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Abstract

We prove that the kernels of the Baskakov—Durrmeyer and the Szdsz—Mirakjan—Durrmeyer operators are
completely monotonic functions. We establish a Bernstein type inequality for these operators and apply the re-
sults to the quasi-interpolants recently introduced by Abel. For the Baskakov—Durrmeyer quasi-interpolants,
we give a representation as linear combinations of the original Baskakov—Durrmeyer operators and prove
an estimate of Jackson—Favard type and a direct theorem in terms of an appropriate K-functional.
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1. Introduction

Letc € R. Put I, = [O,—%] for c < 0 and I. = [0, 00) for ¢>0. Forn > 0, k € Ny and
x € I. we define

P @) = (= Dk (

_n
c

L > x) (14 cx)"c*, ¢ #0,

k
O]\ oy el oy (nX)°
P (x) = Lll_rf%) Py (x) = T ",

Il
e
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As usual, the binomial coefficients are defined for & € R and k € Ny by ( ) = w if
k € N, and (()) := 1. In particular, (k) = 0if m € N and k > m. The functions p k satisfy the
property

Zp P =1. (1

We will study the following positive linear operators.

Definition 1. Letc € Randletn > cif ¢ >0 orn = —cf with some £ € N if ¢ < 0. Define

[c]
Pui O () dy
2 i) @

(Mnc(f))(x) = -
,; n p,[1 L) dy

for f € L,(I), 1< p<oo.

The restrictions on the parameter » in this definition follow from the following requirements.
First, we require that pﬂ( >0 for all k € Ny, which holds true for all n > 0 if ¢ >0, and only

forn = —cl, £ € N, if ¢ < 0. In the last casep =0fork > -2,k e No, so that the
sum in definition (2) is finite and consists of the summands with k = O 1, . Further,
we require that the integral |’ L. p[c] (y)dy is finite. If ¢ < 0, n = —cf with some Z € N and
k=0,1, —7, then
1/=n/c\ (!, g 1
dy = —- "l =t~ "dt = .
fch’”‘(y) y= C( r )/0 (I—=1) p—
If ¢ = 0, then
11 [ 1
[0] k —t
dy = —— t dt = — 3
/Iopn,k(y) Y= A e . (3)
for all n > 0. Finally, if ¢ > 0, then
njc by n_s L a>c
dy = (=¥ = A —ne2dr={ e . 4
/IE P dy = (=1 ( ¢ ) ra=n IC ebervise. o)
and thus we need n > c.
Note that

k) = phy(ex). >0,

Pn k(x) p_%’k(—cx), ¢ <0. ©)
By a change of variables we see that

(Mo L O 0= (M2 [ £(2)]) o). e >0,

(Ma [ O @) = (Moz -y [ £(=2)]) (e, e <0,

This means that we have only three essentially different operators: M, —1, M, o and M, ;.
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For ¢ = —1, the operator (2) is the well-known Bernstein—Durrmeyer operator. It was in-
troduced by Durrmeyer [7] and independently by Lupas [12] as a modification of the classical
Bernstein operator, and studied in detail by Derriennic [6]. The operator is well-defined on the
domain L,[0, 1], 1<p < oo, and on CJ0, 1]. The operator M,, _; reproduces constants and is
contractive, i.e. the inequality

My, (Ol <Ifllp (6)

holds true with ¢ = —1 and I <p<oo. For f € L,[0,1], 1<p < oo, or for f € C[0, 1] the
convergence |[M;, —1(f) — fll, = 0,n — oo, takes place. The Bernstein—Durrmeyer operator
is very well studied. There are well-known extensions of this operator to the multivariate case and
to the L ,-spaces with Jacobi weights. For details and references see e.g. [4].

For ¢ = 0, the operator M,, o was introduced by Mazhar and Totik [13] and is usually called the
Szdsz—Mirakjan—Durrmeyer operator. The operator M, . with ¢ > 0 was introduced by Heilmann
(for ¢ = 1independently by Sahai and Prasad [14]) and is usually called the Baskakov—Durrmeyer
operator. The operators M, . with ¢ >0 were studied e.g. by Heilmann [8,9], Heilmann and Miiller
[10]. Using properties (1) and (3) resp. (4), it is not difficult to show that the operator M,, . is well-
defined if f € L{(I.) or f € Ly (I.), and (6) holds for p = 1 and oo (e.g. [8]). Consequently,
M,, . is well-defined for all f € L1(I.)+ Loo (1), in particular, forall f € L,(1), 1< p<oo.By
the Riesz—Thorin interpolation theorem, (6) holds for all 1 < p < 0o. The operator M, . reproduces
constants. It was shown in [8, Theorem 3.2] that

My c(f)— fllp =0, n—o00, feLy0,00), I<p<oc0. @)

In fact, the right-hand side of (2) is also well-defined for some functions which do not belong to
L ,-spaces, for example, for polynomials.

In the recent paper of Jetter, Stockler and the author [4], the Bernstein—Durrmeyer operators
(case ¢ = —1) on simplices in L ,-spaces with Jacobi weights and their natural quasi-interpolants
were studied. Using a new representation of the kernel of the Bernstein—Durrmeyer operator
in terms of Jacobi polynomials, we showed that the sequence of the kernels is pointwise com-
pletely monotonic. Based on this fact we proved various direct results for the natural Bernstein—
Durrmeyer quasi-interpolants. The aim of this paper is to obtain for ¢ >> 0 statements similar to those
from [4].

The paper is organized as follows. In Section 2 we give representations of the kernels of
the Durrmeyer operators in terms of special functions and prove the complete monotonicity
property. In Section 3 we study a special differential operator U, . which plays an important role
in investigations on Durrmeyer operators and their linear combinations. The main result of Section
3 is a Bernstein-type inequality which gives an estimate for U, (M, ()l p, f € Lp(Ic). In
Section 4 we apply results of Sections 2 and 3 to the natural quasi-interpolants of the Baskakov—
Durrmeyer and the Szdsz—Mirakjan—Durrmeyer operators which were recently introduced by Abel
[1]. In the case ¢ > 0 we give a representation of Abel’s quasi-interpolants as linear combinations
of the Baskakov—Durrmeyer operators. Finally, we establish an estimate of Jackson—Favard type
and a direct theorem in terms of a new K-functional.

In the paper we basically follow the consideration in [4], where the corresponding results for
¢ = —1 can be found. Some of the proofs, like in Theorems 1 and 2 and Lemma 8, are similar
to those in [4]. On the other hand, for Lemmas 3—7 and Theorems 4 and 5 we give direct proofs
which extensively use properties of underlying special functions.
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2. Kernels of the Durrmeyer operators

In this section we study the kernels of the operators (2). Interchanging integration and summa-
tion in (2), we can rewrite it as

M) = =0 Y Pt [ s 01y == [ Tete) 10 d.
k=0 ¢ 2

c

with the kernel function
o0
Te(x,y) =Y piLPL (), x.y € L. ®)
k=0

For f € L1(I;) or f € Lx(l.), the interchanging of integration and summation can be easily
justified by the Lebesgue dominated convergence theorem, basing on the properties (1) and (3)
resp. (4); for f € L,(I.) with 1 < p < oo we exploit again the fact that f € Li(l¢) + Loo(1c).

In the following lemma we give representations of the function 7, .(x, y) in terms of special
functions.

Lemma 1. Let ¢ € R and n be as in Definition 1. The series in (8) converges for all x,y € I,
and it holds

o non c2xy
Thc(x,y) =[(1+cx)(1 +cy)] ¢ 2 (Z’ > L, m) , ¢#0, 9)

Tho(x,y) = e " @2 /xy), c¢=0. (10)

Here , Fj is the hypergeometric function and I is the modified Bessel function of first kind of
order 0.

Proof. If ¢ < 0,asn = —cf with some £ € N, the sum in (8) is finite (in particular, 7, .(x, y) is
apolynomial in x and y). If ¢ >0, since > o plf}( (x) =1and plf}( >0forallk € Ny (moreover,

pl) (x) = 0 only if x = 0 and k # 0), it follows
el <1
pn,k(x) <

(moreover, p,[ﬁ{(x) = lonlyif x =0 and k = 0). Thus, forall x, y € I,

o0 o0
0 < Thelx.y) =Y p@pitm< Y plhe) =1 (1)
k=0 k=0

The representations (9), (10) follow immediately from the definitions of the functions , Fi, I via
the power series [2, (15.1.1)] resp. [2, (9.6.10)]. O

The estimate (11) shows, in particular, that the function 7, . (x, -) belongs to the space Lo (/)
for each fixed x € I.. Infact, T,, . (x, -) € L,(I.) for each 1 < p < oo. For ¢ < 0itis obvious and
for ¢ >0 it follows form the following lemma.
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Lemma 2. Foreach x,y € [0, 00) it holds

r(2t—1) . 1
Tn,c(x,y)éc—z(l—i-cx)c —, ¢>0, (12)
[F (%)] (14+cex+cy)e
Too(x, y)<e "WV e, (13)

Proof. Let first ¢ > 0. Using the formula » Fy(a, 5, 7,2) = (1 — z)V_“_ﬁ 2Fi(y—o,y—f,7,2)
[2, (15.3.3)], we can rewrite (9) as

[(1—|—cx)(1—|—cy)]%_1 71 n1 n1 czxy
(textepet 20 e e

Tho(x,y) = :
ne (X, y) ¢ ¢ 1+ cx)(1+cy)

NOW since 0 S m

2
JF, (1__,1_11,#)
c c (14 cx)(1 +cy)
i(“‘ )2< )
= (I +ex)(I +cy)

2
© 1 -1 re:—1
=0 ¢« [T (2)]
the last equality follows from the formula » Fy (e, 5,7, 1) = W (y £#0,-1,-=-2,...,
N(y —a—f) > 0)[2, (15.1.20)]. An elementary estimate gives (12).
To prove (13), we use (10) and the inequality

< I forx,y €0, 00),

k

l(z)<e*, 220,

which follows immediately from the integral representation [2, (9.6.18)]

[ |
Io(z)z—f et dt. O (14)
T .J_

1 1 —1¢2

In [4] we proved for the kernel of the Bernstein—Durrmeyer operator that the sequence {Tn,,l
(x, ¥)},en 1s pointwise completely monotonic for any fixed x, y € [0, 1], i.e. the inequalities

(—1) AT 1 (x, y) = Z(—l) () wr-1(x, 1) >0

hold for all n € N, r € Ng. Because of (5) it is clear that a similar statement holds also for M, .
with an arbitrary ¢ < 0, namely

(~1) A Tpe(x, y) = Z( 1%() i—te.c(6, )20, ¢ <0, (15)

Here we prove an analogue of this result for ¢ 0. The following statement takes place.
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Theorem 1. Let c >0, n > c. For any fixed x, y € [0, 00), the function T, .(x, y) is completely
monotonic with respect to n.

Proof. We will use the following two simple facts about completely monotonic functions:

(a) The function @(u) = a*, with 0 < a <1, is completely monotonic.

(b) Suppose that a function f(u,t) is completely monotonic with respect to u for any ¢ and
integrable with respect to a non-negative measure dm (t). Then the function J (u) = f fu,t)
dm(t) is completely monotonic.

A good reference on completely monotonic functions and sequences is [15].
First we consider the case ¢ > 0. Using the quadratic transformation [2, (15.3.27)]

4z )

1
_ _ —2u _ - _ L
2Fi(o, foa— B+ 1,2) =0+ V2) ™ 2F (oc,oc B+ 5,20 =28+1, FWEE

we rewrite (9) as

m
Thco(x,y)= <,/c2xy + VA +cex)d + cy)) ‘

n 1 4y/c2xy(1 + cx)(1 + cy)
X2F1 ) Es 17 2
¢ (\/czxy +JAFcx)T F cy))
Since
0< 4y/c2xy(1 + cx)(1 + cy) o

(\/czxy + /A +cex)(T + cy))2

for x, y € [0, 00), we can use Euler’s representation formula [2, (15.3.1)]

Iy /1 B—1 y—p—1 —a
S L — 1 — 1) 1- d
rpro—p Jo - T Ao

for R(y) > R(P) > 0, in the z plane cut along the real axis from 1 to co. We get

Tpelx, y) = % (\/czxy N ST cy)>_

X/I . 4t/c2xy(1 + ex)(1 + cy) dt
_ . ‘
0 (,/czxy~|-«/(1~|—cx)(l+cy)) vi(l—1)

2Fi(o, B,7,2) =

ol

Thus,

dt

1! )
Tn,c(x,y)=;f0 [O(x, y,1)] ﬁ’

where

) _
D(x, y, 1) = |:<,/c2xy +VA+ex)(1+ cy)) - 4t\/c2xy(1 +cex)(1 + cy)i|

c
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Accordingto (a) and (b), the statement of the theorem will follow if we prove that0 < ®(x, y, 1) <1
forallr € [0, 1], x, y € [0, 00). For, we see that

2
(,/czxy + V(1 +cex)(1 + cy)) — 4t\/c2xy(1 +cx)(1 +cy)
2
> (wczxy — V(I +ex)(1+ cy)) >1,

the last inequality follows from

VI +cex)(1+cy) —/c2xy>1

which is equivalent to the obvious cx + cy >2c¢./Xxy.
Now let us consider the case ¢ = 0. Using (10) and (14), we obtain

1 ! 1
Tyo(x, y) = ;/1 00, 301" s

with

D(x, y, 1) = e CTIFUVY),
Again, to prove the complete monotonicity it is enough to prove that 0 < ®(x, y, )< 1 for
all t € [—1,1], x,y € [0,00). The first inequality is obvious while the second inequality

e~ T2V L1 follows from x + y + 2¢,/Xy = (/x — /¥)?>0. The proof of Theorem 1
is now completed. [

3. The differential operator U, . and the Bernstein inequality

Let c € R and r € Ny. We define the following differential operators of order 2r:

(_l)r dr
U, . :=
T2 dxr

. d"
<x'(1+cx)’d r>, reNN, (16)
X

and Uy . := I, where I denotes the identity operator. This operator was introduced by Derriennic
[6] in the case of r = 1, ¢ = —1 and by Heilmann [9] in the general case. The operator (16) plays
an important role in investigations on the Durrmeyer operators (2). One of the most important
properties is that the operators U, . and M,, . commute, i.e.

U e My, c(f) = My c(Ur,c(f)) a7

if f,U,(f) € Lp(I.). In this general setting it was proved by Heilmann [9].
Our first aim in this section is to show that, if ¢ # 0, U, (M, ) can be represented as a linear

combination of the operators My .. The corresponding result for ¢ = —1 reads
1 n+1 < o(r\(n+r—¢
— U, 1M, _1) = —— —1 M,_s_1, 18
gy Ui = 5 e () (" e a

this is the one-dimensional unweighted case of formula (15) in [4]. This formula was obtained in
[4] on the base of spectral properties of the operators M, _; and U, _. Here we choose another
approach which extensively uses properties of the special functions involved. We start withr = 1.
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Lemma 3. [fc # 0 then
1 n
SULMe) = (=2 4 1) Ve =Moo (19)

Proof. If ¢ = —1, this is a particular case of (18), and for an arbitrary ¢ < O it follows by a
suitable change of the variables. Now let ¢ > 0. We first prove that

1
SUL(Te(xo ) = (=2 4 1) Tclro ) 4+ = Tpec. ). xoy€l0.00:  (20)
the differential operator here is taken with respect to the variable x. We rewrite (9) as

2xy

n
X, = (Cc™X < Z‘ F <— - 1 Z) Wlch =
The(x,y) = ( - 21 ¢ (14 cx)(1 +cy)

Using the formulae [2, (15.2.3)] - {z 2F1 (o, By, z)} = az* '2F (0 + 1,5,7,z) and
[2, (15.1.D)] 2 Fi (o, B, 7, 2) = 2F1(/3 O‘ 7, 2), we find

o (22
W Ty o (x, y)———(c Xy)Tizi g 1(— . z)

oo © Axy)EzE o (— L z) 1)

Using [2, (15.2.3)] once again, we obtain

1
- UI,C(TH,C(-xa )
n

0

== {%(l—kcx)(czxy)_zz? 2 b ( .1 Z) ——(c Xy)"eze o F (— —+1,1 z)}

n n 2 _n nf[n n n
=<——~I—1>(cxy) fZCzFl(——lz)——(cxy)fzf[ 2F1<——lz)
c cx c

n n
—2 S F) (— SR z) S F <—+1,—+1,1,z>]. (22)
X c c
By the formula [2, (15.2.15)]
(V_O(_ﬁ)zF] (O(7 ﬁ’ ’y’ Z)+OC(1 - Z)2F1 (OC_‘_ 17 ﬂ5 "/, Z) - (V - ﬂ)ZFl (OC’ ﬁ - 15 "/, Z) = 07
witho =2, =72+1,7=1, we find
n nn n n n
—2F] (—,—,1,Z>—2—2F1 (— -+1,1 z) —— (1 —=2)2F1 (—+1,—+1,1,Z)~
c ¢ c c c c

Substituting this into (22) and using 1 — z we finally obtain

1 _ cx
I+cex = (I4cex)(1+cy)’
1 n _n nn
SUL(Telr ) = (== + 1) [0+ e+ el ™8 2Fy (5,7, 1,2)
n c c C
n _n_1 n n
FE LA+ e+ e R (T4 L2+ 1)
n
=(—;+1) Tuc(.3) + = Tupe.c(x, ).

which is (20).
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Now take a function f € L,[0, 00), 1< p <oo. Using (20), we write

1 10 0 e
— UMy, (X)) == —0c)—— {X(l +ex)— (/ T c(x, ) f(y) dy)}
n n 0x ox \Jo
19 © 9
=—(n—-0)—-=— {X(l + cx)/ == The(x, y)f(y)dy} (23)
n 0x 0o Ox
>0 d
=—(n—6)/ — {x(l+CX)—Tn,c(x,y)}f(y)dy (24
o nox Ox
1
o) / UL (T (e, ) ()

(n—c)/ __+ T c(x, y)+ Tn+cc(x )7)) fFy)dy
= (=24 1) (M@ = Mg ().

Thus, we obtain (19) formally. It remains to justify the interchanges of integration and differ-
entiation in (23) and (24). We shall use the following corollary from the Lebesgue dominated
convergence theorem, e.g. [5]: Let u be a nonnegative measure on a space X and let a function
f X x (a,b) — R be such that the function x — f(x, o) is integrable for each o € (a, b).

If the function o — f(x, o) is differentiable for almost all x, and there exists an integrable

function ©(x) such that a—f% < O(x) for almost all x and for all «, then the function J (o) :=

[x f(x, ) u(dx) is differentiable, and J'(x) = [y =5-= af(x D u(dx).
Fix a point x € [0, 00). To justify the interchanging of integration and differentiation in (23),

we have to prove that the function B%Tn,c(x, ¥) f(y) can be bounded by an integrable function
of y uniformly in some neighbourhood of x. A suitable bound is

PT (. ) £ )‘< n(ree-y,  reo
o n,c\X,y V)| x ox [F(%)]Z r(%)r(%_l_l)

which is clearly integrable, since f € L,[0, 0o) and the expression in square brackets belongs to
L,4[0, oo) for every g. This estimate can be obtained from the representation (21) using for the
first term the estimate (12), and for the second term a similar estimate which can be obtained in
a similar way. To justify the interchanging of integration and differentiation in (24), we have to
find a suitable estimate for the function [(—2 4 1) Ty,.c(x, y) 4+ 2 Tyye.c(x, ¥)] £ (). Here we
just use (12) twice. [

1 ¢l
) (+eo n}f(yn,
(1 4+cx+cy)e

To find an analogue of (18) for ¢ # —1 and r > 1, we first establish the following recursive
relation for the differential operators U, ..

Lemma 4. Let ¢ € Rand r € Ny. It holds

1
Ur+1,c = o+ )2 (Ul ¢ +er(r+ DI Urc (25)

Proof. Obviously,

42
U .=—-( +2€x)— — (x+cx )d 5 (26)
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and

_1)pd_< p o dﬂ)

PC= (D2 dxp m=o dxP

Bt o

(p)H? — = \k)\m (m+k)’ dxptk
Similarly to (27),

p P | ok
w00 = w ,;,ZO (Hl) (m)cm TER T

d? 1)!’ p+2\(p\ ,, (p+m! k2 APk
a2 Upd = ')2 Z Z( )(m)c mt+k—21" dxPTk

k=0 m=0

27)

(28)

(29)

Using (26), (27)—(29) with p = r and suitable changes of the summation indexes, we obtain by a

long but simple calculation for the right-hand side of (25)

(Ul,c +cr(r+ DI Ur,c

(r+1)2

=(r_7_—11)2<(1+2cx) (Uro) + (x + cx? )d 2(Urc) Cr(r+1)Urc)

(= %% w1 47 <r+1><r> (r + m)!
I ] dx+ [\ &k J\m) (m+k—1)

<r+l)( r )(r—l—m—l)! (r+2><r) (r +m)!
+2 —_—+ —_—
k m—1/(m+k—2)! k m) (m+k—2)!

r+2 r r+m-—1)! r r r+m-—1)!
+< k )(m—l)(m+k—3)! _r(r+1)<k><m—1>(m+k—l)!

1)r+1 grz—% r+1\(r+1\ ,,m+r+1)! m+k—1 dr

((r+1)l)2 k=1)\Um )" mrk—nr" dx

( 1)+ %} %} FH\(r+1\ ,m+r+D! . d
X

where the last equality follows by (27) forp =r + 1. 0O

Now we present the desired linear combination representation of U, .(M,, ).

Lemma 5. Let ¢ # 0 and n be as in Definition 1. It holds

= Ur-H,c,

r! —24r—t
PP S UneM, 0= ) Z( ) ()( o )Mmc,c. (30)
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Proof. We prove the lemma by induction in r. The statement for » = 1 is just (19). For the
induction step r — r + 1 we use (25) and the induction hypothesis (30) to obtain

(r+ 1!
”l(l’l —+ C) e (f’l + I’C) Ur"l‘l,C(Mn,c)
r+ 1!

= nn+0)---(ntrc) (r+ 1)2 (Ul,c +cr(r+ DI Ur,c(Mn,c)

1
= m Uie+cer(r+ DD

(DS () (7 ]

Using (19) for computmg of U1 C(M,,+gc ¢), we continue as

(__ +1 ¢ -t —£ n
(r+1)(n+rc) Z( b ( )( r—1 )(n+£c) (_E_g—i_l) Moce
—= — ¢
—Myut(+1)e,e) +elr +1) Z(_l)z <2) ( Cr_i__rl )Mn—i-éc,c}

£=0

_ (-£+1) ak ¢ Lir\(-%+r—t¢ n
_mg(_l)Mn+€c,c{;(€>< r—1 )(l’l+f€)<—z—e+l)

Loor \(—t+r—t+1 n

+;<,3_1>< .1 )(n+€c—c)<—;—£+2)

+c(r+1)(r><_?+’_g>}

r—1

(-2 +1 r+1 ofr+1 —§+r+1_gM

N r+1 Z( 1)< )( ; ) n+Llc,c»

which is (30) for r + 1. O

Remark. The right-hand side of (30) is in fact a divided difference. The corresponding formula
has a simpler form if we consider the modified operator

1
(T (f))(x) :=f Toc(x, y) f) dy = ~— Mac(f))(x).

I

Let
k
g(zj)
[z0. 21, .-y 2ks g(@)]; = Zk—]
=0 11 (zj — zm)
m=0
mj
denote the kth order divided difference of a function g(z) with knots zg, z1, ..., zx. Then (30)
can be rewritten as
r!
UF,C (Tn,c)

nn+c)---(n+ @ —1)c)
=[n,n+c,....,n+rc;(z—c)---(z—ro)T; ;. 31
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Now let us consider the case ¢ = 0. Passing formally to the limit as ¢ — 0 in (31), we obtain
the following representation for U, (T, ).

Lemma 6. It holds

r

r! 1 © -
re U, 0(Th0) = o (n" Ty0). (32)

on”
Let us prove this statement. First we consider the case r = 1 in a separate lemma.
Lemma 7. It holds

1 0
=U1,0(Ty0) = — Ty o). (33)
n on

Proof. We first prove that
1 0
= U o(Th,o(x, ) = =—(nTy0(x, y)), (34
n on

the differential operator Uy ¢ here is taken with respect to x. We rewrite (10) as

Tho(x,y) = e " I(z), z=2nxy.
Using the formula Ié(z) = 11(2) [2, (9.6.27)], we find

0 1 _ '
3 ToCe, ) = =nTo(x, y) + 5 -e " 211 (2).

Applying the formula %diz{zl 1(2)} = Ip(2) [2, (9.6.28)], we obtain for the left-hand side of (34)
1 0 1
—U1 (T, 1)) = = 12 Tuo(x, ) = 5= ¢ "zl (2)
n Ox 2n

= T.0(x, Y)—n(x+y) Tpo(x, y)+e ") 20 /xy [ 2n/xy).  (35)
For the right-hand side of (34) we have

0 0
- (nTy,0(5, 3)) = T (e ) 1 = {4 1o (2)}

=Ty o(x, y) —n(x + ) e ") [o(2) + ne™" 2 /xy 11(2),

which coincides with (35), and (34) is proved. Now let f € L,[0, 00), 1 < p < oo. Using (34),
we write

1 10 0 o0
;UI,O(Tn,O(f))(x) =——— {x— <f0 Tholx, ) () dy)}

nox | Ox
19 * 0
—_——{x/ —Tn,o(x,Y)f(Y)dy} (36)
n Ox o Ox
© 19 0
=_/ ——{x—Tn,o(X,y)}f()’)dy (37)
o nox | ox

> 1 B
- / 0T ot ) f ) dy = / ol ) FO) dy
0o n o On

0 o0 0
= {n/ Too(x, y) f(y) dY} = — T, o(f)(x)). (38)
n 0 on
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We justify the interchanging of integration and differentiation in (36)—(38) as in Lemma 3. For
(36), we need to prove that the function

0 1
= Thotx, y) f(y) = [—n Tno(6 ) + 5= e "N /Xy Iy (2”\/5)} F)

n,
Ox

can be bounded by an integrable function of y uniformly in some neighbourhood of x. For (37)
and (38), we need to estimate the function

1
~UL0(Tr0( ) ()= [ (1= 4+ 3)) Tro (. »)+e ™" 20 /55112 59) | £ ),

As in Lemma 3, we can show that the expressions in square brackets belong to L, [0, co) for each
q. In both cases we use for the first terms the estimate (13) and for the second terms the estimate

T 1y 20 fxy) <n iy VIV,
which can be again obtained from the integral representation of the function 7; [2, (9.6.18)]. O

Proof of Lemma 6. We prove (32) by induction in r. The statement for r = 1 is just proved
(33). For the induction step r — r + 1 we use the recursion (25), the induction hypothesis (32)
and (33)

(r +1)!
WUr-H,O(Tn,O)
D1

nr+l1 r + 1)2 Ul,O(Ur,O(Tn,O))

1 U 1 0 T, o) 1 o rp1 O (nT,.0)
= — n" T, =———— | — (T,
r+n RO\ anr 0 (r+ D!n on" on 0

= ! o r+1 r+2 0
= i o (7 e )
1 r p arfé il af arfe o ang]
= T om Z; (E) {Gn’—z (n )W(Tn,O) + 3t (n )W(T"’O)}
(=
Lo (r) [t 3 2! gy
(r+ D! g(f) {(£+1)!n anl( o)+ +2n" an€+1( 0)
1 &\ e+ r\ G+ ot
= - S = Tn
(r+ 1) §{<£> £+ 1) +<z—1> (z+1)z} n =7 (Tno)
1 r+1 l"+1 (r+1)‘ ‘ af
= S~ . Tn
(r+1)!§< ¢ ) o " ont 0
1 B ey ot
= —— r R T
r+ D! [:0( ¢ > gt ) 37T
1 r+1
0 (nr+1 T,.0). U

T+ Dl onr
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Now we are going to prove an inequality of Bernstein type, which gives an upper bound for
the L ,-norm of U, .(M,, (f)) for f € L,(I.), 1< p<oo. In the case ¢ # 0 we need one more

lemma. We introduce the ‘difference’ operator

TEL}:)c(f) = (_l)rAzTn,C(xv y) = Z(_l)e <2>Tn+lc,c(f)v re Nv c 75 0

=0

Note that in the case of ¢ = —1 this operator differs slightly from those introduced in [4].

(39)

In the following lemma we give a representation of U, (T, ), ¢ # 0, as a linear combination

of the operators (39).

Lemma 8. Ler ¢ # 0 and n be as in Definition 1. It holds

r! "\ (-2
— c \m©
"ot = Do e = g (2)( ¢ >T

Proof. Using the formula (7;) () = (_}%) (_;_;_;”), we evaluate the right-hand side as

r r _ll
c T;(f)c
2 ()
r A 1
SO (e
i !
—)ij( ) <;L>n+d Mnmc ( E)( )

0

RE S e
= - - 7 M, ch,c

c & | e AV ¢

1 « A2 1 -
= - (_1)‘< C>n—( ¢ ) >Mn ¢,

C)ZZ;) A (—;—},—i—l) r—2a *

1 (—2+1) ¢ A(r\(—2+r—7
= E —1 - ¢ M 1
n—c r )_0( ) (A)( r—1 ) ntes,e

r!

which is equal to m

U, c(Tn ) by 30). U
Now we are in position to establish the main result of this section.

Theorem 2. Let ¢ € R and n be as in Definition 1. Forr € Ng and 1 < p < oo it holds

nn4c)--(n+(r—1
Ve (P < 2OF DR DDy

Proof. Asusual (e.g. [4]), it is enough to prove the inequality for p = oo.

(40)
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Let us first consider the case ¢ # 0. Recall that if ¢ >0 then the function 7}, . is completely
monotonic with respect to n (Theorem 1). This implies that

-
(_])rAZT”vC = Z(_l)e (r)Tn+Ec,c>0, c >0,
4
1=0
which shows that the operators Tf,r)c are positive. If ¢ < 0, we obtain from (15)

r
r
AzTn,c = (_1)r 2:(_1)z <E> Tn+€c,c>0, c <0,
=0

and thus the operators (—1)" T,({)C are positive. In both cases we have

ITy 2l co—c = 1T M oo,
where 1 denotes the function constant equal one. By (39) we find
¢ ¢
T (1) = Z(—l)*(ﬁ)Tmc,c(D =Y (-1 (ﬁ) rlc_c 1
=0 A=0

The last sum here can be calculated as follows:

1

: ¢
_ 1\
g( Y <7»)n+}»c—c
_ ! é(_l)z() 1) (=) (=
e 4TV T ) e e
1 ¢ _n 1 _n_
BT Z(—l)’( c;r )(;_})
C(_Z+1)(ec) =0 ” ¢
)2
1 R A YA R WP,
SR Z( ” )( (- >_( D

Cw-o(y) S\ A n-o ()

and
1

(n—rc) ‘(_65)
Now for an arbitrary function f € C(I.) we write using (40) and (41)

r!
nn+c)...(n+ @ — e 1Urc e (FDlloo

<h-0) (2) ‘(;’)‘ TNttt 1 oo
£=0
= Z (’) Iflloe =27 111
£=0 t ’

which proves the theorem for ¢ # 0.

1T e —cu) = (41)
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Now let us consider the case ¢ = 0. Recalling that M, 0 = n T, o and using the Leibniz
formula, we rewrite (32) as

r!
r? Ur,O(Mn,O) =

rTno)—nZ<>e‘ 3,0 Tno-

Since the function 7, o (x, y) is completely monotonic withrespectton (Theorem 1), i.e. (— 1)l an[

T,.0(x, ¥) =0, we conclude that the operators (—1) W T, o are positive. Thus,

‘ o T ‘ M H o 1 14
=~ 7 n0 n 0 —.
ont Clo)—Clo) ont ont n| ~ nt*
Consequently, for a function f € C(Ip) we obtain
r! " /r\ nt | 8
— U0 o(fDlloo <7 Y (6) 7T |5 o £ oo
" =0 L lion Clo)—Cl)

=3 (2) 1floe = 27 11/ lloos
=0

and the theorem is completely proved. [J
4. The quasi-interpolants

In this section we apply results obtained in Sections 2 and 3 to studying the natural quasi-
interpolants of the operators (2) which are defined as follows.

Definition 2. Let ¢ € R and n be as in Definition 1. Let r € Ny, and in the case when ¢ < 0 we
suppose additionally that 0 <r < — 2. Define

r

k!

(r)
QL) —Zon(n oo g Ty Ve M () (42)

for f e L,(I:), I<p<oo.

This construction was introduced in the case of ¢ = —1 by Jetter and Stockler [11] (in a more
general situation on multidimensional simplices in spaces with Jacobi weights) with the aim to
accelerate the convergence. The quasi-interpolants Q( ) _ are quite well studied by Jetter, Stockler
and the author [3,4]. The construction of Jetter and Stockler (in the one-dimensional unweighted
case) was extended to ¢ >0 by Abel [1].

The first simple application of the Bernstein inequality (Theorem 2) is the statement that the
quasi-interpolants (42) are uniformly bounded.

Theorem 3. Under the assumptions of Definition 2 we have
IRV (A, <@ =D I fllp.

The proof is obvious.
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Next we show that in the case ¢ # 0 the quasi-interpolants (42) can be represented as linear
combinations of the operators (2). It follows from this statement, in particular, that the quasi-
interpolants are well-defined for all f € L,(/.), 1< p<oo.

Theorem 4. Let ¢ # 0 and n and r be as in Definition 2. The quasi-interpolants Q,(f)c have the
following representation as a linear combination of the Durrmeyer operators (2):

a N (—24+r—C+1
QX)C = Z(_l)l (Z) < ¢ , )M11+Zc,c~ (43)
=0

Proof. We insert the representation (30) into the definition (42) to obtain

Q) = ZZ et 1%()( Al E) My tec

k=0 ¢=0
r n r n n
3 ‘ (-2 +1) N AV
—Z(_l) Mn+£c,c CT Z Ck ) ) _Cl
=0 k=¢t
r n
“L L) (-1 [ -2
= 2:(_1)1Z Mn+£c,c M ¢ ¢
£ r—=2¢ -1
=0
+

: N [(—24+r—€+1
=Y (-1f <£)( < )M,,HC,C. O
£=0

Remark 1. The linear combination (43) is again a divided difference. Namely,
Q) =[nn+c ....n+re;(z—20) (= + DMl (44)

Remark 2. The coefficients in the representation (43) are formally a particular case of coefficients
of linear combinations considered by Heilmann in [9]. However, Heilmann required that the sum
of absolute values of the coefficients is bounded uniformly in n. This condition is not satisfied in
our case.

Remark 3. Following Heilmann [9] it is not difficult to show on the base of the representation

(43), that the quasi-interpolants Qn ¢» ¢ > 0, reproduce polynomials of degree at most r. This was
also proved by Abel [1] for all ¢ directly.

If ¢ — 0, (44) turns into the following formula.

Theorem 5. It holds

1 o
Qo= 57 ("M o). 45)

Proof. Using M, o = n T, o, we rewrite (32) as

r

(nril Mn,0)~

r!
n_r Ur,O(Mn,O) = ; on’



148 E.E. Berdysheva / Journal of Approximation Theory 149 (2007) 131—150

Substituting this into the definition (42) and using the Leibniz formula twice, we obtain
£ At
n* 0

r r k
") n 3 _ k=1
Q) Zk,a - (n Mn,o)—ZZ(E_l o7 3t Mo

k=0 £=0

“.ont ot r
—Zme( mz( ) ZMN n,o><r_e)

1 a" ot _ 1

It follows from (7), (17), (6) and Theorem 3 that
IQYVL(f) = fll, = 0. n— oo forfeLyl0,00), 1<p <oo. (46)

Indeed, if f € L,[0, co) is such that Uy (f) € L,[0, 0o) for 0<k <r, then the convergence
follows from the estimate

k!
n+c)---(n+ctk—1))

If = QLI <If —Muc(Hllp + Z k(-

For an arbitrary f € L p[O 00), we approximate f by a smooth function and use the fact that the
quasi-interpolants Q . are bounded uniformly in .

The results obtained above allow us to prove a direct result for the quasi-interpolants Q,, s
¢ > 0, in the spaces L,[0,00), 1<p < oo, in terms of a new K-functional. The arguments

are more or less standard. First we show the following estimate of Jackson—Favard type for
smooth f.

Theorem 6. Letc > 0,n > c,r € No, 1< p < ooandlet f € Lp[0, 00) suchthat U, 1 (f) €
L,[0, 00). Then

. r+ Dle(r + 1)
f=QU(f)= Z( T Don o F @ Mirtec U, @7)

with convergence in norm. Moreover,

(r+ 1)
n—cm---(n+ @ —1)c)

If = QU< G, 41.c(H)l p- (48)

Proof. Using (43), we write
Qlec — QU2

—24r—2 —£4+1
:Z(_l)e(2)< Ctr ) n+c+-Le,c— Z(_1)£< )( , + >Mn+/éc,c
r+1 1 ) 1
——Z( i (” )( o >Mn+ec,c

. (r+ Dle(r + 1)
C(m—cn---(n+re)

Ur+1,c(Mn,c)7
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the last equality follows by Lemma 5. Now take f € L,[0,00), 1<p < oo, with U, 1 (f) €
L [0, 00), and consider the series
o0

3 (@ e = QL)

=0
r+ Dle(r+1)

B =0 m+U—-Dc)---(n+ L +r)c) Mypie,e(Urpr,e (),

we use the fact that the operators M,,¢c and U, . commute. Since the operators My, 4¢¢ ¢
are contractions in L p, the series converges in norm. On the other hand, the sum of the series is
f- Qf,r))c( f), to see it apply a telescoping argument and the statement about convergence (46).
Thus, (47) is proved.

The Jackson—Favard statement (48) follows from (47). We estimate

o > c(r+1)
I = @Ry < WDl 0+ 0 Y e g
i I
= U 1.e(Hllp -+ D! ;0 ((n +( =D (n+E+r— Do)

1
_(n+zc)---(n+(z+r)c)>

B (r+ 1!
= ||Ur+1,c(f)”p m—cm--(m+ @ —1c) .

For ¢ > 0 and r € N, we introduce the K-functional

Krcp(f,0) :i=inf{|lf —gllp + 1IUrc(@lp : g € Lpl0,00), Uy (g) € Ll0, 00)},
t > 0.

Theorem 7. Letc > 0,n > c¢,r € Nyg. For f € L,[0,00), I <p < oo, we have

(r+1)!
27t —c¢)---(n+ (r — 1)c)>'

”f - szr)c(f)”p <2r+] Kr—H,c,p <f,

Proof. The statement follows from Theorem 3 and Theorem 6 via standard arguments. Take
g € Lp[0, 00) with U, 41,.(g) € Lp[0, 00), then

F=QNH=( -9+ (&—-Q"e)+QV.g — /)

and
(r+ !
e 1) _
I f %AﬂhéW'ﬂb+m_dmm+U_D@WHu®M
+Q T —DIf -l
ot B (r+ 1! )
=2 <||f g||p+ 2”’1(1’1 o it —Do ||Ur+1,c(g)||p .

Taking the infimum over g, we obtain the result. [J
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