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Abstract

In this paper, we use the properties of Gauss sums, primitive characters and the mean value
theorems of Dirichlet L-functions to study the hybrid mean value of Cochrane sums and general
Kloosterman sums, and give two sharp asymptotic formulae.
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1. Introduction

For a positive integek and an arbitrary integér, the Dedekind sun§(h, k) is defined

by
k a ah
so0=3((3)) ()
; k k
where
x —[x]—1/2 if x is notan integer,
((x) = { . .
0 if x is an integer.

Conrey et al. [1] studied the mean value distributio§ 0f, k) and proved the following
important asymptotic formula
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where}";, denotes the summation over alsuch thai(k, #) = 1, and

2 —
Zf(n) ,87(2m) £(s +4m 1)€(S)_

ns T o(dm) (s + 2m)

In the spirit of [1] and [2], the first author [3] obtained a sharper asymptotic formula for
Y51 1S(h, k)2 Thatis,

‘ o[ 22— =i
S st 5 )H,, wl(1+7)" = 55 ]+0<kexp(4lnk)>

1, 1
—~ 144 Hp|k(1+§+?) Inink

for any integerk > 2, where expy) = ¢”, ¢ (k) is the Euler function]‘[pauk denotes the
production over all prime divisors @fwith p®|k andp®*1 k.

In October 2000, during his visiting in Xi'an, Professor T. Cochrane introduced a sum
analogous to the Dedekind sum as follows:

con-S((O)()

wherea is defined by the equatiamz = 1 modk. He asked us to study the arithmetical
properties and mean value distribution propertie§ @f, k). About this problem, we know

very little. Recently, Zhang and Yi [4] studied the upper bound estimate of Cochrane sums,
and gave the following sharper upper bound estimates

|C(h, k)| <« VEkd(k)In?k

and

4inp
Zcmm Ef*OQ %Mw»’

whered (k) is the divisor function.
In Ref. [5], the first author found that there are some relationships bet@@ert) and
Kloosterman sums

¢ r (mb+nb
K(m,n;k)zz e( X >,

b=1

wheree(y) = ¢, For example, ik is a square-full number (i.ep,k if and only if p?|k),
then we have the following asymptotic formula:

Z K(h, RC(L ) = k¢(k)+ 0<kexp(3|nk)>
Inink /)"

h=1
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For general integet > 3, the first author [6] proved the asymptotic formula

Z K(h LRCGh k) = 5 kqb(k)l_[(

>+0(k3/2+6),
h=1 plik

pip—1

wheree be any fixed positive number. In [7], the first author also studied the asymptotic
property of a hybrid mean value of Cochrane sums and general Kloosterman sums

i 1 (mb" + nb"
K k)= _
(m,n,r;k) Ze( 3 )
b=1
and obtained the mean value theorem
p—1
-1 3/2|
> K 1,r p)Clh, p) = 5= p® + O(p¥2In? ).
h=1

Meanwhile, he conjectured that

k
-1
S K1 Ch k)~ —k¢(K), ask— oo,
2m2
h=1
holds for all integek > 2 and any fixed positive integer
In this paper, we studied this conjecture, and proved that it is true. Notetf{iatl,
r; k) = K(h,1 k) if (r,p(k)) =1, SO we supposé, ¢(k)) > 1. Then we shall use the
properties of Gauss sums, primitive characters and the mean value theorems of Dirichlet
L-functions to prove the following two main theorems.

Theorem 1. For any integer k > 3, we have the asymptotic formula

Z K(h LR)CGh k) = 5 kqb(k)l_[(

>+O(kl+€).
h=1 plik

-1

Theorem 2. For any positive integers k > 3 and r with d, = (r, ¢ (k)) > 1, we have the
asymptotic formula

k
> KL C (k) = kq)(k)l_[(

> + O(drk3/2+€)
h=1 plik

(1)

Itis clear that the error terms in our Theorem 1 is much better than that in Ref. [6], and
our Theorem 2 is a generalization of Theorem 2 in [7].

2. Somelemmas

To prove the theorems, we need the following lemmas.
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Lemma 1. Letinteger k > 3 and (a, k) = 1. Then we have

2
-1 — G(x,n)
Claky=——— > 7<(a)<2— :
me¢ (k) x modk n=1 n

x(=1)=-1
where x denotes a Dirichlet character modulo k& with x(=1) = —1, and G(x,n) =
Z’;zl x (b)e(bn/ k) denotesthe Gauss sum corresponding to .
Proof. Thisis Lemma 1 of [5]. O

Lemma 2. For any positiveinteger k and r > 1, let d, = (r, ¢ (k)) and x1 be a d,th-order
character modulo k. Then for any character x modulo k, we have the identities

k
D X(MK (h, 1 k) =7%(X)

h=1
and
k dr—1
D O XWK G L) =70 +1(0) Y t(Xxi),
h=1 i=1

where 7(x) = G(x, 1) = Y5 _; x(@e(a/k).

Proof. From the properties of Gauss sums and ript&) = 1 we have
k k k -
_ _ 1 (hb" +b"
Zx(h)K(h,l,r,k)—Zx(h)Ze< - )
h=1 h=1 b=1

k k =
h b"
= E )_((h)e<%> E X(br)e<?>
h=1 b=1

k

br

=7(X) E )‘((b’)e<?> =t(X)GL x",r; k).
b=1

Itis obvious thatG (1, X, 1; k) = 7(X), SO0 we have

k
> XK (h. 1: k) = 2(%).

h=1
On the other hand, lex1 be ad,th-order character modulb, then for any integer

1< a < kwith (a, k) =1, we have the identity

dy, if aisad,thresidue mod,

1+ x1(@)+---+ xl’_l(a) = { 0. otherwise
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Therefore, by the definition of Gauss sums, we have

A b
=r . (' bva dr
GLx  rik=)Y xb )6(7)=;X(b >e<7>

k
b=1
k
b=1

b
(1+xa®) +---+ Xl’_l(b)))T(bk(z)

dr—1

=10+ Y t(xxd)-

i=1

This proves Lemma 2. O

Lemma 3. For any positiveinteger &, let x be a non-primitive character modulo &, and k*
denote the conductor of x with x = x1x;%. If (n, k) > 1, then we have

Glx.m = : X (6m) 0 (et 1 ()0 00 () TN K =Gl
’ 0, Kk*# i,

where x1 denotes the principal character modulo k, k1 isthe largest divisor of k that has
the same prime factorswith k*.
If (n, k) = 1, then we have

_ k k
G(x,n) = x*(@x*(;)u(;)ﬂx*).
If x beaprimitive character modulo &, then

G(x.n)=xmT(x).
Proof. See Ref. [8]. O

Lemma 4. Let ¢ and r be integers with ¢ > 2 and (r, g) = 1, x be a Dirichlet character
modulo ¢ . Then we have the identities

i - 4
doox= ) M(d>¢(d)
x modgq d|(g,r—1)
and
q
J(g)= =
@) Zu(d)qb(d),
dlq
where 3°* 04, denotesthe summation over all primitive charactersmodulo ¢ and J ()
denotes the number of primitive characters modulo g.

Proof. Thisis Lemma 3 of [5]. O
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Lemma 5. Let k = uv, where (u,v) = 1, u be a square-full number or u =1, v be a
sguare-free number. Then we have the asymptotic formula

“d“ddll‘(didz) ko o . _
di1d2)L-(1,
E E E dld¢( )gb(ﬁ) E x(d1d2) L=(1, X)

dlv di|y dol} dp X( m]gdudl
x(=1)=—
=z O (k9).
]_[( 1))+ (k)

plk

Proof. Letz(n) be the divisor function. Then for any parameker: ud and non-principal
charactery moduloud, applying Abel’s identity we have

121, _)_Zx(n)t(n) Z X(ﬂ)f(n) /A(y,z)_() dy.

y
1<n<N b

whereA(y, x) = ZNWS}, X (n)T(n). We can rewrite it as

AV, D=2 X)) Y xm)—2 Y xm Y x(m)

n</y m<y/n n<V/N m<N/n
2 2
—( > 7<(n)> +( > z(m) :
n<Yy n<V/N

Applying Pdlya—Vinogradov inequality

b
> xm)

< NudIn(ud)

n=a
we have
*
S A0 0| < yV2ud)¥?Inwa).
x modud
x(=D=-1
Then
a2 (7)) [ AL, T
(7)1 (72 _ ¥ X)
S S IR S qndy [ 225
dlv d1|¥ dol% 1d2¢(; @ ¢(d_2) x modud ¢ Y
X (=h=—1
1 ° U2 3 3/2+e
<k [ X aonl)ar <k [ S0V« T
N Y x modk N
x(=1)=-1

so we have
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2d2 U)I’L( ) N
7 ddy X (dd2) L2(1, %
DY ahye(h) o FAAD

dlv di|3 dal} x modud
x(=D=-1

w?d?u (g5 ) m(7)
ddl ddo
;; ; d1d2¢ (59 (%)

dp
% k3/2+6
x > 4 > )_((dldz))_((")+0(w>-

n
1<n<N x modud

x(=DH=-1
Note that for(a, k) = 1, from Lemma 4 we have
Y. x@=3 > A-xCEDx@=3 3 x@-3 3 x(-a)
x modk x modk x modk x modk
x(=DH=-1
1 k 1 k
45 At T (e
ul(k,a—1) ul(k,a+1)
Therefore
2 2 v v
4* (7)1 (7i5) (n)
IDIDIE ""1 o Y Rdid)T )
dlv dy|3 daly dld2¢ di ¢(d_) 1<n<N T x modud
x(=D=-1

2d2

v v
251 (75) 5 5 (ud) t(n)
=3 Z 2.2 n(~ Jow——
d\v 1|3 dol® dldqu(d& ¢(d£2 (lgndilsl(ud,dldznfl) § n
n,u =

v

2d2 ddl)'u‘(d_dz) T(n)
__ZZZ drdag (2 )¢(k) Z Z < )¢()—

dlv di| 3 daly 2 (térzﬁlel(ud,dldszrl)
ud)=
w?d (70 (7 d
_ = ddy) M\ ad Z (u_) T(n)
3030 MEQNCEDY
d\v 1% dpl % ( ) (dL) slud § lg’le didon
d(lr:l,zis)I(s)

2 2 v v
a1 (g ) (755) ud (n)
dd ad
S DI e W (S O S
dlv il dyl® 4 )P\ %, slud 1<nen
(n,ud)=1
drdon=1(s)
The main term in the above formula comes from the term correspondiingin = 1 with
d1=d» =n =1, and all the other terms are the error terms. So we have

2d2 v .
IDIDD () i) > S Rdae

dlv di|} dol} dld2¢(d1)¢(d2) 1<nN x modud
x(=1)=-1
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2Z¢2( )Z < )(’5(”
o XX ¥ e

dlv dy|% dl} ¢ di s\ud

)‘qs(s) (Is + 1)61)
Ndldz

( )‘qb(s) (Is — 1)“)
m

u?J ()
2¢2(k)

 ud?(u) ) 1 e
= 262(0) H[p(p_l) <1_ p(p—l)ﬂ FOWND

== O (k€ N€),
H( p(p— 1))+ ( )

plik

//\

o(CE T m

dlvd\

S\ud

Zdzj(ud) + O(EN®) =

u
= d%J(d) + O (k€ N€
2020 Z| (d) + O(k°N°)

where we have used the estimate) « »¢, the fact thaw is a square-free number and
is a square-full number, and the identityu) = ¢2(u)/u, if u is a square-full number.
Taking N = k2, we immediately get the asymptotic formula

Pl

ad; )M\ ad; _ 2.

E E E x(d1d2)L=(1, x)
dlv dy] dol% drd2¢ d1)¢(dL2) meO:dud
x(=D=-1

=311(1- )+ o0

plk

This proves Lemma 5. O

Lemma 6. For any positiveintegersk > 3and r withd, = (r, ¢ (k)) > 1, let k = uv, where

(u,v) =1, u be a square-full number or u =1, v be a square-free number, x1 be a d,th-
order character modulo k. Let

VeY Y Y udp(d)p(z%)

dlv dllv |v dld2¢ dl) (dL)

x Z* )‘((th)x(ddz)L 1, X)Zx(a)e< )

x modud
x(=DH=-1

—1 k/ud-1 ud

XZ Z le(l ud+m)x(m)e(l ud+m>

i=1 [=0 m=1
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Then we have the estimate

lI/ << drkl/2+€.

Proof. From the methods of proving Lemma 5 we have

du(dy)pu(d2)
U= ZZZ uap\ai)n @)

dlv dily dol d 7550 (5) 9 (%5

—1kjud—1 ud I ud +m
TS S ud—i—m)e( )
i=1 [=0 m=1
ud 3/2+€
am t(n) * d-k
x2e<ﬁ> Z — Z x(dlnm)x(dzam)—i-O( N2 )
a=1 1<n<N x modud

1(=D=-1
_ 1 Z Z Z udp(d1)pu(dz)
dlv Al dol® 1dd2¢(d1)¢(iudz)

—1 k/ud—1 ud

X Z Z Z xi(l - ud+m)e(l Md+m)
i=1 = =
42,52 3 A

1<nN slud
(n,ud)=1 dl—nzl(s)

du(d d.
__ZZ Z udp( 1)/1«(1{3)0[2

dlv di| doly dldd2¢(dl)¢(T)

—1 k/ud—1 ud l-ud+m
. > S K0 ud +mye ( )
i=1 = m=1
ud
1 (am 7(n) ud d, k3/2te
a=1 1<n<N s|lud
(n,ud)=1 Zﬂ—fl(s)

—1k/ud—1 ud

I ID “d““’l)“kiff;) b I ua +mye( 145
i=1

dlv di|y daly ¢(d1)¢( v =0 m=1

ud
1 (am ud t(n)/a
xZe(—)Zu<—>¢(s) >
e \ud ) 1mey din/daa
(nud)=1

d
%:l(.&')
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du(dy)pu(d2)
XYyt

d\v 1]y do| b d¢(dl)¢( v

—1 k/ud—1 ud (l ud—i—m)

X Z Z Z Xl(l ud + m)e

i=1 = =

“,am ud t(n)/a d, k3/2+e
X;le(ﬁ)zu<7>¢(5) Z dun doa +0( N2 )

slud 1<n<N
(n,ud)=1

d
%Efl(s)

—1k/ud—1 ud
_—ZZ Z udllv(dl(;lik(dﬂizz) Z Z Z i - ud +me (l ud-l—m)
i=1

dlv dl‘d dz‘ ¢ d]_) v =0 m=1

t(dsa/d d d k3/2+e
8 Z < > (22/ 1)ZM<”T)¢(S)+O(7N1/Z )

slud
dl\dza
ud
+0 Is+ 1)<t
(;;dzlvab(k)qs(ud) Z_ %qﬁ(” 2, s+ )
v = S|\u l<l<d%a5
ud
P 3IERETIV 35> IS SRR
dlv d]_\” do |v ¢(k)¢(1/ld) a=1 S|ud 1<l<l‘g_:<
—1 k/ud—1 ud
udp(dy) u(do) l-ud+m
DI o () () b DI -+ mye( 1)
dlv dilg dalg d¥'\d; v i=1 [=0 m=1
ud k
’ 2ga-ud +m)\ t(doa/dq) ud
D A Y ey
dildaa
drk3/2+e .
+ O<W) + O (d,k%).

Taking N = ¢° in the above, we get

Z Ty udu(dl)uk(dcglzz) Z Z i )e( )

dlv d1|? dol? a® dl) v ) i=1 b=1
ud
’ LD\ t(doa/dy) ud c
X Z e<%>T2M<T>¢(~V)+ O (d,k%)

a=1 slud
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1 udJ (ud)p(dr)n(dz)
22 2 3 )

ud
Y M G514 avja) + 0@k

i=1 a=1
dy|dza

= Q2+ 0(d k).

Sincey is ad,th-order character modukoandi < d,, Xi cannot be principal character
modulok. From the properties of Gauss sums we get

|G (xi, 1+ av/d)| < (1 + av/d, k)kY2¥e,

So we have
d
(ud)? (172 <\ (A+av/d, k)
Q eyt
<<Z Z Z ¢2(ud) Z av/d
dlv di|z dalg a=1
ud
SO IO IEDY
dlv sk a= ls\l+av/d
dlv slk 1<l<% §

This proves Lemma 6. O

3. Proofsof thetheorems

In this section, we complete the proofs of the theorems. First we prove Theorem 1. For
any positive integet > 3, by Lemmas 1 and 2 we have

k k ° 2
/ -1 _ G(x.,n)
Z K(h,1; k)c(h,k)zm Z (Zx(h)K(h,l; k))(Zin )

h=1 x modk \h=1 n=1
x(=D=-1
-1 Z 2(_)<§: G()(J1))2
= (X —.
2
¢ (k) x modk n=1 n
x(=D=-1

Let k = uv, where(u, v) = 1, u be a square-full number er= 1, v be a square-free
number. Note that if¢* is a primitive character modula, from the properties of Gauss
sums we have

t(xHT(xH=-m if x(-1)=—
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It is obvious thaty *(k/m)u(k/m) # 0 if and only if m = ud, whered|v. So for any
non-primitive charactey modulok with x = x1x™*, from Lemma 3 we know that

() = X*(%)u(%)t(}(*) #0 ifandonlyif m=ud,

whered|v. On the other hand, from Lemma 3 we also have

iG(Xlx*,H)z i )_(*((n,’;v))X*(ud(':lvuv)) (ud(zl,)uv))‘ﬁ(k)f(x*)

n=1 n n=1 n¢((n uv))
(n,ud)=1
Z dk)x* ddl) (dfll)f(x*)L(l, )F)
d1¢(d%) ’

dl‘d

wherey is the principal character moduto(= uv).
Therefore, by Lemmas 3 and 5 we have

k
Z' K (h,1: k)C(h, k)

h=1

dlv  x modud

#(ap(a)m
x(=1=-1

¢ () x (7)1 (75) T QO LA, y)>2

) (Z dm(d%)

dily
2 2 v
¢(k) d (g )'u‘(ddz) * 2. —
= § E E E X (d1d2) L=(1, X)
dlv di|; do|§ d1d2¢ 01i ¢(d£) x modud
x(=1)=—1

1 1+e
=5 2k¢(k)q<1— m) + O (k*He).

This proves Theorem 1.
For any positive integer > 1, letd, = (r, ¢ (k)) andx1 be ad,th-order character mod-

ulo k. Then by Lemmas 1 and 2 we have

k
Z' K(h,1,r: k)C(h, k)
h=1

-1 k ~ ~ Gom )
w2 (Zx(h)K(h,l,r;k)><Z i")

X modk h=1 n=1
x(—DH=-1
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oy (#(i)ﬂ(i)drzlr(ix"))(iG(X’n))z

2 N 1

7T2¢ (k) x modk i=1 n=1 n
x(=)=-1

k
- Z'K(h, 1. k)C(h. k)
h=1

¥ f(—>d§rl:r(Xx")(Eoo:G(X’n))z

Tt 5 i semy

7T2¢(k) x modk i=1 n=1 n
x(=D=—1

Let k = uv, where(u, v) = 1, u be a square-full number ar= 1, v be a square-free
number. By Lemmas 3, 6 and the method of proving Theorem 1 we can also get

0 2
-1 G(x.n)
X 0% o 0%)

x modk n=1
x(-D=-1
(k) udp(d)i(ze;)
dzvdzp;dldw( )¢()
< 3 X(dl)x< ’ ) L2, x)Zx(a)e( )
x modud
x(—l)=—1
—1k/ud—1 ud
[-ud
XZ Z le(l ud+m)x(m)e< - +m>
i=1 [=0 m=1
<< drk3/2+€.

Now from Theorem 1 and the above estimate we immediately obtain

k
> KL )C (k) = kq)(k)l_[(

h=1 plik

(1)

This completes the proof of Theorem 2.

Acknowledgment

The authors express their gratitude to the referee for very helpful and detailed comments.

References

[1] J.B. Conrey, E. Fransen, R. Klein, C. Scott, Mean values of Dedekind sums, J. Number Theory 56 (1996)
214-226.



W, Zhang, H. Liu/ J. Math. Anal. Appl. 288 (2003) 646-659 659

[2] H. Walum, An exact formula for an average bfseries, lllinois J. Math. 26 (1982) 1-3.

[3] W. Zhang, A note on the mean square value of the Dedekind sums, Acta Math. Hungar. 86 (2000) 275-289.

[4] W. Zhang, Y. Yi, On the upper bound estimate of Cochrane sums, Soochow J. Math. 28 (2002) 297-304.

[5] W. Zhang, On a Cochrane sum and its hybrid mean value formula, J. Math. Anal. Appl. 267 (2002) 89-96.

[6] W. Zhang, On a Cochrane sum and its hybrid mean value formula (Il), J. Math. Anal. Appl. 276 (2002)
446-457.

[7] W. Zhang, A sum analogous to Dedekind sums and its hybrid mean value formula, Acta Arith. 107 (2003)
1-8.

[8] C. Pan, C. Pan, Goldbach Conjecture, Science Press, Beijing, 1981.



