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Let {¢;, i =0} be an ordinary renewal process and assume the lifetime distribution function has the form
F(x) = cx*(1+ Ax +o0(x)) near 0+. The asymptotic conditional distribution as n— o of {nt;, i = 0}, given
that ¢, <1, is that of a renewal process with a gamma lifetime distribution depending only on a.
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1. Introduction and the main theorem

Let {t,, n =0} be an ordinary renewal process on [0, c0) with associated distribution
function F, that is, £, =0, and £, =Y _, 6, for n>0, where the ‘lifetimes’ 8,, 6,, ...
are independent positive random variables with common distribution function F.
We assume throughout that

F(0)=0 and F(t)>0 forall t>0. (1.1)

Our main result concerns the limiting behaviour of the renewal process on the
time interval (0, b], given that the number of renewals in (0, b], denoted by

n=max{n: t, < b}, (1.2)

goes to infinity. We refer to this conditioning process as ‘thickening’, to contrast it
with the more usual operation of thinning. It is clear that the 6,s cannot be
independent under a condition of the form n = n or n = n. Nevertheless, asymptoti-
cally, they are independent and furthermore they have a gamma distribution,
provided F is nicely behaved near 0+. For the record, we say a random variable
X has a I'(«, B) distribution if the distribution of X has probability density function
(p.d.f.)

flx)=T(a))"'Bx* '™ for x>0. (1.3)
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Our exact result is:

Theorem 1. Suppose F has the form

F(x)=cx*{1+Ax+o(x)} asx|0, (1.4)
where a >0, ¢ >0 and A € R. Then for every keN and x, =0, x,=0,...,x, =0,
k k
P[ﬂ{nﬂ,-sxi}lan:'»HP[a',»$x,»] as n- oo, (1.5)
i=1 i=1
where o, 05, ... are independent random variables with a I'(a, b 'a) distribution.

The same result holds if “m=n" is replaced by “n=n" in (1.5).

By making a linear change of variables, we see that it suffices to consider the case
b =1; henceforth we assume this holds.

The gamma renewal processes (by which we mean renewal processes with gamma
lifetimes) are the only nondegenerate processes which we know can arise as limits
of the type used here. At the end of the paper, we do show that for some F we get
the degenerate limit for which P[o;=1]=1 for all i

If (1.4) holds, with a =1, then the limiting lifetime distribution is exponential,
so the renewal process is Poisson. It is noteworthy that every other gamma renewal
process is also a possible limit (with b =1, we must have Eo; =1).

A key ingredient in the proof of Theorem 1 is a collection of results taken from
Section 2 of Doney and O’Brien (1991), hereafter referred to as “the shot noise
paper”. We present these results in Section 2, using the notation of this paper. They
are interesting in their own right in the renewal theory context.

We prove Theorem 1 in Section 3 and add some remarks in Section 4.

2. Results from the shot noise paper

The shot noise process is constructed by stmming the contributions associated with
each ‘shot’ or renewal, via a function h. If h=1,,,, then the process just counts
the number of renewals in an interval of length 1, so that statements about shot
noise can be expressed in terms of the renewal process. For readers who refer to
the shot noise paper we note that the quantities N(x), S(x) and £ from that paper
have the following interpretations here (with h=1p,,}: N(x)=|x] if t, =1,
N(x) =00 otherwise; S(x) =1t if ¢, =<1, S(x) =00 otherwise, and & = n+ 1. With
this translation, it is possible to read most of Section 2 of the shot noise paper
without reference to the other sections.

The proofs of Section 2 of the shot noise paper mostly become only a little simpler
in the renewal theory context, and we do not want to reproduce them here. The
main exception is Lemma 1 which is implied by the following obvious statement
about renewal processes: for any y > 0 and conditionalon ¢, =<y, 6,,0,,..., 8, have
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the same distributions. (This fact may be compared with the so-called inspection
paradox and its variations, as discussed in Kremers (1988).)

The following two results are translations of Lemmas 3 and 4 in the shot noise
paper. They assert that if ¢, =<y for large n, then most likely ¢, is close to y and
most likely 6,, 8,, ..., 8, are all small. These results are certainly plausible but, it
seems, rather tricky to prove.

Lemma 1. For each y>0,

Plt,<y—7v|t,<y]>0 asn->w, (2.1)

uniformly over ye(0,1]. O

Lemma 2. Let B, =max{6,,..., 0,}. Then for each fixed t >0,
P[B,>t|t,<y]->0 asn->©, (2.2)
uniformly over y< (0,1]. [
Another result of the shot noise paper which is of interest here is that the tail of
the distribution of % gets small very rapidly in the following sense:
lim P[n>n+1|p=n]=0. (2.3)
n—-»oc
To see this, note that the condition n = n is equivalent to the condition ¢, =1. By
Lemma 1, ¢, is therefore most likely close to 1 for large n. Since ¢,.,—1, and
{t,, ..., t.} are independent this means that ¢,,, probably exceeds 1.

As a final remark, we note that Lemmas 1 and 2 and formula (2.3) also hoid for
stationary renewal processes.

3. Proof of Theorem 1

We will use the following notation:
A=A(a+)a”', e=acl(a), F,(y)=P[t,<y] (3.1)

The first major step is to obtain a good approximation for F,(y) for large n.

Lemma 3. Under the hypothesis (1.4),
F,(»)~e™(ev*)" /T (na+1) asn->wx, (3.2)

uniformly over y €[0, 1].

Proof. Fix ¢ >0. For i=1,2 and x>0, let

Fix)y=ce" g (x), (3.3)
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where g is the p.d.f. of the I'(a, 1) distribution and &, = (=1)'e. Let
F(x) = Itf“)(y) dy, i=1,2. (3.4)
0
Integrating by parts twice and incorporating (3.1), we obtain

FP(x)=¢(al(a))™! [X”‘ e 1~ (X +e)x/(a+1)}

X

+(+e) @+ 1) j ety dy]

0
:Cxu e“(“")x/(““)(l+o(x))
=cex® eM[1+eax(a+1)""+o(x)],

as x - 0+. A comparison of this formula with (1.4) yields the existence of an x,>0
such that

FUx)sF(x)<F?(x) for0=x=x,. (3.5)

By reducing x, if necessary, we also have F'’,i=1,2, nondecreasing and [0, 1]-
valued in [0, x,]. Now define distribution functions (d.f.’s).

ﬁmg ﬁ“”s ﬁm’ (3.6)

which are equal to F'", F and F** respectively on [0, x,) and are all identically
one on [x,, ).

For i=0, 1,2 we may by (3.6) construct sequences {6, n=1} of independent
random variables all with d.f. F*") and with the three sequences coupled in such a
way that

0'V=6"=06 forall n
Let {r'"’, n =0} be the three corresponding renewal processes and let
B\ :=max{6\",..., 0%}, i=0,1,2, n=1.
Fix x,€(0, x,). We then have
PtV =<y, BY =x]=P[t,"<y, B, = x,]
:[p[tnéya anxl] (37)
<P[1P<y BP=x].
Now choose y >0 such that
e Y =1-¢ and e Y= (1-¢). (3.8)
Also, let
A= A(n, x)

= {(S],. .- ,sn*l)e[oa xl]nil: x—xlssl_l_' ’ '+S"715x}.
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Finally, let {t¥, n=0} be the renewal process whose lifetimes 8%, n=1, have a
I'(a, 1) distribution and let

B} :=max{0},..., 07}
By (3.7) and (3.8),
F.(y)=Pl1, <y, B, <x]

=Ply—-y=<t!"<y B <x]

:J HJ R (EORERY (C)
y—vy A

s AT TR T g (x — g = =5, ) dsy - ds,,_l:l dx

RS
_ E" e(1+7\—5)y J’ e(lﬁ—p)(xav)
Y-y

[ st st 0

glx—si = =5, ) ds - ds,.n] dx

=g e (1 — )Py —yst¥<y, B¥<x,]. (3.9)

This is valid even if y <y. We now make use of Lemmas 1 and 2 for {t}, n=0} to
obtain the bound

F.(y)=e"e"™ 1 —e)’Plt¥<y], (3.10)

for n= N, where N may be chosen independently of y€[0, 1]. By Lemma 2, we
also have

F.(y)=P[t,<y, B,<x,]+P[t,<y, B,> x,]
=P[z, <y B,<x/]+eF,(y),
for large enough n. By (3.7), Lemma 1 and (3.8), we now obtain as in (3.9) that
F,(»)=(1-¢) 'P[t,=<y,B,<x]
<(-&)"Ply-yst'<y B)<=x]

n

e eI —g) Py —y<tis<y, Bi<x,]
<" e(|+7\+p)y(1_8)—3P[t>r1;§y], (3.11)

again for all n= N where N may be chosen independently of y [0, 1]. Integrating
by parts, we now calculate

v

Pl <yl=((na))™" J’ x e dx

0
¥

=(I(na+1))" [y"" e"’+J- e x" dx:l

0

=(I(na+1))"'y" e[1+f(n, )],
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say, where 0= f(n, y)<y " e’y" " '(na+1)""' > 0 uniformly over y € [0, 1] as n - cc.
Substituting this into (3.10) and (3.11), we obtain (3.2). O
Lemma 4. For fixed k and d,

ank(l "Z/I’I)
F,(1)

uniformly over z€[0, d].

~(2) * e “(na)** asn-oo,

Proof. Applying Lemma 3 and Stirling’s formula,

F, (1 —z/n)~ex“’z/"’{c"(1 —z/n)*Y" *I(na +1)
F,(1) ere"I'(n—k)a+1)

I'ina+1) e«
I'(n-ka+1) &

~(na)k(r eflx:(E)fk. D

Proof of Theorem 1. We are now in position to complete the proof of Theorem 1.
By Lemma 4, we have

k
P[ﬂ {n0,—$x,-}|tn<1]
i=1

:(Fn(l))lJ’ J. P[tnsllolzylsaek:yk]
(

0 )

<F(dy,) - -- F(dy)

=(F,(1))"' J o J”k Fooi(l=n Yz -+ 20))

0

“F(d(n™'z)) -+ - F(d(n"'z))

N(na)ka(acf(a))*k ‘[ ! . J R
0

0

CF(d(n7'z))) - - - F(d(n"'z,))

- ﬁ {(na)"(ad"(a))l J e‘*an(d(n*'zi))}. (3.12)

Integrating by parts twice, we see from (1.4) that

J‘V e “F(d(n'z2))=e ™ F(n 'x)+« J‘( e “F(n 'z)dz

0

Ry
~e en *x"+acn“ J e “z%dz
Q

X
- —1 —z
= ach "J z% e " dz
0
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Thus, the ith factor on the right side of (3.12) is

X,
i

~a™“(I'(a))™ J' e " dz,,
[y
which is the d.f. of the I'(«, @) distribution, as required to prove the first conclusion
of Theorem 1. The last statement of Theorem 1 now follows by (2.3). [

4. Complements

There are many F which satisfy (1.1) but do not satisfy (1.4). There is not much
we can say about whether the left side of (1.5) has a limit in these cases nor, if it
does, about what the limit is. Noting that the limit in (1.5) is independent of A, one
is tempted to conjecture that the theorem might extend to the case F(x)=
cex“(1+0(x)) as x>0+, but we have no idea if this is true. Our proof depends
heavily on the fact that F can be approximated by a gamma distribution function
(if A <0} or something similar, in order that we may approximate the n-fold
convolution of F with itself for large n.

The one other case where we do have some results is when F(x)- 0 very fast as
x-»0+. We have not attempted to give the most general result possible, opting
instead for the following result because of its simple proof.

Theorem 2. Suppose F satisfies
nF(n ' —en ) =o((F(n )", (4.1)
as n->x, for all ¢ >0. Then the conditional distribution of each né,, given n=n,

converges to the degenerate distribution with unit mass at 1.

Proof. Let £>0. If p=n and 8,> (1+¢)n"' for some n=i then at least one of

6., 86,,..., 8, must be less than n '—en > Also,
Plany of @,,...,8,<n '"—en?J=snF(n '—en™?)
=o(P[O,<n"",...,0,<n""].

This inequality is maintained when the probabilities are both conditioned on 1= n.
It follows that

Plré:>1+e|n=n]->0.
Also, (4.1) implies

P[n0,<1-s|n2n]—>0. ]
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As an example, suppose the distribution of 8; has support {n”':n=1,2,...} and
that p,:=P[6, = n"'] satisfies
npay=0(p,).

Then the degenerate limit of Theorem 2 is obtained.
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