)se0,77 € L7

Lemma 9.1. For any T > O there is a constant C1., resp. C%, such that

T T
fo E[IK, (x, &) — K, (x, m|P1dr < c}fo ELlE — ne[171dr (153)
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T
[0 E[[|K:(x, &) — K/(y,£)7dr < CFlx — yII*. (154)

Proof. Eq. (153) is a special case of (130). (154) is proven similarly to Corollary 4.3. N
Let
K(x,&):Hx LY - T (155)

be such that its projection at time ¢ € [0, T'] is given by K;(x, &).

Remark 9.2. From Theorem 4.1 we know that there is a unique solution (Z} (@))¢[0,7] of (56).
From Theorem 7.3 we know that for every x € H fixed

K(x, Zf () = Z; (w) P-as. (156)
We shall now prove some facts about the map K.
Theorem 9.3. Let £ € L) be fixed. The map

K(.&:H— LY (157)

is Fréchét differentiable and its derivative % along the direction h € H is such that

aK;()C, E)

o () = Sih. (158)

The proof of Theorem 9.3 is easy and follows from the Frechét differentiability of S;.

Remark 9.4. It follows in particular that % isin L(H; EZT ).

Let us denote by 3% the Fréchét derivative in H. Starting from here we assume that the
coefficients a and f in (52) and resp. (57) satisfy also the following conditions
(E) 2 f(t,u.z) exists forall 1 € (0, T]and u € E \ {0} fixed,
) %a(t, z) exists for all r € (0, T'] fixed.
Moreover we assume that
2

a a
‘ —a(s, z) +/ ‘—f(s, Z,U) HZ,B(du) < oo uniformlyinz € H,
0z E\{0} 0z
and s € [0, T], (159)
where with || - || we denote the operator norm of the Fréchét derivative in H.

Theorem 9.5. Let x € H be fixed.
K(x,): LY - F (160)
is Gateaux differentiable and its derivative %_1; along the direction & € EQT satisfies

8Kr(x,$)(

! 0 ! 0
n) = / Si—ya(s. £)(ny)ds + / / Sy F (s, 0, &) (ns)q (dsdu)
JE 0 3z o Jevoy 9z

(161)
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(with the notation %a(s, & (w)) (resp. a%f(s, u, &(w))) for 3%a(s, z) (resp. %f(s, u,z)), at

2= &(w)).

Proof. For any fixed x € H,and &, n € £2T we consider the map r — K (x, & + rn) from R to
£2T. We have

t
Ki(e & +rm) = Six + / Si_sals, & + rny)ds
0

t
+ / / Sy f (5. 1t & + rne)g(dsdu). (162)
0 JE\{0}

It follows

! —
%Kz(x,é +rn) — K(x,€) = / S, (a(s, & +rny) —als, és))ds
0

’
t —
+ / / S, . (fGs,u, & +rns) — f(5, M’ES))q(dsdu). (163)
0 JE\{0} r
Let us fix z € H and define for any r # 0:
t —al(t
ar(t zy) =2 ’Z+ryr) a(t.2) (164)

frltou,z,y) = f(t’”’”ryr) )

wheret € [0, T],y € H.a,(t, y, & (w)) and f (¢, u, y, & (w)) satisfy the conditions (140), (141)
with r instead of n (and y instead of 7). Moreover, (%a(s, & (w))y and 3% f(s,u, & (w))y satisty
also (140) and (141), due to condition (159).

Analogous to (144), we have (by using also the Lipschitz conditions) that

lim {T
r—0

“
E\{0}

Defining similarly as for (147) and (148)

R
74 :=T/ E
O -
t
8/ ::/ f E
0 JE\{0}

and operating in a similar way as in the proof of Theorem 8.1 we obtain the desired result. W

(165)

2

a
ar(t,y, & (@) — a—za(t, £i(w))y

9 2
frt,u, y, & (@) — Ef(t’ u, & (w))y ﬁ(du)} =0 P-as. (166)

d
ar(s, ns, &,) — B_Za(s’ Ens

2
} ds (167)

9 2
Jr(s,u, mg, &) — a—zf(s, u, Es)g } B (du)ds, (168)

We assume also:
(G) a%a(s, z) is continuous in zds-a.s.
(H) a%f(s, u, z) is continuous ds-a.s. in the norm || - I z2ap) of £2(dB).
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Theorem 9.6. For any fixed n € £2T the function

%K(x,é)n CHx LY — (169)

s continuous.

Proof of Theorem 9.6. Let (x”, £") converge to (x, &) in H x EZT . For any n € N we have that

D o o a e (D e 5
SEKO" = o (x,s)nt—/o - (aa(s,s?)m—aau,ssm)

4 0 0
+ f / Sy <—f(s,u,$§’)ns - —f(s,u,ssm)q(dsdx). (170)
0 JE\{0} 0z 0z

2
:|dt

r 9 9
< 2Te2°‘T/ E H—a(s, EMns — —a(s, &)y
0 8Z aZ

From Lemma 2.4 it follows that

'E HBK " - LK
[ E| |spK e - Sk em

2
] ds

T 9 9
+2Te2°‘T/ / E H—ﬂs,u,sf)ns = 2 5w g,
o JE\0) 9z 9z

2
:|ds/3(du). (171)

& — &in EZT when n — oo implies that there is a subsequence {rny}ien such that &% —
&ds ® dP-a.s. in [0, T] x {2, when k — oo. Hence we get
d d
m&a(s, £ ()5 — aa(s, E(w)ns|| = 0 ds®dP-ae.

in [0, T] x {2 when k — o0 (172)

/1;\{0}

in [0, T] x 2. (173)

and
2
Bdu) - 0 ae.ds®dP

0 0
‘a—f(s, u, £l (@)ns — — f (s, u, & (w))ns
Z 0z

We get by the Lebesgue dominated convergence theorem that % K (x, &)nis continuous. M

Corollary 9.7. Let us assume that all the hypotheses of Theorem 9.6 hold. Let (Z] );c[0,T] denote
the solution of (3) with initial condition

Zo(w) =x P-a.s.

Then (%Zf)te[O,T] is a solution of
0 ! 0 0
aZi‘ = /O (S,_Sga(s, Zf)aZ;‘) dS

! d d
+ f f Sist fls,u, Z5) =77 ) g (dsd). (174)
0 JE\{0} 0z 0x
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Proof. The statement of Corollary 9.7 is a consequence of the Theorems 9.3, 9.5 and 9.6,
Remark 9.4 and Proposition C.0.3. in Appendix C of [12] (cf. also Appendix C of [16], where
the Gaussian case is considered). W
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Appendix

Letg(s,u,w) € M;’Z(E/H). From Theorem 3.13 and Proposition 3.15 in [37] it follows that
(M;)o<:<r defined in (4) is an F;-square integrable martingale and is cad-lag.

Theorem A.1. Let the state space H be a separable Hilbert space. The corresponding Meyer
process to (My)o<:<r is the process ((M))o<i<T, with

t
(M), = / / 1l12dsB(du). (175)
0 JE\{0}

(See e.g. [40], or [41] page 121, for the definition of Meyer process.)

Proof. ({(M);)o<:<r is an increasing and continuous process and hence also a process with
paths of bounded variation. Moreover (M)o = OP-a.s.. Hence it is sufficient to show that
(IMII* = (M);)o<i<r is a martingale.

This follows by proving that for all 0 < s < ¢ < T the following holds:

E[(IM,||* — (M))14,] = E[(IM,|I> — (M))14,] VA € F. (176)
Proof of (176):
E[|M,|*14,] = E[||M; — My + M;||*14,]1 = E[| M, 14,1 + E[|| M, — M,||*14,]

t 2
/ / g14,q(ds'du) } , 177)
s JE(0)

where the second equality follows from the fact that (M;)c[o,7] is a martingale, while the last
equality follows from Proposition 3.3 of [38]. Due to the isometry (12) we get

= E[||M,]|*14,] +E[

t
E[IM, [214,] = E[IM, 2141 + / / Elllg 114, ds' 18 (du)
s JE\{0}
= E[||M,|*14,]1 + E[((M), — (M))14,], (178)
which implies (176). W
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