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1. Introduction

This paper is the second of the set of papers dealing with the problem
mentioned in the introduction of the previous paper 1). References to that
paper will be indicated by I, followed by the section number or formula
number. We shall use here the same notation. Here the G-problem is
solved in two different ways. In section 2 the problem is solved by
representing the Green’s function by a Fourier integral, the integrand
of which satisfies a certain functional relation. The latter functional
equation has been considered in connection with the F-problem treated
in the preceding paper (cf. I 4). This method is a streamlined version of
VAN Dawntzic’s method 2). In section 3 a few elementary cases are
considered for which the method of the previous section can be success-
fully applied. In section 4 the G-problem is solved by a different method.
The Green’s function is now represented essentially as a Laplace trans-
form, the integrand of which is a sectionally holomorphic function. The
boundary conditions lead eventually to a certain generalized Wiener—Hopf
problem. The latter problem may be formulated as follows. Let gi(w)
be holomorphic in the strip ¢1—jn<Im w=<¢:+ iz and symmetric with
respect to tg1, let go(w) be holomorphic in the strip o —in<Im w=<g@:+in
and symmetric with respect to ¢@s. It will be assumed that 0<gs—g1==
so that the two strips overlap or at least have a line in common. If in
the common region R(p:—3n<Im w=<g¢;+ n) h(w), ho(w) and k(w) are
given functions, then the problem is to determine gi(w) and go(w) from
the following functional equation in R (cf. (4.14) with a slightly different
notation).

(1.1) he(w) ga(w) + b (w) gr(w) = k(w).

If po—@1=n then R is a line and the problem is equivalent to a Hilbert
problem in the z-plane, where z=sh w. The solution of (1.1) involves a
factorisation problem of the quotient Ai(w)/he(w) which appears to be
equivalent to the abovementioned functional equation of I 4. The final

*)  Report TW 66 of the Mathematical Centre, Amsterdam, Netherlands.

1) Cf. H. A. LaAuwerier (1959b).
2) Cf. D. vax Dantzig (1958).
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form of the solution is given by (4.25) which may be transformed into
the elegant form (4.28) or the series expansions (4.35). Contrary to the
form of the solution obtained by the first method that obtained by the
second method lends itself readily to the discussion of special cases. In
section 5 we have considered the continuation of the Green’s function
across the sides of the angle in the Riemannian plane. The primary
reflections of the logarithmic pole of the Green’s function with respect
to the sides are dipole tails upon which the continued function makes a
jump. The secondary reflections are bundles of dipole tails. In the special
case y1=y2=0 or y1=y2=134x the tails are absent and only the repeated
reflections of the logarithmic pole remain, just as in the well-known
Sommerfeld problem.

The G-problem solved in this paper generalizes all sort of problems of
diffraction -of acoustic, electromagnetic and hydrodynamic waves arising
from a finite or infinite source. The well-known problem of the sloping
beach has been treated in a similar way by the present author 3).

2. The G-problem, first method

Let G(r, @, 10, po) be a function of Green satisfying (I 1.1) and (I 1.2)
which is continuous at r=0 and which vanishes sufficiently rapidly for
r — co, e.g. as exp-cr where ¢ is a positive constant. Then we take its
complex Fourier transform

(2.1) W(w, p)=n"tchw [ exp (irshw)G(r, ¢, ro, go) dr.
0

By partial integration it can easily be proved that

(2.2) (%—1—%722-) W = mnlchw }oexp (¢rshw) 3( -%)24—%:2—1"25 G dr.
0

Then it follows fron; (L1.1) that

2W 2w

(2.3) ot + g

= —alrochw exp (irgshw) d(p — o).

Hence in the (w, p)-plane, where w is real, the function W(w, ¢) is a
harmonic function with a line-source at ¢ =g¢o. Inversion of (2.1) gives
the integral representation

(2.4) G(r, ¢, ro, po)=7% [ exp (—irshw) W(w, ¢) dw.

The variable w in (2.1) may be complex with 0 <Im w=x. In this region
the function W is regular. We note that the right-hand side of (2.4)
vanishes for r<O0.

If w is a real variable it will often be replaced by . Then we may

3) Cf. H. A. LAUwWERIER (1959a).
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define functions U(u, ¢) and V(u, p) by means of

(2.5) U(u, ) Z 3 {W(u, ¢) + W(—u, ¢)}
and
(2.6) Vi, 9) & o (W, ¢) — W(—u, )}

They represent respectively the cosine transform and the sine transform
of G.
It follows from (2.4) that

(2.7) G(r, @, 1o, o) = ofo cos (rshu) U(u, p) du
and o
(2.8) G(r, @, ro, wo)= [ sin (rshu) V(u, ¢)du.

Since W is harmonic in w and ¢ we may put
(2.9) W(w, @) =g1(w+1ip) +ga( —w+1p),

where ¢g; and ¢s are analytic functions of their arguments. Then it follows
from (2.5) and (2.6) that we may put

(2.10) 2U(u, p) =g(uw+1ip) +g(—u +1ip)
and
(2.11) 2V (u, @) =g(u+19p) —g(—u+1igp),

where in both cases g(w) is an analytic function of the complex argument w.
In view of the line-source at ¢ =g the function is sectionally holomorphic
in g1<Imw<gy and go<Im w<gs with a jump line at Tm w=g,. It
follows from (2.3) that W(w, ¢) is continuous but that its partial derivative
with respect to p makes the following jump

(2.12) %Ig :"J:Z = —alrochw exp (iroshw).
In view of (2.5) and (2.6) we have similarly for U(u, ¢) and V(u, ¢)
(2.13) %Q e — g~ Yrochu cos (iroshu).
P lpo—0
and
(2.14) %—V e —~lrgchu sin (¢roshu).
P lps—0

Then it follows from (2.10) and (2.13) that

Po+0 . .
""" = — (7i)~1 sin (roshu).
®—0

Similarly it follows from (2.11) and (2.14) that

(2.15) g(u+ig)

(2.186) g(u+1ig) |%+: = (7w2)™1 cos (roshu).
Po—
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After these preliminaries we shall introduce the boundary conditions
(I 1.2). Since the representation (2.4) implies (2.7) as well as (2.8) we
consider (2.4) only. Then by using (2.9) we find for j=1 and j=2

(2.17) [ exp (—irshw) {ch(w —1iy;) g1(w+igp;) —

—ch(w +iy;) go( —w+ig;) } dw=0.
These conditions are satisfied if
(2.18) ch(w—iy;) gi(w + i) =ch(w +iy;) ga( —w +igy).
In the remaining part of this section we shall treat the cases Re y1 < Re s,
and Re y1>Re y2 separately. .
a. Reyi=Re ys.

In this case the cosine representation (2.7) has certain advantages.
In view of (2.9) and (2.10) we may put

(2.19) g1(w)=g2(w) =g(w).

We shall next introduce a new unknown sectionally holomorphic function
P(w) by means of

(2.20) g(w) = P(w) ¢(w)

where the auxiliary function ¢(w) is given by (cf. (I 5.10))

o2 o - i)

Then substitution of (2.20) in (2.18) gives for w=wu with real » the
symmetry relations

(2.22) P(ip;—u)=P(ip; +u).
From (2.13) it follows that P(u+1i¢p) makes the following jump at ¢ =gy

#o+0  —sin (roshu)

(2:23) Plutio)| =t ip)”

In order to construct a solution of (2.22) and (2.23) we consider the
following function

def v shv(uo + 2go)
(2.24) — 2m f fuo ehv(uo ~+ 7o) — chyw dua,

where f(uo) is absolutely integrable in (—oo, co). This function is clearly
holomorphic in the strips g1 =Im w<gy and @o<Im w=g,, satisfies the
symmetry relations (2.22) and makes the jump f(u) at the line w=1wu+ipo.
Hence a solution of (2.22) and (2.23) is obtained by an appropriate

choice of f(u) viz.
sin (roshuo) shv(ug -+ #¢o)
(2.25) P(w) = 2712 é(uo+2po) chv(uo+ 2po) — chyw

— o0

d’uo.
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Substitution of this result in (2.20), (2.10) and (2.7) gives finally 4)

-1 07 : $lu+ip)
(2.26) G(r, @, ro, po) = T J‘ f cos (rshu) sin (roshuo) oo o)

—00 — 00

. shv(uo + <o)
chy(uo 4+ tpo) — chy(u + <p) du duo.

b. Re V1> Re V2.

In this case the homogeneous Helmholtz equation has a solution which
is continuous at r=0 (cf. (I 5.13)). Therefore the solution of the problem
of Green is not unique. However, a unique Green’s function may be
determined by requiring that

(2.27) G(0, @, 1o, @o) =

Now the sine representation (2.8) is appropriate. In view of (2.9) and
(2.11) we put

(2.28) g1(w) = —g2(w) =1g(w)
and next as in (2.20)
(2.29) g(w) = P(w) $(w),

where again ¢(w) is given by (2.21). For P(w) clearly the symmetry
relations (2.22) are obtained but the jump condition at ¢=g¢o is here

?+0  cos (roshug)

(2.30) P(u + @(p) - = m.

By a similar argument as in the previous case we find the solution

B v cos (roshuo) shyw
(2.31) Pw) = — 272 ) “$(uotipo) chr(uo+ ipo) —chvw

— 00

duy.

Substitution of this result in (2.29), (2.11) and (2.8) finally gives 5)

1 oo oo
(2.32) G(r, @, ro, po) = 0 f J'sm (rshu) cos (roshug) ¢‘—‘—ﬁ::izz(),)
sho(u + i) du dug

T ehw(u+ wp) — chy(uo + 4po)

The results (2.26) and (2.32) can be obtained from each other by
replacing y1 and ys by —y1 and —ys, i.e.

(2.33) G(r, @, 1o, @o, Y1, y2) =Q(ro, go, 7, P, —y1, — 7).

The latter relation may also be derived from Green’s theorem.

4) Cf. D. vaN Dantzic (1958), formula (5.10).
5) Cf. D. vax Dantzic (1958), formula (5.11).
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3.  Ezamples.

a. The following Green’s function

(3.1) Go(r, @, 70, o) def (27)"1Ko (V72 +170% — 2779 COS (¢ — o))

satisfies the Helmholtz equation (I 1.1) in the full », p-plane, i.e. for
0=r<oo, 0<p=2n. We note that Gy has also a meaning for negative
values of r but that the reflection r — —r may be considered as equivalent
to the translation ¢ — ¢+x. According to (2.1) the complex Fourier
transform Woy(w, p) will be taken with only positive values of 7. In order
to carry out the transformation we need a few auxiliary formulae. We
have the following integral representation of the modified Bessel function Ky

(3.2) Ko(Va2+y2)=1 }0 exp — {ych(u+ic) +ixsh(u+ic)} du,

where ¢ is an arbitrary real constant. This expression converges in the
halfplane z sin ¢<y cos ¢. By changing ¢ this halfplane may swing round
the origin so that the full z, y-plane is covered. Substitution of polar
coordinates = —rg cos @g+ 7 €os @, y= —rg sin g+ sin @ gives with either
c=@ or c=¢+x the result

(3.3) Ko(Vr2+1re2— 2rrg cos (p— @o)) =
=} [ exp— {irshu—irosh(u+1i|p— o)} du.

Using this we find for Wo(w, ¢) without difficulty

Y h . .
(34)  Wolw,9) = &5 | sismp ©xP {irosh(t+ilp—qpo|)} .

This function is clearly holomorphic in the strip 0<Im w=<x and satisfies
there the symmetry relation

(3.5) Wo(w, @)+ Wo(mi —w, @) =0.

Further we note that Wy(w, ¢) is continuous at ¢=go. However, dWo/op
makes a jump at g=go the amount of which can be determined in the
following way

(o)
bWO P+ 0 o chwehi .
3¢ lpp-0  27% f i — s €XP (irosht) dt =
— 00
(o)
_ rochw exp oz - )
2% z — shw dz = —alrochw exp (¢roshw),
— o0

which confirms (2.12).

Any function of Green satisfying (I 1.1) and some boundary conditions
can be considered as the sum of Gy, the singular part, and a function
with continuous derivatives, the regular part. Since the complex Fourier
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transform of the regular part is regular at g =g the preceding argument

may be considered as an independent proof of the jump condition (2.12).
In order to obtain from (3.4) an illustration of the property (2.9) we

need the identity

chw et ot

(3.6) shi —shw o —e® e few

Then it can be‘easily derived that (2.9) holds with

(3.7) gi(w) = 74—;2—@ f etT‘:._'& exp (etrosht) dt,

where e= + for j=1 and e=— for j=2.
Evidently g1(w) and ga(w) are sectionally holomorphic with the boundary
line at Im w=g¢o. Writing w=u+1ip with real v we have at p=go

(3.8) gi(u+ip) ""’*z — ¢(20)~1 exp (eiroshu).
Po—
b. If the complex Fourier transform Wj(w, p) is taken with positive

and negative values of r we obtain

(3.9) Wi(w, ¢)=r"1lchw ofo exp (¢rshw) Gy dr =
' -~ =(27)~! exp {trosh(w+1|g—@o|)}.

This function is holomorphic in the strip —x<Im w=x but the relation
(3.5) no longer holds. In this case we have (2.9) with

: : 0 f <
(3.10) gi(w) ={ (2n) or <o

and

-1 exp {irosh(w—1igp)} for @> g,

(27) L exp — {irosh(w—1ip)}  for p<go

(3.11) ga(w) = { 0 for ¢> @o.

From this the jump condition (2.12) follows without difficulty.

4. The G-problem, second method

In this section the G-problem for the angle g1 <@ <gs will be solved
by a different method. We shall start the discussion by assuming that
(cf. (I 5.17))

(4.1) in<l<m, Reyi<O—3im, Reye>3in—0.
In that case we know from (I5.19) and (I 5.20) that the ‘“regular”
solution of the F-problem can be written in the form
00 +ic
(4.2) F(r,p)= [ exp {—rch(w—ip)} H(w)dw,

—00-+1ic¢
where

(4.3) (p1+Re y1<c<<p2+Re V2.
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The function H(w) is holomorphic in the strip given by (4.3) so that the
representation (4.2) gives a regular solution in the larger angle (cf. (I 5.18))

(4.4) p1— 3+ Re p1 <o <o+ 3+ Re ya.

A Green’s function may be considered as the sum of a singular part
for which the function Gy of (3.1) can be taken and a regular part which
is a solution of the homogeneous Helmholtz equation (I 3.1). It will be
tried to represent a function of Green satisfying (I 1.1) and (I 1.2) by

oo--ic
1 .
(4.5)  GQ(r, @, ro, po) = Go(r, @, o, po) + yr f exp{—rch(w—1ip)} g(w) dw,
—00-ic
where g(w) is holomorphic in the strip (4.3) and of the order O(exp — ¢|Re w|)
as Re w — 4 oo.

In order to introduce the boundary conditions (I 1.2) in (4.5) we note .

that from (3.1) and (3.3) it follows that for j=1, 2 at p=g;

19 . d
(cos Vigse sin y; b_r) Gy =
(4.6) o
= :—; f e~ “mtich (w -+ 1y;) exp {ig; rosh(w+ tpo — ig;)} dw,

where gj=+1 for j=1 and g=—1 for j=2.
Then the boundary condition at g=g; gives

(4.8) j’oe‘i%’s‘"" gj(w)dshw = 0,

where
(4.9) gi(w)ohw = ch(w—iy;) g(w-+ig; + &s}im) —
— ch(w+ty;) exp {tejrosh(w +ipo — ig;)}.

The conditions (4.8) should be fulfilled for 7 > 0 only so that it is sufficient
to assume that gi(w) is holomorphic in the lower strip 0 <Im w<z and
g2(w) holomorphic in the upper strip —z<Im w< 0, that g;(w) is symmetric
with respect to —le;ni, and that g;(w) vanishes at Re w — 4 oo.

The relation (4.9) gives either

(4.10) g(w) =hi(w) g1(w— i1 — Fim) + k1(w)
valid in the strip ¢1—3in<Im w<g: + ix,

or

(4.11) g(w) = ha(w) ga(w — ips + i) + kea(w)

valid in the strip g2—jn<Im w< s+ i,
where the functions Aj(w) and kj(w) are defined by

(4.12) hy(w) Z sh(w—igy) [sh(w —ig;—iyy),
and

(4.13) Iy(w) Z exp {roch(w— 2ig; +ipo)} sh(w — ip; +ty;) [sh(w — ig; —1y;).
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From (4.10) and (4.11) there follows for the common strip

pe—in<Imw<g+3n
that

(4.14)  ho(w) ga(w — tps + $im) — hi(w) gr(w — i1 — $im) = kr(w) — ka(w).

The solution of the functional equation (4.14) is the crucial point of
the method of this section. The problem (4.14) may be formulated as
representing a generalization of a Hilbert problem or a Wiener—Hopf
problem. It does represent a Hilbert problem on a line in the special
cases g1 = — 37 and g2 = 3x. By transforming (4.14) from the w-plane into
the complex z-plane by means of z=shw we obtain with a similar notation

(4.15) ha(2) ga(2) — ha(2) g1(2) = k(2)

valid for real z, where hi(2), ha(z) and k(z) are given functions and where
it is required that gs(z) is holomorphic in the upper halfplane Im z> 0 and
g1(?) is holomorphic in the lower halfplane Im z<0. Hence (4.15)
represents a Hilbert problem on the real axis of the z-plane, the solution
of which involves the Wiener-Hopf factorisation of the quotient A1(z)/ha(2).

The more general problem (4.14) might be also interpreted in the
z-plane which is now a Riemannian plane with branch points at z= 4.
Therefore (4.14) may be considered as a Wiener—-Hopf problem in a
Riemannian plane. Its solution involves the following factorisation. To
find functions Hj(w), j=1, 2, which are free from poles and zeros in
the strip ¢;—3in<Im w<g;+$nw, which are symmetric with respect to
1p; and which satisfy

(4.16) Fa(w) Hy(w) = ho(w) Ha(w) & Ho(w).

From the symmetry relations of the H;w) we may derive a set of
functional relations for H(w). We have by using (4.12)

Ho(ig; +w) _ hy(igj+w) _ sh(w+1apy)
Ho(ig;—w)  hi(ips—w)  sh(w—ap;)°

(4.17)

But these are exactly the functional relations of the function H(w)
discussed in (I 5.20) and (I 5.22).
Therefore the function Ho(w) can be identified with the latter function

H(w).
Hence a factorisation (4.16) is obtained by taking
(4.18) Hj(w)=H(w)/hj(w).

As a verification of the fact that e.g. Hi(w) is free from poles and zeros
in the strip ¢1— 37 <Im w<g,+ 3z we note that the nearest zeros and
poles of Hi(w) are a zero i(p1+0) and a pole i(p1+60+y2) on the upper
side and a zero ¢(p1—0) and a pole i(—p1—0—7y2) on the lower side. It
may be remarked that at this point an essential use of the inequalities
(4.1) is made.
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By using the factorisation (4.16) the relation (4.14) can be brought
in the following form

(4.19) pa(w) —pr(w) =p(w),

where for j=1 and j=2

(4.20) i(w) = gj(w — iy — e;}im) | Hy(w)
and
(4.21) p(w) X {Iy(w) — ka(w) Y H(w).

The unknown function y;(w) is holomorphic in the strip
@;—3n<Im w<g;+3n and symmetric with respect to ¢g;.

The problem (4.19), a simpler version of (4.14) may be interpreted in
the following way. Let y(w) be a given analytic function which is
holomorphic in a strip o1 <Im w<oas with og—ox3 <z Then y(w) should
be split in two parts pi(w) and ye(w) as indicated by (4.19) where y;(w)
is holomorphic and symmetric in the lower strip as—z<Im w<ae and
y2(w) is holomorphic and symmetric in the upper strip oy <Im w<o;+n
(see figure 1).

(P2+-12-ﬂ’.
’,-.
- —""hp’
&~ /4’2-%“
‘ ~ig
\\.
% oF"

Fig. 1

The equation (4.19) holds in the strip gs— jx<Im w<g;+ 37 The
symmetry relations of the functions y;(w) are explicitly

(4.22) pilips+w) =pi(ip; —w).
Then it is easily seen that (4.19) is solved by
o shy(wo — i)
(4.23) yi(w) = 2mi f (o) chy(wo — ip;) — chy(w —igy) duw,

L

where L; and Lp are contours in the region of regularity of y(wo) with
Re wp running from —oo to +oco and where w is enclosed between
Ly and L; as shown in figure 2.
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We shall assume that contours L; can be found such that the integrals
defining y;(w) converge.
Substitution of the expressions (4.20) and (4.21) in (4.23) gives
: : Jea (o) — K (u
gi(w — i) — eshim) = Hy(w) 5 —W :

(4.24) L
. shv(wo — ;)
chy(wo — 2¢;) — chy(w — igy)

From (4.5), (4.10) and (4.24) for j=1 the following solution is obtained

dwo .

276G (r, @, 10, o) =

oo +ic

= Ko(Vr2+1r92—2rrg cos (p—qo)) + % f e~ =i?) by (w)dw +

N o
(4.25) T ootic B a0
= ~rehw i) Fa(wo) — ka(wo)
+ 4 J. @~ Tehw—ip H(w)dwf o)
—oo+ic L,
shy(wo — 1)

" “chy(wo — 191) — chw(w — ig1) duwo.

A similar expression may be obtained from (4.5), (4.11) and (4.24) for j=2.

In order to obtain an interpretation of (4.25) we consider the halfplane
case ¢1=0, ga=x and next y;=y2=y. Then it follows from (4.13) that
k1(w) =ko(w) so that (4.25) reduces to

2aG(r, @, ro, po) = Ko(Vr2+ 12— 2rrg cos (¢ — o)) +

(4.26) LT shwiy) ; ;
1 (o) OXP {—reh(w —ig) +roch(w + ipo)}duw.
—00+ic

A more detailed interpretation of this important special case will be
postponed to the following section but here we remark that with
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Re y<c<n+Re y the integral on the right-hand side of (4.26) converges
in the halfplane r cos (¢ — ¢) > 7o cos (¢ + o) or (z— %) cos ¢ + (¢ + Yo) sin ¢ >0
(see figure 3). Hence it represents a kind of “oblique refleetion” of the
singularity (o, o) with respect to the X axis

y @ (%03
N N N N U L N N N N
N\ \\\\E\\\\ \
l("cn‘)'o)
A
¥
Fig. 3

Therefore the right-hand side of (4.25) represents the Green’s function
as the sum of the elementary Green’s function G of the full plane, its
“oblique reflection’ with respect to one side of the angle and a correction
term. N
The expression (4.25) may be transformed in the following way. By
using (4.13) and the functional relations (4.17) we have

J‘ Fe1(wo) — k2 (wo) shy(wo —ig1) dwo —
H(wo) chy(wo — tg1) — chy(w —ig1) 0=

L,
_ f { exp roch(wo — 2ip1 + igpo) __exp roch(wo — 2ip2 + ipo) g .
Ly

( H(—wo+ 2¢¢1) H(—wo + 2ig2)

) shy(wo — i¢1)
chy(wo — tg1) — chy(w — ig1)

dwo .

If Ly’ is the reflection of the path L; with respect to wo=1ip1 with Re wy
running from +oco to —oo and if L;” is the reflection with respect to
wo=1¢ps with Re wy running from —oo to + oo then the latter expression
may be changed into

exp roch(wo — igo) sh v(wo — ig1)
(427) f H(wo) h v (wo — ig1) — ohv(w —ig1) duwo.
L+ Ly

The denominator chy(wo—ip1)—chy(w—1ip1) gives two poles wo=w and
wo=2ip1 —w lying between L;" and L,". There are no other poles in this
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strip. If the expression (4.27) is substituted in the third term on the
right-hand side of (4.25) the residues of the poles wo=w), and wo=2ip; —w
cancel the first and the second term on the right-hand side of (4.25).
Therefore we obtain the result

00 4-i¢
S 2nG(r, @, 1o, Po) = 4Lm f exp { —rch(w—ip)} H(w)dw

—o00+ic

(4.28)

| [ et o) o s
L
where the path L is of the form of I fig. 3.

The expression (4.28) is no longer restricted to values of 0, y; and v
which satisfy the inequalities (4.1) but can easily be extended to all
0, y1 and ys values.

By way of illustration we shall consider the special case y1=y2=0, p1=0
and g2=0 with 0 arbitrary. Then H(w) = 1. If, moreover, » is an integer,
say v=m, the contour L may be transformed into the lines L;" and Ly"
for which we take Im w=H4n+¢o. Then the inner integral of (4.28)
equals the sum of the contributions from Z;" and L;” and a number
of poles viz.

(4.29) wo=+w+2j0i, j=0,1,..., m—1.

The contributions from L," and L;” are equal and opposite in sign so
that finally

m—1 00 4-ic

20G(r, @, ro, po)= > % [ exp {—rch(w—ip)+roch(wo—ipe)}dw,
j=0 —oo+ic
or

m~1
G(T, @, 70, (PO) = Z {Go(W', ?77 70, (po+2j7z/m) +
j=0
+Go(r, @, ro, —po+ 2j7/m)}.

(4.30)

This is in agreement with the result derived by a direct method in (I 3.5).
If y1=92=0,1=0 and ¢2=0 but » not necessarily an integer, from
(4.28) also the earlier result (I 3.6) can be derived. For Re wo>Re w
we have the expansion
o]
(4.31) shywo/(chywo — chvw) = > emchvw e~
m=0
where gg=1 and ¢, =2 for m=1.
A similar expansion holds of course for Re wo<Re w. If (4.31) is
substituted in (4.28) we obtain at first after some elementary reductions

shywg

S g —
chvwy — chyw 0

2—;; f exp {roch(wo-— i(p())}
(4.32) L 0 ,
= mgo emchmyw cos myg, - pr f exp {rochwo — mywo } dw,

Lt

where L+ is the right-hand part of L (cf. (I 5.25)).
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The right-hand side of (4.32) equals

(4.33) 2y > emchmyw cos my@g L, (ro).

m=0

Substitution of this expression in (4.28) gives at once the required result
(4.34) Q(r, , ro, o) =01 > &n cos myp cos mypy Kpm,(r) Im(ro).
m=0

This expansion onverges for > 7.
The same process can also be applied upon the general expression
(4.28). Then we obtain eventually

oo

(4.35) Q(r, @, ro, o) =071 3 enFn(r, ) Fn*(ro, @o),

m=0

where (cf. (I 5.23)) Fu(r, ¢) is defined by

(4.36)  Fp(r,¢p)=3% ooj[ric exp {—rch(w—1ig)}chmy(w —ip) H(w) dw,

—00+ic

and (cf. (I 5.24)) with o=sgn Re w

(437)  Fi(r, ¢) = g | exp {roh(w—ip) —oms(w i)} H-}(w)dw.

We note that Fu(r, ¢) and Fp*(r, p) both are solutions of the homogeneous
Helmholtz equation (4—1)F=0. However, Fu(r, p) satisfies the same
boundary conditions as G' but Fp*(r, p) satisfies the adjoint boundary
conditions with y; — —v;. The expansion (4.35) obviously converges
for r>ro. In view of the symmetry relation (2.33) from (4.35) at once a
similar expansion valid for r <7 follows. It would be of interest to prove
(4.35) by some direct method.

5. Discussion of the results

In the case of a halfplane with ¢1=0, g2=0, y1=y2=y the solution
of the G-problem is given by the expression (4.26). By this expression
not only G(r, g, ro, po) in the relevant halfplane is given but also its
continuation in the complementary halfplane. For simplicity we shall
assume that y is real and positive. It has been already noted in the previous
section that (4.26) holds in the halfplane (x—xo) cos ¢+ (y +yo) sin ¢> 0.
Hence by varying the parameter ¢ the required continuation can be
obtained.

If we define
o0 +-ic
e h ) . .
(5.1) Rz, y) ¥ 1 f %wv——t—g—; exp (—achw + syshw)dw,
—oo+ic

the solution of the G-problem can be written as

(5.2) G(=, ¥, 20, o) =Co(, ¥, %o, Yo) + (27) L R(x— 2o, ¥ + ¥o).
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If differentiation in the direction 3z -+y with respect to the X-axis is
symbolically written as D, the boundary condition at the X-axis viz.

oG . WG
(5.3) cosyb—y—mnyw:O at y=0,
may be written in the form
(5.4) D,G=0 at y=0.

Now it follows at once from (5.1) that
(5.5) R(x, y)=D,,Ko(Vx2+y2).

Hence R(x, y) can be interpreted as the contribution from a line of dipoles
which makes the angle —in+9y with the X-axis. The dipoles itself are
making the reflected angle 3w—y with the X-axis. Therefore (5.2)
represents the sum of contributions from a logarithmic pole at (o, yo)
and a dipole tail radiating from (zo, —yo) in the direction —im+y (see
figure 3). The dipole tail is equivalent to a line of normal dipoles plus a
simple pole at its end. Geometrically this is obvious. Analytically this
follows from the identity

(5.6) sh(w+1y)/sh(w —1iy)=cos 2y +1 sin 2y cth (w—1y).
Substitution of (5.6) in (5.1) gives
: oo +ic
(5.7) R(x, y)=cos 2yKo(Va2+y2)+4isin 2y [ cth (w—iy)-
— o0 +ic

-exp (—zchw +tyshw) dw.

The first term on the right-hand side represents a simple pole of strength
cos 2y at the origin, the second term represents a tail of normal dipoles.
By crossing this tail a jump is made, the amount of which obviously is
determined by the pole w=1y of the integrand. Using polar coordinates
(r, ) we obtain

(5.8) R(r, —3n+y+0)—R(r, —3n+y—0)=rnsin 2y.

If y=0 the boundary condition at y=0 reduces to a simple Neumann
condition. In that case we may say that according to (5.7) the dipoles
annihilate each other and that only a single reflected pole at (zo, — o)
remains.

If y=}n the dipole tail contains only normal dipoles.

If y=4n we have a Dirichlet condition at y=0. Again there are no
dipoles and a single reflected pole of negative strength remains at
(x0, —¥0), or, as we may say, there is a source at (xo, o) and a sink at
(1‘0, —?/0)

A similar discussion applies to the general case the solution of which
is given by (4.28). For simplicity we shall assume that y; and y. are real.
The poles of ’

(5.9) {chy(wo — 191) — chy(w —ig1)} -1,
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which are given by
(5.10) wo=w—2mbi and wo=—w+ (2mb+ 2¢1)¢

where m is an integer, determine the position of the logarithmic pole
(r0, po) and its repeated reflections with respect to the sides ¢p=¢; of
the angle. The geometric picture is of course a Riemannian plane in the
form of a spiral staircase.

By taking the residues we have formally

2aQ(r, @, 1o, po) =
oo+1c
=31 f H exp{ reh(w — i) + roch(wo — ipo) }dw.
—oo4ic
We shall show that each term on the right-hand side of (5.11) may be
interpreted as the contribution from a bundle of dipole tails radiating
from a simple pole which is one of the repeated reflections of (ro, ¢).
In order to show this we may as well take the simpler expressions

(5.11)

oco-+ie
def H .

(5.12) Ru(r,p)=1 f i —(ugm(h) exp {— rch(w— ip)}dw,

—00+tic
and

ef i H(w)
(5.13) R (r, ) £} T amgiras OXP {—reh(w—i)}dw.
— 0o +-ic

From the functional relations (4.17) it follows that

(5.14) H(w)  sh(w—igi+9y1) sh(w — i1 — dya 4 0)
: ~_ H(w+260) ~ sh(w—ip1— ty1) sh(w — i1 + vy +6)

and

(5.15) H(w) __ sh(w—idg1+iy1)

H(—w+2’b¢1) o Sh('w—itpl—’i)}]) :
Therefore in both cases (5.12) and (5.13) we obtain something like

00+1c h .
(5.16) 1T H:hgz j:;’i exp { —roh(w—ip)} dw,

—o0o+ci

where the «; and f; easily follow from the relations (5.14) and (5.15).
Instead of giving general formulae, the f; for the first few cases are given
below.

position of pole Bi
Ry 2¢1— o+ 40 p1+7y2+0 o1—y1+ 20 @1+7y2+ 30
Ry ®o+ 26 p1+y2+0 1—y1+20
Ry 2¢1— o+ 20 p1+y2+-0
Ry ®o —
Ry 2¢1—@o P1+y1
R, po— 20 Q1+y1 p1—y2—0

R 21 — o — 20 @191 p1—y2—0 P1+y1—20
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The values of «; are determined by the same scheme with y; and y»
replaced by —y1 and —ys.
It can easily be verified that constants Cj,§=0,1,...,n, exist such that

(5.17) I :ﬁ&‘j:%’% = Co+i 3 O cth(w—ify).
) i=1 7 i=1

In fact we have

(5.18) Co=cos {3 (x;—p;)}

and

(5.19) O =] 2 lbn )

j+m sin (Bm— f)

The identity (5.19) is obviously a generalization of (5.6) and its conse-
quences are therefore similar to those of the latter relation.

Hence Rp*(r, p) may be interpreted as the sum of contributions from
a simple pole at the origin and a bundle of tails of normally directed
" dipoles. The number and the direction of these tails is determined by
the scheme given above.

An illustration of the kind of reflections of the logarithmic pole (7o, go)
with respect to the sides of the angle is given below in figure 4 ¢). We
have chosen the following numerical values §=45° and y;=ys=15°.

Ry

0 =45°
x1 = x? =15°
\
v %
AN
AN
N\

Fig. 4

6) The author wishes to express his thanks to Dr. D. J. HoFsoMMER who care-
fully checked the table of reflection angles and constructed the geometrical illu-
stration of figure 4.

25 Series A
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