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1. Introduction

It was shown by STEYN (1956) that for v =12 the series Fy(a; by, by; ¢; ¢, u)
which is well known as Appell’s F, series, is a probability generating
function generating interesting probability functions of factorial trino-
mial types. The same idea was used by STEYN (1957) to show that the
series F(a; by, by, bs; ¢; 1, £y, t5) generates for ¢, =t, t,=u and {,=1tu a system
of probability functions of fourfold type. In the present paper attention
will first be drawn to the system of trivariate probability functions which
is generated by the hypergeometric series.

F=Fa; b,b,,....,by; ¢c; b, by, ..., 1) =
(1) L (@a+r—1)'7 Tyt —1)'niefi

=2 2 11

r=0 (c+r—l)”2n=r i=1 Ti!

where ¢, =1, t,=u, t;=v, {,=tu, t;=uv, t;=ot and {,=tuv. A few examples

of eightfold types will then be given.

2. The Moment Generating Function

The series (1) is absolutely convergent for [f|<1, |u|<1, |v|<1, and

7

converges for ¢=1, u=1, v=1 when c—a— Y b;>0 (STEYN, 1955).
1

The trivariate probability function f(z, ¥, z), given as the coefficient of
#* u¥ v* in the expansion of C- F where C'=F(a; b,, ..., by; ¢; 1, ..., 1) =

7
=F(a; > b c; 1), will now be considered by using the properties of
1
the series (1). The moment generating function M = M(«x, f, y) is obtained
from (1) by substituting ¢=e*, u=¢?, v=¢" in C- F. It is well-known that

the moments follow from the moment generating function by differen-
tiating and putting a«=pg=y=0. Using (1) and remembering that

t(t=1, ..., 7) are now functions of «, § and y it follows that,
0 — d . o i a+ B l o+ ? x4+ B+
(2) S&M_O{EFe tog Pt by Feth o Fe v}
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so that

7
F(a+1-zb-+1- ¢+1; 1) a(by+by+be+ by)

f_ 2 :I
H100 * [aa == y=0 F(a zb,l,c l)c

_ a(b1+b4+be+b7)
- 7
c—a— X bi—1
1
Similarly,
,“'011 a(b, +b4"l;b5+b7) and ;u'oo a(bs+b5+bs+b7)
c—a— X b—1 c—a—Zb -1

1

The second order moments can be obtained in the same way but will
rather be derived independently when examples are considered in
section 6.

3. The Regression Equation
It will now be shown that the regression equation of x on y and z
will only be linear if a certain condition between the parameters exists.
Writing Fy for [F],_o=F(a; by, by+by, bg+bg, bs+bq; c; 1, €8, e, ef+7)
and showing each time only those parameters in F, which are altered,
it follows that

[5¥]..,= o

M| =D Fyat1,b Lo+ 1)+ D Fy(at 1, by byt 1 o4 1)+
(3) v

ab“Fo(a+1 by+bg+1, c+l)e"+ab’F0(a+1,b5+b7+l,c+1)eﬁ+?‘

(4) OBﬁM]m 2+b4) Foa+1,by+by+1,c+1)ef +
+ a(bsj‘bv) Fol@a+1,by,+b,+1,c+1)eft?
" a(by+b
(5) be‘M] _ b+ a+ be) Fyla+1,b3+bg+1,c+1)e” +
+a(b5:-b7) Fo(a-{-l, b5+b7+].,c+1)eﬂ+y.

Remembering that the first term on the r.h.s. of (3) has been obtained
as in (2) after differentiation of (1) w.r.t. ¢, and that x=0 implies ¢, =1,
and using the differential equation for the series (1) (STEYN, 1955, eq. 7)
it clearly follows that,

" ab b b,+b
a‘c—lFo(“+1‘,bl+1,0+1)= 1 {a( 2;“ )

c—a—b;—1
+ 3(-13%*{—13“—) Foa+1,b3+bg+1,c+1)e” +

Foa+1,b,+b,+1,c+1)ef+

+ a(bsj‘b')) Fo(a+ 1, b5+b7+1, c+ l)eﬂ'l"}' +a FO}
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so that on substituting in (3) from (4) and (5),

(6) S[%M]a=0={Cﬂailbl—l_{-bai‘b‘;} I:%M:L_O‘i-
ab,

( N {c—a§b1—1 +b3$be}‘[%M]a=o+m[Mh=o

when the coefficient of ef+” Fy(a+1, by+b,+1, c+1) is zero i.e.

a(bs+b,) by by . b, b, _
(7 P {ba—}—b‘ b+ b, b5+b7+c——a—bl—l}_0'
Excluding the cases where one of the parameters a or by, ..., b, is

zero i.e. excluding also b;+b,=0 since this would imply that b,=0, this
condition for linear regression becomes

b, bg b + b, _
by+by  by+bg b;+b, c—a—b—1

d= 0.

Under this condition the regression equation of x on y and z follows
from the theorem proved by STEYN (1957) as

L b, b b, b ab,
8) 2= (c—a—bl—l + b2+b4) y+ (c—a~b1—1 + b3+bs) L sy

The condition (7) is also necessary for a linear regression equation of
x on y and z, for if the regression is linear then using the theorem referred
to above it must follow from the expressions (3) to (5) that

(9) [5% M]a=0 =k, [%Jg o +k, I:bal—f o + kg [M],—.

Assuming (9) to be an identity in § and y, and thus in ¢® and ¢”, equations
in k;, k, and ks, can be written down by considering:
(i) the constant term i.e.

by F(a, bys o5 1) — 2 Fla+1, b+ 150415 1); Fla, b; 1)
being an ordinary hypergeometric series so that

ey = ab,

T c—a—b—1

(ii) the coefficient of ¢ i.e.

ab, . a(by+ b,) i
c—a—b,—1 c

klwf—) Fla+1,b;¢c+1;1)+
c
- Fa+1,b5¢+1;1) =

9& (a+1) (by+by)
c c+1

Fla+2,b;+1;c+2;1 +9—13F(a+1,b ;e+1;1
c 1

so that
by by .
cTa—b,—1 5105,

ey =
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(iii) the coefficient of e” which gives

_ b, be
T c—a—b,—1 + byt bg "

ky

The coefficients k,, k, and %, obtained in (i), (ii) and (iii) are the same
as the coefficients in (6). Hence, if and only if the relation (6) exists can
the regression be linear.

The condition (7) is therefore a necessary as well as a sufficient condition
for the regression of x on y and z to be linear.

4. Marginal Distributions

Remembering that the p.g.f. of 3 3 f(x,y,2) follows from (1) by

x v
writing =1, =1 and noting that
F(G/; bl; b29 b37 b4> b5) b6$ b7; C; 1! 1: 'U: ]-7 'l), 'U, ’U)
(10) =F(a; by+by+by, by+bg+b5+bs5 ¢; 1,0)
=C" F(a; bg+bs+bg+b;; ¢c—b,—by—b,; v)

where C’ is a constant, it is clear that the marginal distributions are
hypergeometric distributions.

5. Limiting form of the probability function for large absolute values of
the parameters

7
Let the absolute values of the parameters a,b, ...,b;,¢c,c—a—> b,
1

all be large but of the same order in these parameters, say O(a). In section
2 it was already shown that the first order moments which are equal
to the first order cumulants are all of O(a). From (10) in the previous
section it can easily be shown (cf. STEYN, 1951) that the variances of
the marginal distributions o2, o2 and o2 are also of O(a). It will now be
shown that also the cumulant generating function

2
L(x, B, 7) = f100 *+ Ho10 ﬁ+y001y+a§%+,_,

is of O(a).

The function F in (1) is (apart from a constant factor) a probability
generating function and for 0<#; <1 all the terms in the expansion of F
will be positive, so that,

1<F<F(a; b,by, ..., 05 ¢; 1,1, ..., 1)=F(a; ibﬁ c; 1)
and for —co<«,8,y<0, '
‘ 1< F(a; by, by, ..., by; ¢; €%, €f, ..., extFt") < F(a; ibi; c; 1).
For ¢ not a negative integer, '

I'c) I'(c—a— é b;)
1

7
F(a; 3 bi3e31) =— .
1 I'(c—a) I'(c— 3 b;)
1
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Using the well-known asymptotic formulae for the Gamma function it
now follows immediately that when the parameters are all of O(a), then

L(x, 8, y)=log M(«x, B, y)= .
log F(a; by, by, ..., by ¢; €% €8, ..., e**P4) —log F(a; 3 b;; ¢; 1)
1

will be of O(a).

For ¢ a negative integer, it is assumed that a is also a negative integer
such that the series terminates ie. ¢=—n,a=—m where n>m>0.
Clearly then, since b>0,

) 7 m
F(a; 2 b;c;1) < (1 +b+—m——l) ,
1

n—m—1

so that,

7
log F(a; > b;;¢; 1) is again O(a).
1

Hence all cumulants will be of O(a). In standard units, therefore, the
cumulant generating function will change to

L(e, B, y) = $ {62+ P24+ y2+ 20, 6B + 20,87 + 20,5} + O(a™}),

so that for large absolute values of the parameters the probability function
will be approximately given by the trivariate normal probability function.

6. Examples
(i) The Eightfold Hypergeometric or Eightfold Factorial-Binomial
Consider the case of a finite population of N individuals which are
initially divided in the proportions Py, Prio: Pror> Port> Proos Poto> Poors Pooos
possessing respectively the characteristics EFG, EFG, EFG, EFG, EFG,
EFG, EFG, EFQG, (where E means not E). From this population a sample
of n individuals is drawn without replacement and z, y and z are the
total number of successes of B, F and G respectively.

P="Pu1+Pro+Pior+Pioos P =P+ Prao+ Porr + Poros
P"" = P11+ Pro1 + Pou + Ponr

are the total probabilities for B, F and G respectively.
It is easy to see that the probability generating function is in this case

given by

7! (NPgo) ! 700 (NPgp)! 7100 ..o (Npyyq)!rmgrur’ o’

7000 T100! +++ T111!

2
="

(where r, ' and 7" are defined similar to the p, p’ and p’’ above)

1
Nin 5

T,

N In
(11) =(—§;!0—2)F(—"§ —Np100> —NPo10> —NPoo1, —NP110> —NPouss

—Npyoy, —NPyy; Npggo—n+1; ¢, u, v, tu, uv, tv, tuw).
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From (6) above follows that the regression equation of x on y and z is
linear when

Pin  _ Puo R 1)1 P1oo =0
PuitPoin  ProtPore  PiortPoor  Proot Pooo

The marginal distribution ¥ > f(, y, 2) is clearly the well-known hyper-
geometric probability flan:iOIZ and, by (10), is generated by,
Constant - F(—n; —Np"'; N¢'"'—n+1; »).
The moments follow from the moment generating function by differ-
entiation but also directly from the factorial moment generating function

obtained from (11) by substituting t=1+«, u=1+p and v=1+y thereby
obtaining the series

1! (Npggg)!7ow (NDygp)!Ties ... (Npyyy)inu

1
— :
N'in Irgpen . To00! T100! -+ 7111}

(12" (LB (L),

whence it follows, using brackets to indicate factorial moments obtained
from the first and second degree coefficients in this expansion, that
H q00 (OT &, the mean of x)=np. Similarly §=np’, Z=np"’. Also u' sy, the
coefficient of «? reduces to

n'2 (Np)!2
TNz
so that
0% = Hizo0 + K100 — Kitoo)
_N— n) "
N P9,
(N n) 7 (N n) ”_n
o5 = T P ‘¢’ and o2 = N1

From 4,4 the coefficient of ap, it follows after some simplification that
the product moment about the mean,

Ma10 = H110)— H(100) Ho10)
(N — n) ..
=x5_T1 " (P111+ Pro—PP"), giving
HM110 — P11+ Pro— P’ .

Oy = Vit e —
i HM300 Ho20 qu rq

Similarly
o =p111+P011—P'P” P111+P101_PP”_
” Vo'dP"q” VpaP'd
Under condition (7) and similar condition for y and z the regression
equation can be written down from (8) but also in the standard form

and o, =

E—% _ Quy— 0wt 0w (y—?2> Qzs — Quy Oyz (z—2>
O,

Oy 1— ng v 1— 91212 o,



135
(ii) The Eightfold Negative Factorial-Binomial
If in the population of example (i) the sampling is stopped after
obtaining (m + 1) failures (i.e. ZFG), including the last trial, the probability
generating function is given by

(Npoot;)! (m+1) N—§p°°° E (m 4 8)! (NDP1go)! 7100 (Npg)! 700 ... (NPyyy) i S

™ =
M T ol e s ] -
*T100° Tor0* -+ T1u1°

§=0 Zryp=s
(12) (where 7, 7', 7" are defined as previously)
Npgg,) m+1)
= (—%F(m—l—l; —Npigos = NPor0s —NPoor» = NP1zo» — NP1, —

—Npy, —Npyy; —N+m+1; ¢, u, 0, tu, uv, to, tuw).

In this example the regression equation of x on y and z will be linear
(and can be written down from (8)), if,

Npiy ~ Npige _ Np11o _ Npio, -
NPy +Npoyy  NPyoo—N—1  Npyo+BNpoe  NPior+NDoor

Similar conditions hold for the other regression equations.
The marginal distribution Y > f(x, y, 2) are again by (10) generated by
x v

Const. F(m+1; —Np"; —Np"' —Npge+m+1; v)

and is therefore an univariable negative factorial binomial distribution
(STEYN, 1955) arising from a finite population containing Np'’ individuals
which produce successes and Npy, individuals which produce the m+1
failures. Hence the name eightfold negative factorial binomial for this
example. ‘

Again, from the factorial moment generating function obtained from
(12) by substituting ¢=1+«, u=1+p, v=1+y it follows that,

; _(m+1)Np _  (m+41)Np' _ (m+1)Np”

T = Haon = Npooo+1~° y= Npogo+1 ° #= Npooo+1 *
Also, ' gy the coefficient of «? follows after some simplification as
,_ (m+2)!2(Np)'2
K00 = o 2
so that
0% = Hz00) + Mooy — (H100)*

_ (m+1) Np (Np+Npgoo+1) (Npooo"m?
(NDgoo+2)!2 (Npgoo+ 1) v

and similarly for ¢2 and o? by changing p to p’ and p’’ respectively. The
coefficient of «f, u'y1q), reduces to
’ l ’
Haio = (_1\—](?;?0;:_—)2)12 {(m+2) N*pp" — (Npyy; + Npayo) +
+ (NPy1+NP1o) (NPogo+2)},



136

so that the product moments about the mean follow as

’ 7 ’
HMi10 = Ma0) — Mooy Ko10)

1) (NDogo — ’
= (N(;::?Jr)z()m?‘}ffpoo:’i ) {N2pp’ + (NPyyy + Npyso) (NPooo+ 1)} -

By cyclic interchanging of the indices similar expressions for u,, and
ta are obtained. The correlation coefficients are given by

00y = NpNp' + (Np1y1+ Npyye) (NPogo+1)
“ YNpNp' (Np+ Npoo+1) (Np'+ Npoge+1)

and similar expressions for g, and g,.

(iii) Hightfold distributions of Eggenberger and Polya types

It is easily seen that, if after each trial giving an individual with a
certain characteristic, 4(>0), individuals possessing that characteristic
are added to the population, then in the above two examples of the
positive and negative factorial eightfolds the only change will be that

factors of the form ljvp__: will have to be replaced by
Np
Nptrd AT
N+4+sd N
ate

thereby replacing — N by N/A in the expressions obtained in example
(i) and (ii) above.

(iv) Limiting forms

When in the examples (i) and (ii) above the size of the population is
much larger than the size of the sample, the distributions derived in
these examples will tend to those obtained from a constant population,
i.e. to distributions obtained by sampling with replacement.

(a) The Eightfold Binomial

The limiting form of the probability generating function (11) when
sampling is done from an infinite population (or with replacement from
a finite population) is clearly given by

/ 1
7! Poog™® Prgp™e .. Py U V"
1

1 1
(13) { Zrgz=n 7000 T100° -+ T111*

= (Pooo T Proot + Po10% + Poo1? + Pr1otY + Po1 %0 + P1o1t¥ + Pynatu0)",

with binomial marginal distributions "C, p*¢q"~*,"C, p"¢"~¥ and "C, p"*q""~*
respectively. :

The condition for linear regression is the same as that obtained for
example (i). This condition can also be derived directly from (13) by
substituting t=e*, u=e¢f and v=e¢’, and differentiating the moment
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generating function thus obtained once with respect to «, then w.r.t. g
and w.r.t. y and writing down the condition for a linear relationship
between

%M —D—M and —D—M when « = 0.

o oy
Also for this eightfold binomial,

T=mnp, §=mnp, Z2=np", o%=npq,
o2 =np'q’ and ¢% = np"q” while g,,, ¢, and g,

remain the same as for the eightfold factorial binomial.

(b) The Eightfold Negative Binomial

The limiting form of the probability function (12) when sampling is
done from an infinite population (or with replacement from a finite
population) is clearly given by

o l g I
prmt z Z (M 8)! Prgg"0 Porgore . .. Pyyy M B U v -
Mm! 100! Toro! -+ 111!

=0 Zryp=s
= Pt {1 — (Proot + Poro¥ + Door? + Pr1ott + Po1y %0 + Pyggtv + Pyyytuv)} ~m 1

with negative binomial marginal distributions.
The regression equation of x on y and z will be linear when

Par  _ _Prwo P P _
P11t Do 1—Pro  PuotPoww  Piort+Poor

and the moments are given as

&= (m+1) p[Poo, §=(m+1) P'[Pyoy, 2= (m+1) P’/ Poco;
02 = (m+1) P(P+ Pooo) [ Pioos 02 = (Mm~+1) D'(D" + Dogo) /[ Pioo

neon "+ Pooo P11+ Pooo P110
0% = (m+1) P"(B"+ Pooo) [ Phoos Omy = =
000)/ 000> Qa Vop'(p+ Dooo) (P' 4 Pogo)

and similar expressions for g,,, 0.

7. Generalisations

In this article the writers have studied general eightfold types. It is,
however, very clear that also 2*-fold probability distributions can be
considered by considering a generalised hypergeometric series such as

(1) in ¢, ..., tyx_4, Where
b=y, b=, ..., by="Uy, by = Uy, ..., by =UyUy, ..., Uy

as the generating function. In the extension of the various examples it
will mean that the associated probabilities are p,; ..., where each of
the % suffixes is either 0 or 1. The marginal distributions will then be
factorial binomial types and negative factorial-binomial types. Further
I*-fold probability distributions can be considered by using generating
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functions of multivariate hypergeometric type, which in the extensions
of the special examples considered above, will give rise to multivariate
distributions with factorial multinomials and negative factorial multi-
nomials (STEYN, 1956) as marginal distributions.

The probability function of example (1) and its extensions were studied
in further details in an unpublished thesis by STEYN (1947).

This paper is published with the permission of the South African
Council for Scientific and Industrial Research.
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