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Abstract

The Sears transformations are employed to establish several general series transformations for double
g-Clausen hypergeometric series of type @ 1,:2,;)”. These transformations yield further a number of reduction
1:1;u

and summation formulae on the double basic hypergeometric series.
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1. Introduction

For two indeterminate x and g, the shifted factorial is defined by

n—1

iqo=1 and (:q)y=]](1—¢"x) withn=1.2,....
k=0

When |g| < 1, we have the following well-defined infinite product expressions

o0

& @oo=[[(1—¢*x) and (x;q)n=

k=0

(X: @)oo

(q@"x; q) oo

forn e Z.
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The factorial product is abbreviated to

la,b,....ciqln = (a;@)n(b;@)n - (¢: @n-
Following Gasper and Rahman [4], the basic hypergeometric series is defined by

. _ oo () s—rlao,at,...,ar;qln n
} nZ:(:){( 1)"¢®)} PROR XTI (1.1)

a07 al’ R al‘

1+V¢S[ b],-~~,

where the base g will be restricted to |¢| < 1 for non-terminating series.
As the g-analogue of Kampé de Fériet function, Srivastava and Karlsson [7, p. 349] defined
the generalized bivariate basic hypergeometric function by

)LCF;S alv"'va}\,: al""’ar; Clv"'vcs; q:x’y
M:u;v[ﬂla"'aﬂﬂ: bla"'abu; dla-"adv; l?]vk} (l'za)
_ i [or1, ... 005 qlngn LA, ... arsqluler, ... cgiqly x"y"q () HG)Hhmn
o B Bt @lman (b1, b gluldr, - dvi gl (43 @)m(q: @)
(1.2b)
It is not hard to check that when i, j, k € Ny, the double series cb , 1s convergent for |x| < 1,
|yl < 1and |g| < 1.
Following the definitions in [2], the series CD , 18 said to be terminating (non-terminating) if

it is terminating (non-terminating) with respect to both summation indices m and n. In the mixed
Air;s

case, we call <1> , semi-terminating if it is terminating with respect to one of summation indices

m and n and non termmatlng with respect to another summation index.

For double basic hypergeometric series, there are fewer literature on this work. See Chu and
Srivastava [3], Chu and Jia [2], Jia and Wang [5], Singh [6] and Van der Jeugt [8] for references.
Specially in [2,5], the authors gave several general transformations for (15?::13;2, <D§;21;ﬁ and @5;&;2
and also obtained a number of transformation, reduction and summation formulae on @33, 45622;,

033 034 212 213 214
45111 s @112, 95201 s cb 502 and 95203 as special cases.

In this paper, we shall investigate another type g-Clausen hypergeometric series CDI 1 agam
by employing the Sears transformations. Seven general transformations for non- termlnatlng,

semi-terminating and terminating series ch T %2 are established, some of which are closely related
to other types of ¢g-Clausen functions just mentloned. Furthermore, we derive several reduction

and summation formulae for @ 111212, q§1112§’ and @11123‘ as consequences.

2. Non-terminating double series @, ’;

Theorem 2.1 (Transformation formula). For an arbitrary complex sequence {§2(j)}, there holds
the following transformation

)3 . (a§Q)i+.j(CZQ)'i(e§fI)f' <ﬁ> Q3) (2.12)
i,j=0( 9Q)i+j(dv Di(q;9)i(g; Q)] ace

_ ld/c.bd/ae; gl Z( )" (b/e; @i jle. bjas glita; ),
[d,bd/ace; gl i7=0 (b; @)i+jlg, bd/ae; qlilg. b/e; ql;

provided that two double series displayed above are absolutely convergent.

20) (2.1b)
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Proof. Recalling the g-analogue of the Kummer—Thomae—Whipple transformation [4, I1I-9]

& a, c, e bd _[d/c,bd/ae;Q]oo ¢, bja, bje ‘ g 2.2)
20 b, d ce|” [, bdjace; qloe > * b, bdjae|? :
we can reformulate the double sum in (2.1a) as follows:
(e.¢] .
(a;q); . q’a,c,e bd
QLGB " i G ——
12:(:)(61 9)jb:q); q'b.d ace
_[d/c,bd/ae; qloo o (@:q); (Db I:c,l?/a,qu/e‘ _g}
d. bd/ace; qloo <=5 (4:9); (b1 q); 7392 g7b. bdjae |7 ¢ ]
Writing the last double sum explicitly, we see that it coincides with (2.1b). O
When the §2-sequence is specified by
Q(j):[ul,uz,...,MA;Q]jwj 2.3)
[vi,v2, ..., 045 q];

the last theorem gives us a very general transformation between two non-terminating double
. 1:2;0 1:2;0+1
series <DM;# and ¢1:1;M+1'
In the proof of the last theorem, if we apply, instead of (2.2), the Hall transformation [4, IT1I-10]

p a, c,e| bd ] _[cbd/ac,bd/ce;qlx b/c,d/c,bd/ace‘ . 2.4)
32 b, d q ace | — [b,d,bd/ace; qleo bd/ac,bd/ce 7 ’

then we can establish another transformation formula.

Theorem 2.2 (Transformation formula). For an arbitrary complex sequence {$2(j)}, there holds
the following transformation

- (G;CI)H:/(C;C])-i(E;C])f (ﬁ) Q3) (2.59)
=0 B i (d:9)i(q: 9)i(q: q)j \ace

_ le.bd/ac,bd/ce; g1 i i (blei@ivjld/e,bdace; qi(a; q);

£2(j) (.5b
[b,d,bd/ace; qlo (bd/ce; q)ivjlq, bd]ac; qlilg. b/c; q; () ( )

provided that two double series displayed above are absolutely convergent.

Under specification (2. 3) this theorem also yields a transformation between two non-

25 1:2;0+1
terminating double series <D1 1o, an nd &7 R

2.1.

Specifying in Theorem 2.1 with

. [b/e.Biql; <e>f'
0 RS
el (a;q); B
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and then evaluating the sum with respect to j displayed in (2.1b) by means of the g-Gauss
summation theorem [4, 1I-8]

p [a, b’ .i]_ [c/a, c/b; gl
P el ab | Teoc/abiqle

we find after some trivial simplification the following reduction formula.

(2.6)

Proposition 2.3 (Reduction formula).
12:2| a: ¢, e; bje, B; q: bd/ace, e/B
LLEL p: d; a; 0, 0, 0

_le,b/B,d/c,bd/ae; gl # c,b/a,b/e‘ d
= b.d, e/B, bdjace; qlo > Lb/B.bdjac|T ¢ |

]

2.2.

Letting in Theorem 2.1
_lg™".b/e.yiql; ;
la,q' "y /e:q];

and then reformulating the corresponding (2.1b) by using the g-Pfaff-Saalschiitz formula [4,
11-12]

£2())

g P o /e v/Bialn
3¢2[ v. q' "By ‘q’q} T Iy.y/eBiqly @.7)

we find the following reduction formula.

Proposition 2.4 (Reduction formula).
pl23| @ e g ble, yi g bdjace, q
LLE2 | b d; a, ¢""yle; 0, 0, 0

_le.b/yiqlnld/c,bd/ae; qloo c,bj/a,bfe,q"bly| d
T b.e/viql 1d. bdjace; gl *2 | b/y.bdjae.q"b |T ¢ |

For a = ¢™" in particular, we get another reduction formula from the last proposition.

Corollary 2.5 (Reduction formula).
122 ¢7" ¢, €5 ble,  ys qi q"bd/ce, q
LLL pe d; gy /e; 0, 0, 0

_le.b/y;iqlnld/c,q"bd]/e; gl & [C,b/e,q”b/y‘ 'd/c:|
T b.e/yiqls [d.q"bd/ce; qloo | b/v.q"bd]e K '

]

2.3

Setting in Theorem 2.2

[b/c. Bi 9], (i)f

Q23) =
W (a;q); ep
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and then rewriting the corresponding (2.1b) by (2.6) again, we find the following reduction for-
mula.

Proposition 2.6 (Reduction formula).

L b: d; a; 0, 0, 0

_le,bd/ac,bd/cep,d/e; gl " |:b/c,d/c,bd/ace ‘Ci|
= TIb.d, bdjace,d/eBiqlo o 2| bdjac,bdjcep 1T |

@1;2;2[a: c, e; bje, B; q: bd]ace, d/e,B:|
1:1; .

2.4.

Taking in Theorem 2.2
_ [q_n’b/cvﬂ;q]j j
la,q'"eB/d: q];

and then reformulating the corresponding j sum in (2.1b) by (2.7), we establish the following
reduction formula.

£2(7)

Proposition 2.7 (Reduction formula).

pl23la ¢ & qg", bJc, B; q: bdjace, q
L2 | pe d: a, q'™"eB/d; 0, 0, 0
_[d/e,bd/ceB; qlu [c, bd /ac, bd /ce; gl é [b/C,d/C,bd/aCffaqnbd/Ceﬂ . :|

~ [bdjce.d]eB:qln [b.d.bd/ace; qlo bd/ac,q"bd/ce,bdcef |1 °

1:2;0

3. Semi-terminating double series (Pl:l;u

Theorem 3.1 (Transformation formula). For an arbitrary complex sequence {§2(j)}, there holds
the following transformation

n

[b,d;qln  ~= (@Qi+i@ il
le,bd/ac; q), = b; @i+j(d; q)i(q; q)i(q; q);

£2()) (3.1a)

n iy B/ @ivi (T @i/ @)ilaq); (q>i .
_ Jjn—i) J I (L) 2 3.1b
¢ w_XZ:O‘I [q,q'~"/c,bd/ac; q)ilg,q"b,b/c; q]; \a W .10

provided that two semi-terminating double series displayed above are absolutely convergent.

Proof. By means of the Sears transformation (cf. [1, p. 79]):

g " a,c| | _lebd/aciql, , q", bje, dJc
3¢2|: b, d q$Qi|_ [b,d,q]n a 3¢2 ql—n/c’ bd/ac

q: 2} (3.2)
a

we can proceed as follows:
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GO d;n = (@q); . [q”, qla, ¢ ]
Eq. (3.1a) = 1) ' :
e Gl (c; @)n(bd/ac; q)n ; (q:9);(b; q); (7362 g/b, |1

o .

n__ (@4); . [q—" g'bje.d/c| }

=d" M0 ’ ’ ’ iq 7 /al,
]Xz(:)q (g:9);(q"D; q) (s g /e, bdjac 114 /

which leads us to (3.1b) when writing as a double sum. 0O

Under specification (2.3), this theorem gives a transformation between two semi-terminating
. 1:2;0 1:2;0+1
double series QI:I;M and qjo:z;;urz'
In the proof of the last theorem, if we apply instead of (3.2) another Sears transformation (cf.

[1, p. 79)):

g " a, c| |_Wlaq@n , q ", a, bjc .
3¢2[ b. d q’q}_ @ 7 b g haja| 196/ | (33)

we would obtain the following general transformation formulae.

Theorem 3.2 (Transformation formula). For an arbitrary complex sequence {§2(j)}, there holds
the following transformation

d; @)n i (@; Qi+jq™"; @ilc: @)

(dfa:qn =, b1 @)ivj(d:9)i(q:9)i(q: )

q'2(j) (3.42)

£2(j) (3.4b)

n i <q0>i la,b/c;qli+j(@™"; q@)i(ga/d; q);

e d ) 1b,q""a/d; qli+;(q; @)ilg, b/ci q1;

provided that both semi-terminating double series are absolutely convergent.

Under specification (2.3), this theorem reduces to a transformation between two semi-
terminating double series <D]1 12;); and 0522::5;;::%.
It should be pointed out that the special case of the last theorem has first been established in

[3] by a different method.

Theorem 3.3 (Transformation formula). For an arbitrary complex sequence {$2(j)}, there holds
the following transformation

@ n o~ (@ @i (@75 @il @i J
(d/e;n =) 01 9)itj(d: 0)i(q: 9ilq: 9,

e¢]

Y gl baal (an)j(ﬂ)ifz(n
b;ivilg,q "c/d;qli (g;q)j \ d

2()) (3.52)

(3.5b)
i,j=0

provided that two semi-terminating double series displayed above are absolutely convergent.

Under specification (2.3), this theorem becomes a transformation between two semi-

. . . 1:2;) 0:3;2+1
terminating double series ;57 and @577,
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3.1

Letting in Theorem 3.1

[¢™".q"e.q"b.b/c:q]; ;

()=
) [a,q—mbde/ac,qa/d;q]jq

and then evaluating the corresponding (3.1b) by [2, Proposition 3.3]
122 e g7 as ¢, q7"b; g q"cd/ae, '
4’0:2;2[—: e, d: g-"bd, ge/d: 0, 0,  —1 (3.62)
_(d/e;Q)n[QE/bd,ql_”/d;q]mX p g ", cla,e,q"e/bd |
T (@ q)ala/bd,q""e/d: gl c,qe/bd.q" " "e/d |17 ]

we get the following reduction formula.

(3.6b)

Proposition 3.4 (Reduction formula).

pl24| @ a" ¢ g g, q"b, bje; gt q, q

L3 | b d; a, q ™bdel/ac, qa/d; 0, 0, 0
_ pled/aidlnlqajde.q " ac/bd gl [q™".q'""/d,bje.q' " alde |
[b,d; ql. [gac/bde,q'~"a/d;qln q'"/c,qajde,q" " "ajd |

Alternatively, letting in Theorem 3.1

[qu’ q7n67 b/C; Q]j j

Q)=
e la,q'=""™e/c; q];

and then simplifying the corresponding (3.1b) by (3.6a)—(3.6b) again, we establish another re-
duction formula.

Proposition 3.5 (Reduction formula).

23(a g ¢ g7, g e, b/c; q: 4, q

L2 b d; a, g "e/c; 0, 0, 0

_ (ac\" (bd/ac; @)u [c,q"b/e; q1m p q*",b/a,b/e,g”*mb/e) .
“\b) T @on arciean'” L a"ble.q"bbdjac 1T ]

(]

—_——

3.2.

Specializing in Theorem 3.1 with

[o, B; 41, <i>f
(a;q)j \aB)’

[¢"b,B.v:4l; (ql_"a>j
la,qa/d;ql; \ dBy )~
and then transforming the corresponding (3.1b) by [2, Proposition 3.4]

20)=
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122( et a, q7" o, By g q"cd/ae, ge/caB

022 —: ¢, d; gqe/c, e; 0, 0, -1

_ (d/a;q)n lge/ca,ge/cB; gl » |:q_",a,coz/e, cB/e ‘ q‘q]
d;q)n lge/c.qe/caB; qlo c.q'"ajd,cap/e| 7|

we derive the following two reduction formulae.

]

Proposition 3.6 (Reduction formula).
pl22| @ a " ¢ o Bioqiq, blap
L1 p: d; a; 0, 0, O

_ /e bfob/Bi gl [q",c,b/a,b/aﬁ ,ﬂ}
d: n 1b.b/aBiqlee 2 g e/d, bl b/B 1T d

Proposition 3.7 (Reduction formula).
23[a g ¢ ¢"b, B, vi 4 q, q'"ajdBy
L2 b d; a, qga/d; 0, 0, 0

_(@>"(bd/ac;q)n lga/dp. ga/dy: qleo [q‘”,d/c,dﬁ/a,dy/a‘ . ]
“\d) " Gion lqajd.qajapyiqle’ " d.bdjac,dpyja 1T7]

]

——

Letting further 8 — 1/c and y — a, the last 4¢3-series reduces to a »¢-series. Evaluating it
by the ¢-Chu—Vandermonde convolution formula [4, 1I-6]

ol s,
m[ c(q,q}— oy (3)

we obtain the following closed formula.

Corollary 3.8 (Summation formula).

plz2fa a7 i g"b. Ve g q.q' 7 e/d | _la/d.qac/d; qlu
EEL] b d; qa/d; 0, 0, 0 lga/d,qc/d; gl

3.3.

Taking in Theorem 3.1
_lg"b,a;ql; (q‘”y )’
@) ac
and then evaluating the corresponding (3.1b) by [2, Proposition 3.9]

£2(7)

pl22| € a g7 a, ¢'"ae/cd; q: q"cdjae, ¢" Vcdy Jaea
22— e, dy oy, e; 0, 0, -1

la,cd/ae; qln [y /o, cdy/qae; qloo [q_”,C/a,d/a,Cd)//qaw
= : - a3 | " _p ‘; ,
e, d; qln [y, cdy/qaea; gleo q "/a,cd/ae,cdy/qae

we derive the following reduction formula.
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Proposition 3.9 (Reduction formula).
pl22| @ 4" ¢ q'b e g g, q7"y/ax
LELL p: d; y; 0, 0, 0
_ pY/EDnly/a.y /e gl ¢3[q‘”,a,d/c,qa/y .ﬂ}

(b; @n [%7//61(126]]004 d,qaaly,q' ""a/b KA
34.

Setting in Theorem 3.1 with

[b/c,a, B;ql; (q”c)f
. la.q'"aB/d:q];\ d ]

Q@) = 4

(]) [q”b,b/c,a,ﬁ;q]j <q1—nc)1

la,qa/d, baB/a;ql; d
and then transforming the corresponding (3.1b) by [2, Proposition 3.10]
o122 |: e: a,q "« B; q: q"cd/ae, q/ai|
022 — ¢, d; gqe/c, caB/a; 0, 0, -1
_d/es@nlg/c.qe/a; qloo
(5@ lg/a,qe/ciqlo [
we have two further reduction formulae.

evqe/drca/avcﬂ/a . 1—n
qe/a,ql_"e/d,caﬁ/a‘q’q /el

Proposition 3.10 (Reduction formula).

plz3|a 4" ¢ be a B; q: q. q""c/d
2 L d; a, ¢""ap/d; 0,0, 0

d ), [c, bd, 0 1-n 1-n
_ @/ e, qb/ q} 4¢3[b/c,qa/d,q a/d.q ﬂ/d‘q;c]'

(d; @n b, qc/d; qloo gb/d,q'"a/d,q'"ap/d

Proposition 3.11 (Reduction formula).

d; a, qal/d, baB/a; 0, 0, 0
_ (g)” (bd/ac; q)n Iqac/bd, gb/d; gl [
\b d;n  lgajd,qc/d;qle

124 a q7" ¢ q"b, bje, «, B g q, q'"c/d
@1:1;3 b:

q"b,bjc, baja,bp/a ‘ q'"ac
b,qb/d,bap/a " obd ]’

3.5.

Specializing in Theorem 3.1

[g7" a, B;qlj 4
. la,q'=maB/b;ql; "’
=¢"b and Q(j)= - p
= v lg™". q"b. a, Bi ql; 4
la,qa/d.q" "dep/a;ql;"
and then rewriting the corresponding (3.1b) through [2, Proposition 3.11]
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pl22[ e a " a e B: g ¢""cd/a, g't"
0221 . c, d;qg'™"/c, q”caﬂ' 0, 0, -1
[q"ca, q"cB; qlm q- " dfa,q" """ [cap |
= n . X4¢3 d 1 —n—m 1-n—m ‘q’q )
[c, g caB; qlnm q [ca, q /cB

we deduce the following reduction formulae respectively.

Proposition 3.12 (Reduction formula).
pl23la a7 q"b g7, Bs q: 4. 9q
112 | pe d; a, ql_mo{ﬂ/b; 0, 0,0

mn yn @4/ @)n b/t b/ B3 Gl » [q"",q‘”,b/a,b/aﬁ , }
d;q)n  [b,b/aB;qln g "d/a,bja,b/p 1T

Proposition 3.13 (Reduction formula).
plz4|a ", q"b; q7", q"b, a Biq:q,q
1:1;3 b d; q" "daB/a, qa/d, a; 0, 0, 0
on nl@™b,q7"d/a; gl [q'"a/de, ' a/dB; qm
:q a 1
(b, d;qln qa/d,q "a/daB; qlm

a " q7",q""/d.q""a/dap ‘ .
X 4¢3 [ql_”_m/b,ql_”a/doc,ql_”a/d,B 9,9

3.6.

Putting in Theorem 3.1 with

lg~™. B:ql; (4"by’
. ), ap )’
c=q"b and £(j)= b J B )
[, q"b. B q]; <q1+’" ”J/)’
lqa/d,y:ql; dp ’
and then reformulating the corresponding (3.1b) through [2, Proposition 3.12]
pl22[a™™ ¢ ai q' " "ajcd, i q: q"cdae.q" " dy [ap
022 — ¢, d; g "/e,y; 0, 0, -1
_lg"edja.y/Biddn [q’”,d/a, q"d, q' "y
[e. ¥:qlm d.q"cd/a.q' "By

we find the following reduction formulae respectively.

’ q; q"‘Cﬁ] .

Proposition 3.14 (Reduction formula).
plz2|a a" q"b g7, B q: q, q"by/ap
LLLY p: d; y; 0, 0, 0

L(d/a;@)n (b/a; Qm g™ a,qald,y/B | }
= G, Gidm "’[ *ma/b,q‘*"a/d,y“f 1]
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Proposition 3.15 (Reduction formula).
P23 q™", q"b; ¢, q"b, B; q , gy JdB
112 b d; qa/d, y; 0, 0, 0

q
0
= g™ah (q_md/a;‘Z)n (Cll_"/d;Q)m |:6] m a,q"b,y/ﬂ . i|
@ on  (qa/dipm q""d, b,y ’

3.7.

Putting in Theorem 3.2
e Biqli ((gb
Q)=
(qa/d;q)j \dap
and then rewriting the corresponding (3.4b) through [5, Proposition 2.4]

b, d: —; c; 0, 0, 0

la, bd/ac,bd/aeB, bd/aey; qlo b/a,d/a,bd/ace,bd/aeBy
= ¢ q;a|, (3.8b)
[b,d,bd/ace,bd/aeBy; qloo bd/ac,bdjaeB, bd/aey

we get the following reduction formula.

4)%}2[51, c: e B, y; q: bd/ace, bd/aeﬁy} (3.82)

Proposition 3.16 (Reduction formula).
pl22| @ a " ¢ o« B g q, qb/dap
LL1 ) p: d; ga/d; 0, 0, 0

L(d/c; @) la,qb/da, gb/dB; qloo p [b/a,qc/d,ql”/d,qb/dozﬁ‘ .a}
(d; @) [b,qa/d,qbjdeB;qles’ " | ¢'"c/d.qb/da,qbjdp T

3.8.

Similarly, letting in Theorem 3.2
[b/c.B.v:q); <qac >j
la.qa/d;ql; \dBy

and then transforming the corresponding (3.4b) through (3.8a)—(3.8b) again, we establish another
reduction formula.

20)=

Proposition 3.17 (Reduction formula).
123 q ", ¢; ble, B, vi q: q, qac/dBy
1:1;2 b d; a, ga/d; 0, 0, 0
ad/c;q@n [b/c,qac/dB, qac/dy; qloo
d;q)n  [b,qa/d,qac/dBy; qle
c,qc/d,qac/dBy,q' "ac/bd | b
X 4¢3 ‘ ek

qac/dﬁ,qac/dy,qlfnc/d



620 C. Jia, T. Wang / J. Math. Anal. Appl. 328 (2007) 609-624

3.9.

Specializing in Theorem 3.3 with

[b/c.a. i ql; (ql-”c)f
. lga/d,q "aB;ql; \ d ’

Q = h .
@ [q"b, . B ql; <41”6>’
lga/d,cap;ql; \ d ’

and then reformulating the corresponding (3.5b) by [2, Proposition 2.5]

¢0:3;4
L2 | 4 e; de/abc, capf; 0,0,1

_le/e,dejab; gl d/a, d/b,ca, cp Ce/e
= e, dejabe; gl “P?| d, dejab,cap 19

[—: a,b,c; d/a,d/b,a, B; q: de/abc,e]

we deduce the following two reduction formulae.

Proposition 3.18 (Reduction formula).
a: g7 ", ¢; bjc,a,B;  q:q, q'7"c/d
b: d;, qa/d,q7"aB; 0, 0, O

_ /G Dn a,bjc,qg”"a,q7"B

~ g, " [b, S rafd g e | qc/d} |

Proposition 3.19 (Reduction formula).

pl23| @ 4" ¢ q"b o Boq g, g "c/d
LL2 | p: d; qga/d, caf; 0, 0, 0
_lg/d.qac/d; qle a,q"b, ca, cf

. 1-n
" lqa/d, qc/d; g1 X“d’S[b,qac/d,wﬁ vt d]

3.10.

Taking in Theorem 3.3
_[b/c,q"b. Bs ql; <q‘”cy)j
la,y:ql; b
and then reformulating the corresponding (3.5b) through [2, Proposition 2.10]
o033 | = 4¢"d.b.c; q7".d[b,B; q: q"e/be,q"by /B
LLL| g e: Vi 0, 0, 1

o [b,gb/e; qln [e/b,e/C;q]oo4 3[q‘",d/b,y/ﬂ,q—”e/bc
[d,qbc/e; qlu le,e/bc; qlos y.q'"/b.q "e/b

we get the following reduction formula.

£2(5)

‘Zﬂ]:|,
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Proposition 3.20 (Reduction formula).

pl23a@ ¢ ¢ ble, q"b, B g q, ey /B
LL2 | b d; a, y; 0,0, 0
g ",b/c.d]c,qb/cy

_ plesbdjac; qly ey /b, v /B; qleo [
=a ¢ g!

b.diqle [y.cy/bBigle —"/c,bd/ac,qbﬂ/cy‘q;q’g/“]

A

4. Terminating double series ¢11 12 ? M

Theorem 4.1 (Transformation formula). For an arbitrary complex sequence {$2(j)}, there holds
the following transformation

Dn ~— @i @il i
(dfa:qn =, b @)ivj(d:9)i(q:9)i(q: )

£2(j) (4.1a)
W [g7 b/ qliv @ )it " /d q); (qc)"g(j)

=d —
2o 1b-atTrald: qlivj(q: )ilg. b/ gl

y (4.1b)

Under specification (2.3), this theorem gives a transformation between two terminating double

. 1:2;0 2:1;A+1
series @717, and D0yt

Proof. Recalling transformation (3.3), we may manipulate the double sum in (4.1a) as follows:

G q);

_ . q—l’l-‘rj’ a, Cc
2(j)3¢2 [ ; q; q}
s (q:9);(b; q); q’b, d ‘

n — . .
(q ﬂ;q)j . (d/a;q)n,j . |:qn+] a qu/c ]
= 0 a" I ) 7—;1 ‘ ‘ cqc/d
;(‘1?4)1(19:61)1 ) (d; @n—j 32| gip,qi=mtiasa |19

d/a;n ~~ g7, ¢""/d;q); . " a,qibje
== " . ? ’ . .
& ;)[q,b,ql_"a/d;ﬂjg(])wz qlb,ql—"ﬂa/d“”qc/d :

Writing the last expression as a double sum, we confirm the theorem stated in Theorem 4.1. O

In the proof of the last theorem, if we apply (3.2) instead of (3.3), we would find the following
transformation formula.

Theorem 4.2 (Transformation formula). For an arbitrary complex sequence {§2(j)}, there holds
the following transformation:
b.digln  ~~ @5 @i+i@ @il g
e, bd/ac; qln 5=, 3 @)itj(d: 9)i(q: 9)i(q: q) j

n i —n P T N (Al g Y J
—a" Z(E) [q ,b/C’CI]erj(d/C,CI)z(CI /d9Q)j <i> Q(j) (42b)

SN/ lg' 7" fe,bd[ac; qlivj(a; 9ilg, b/e; g \ac

£2(5) (4.2a)

Under specification (2.3), this theorem yields a transformation between two terminating dou-

. 1:2;0 2:1;04+1
ble series &7 and Py ).
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4.1.

Taking in Theorem 4.1 by

[b/c,a, B;qlj j
[q'="/d,dap/c; q];

and then evaluating the corresponding j-sum in (4.1b) by [5, Proposition 2.8]

20)=

0 b, d: —;  q'"ceaB/bd; 0, 0, 0

_le,bd/cea, bd/cep; qln & q‘",b/c,d/c,bd/ceaﬂ‘ )
T [b.d, bd/ceaP; qa q'™" /e, bd cea, bd/cep | T |’

(pz:l;z[q”, ¢ e a, B; q: q"bd/ce, q]
2:0;1

we can establish the following reduction formula.

Proposition 4.3 (Reduction formula).

5123 q " a, c; blc, o« B q: 4,9
L2 pe d; qg'™"/d, daB/c; 0, 0, 0
[c,bd/ac; ql,

= 4 4¢3

[ q ", b/c,da/c,dB/c
[b,d; qln

g /c,bd/ac,daB/c ‘ q; q/ai| .

For @ — b/a and B — ¢'~"/d in particular, the last 4¢3-series reduces to a ¢ -series. Eval-
uating it by (2.6), we get the following identity.

Corollary 4.4 (Summation formula).

]

2:2 [q‘”: a,c; bja,bjc; q: q,q} _la,c,bd/ac; ql, (a6>”
151 b b

d; q'™"d/ac; 0,0,0 [b.d.ac/biqli \ b
4.2.

Putting in Theorem 4.1
[b/a, B: g1 (q"ay )"
(v:4q); B
and then reformulating the corresponding (4.1b) by [5, Proposition 2.10]

£20)=

P13 4" e bled/e, i q: q"bd/ce,q"ey /B
202 p,d: —; ¢, y; 0, 0, O

_[e,bd/ce;q]n¢ q~", bje, dJe, J//ﬂ‘ .
T b diql g /e, bdjce, y |TT]

we obtain the following reduction formula.
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Proposition 4.5 (Reduction formula).
pl22| 4" a ¢ bla, B q: q, q"ay/B
LT p: d; y; 0, 0, 0
la,d/c;qln q",q"™"/d,bja )///3)
_n ’ s ’ .
= hdig L a e ey 19
4.3.

Setting in Theorem 4.1
[b/a,b/c, B q1; (qacy)f'
[q'="/d,y;q]; \ bdp
and then rewriting the corresponding (4.1b) by [5, Proposition 2.11]
p2l2| 4" e e bje i q: q"bd/ce,q"dy/cp
20:1 |\ pod: -y 0, 0, 0

_@d/eam | [a" e ble.v/B|
= i qn 4¢3[ q'"c/d, b, y "’q]

we derive the following reduction formula.

20)=

Proposition 4.6 (Reduction formula).

23 g™ a, ¢; b/a, bjc, B; q: q, qacy/bdp
12 p d; q'™"/d, y; 0, 0, 0

Z(ac>"(bd/ac; Dn 5 [q—”, bja, bjc, y/B| . }

b d; @n b, bd/ac, y 49

(]

——

4.4.

Specializing in Theorem 4.1 with

la, B q]; (%)]
(q'"acaB/bd;q); \ d )’

[b/a, . B; ql; (@)"
lg'="/d.cap;qlj \ d )~

and then reformulating the corresponding (4.1b) through [5, Proposition 2.12]
prl3|a ¢ e b/e, a, B; q: bd/ace, bd/ac
2021 b, d: —; ¢, baB/c; 0, 0, O

_[d/a,bd/ce; ql [a,b/e,ba/c,bﬁ/c‘ .d/a}
= d, bdjace; gl 3| b.bd/ce,bap/c | T ’

20)=

we have the following reduction formulae, respectively.
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Proposition 4.7 (Reduction formula).

s

o122 g " a, ¢ «a, B; q: q, qac/d

LELL b d; g "acap/bd; 0, 0, O

ac "[bd/aca,bd/ac; qla g ",d/a,d/c,bd]acaf|
d [b,bd/acaB; ql, 493 d,bd/aca, bd/acp 14

Proposition 4.8 (Reduction formula).
231 g7 a,c; bja,a,B; q:q,qac/d
B2 b d; ¢'™/d,caB; 0, 0, O

d/c;@n , q ",b/a,ca,cB
=— ; d].
@ © 4P b, g esd, cap| 19

]

—_—
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