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Abstract

In the first order formalism of gravity theories, there are some theories which are not Lorentz-
diffeomorphism covariant. In the framework of such theories we cannot apply the method of conserved
charge calculation used in Lorentz-diffeomorphism covariant theories. In this paper we firstly introduce
the total variation of a quantity due to an infinitesimal Lorentz-diffeomorphism transformation. Secondly,
in order to obtain the conserved charges of Lorentz-diffeomorphism non-covariant theories, we extend the
Tachikawa method [1]. This extension includes not only Lorentz gauge transformation but also the dif-
feomorphism. We apply this method to the Chern—Simons-like theories of gravity (CSLTG) and obtain a
general formula for the entropy of black holes in those theories. Finally, some examples on CSLTG are
provided and the entropy of the BTZ black hole is calculated in the context of the examples.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

There is a class of gravitational theories in (2 + 1)-dimension (e.g. Topological massive
gravity (TMG) [2], New massive gravity (NMG) [3], Minimal massive gravity (MMG) [4], Zewi-
dreibein gravity (ZDG) [5], Generalized minimal massive gravity (GMMG) [6], etc.), called the
Chern—Simons-like theories of gravity [7]. In this work, we try to obtain a general expression for
the entropy of the black hole solutions in the context of CSLTG.
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In the metric formalism of gravity for the covariant theories defined by a Lagrangian n-form L,
Wald has shown that the entropy of black holes is the Noether charge associated with the
horizon-generating Killing vector field evaluated at the bifurcation surface [8]. Presence of the
purely gravitational Chern—Simons terms and mixed gauge gravitational ones gives rise to a non-
covariant theory of gravity in the metric formalism. Tachikawa extended the Wald approach to
include non-covariant theories. Hence, regarding this extension one can calculate the black hole
entropy as a Noether charge in the context of non-covariant theories as well [1]. Another way
(apart of the Tachikawa method) to obtain the entropy of black holes in the context of such
theories has been studied in the papers [9-14], by an appropriate way.

It is known that the Lagrangian of the CSLTG can be written in the first order formalism,
in which the spin-connection is considered as an independent Lorentz vector valued one-form.
Applying the Wald method to calculate the Noether charges in the first order formalism, one can
find that the Noether charges are proportional to £, where £ is a Killing vector field corresponding
to the conserved charge. It is clear that £ must be zero on the bifurcation surface when we
calculate the entropy of black hole, because £ is the horizon-generating Killing vector field which
is zero on the bifurcation surface. It seems disappointing at the first glance because it appears
that the entropy will be zero, but it is not true. Recently, it has been shown that in approaching
to the bifurcation surface, the spin-connection diverges in a way that the spin-connection interior
product in £ remains finite ensuring that there is no problem [15]. Another way to deal with
this problem was proposed in [16], in which the authors chose the Cauchy surface where the
event horizon does not lie on bifurcation surface. To avoid any confusion and for extending the
Wald approach to include Lorentz invariance in addition to diffeomorphism invariance, Jacobson
and Mohd have introduced the so-called Lorentz—Lie derivative [15]. Lorentz—Lie derivative
is a generalization of the Lie derivative, and it is covariant under the Lorentz-diffeomorphism
transformations. The authors of [15] demand that the Lorentz—Lie derivative vanishes when & is
a Killing vector filed.

It is clear that the CSLTG are manifestly diffeomorphism covariant theories but their La-
grangian may be non-invariant under the Lorentz gauge transformations. In this work we try to
extend the Tachikawa method to be able to calculate Noether charges of a theory which is not
covariant under the general Lorentz-diffeomorphism transformations.

We obtain a generic formula for the entropy of all stationary black hole solutions of any
Chern—Simons-like theory of gravity, such as TMG, NMG, GMG, MMG, GMMG, ZDG, etc. It
is interesting that our formula is very simple. One only need to know the coupling constants and
the field content of the model, specially for the stationary black hole solution of such theories,
where the horizon of black hole is a circle.

We use lower case Greek letters for the spacetime indices, and the internal Lorentz indices are
denoted by lower case Latin letters. The metric signature is mostly plus.

2. Lorentz-Lie derivative and total variation

Suppose that the dimension of spacetime is n. Let ¢, denote the vielbein. Under a Lorentz
gauge transformation, e“u transforms as E“M = A”bebu where A € SO(n — 1, 1),1.e. e = e“udx“
is SO(n — 1, 1) vector valued 1-form. The Lorentz—Lie derivative (L-L derivative) of ¢? defined
as follows [15]:

Lee =£e +A“beb, (1)



M.R. Setare, H. Adami / Nuclear Physics B 902 (2016) 115-123 117

where £¢ denote ordinary Lie derivative along & and A, generates the Lorentz gauge transforma-
tions SO(n — 1, 1). In general, A% is independent from the vielbein and spin-connection and is
a function of spacetime coordinates and of the diffeomorphism generator . It is straightforward
extension of this expression of the L-L derivative for e¢“ to the case for which we have more
than one Lorentz index. If we demand that the L-L derivative of the Minkowski metric 7,5 van-
ishes then we find that A,;, must be antisymmetric. In order to the L-L derivative be covariant
under the Lorentz transformations, A, must transform like a connection for the L-L derivative,
A=AMAT + Age AT

We know that under Lorentz transformation the one-form spin-connection ¢, = o, de“
transforms as @ = AwA~' + Ad A~ then, although it is an invariant quantity under diffeomor-
phism but it is not invariant under Lorentz gauge transformation.

Now we introduce the total variation as combination of variations due to the diffeomorphism
and the infinitesimal Lorentz transformation, i.e. 8¢ = 4iffeo + SLorentz- It is obvious that the total
variation of e? is equal to its L-L derivative, §ge® = £¢e®. One can calculate the total variation
of the spin-connection and since it is not a Lorentz-diffeomorphism invariant quantity then we
obtain

S = Lr® — da??. )

To avoid the appearance of extra term —d)% in the above equation, the authors in [15] have
defined the L-L derivative of spin-connection exceptionally. But it is interesting that here we
have a general definition, without exception, for the L-L derivative, so the equation (2) empha-
sizes that the spin-connection is not a Lorentz-diffeomorphism invariant quantity. Therefore, it
is clear that the CSLTG can be a non-covariant theory under a general Lorentz-diffeomorphism
transformation and this assure that we must generalize the Tachikawa approach to include the
Lorentz gauge transformations in addition to diffeomorphism.

3. Extended Tachikawa method

Now consider the Lagrangian n-form L(®), where & is collection of dynamical fields. The
arbitrary variation of this Lagrangian is given by

SL=E®8P +dO(D,5D), 3

where E¢ = 0 are equations of motion of the theory and ®(®, §®) is the symplectic potential
(n — 1)-form which is linear in §®. We suppose that this Lagrangian is not invariant under
Lorentz-diffeomorphism transformations, so its total variation will have the following form

8¢l =L L +dye, “)

where V¢ is a suitable (n — 1)-form. Since £¢ L = £¢ L = di¢ L, where i¢ denotes exterior deriva-
tive in &, we can define the current (n — 1)-form as follows

Je=0(P,8: D) —is L — e, 5

for which we have dje = —E¢d®. Therefore, je¢ is indeed a conserved current on-shell, i.e.
dje ~ 0, where >~ emphasizes that the equality holds just on-shell. So, jg is a closed form on-shell
and [17] implies that it is an exact form on-shell, so one can write je >~ d Qg, where Q¢ is a
conserved charge (n — 2)-form on-shell. The total variation of ®(®, §®) can be written as

e O (D, §P) = £ O (D, 5d) + I, (6)
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then by calculating 86¢ L in two ways, we obtain dI1g 2~ 8d¢. Thus by virtue of [17], we can
write

Mg — 6 2 dXe. @)
If we take an arbitrary variation in (5), by some calculations we can show that
Q(D,8D,5P) =860(D, 5 P) — 6:0(D, D)
~8jr —dig®(P,5P) — d g, (8)

where the first equality is definition of (n — 1)-form symplectic current 2 which is an anti-
symmetrized field variation of ® and it is linear in 6 and §¢ ®. Let us define Qé as follows'

SQ’S:SQg—ig@(d),Sd))—Eg, 9)
then using this definition and je >~ d Q¢, one can rewrite the equation (8) in the following form
Q(¢,8<I>,8§<D):8dQé. (10)

It should be noted that here dependence of A, on & can be determined so that Q’ still remains
linear in &. On the other hand, the variation of Hamiltonian associated with & defined as § Hy =
fc Q(¢, 8¢, 5¢¢), where C is a Cauchy surface. Hence, assuming that ¢ and ¢ are generators of
the global time translation and the angular rotation, respectively, then the “canonical energy” &£
and the “canonical angular momentum” 7 are as following

g=/Q;, j:-/Q;}, (11)

respectively, where the integrals are taken over an (n — 2)-dimensional sphere at infinity.

If we have a stationary black hole spacetime with a bifurcate Killing horizon generated by
& =t + Qu¢, where Qp is the angular velocity of the horizon, then we will have :® = 0.
Since the symplectic current €2 is linear in §¢ @, therefore by integrating over Q2 (¢, 5@, §¢ @), in
Eq. (10) on a Cauchy surface, one gets fac Qﬁg_ ~ 0, since Q’E is linear in &. Then using (11) one
can rewrite this as follows

5 f 0L =56 — Qs (12)
B

where B is the bifurcation surface. Since Qg_ is linear in & and V& (due to A4p), on the bifurcation
surface we have [15]

g =0, VHEY = knt”, (13)

where x and n*¥ are the surface gravity and bi-normal to B, respectively. Now we can define
black hole entropy as

S=2n/ 0%, (14)
B

where Qé = Qé le—>0,ve—n. So the equation (12) represent the first law of black hole mechanics
TS =08 — QydJ, where Ty =« /(2m).

! In definition of Q’. we assume that one can write down i£®(®P, ) + X as a variation of an (n — 2)-form, say Cg,
that is ig © (P, §P) + Xg = C¢.
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4. Black hole entropy in Chern-Simons-like theories of gravity

It is known that a Chern—Simons-like theory of gravity is a theory in (2 + 1)-dimension and
its Lagrangian 3-form is given by [7]

1 1
L= zgmu’ ~du’® + gfm,ur cut xoul, (15)

where u™? = umﬂdx“ are Lorentz vector valued one-forms, r (r = 1,..., N) and a refer to
flavour and Lorentz indices, respectively. Also, g, is a symmetric constant metric on the flavour
space and fg, is a totally symmetric “flavour tensor” which is interpreted as the coupling con-
stants.

We know that u"* = {e?, w?, h?,---}, where ¢%, w® = %s wpe and haﬂ = e“vh”# are
dreibein, dualized spin-connection and auxiliary field, respectively. One can easily show that
258“”0 =0, so using (2) we have f¢w® = Lew® — dx?, where x* = %S“bckbc. Therefore, we
can write down the total variation of u"” as follows

Seu" = Lo — 8 dx, (16)

a abc

where 8 is Kronecker delta. Thus, it is obvious that apart from the diffeomorphism covariance,
these theories may be non-covariant under the Lorentz gauge transformations and then for cal-
culating black hole entropy, we must use of the method which described in the previous section.
The variation of the Lagrangian (15) is

SL=6u"-E, +dO(u,dsu), 17
where
1
Era = grsdu’ + Efrxt(us X ut)a’ (18)
1 r s
@(u,Su):EgrSBu cu’. (19)

On the one hand, for all of our interesting Chern—Simons-like theories of gravity we have f,s =
grs [18], also unlike the ordinary Lorentz derivative, the L-L derivative do not commute with
exterior derivative, then by calculating (4) for this case, we can find that

1

‘/fé = ngrdX u”. (20)
By taking total variation of ® (i, §u) and comparing the result with (6) we obtain
1
e = ng,d)( Sou”. (21)

By substituting (20) and (21) into (7) one gets d X¢ 2 0 and then we can choose X¢ >~ 0. Since
the current is defined by (5) we can now obtain that for the CSLTG:

Jg =dQ¢ —igu" - E, 4+ x - E,, (22)
where
1 . T s r
QE = Egrsléu U —BorX U, (23)

as we expect jg is an exact form on-shell. By substituting (19) and (23) into (9) we have

8Q; = (grsigu” — gurx) - Su". (24)
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Then by integrating over the above formula on the bifurcation surface one gets

/Q/g = _gwr/X u' (25)
B

B

So far, we take A%’ as a function of spacetime coordinates and of the diffeomorphism generator
£ and it is antisymmetric with respect to a and b. To obtain an explicit expression for A%?, in an
appropriate manner, the authors in [15] demand that it must be chosen so that the L-L derivative
of ¢ vanishes when £ is a Killing vector field and then they showed that A’ should be provided
as follows:

Ab = eolag, ol (26)

Since x4 = %S“bckbc, then using the above formula one can show that

1 1
X =iz — Esabce”b(ig TC), + Eg“bce”ﬂegv“g“, 27)
where T is the torsion 2-form. Thus, on the bifurcation surface we will have x%|g = k N¢, where
N = %s”bc npc. Therefore, using (14) and (25), the black hole entropy in the Chern—Simons-like
theories of gravity is given by following formula:

S=—-2mwgur / N-u". (28)
B

We should mention that N is normalized to +1 because n*” is normalized to —2. By specifying
up grs and f,g, one can solve the equations of motion (18) for determining explicit form of u"’s
and then we can substitute g, and u”’s in the equation (28) for a given black hole spacetime
solution, so we will have the entropy of black hole for the given special solution.

5. The entropy of stationary black holes

In the above section, we found a general formula for entropy of black holes in all of Chern—
Simons-like theories of gravity. Consider a stationary black hole solution of such theories so that
the horizon of black hole is a circle which is located at » = rj, then, the non-zero components of
bi-normal to this horizon are ng; = —n9. Because N4 = %sabcnbc and N is normalized to +1
then, the only non-zero component of N¢ is N' ¢ = (g¢¢)_1/ 2 Thus, the formula (28) takes the
following form

S = —27 gus / (8p9) ™1’y ,dp. (29)
r

=ry

Hence, this formula is applicable to calculate the entropy of the stationary black holes.
6. Examples

In this section, we calculate the entropy of BTZ black hole in the context of some models
which are known as Chern—Simons-like theories of gravity.
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6.1. Minimal massive gravity

Now, we use the formula (29) to calculate the entropy of BTZ black hole in the context of
minimal massive gravity [4]. In this model, u® = {e, w, h} where e, w and h are dreibein, dualized
spin-connection and an auxiliary field, respectively. Also, the non-zero components of the flavour
metric are g., = —0, gep = 1 and gy, = 1/1. As we know, this model is not a torsion-free
theory, so we can write

o, =Q(e)", —ah,, (30)

so that

1 .
Q(e), = J" ey Voeca,
1 oo
hﬂv:—m SMV+TgHU s (31)

where €2 (e) is the usual torsion-free dualized spin-connection, €,48 = /—g&uap is the Levi-
Civita tensor and S, = Ry, — % guvR is the 3D Schouten tensor. Hence, for this model, the
formula (29) simply rewritten as

I
S=—2 / (898) 2 (—ag¢¢ Q0 %h¢¢> do. (32)

r=rp

One can use this formula to calculate the entropy of the stationary black hole solutions of this
model. Here, we apply this formula to obtain the entropy of the BTZ black hole. For the BTZ
black hole solution, we have

1
0= <(r2—“2r)(r2_rz)>2dt

1272
1_ _ r4r—
e =r (d¢ = dt)
1
12}"2 2
2
= d 33
e <(r2—r3_)(r2—rz)> r (33)

and we can find that
ryr_ S r2 b (1 —aAol®>)r?
[ 7T T T T (0 +ao)?

By substituting above results into (32), we simply deduce the entropy of the BTZ black hole
as follows:

r— a(l —aAolz)m_
S = 4x2 Uil S LAk 35
i <W++ul Y20 Fao)? (35)

which is exactly what has been found in [16]. We see that the formula (28) or (29) is a general
formula to calculate the entropy of black hole solutions of the CSLTG which present very simple
form in comparsion with entropy formula by other methods.

8o =r" Qe)gp=— O
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6.2. Generalized massive gravity

In this sub-section, we consider generalized massive gravity as another example. This model
first introduced in [3], then studied more in [19]. In this model, there are four flavours of

one-form, u* = {e, w, h, f} and the non-zero components of the flavour metric are g., = —o,
geh =1, gof = —m% and gup = i This model is torsion-free, so the dualized spin-connection
is given by w® = Q(e), also one can find that f,,, = —S,,,. Thus, for this model, one can easily

rewrite (29) as follows:
_1 1 1
S=-2n / (8pg) 2 <—c7g¢¢ + ;Q(e)(pq; + ﬁ&w) do. (36)
r=ry

By substituting (34) into the above formula, one can easily find that the entropy of BTZ black
hole in generalized massive gravity is given by

1 r_
4.2
S=4n |:(a + 2m212> ry 4+ Mli| . (37)

After a re-parametrization of parameters, this is what have been given in [21].
6.3. New version of generalized zwei-dreibein gravity

As the last example, we consider the new version of Generalized zwei-dreibein gravity
(GZDG™) which is recently proposed and investigated in [20]. In the GZDG™, there are five
flavours of one-form, u®* = {e|, w1, €2, w2, h}. One can identified e; with the physical one, i.e.
e1 = e hence, w; = w. Because this model is torsion-free then we have w = 2 (e). On the other
hand, in this model, the non-zero components of the flavour metric are ge;; = —0, gerw, = 1,
8eyh = —0 and g4, = —o. Then, the entropy formula (29) reduces to the following one

1
s=-2r [ (oo (—ag¢¢ + ;Q(e)w) i, (38)
r=ry

and by substituting (34) into this expression, the entropy of the BTZ black hole in the GZDG™ is

S =472 <Jr++ r—‘). (39)
ul

It is clear that this is exactly the BTZ black hole entropy in the context of usual topologically
massive gravity [22] (see also [23]). This result do not surprise us because the integrand in (38)
depends on metric itself and usual dualized spin-connection, explicitly. Actually, this feature is
valid to all stationary black hole solutions of this model, in other words, the entropy of stationary
black hole solutions in the GZDG™ is exactly equal with entropy appear in topologically massive
gravity.

7. Conclusion

Main models of massive gravity in (2 + 1)-dimension, such as TMG, MMG, GMMG, etc.,
contain the Chern—Simons (CS) term explicitly. Due to the presence of CS term, the Lagrangian
of these models is not covariant, so we cannot apply the Wald formula to obtain the entropy of
black holes in the context of these types of models. On the other hand, the Wald approach works
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for covariant Lagrangians constructed from the metric, but all CSLTG have been written in first
order formalism. Furthermore, there are some Chern—Simons-like theories of gravity that are
not covariant under Lorentz-diffeomorphism transformations. Here, we have provided a unified
approach to obtain the entropy of black hole solutions of all CSLTG. We were able to obtain a
generic and interesting formula for the entropy of black hole solutions of CSLTG by Eq. (28)
which depends only on the fields #” and coupling constants g, of the theory. Firstly, we have
considered the Lorentz-Lie derivative and then we have introduced the total variation as a combi-
nation of variations due to the diffeomorphism and the infinitesimal Lorentz transformation. We
have shown that the Lorentz—Lie derivative of spin-connection is not covariant under Lorentz
gauge transformation, and as a result, theory is non-covariant under Lorentz-diffeomorphism
transformation. Then in section 3, we have extended the Tachikawa method which is an approach
for calculating the conserved charges of diffeomorphism non-covariant theories. This extension
includes Lorentz gauge transformation in addition to diffeomorphism. In section 4, we have ap-
plied this method to calculate conserved charges of the Chern—Simons-like theories of gravity as
an example of a Lorentz-diffeomorphism non-covariant theory. Then we have extracted a general
formula for black hole entropy in those theories. In section 5, we have considered the stationary
black hole solutions and have reduced Eq. (28) to an elegant formula Eq. (29), for the entropy of
stationary black holes. Finally, in section 6, we have employed Eq. (29) to obtain the entropy of
BTZ black hole in the context of some models which are known as Chern—Simons-like theories
of gravity.
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