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Abstract

In this paper, we use the properties of Gauss sums, primitive characters and the mea
theorems of Dirichlet L-functions to study the hybrid mean value of Cochrane sums and g
Kloosterman sums, and give two sharp asymptotic formulae.
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1. Introduction

For a positive integerk and an arbitrary integerh, the Dedekind sumS(h, k) is defined
by

S(h, k)=
k∑
a=1

((
a

k

))((
ah

k

))
,

where

((x))=
{
x − [x] − 1/2 if x is not an integer,

0 if x is an integer.

Conrey et al. [1] studied the mean value distribution ofS(h, k) and proved the following
important asymptotic formula
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a for

sum

al

sums,
k∑′

h=1

∣∣S(h, k)∣∣2m = fm(k)
(
k

12

)2m

+O((k9/5 + k2m−1+1/(m+1)) log3 k
)
,

where
∑′
h denotes the summation over allh such that(k,h)= 1, and

∞∑
n=1

fm(n)

ns
= 2

ζ 2(2m)

ζ(4m)

ζ(s + 4m− 1)

ζ 2(s + 2m)
ζ(s).

In the spirit of [1] and [2], the first author [3] obtained a sharper asymptotic formul∑′k
h=1 |S(h, k)|2. That is,

k∑′

h=1

∣∣S(h, k)∣∣2 = 5

144
kφ(k)

∏
pα‖k

[(
1+ 1

p

)2 − 1
p3α+1

]
∏
p|k
(
1+ 1

p
+ 1
p2

) +O
(
k exp

(
4 lnk

ln lnk

))

for any integerk > 2, where exp(y)= ey , φ(k) is the Euler function,
∏
pα‖k denotes the

production over all prime divisors ofk with pα |k andpα+1 � k.
In October 2000, during his visiting in Xi’an, Professor T. Cochrane introduced a

analogous to the Dedekind sum as follows:

C(h, k)=
k∑′

a=1

((
a

k

))((
ah

k

))
,

wherea is defined by the equationaa ≡ 1 modk. He asked us to study the arithmetic
properties and mean value distribution properties ofC(h, k). About this problem, we know
very little. Recently, Zhang and Yi [4] studied the upper bound estimate of Cochrane
and gave the following sharper upper bound estimates∣∣C(h, k)∣∣� √

k d(k) ln2 k

and

p−1∑
h=1

C2(h,p)= 5

144
p2 +O

(
p exp

(
4 lnp

ln lnp

))
,

whered(k) is the divisor function.
In Ref. [5], the first author found that there are some relationships betweenC(h, k) and

Kloosterman sums

K(m,n; k)=
k∑′

b=1

e

(
mb+ nb
k

)
,

wheree(y)= e2πiy . For example, ifk is a square-full number (i.e.,p|k if and only ifp2|k),
then we have the following asymptotic formula:

k∑′
K(h,1; k)C(h, k)= −1

2π2kφ(k)+O
(
k exp

(
3 lnk

ln lnk

))
.

h=1
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totic

e
irichlet

], and
For general integerk � 3, the first author [6] proved the asymptotic formula

k∑′

h=1

K(h,1; k)C(h, k)= −1

2π2kφ(k)
∏
p‖k

(
1− 1

p(p − 1)

)
+O(k3/2+ε),

whereε be any fixed positive number. In [7], the first author also studied the asymp
property of a hybrid mean value of Cochrane sums and general Kloosterman sums

K(m,n, r; k)=
k∑′

b=1

e

(
mbr + nbr

k

)
,

and obtained the mean value theorem
p−1∑
h=1

K(h,1, r;p)C(h,p)= −1

2π2
p2 +O(rp3/2 ln2p).

Meanwhile, he conjectured that

k∑′

h=1

K(h,1, r; k)C(h, k)∼ −1

2π2kφ(k), ask→ ∞,

holds for all integerk > 2 and any fixed positive integerr.
In this paper, we studied this conjecture, and proved that it is true. Note thatK(h,1,

r; k) = K(h,1; k) if (r,φ(k)) = 1, so we suppose(r,φ(k)) > 1. Then we shall use th
properties of Gauss sums, primitive characters and the mean value theorems of D
L-functions to prove the following two main theorems.

Theorem 1. For any integer k � 3, we have the asymptotic formula

k∑′

h=1

K(h,1; k)C(h, k)= −1

2π2
kφ(k)

∏
p‖k

(
1− 1

p(p − 1)

)
+O(k1+ε).

Theorem 2. For any positive integers k � 3 and r with dr = (r,φ(k)) > 1, we have the
asymptotic formula

k∑′

h=1

K(h,1, r; k)C(h, k)= −1

2π2kφ(k)
∏
p‖k

(
1− 1

p(p − 1)

)
+O(drk3/2+ε).

It is clear that the error terms in our Theorem 1 is much better than that in Ref. [6
our Theorem 2 is a generalization of Theorem 2 in [7].

2. Some lemmas

To prove the theorems, we need the following lemmas.
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Lemma 1. Let integer k � 3 and (a, k)= 1. Then we have

C(a, k)= −1

π2φ(k)

∑
χ modk
χ(−1)=−1

χ(a)

( ∞∑
n=1

G(χ,n)

n

)2

,

where χ denotes a Dirichlet character modulo k with χ(−1) = −1, and G(χ,n) =∑k
b=1χ(b)e(bn/k) denotes the Gauss sum corresponding to χ .

Proof. This is Lemma 1 of [5]. ✷
Lemma 2. For any positive integer k and r > 1, let dr = (r,φ(k)) and χ1 be a dr th-order
character modulo k. Then for any character χ modulo k, we have the identities

k∑
h=1

χ(h)K(h,1; k)= τ2(χ)

and

k∑
h=1

χ(h)K(h,1, r; k)= τ2(χ)+ τ (χ)
dr−1∑
i=1

τ
(
χχi1

)
,

where τ (χ)=G(χ,1)=∑k
a=1χ(a)e(a/k).

Proof. From the properties of Gauss sums and note(b, k)= 1 we have

k∑
h=1

χ(h)K(h,1, r; k)=
k∑
h=1

χ(h)

k∑′

b=1

e

(
hbr + br
k

)

=
k∑
h=1

χ(h)e

(
h

k

) k∑
b=1

χ(br)e

(
br

k

)

= τ (χ)
k∑
b=1

χ(br)e

(
br

k

)
= τ (χ)G(1,χr , r; k).

It is obvious thatG(1,χ,1; k)= τ (χ), so we have

k∑
h=1

χ(h)K(h,1; k)= τ2(χ).

On the other hand, letχ1 be adr th-order character modulok, then for any intege
1 � a � k with (a, k)= 1, we have the identity

1+ χ1(a)+ · · · + χdr−1
1 (a)=

{
dr , if a is adr th residue modk,

0, otherwise.
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Therefore, by the definition of Gauss sums, we have

G(1, χr, r; k)=
k∑
b=1

χ(br)e

(
br

k

)
=

k∑
b=1

χ(bdr )e

(
bdr

k

)

=
k∑
b=1

(
1+ χ1(b)+ · · · + χdr−1

1 (b)
)
χ(b)e

(
b

k

)

= τ (χ)+
dr−1∑
i=1

τ
(
χχi1

)
.

This proves Lemma 2. ✷
Lemma 3. For any positive integer k, let χ be a non-primitive character modulo k, and k∗
denote the conductor of χ with χ = χ1χ

∗
k∗ . If (n, k) > 1, then we have

G(χ,n)=
{
χ∗( n

(n,k)

)
χ∗( k

k∗(n,k)
)
µ
(

k
k∗(n,k)

)
φ(k)φ−1

(
k

(n,k)

)
τ (χ∗), k∗ = k1

(n,k1)
,

0, k∗ �= k1
(n,k1)

,

where χ1 denotes the principal character modulo k, k1 is the largest divisor of k that has
the same prime factors with k∗.

If (n, k)= 1, then we have

G(χ,n)= χ∗(n)χ∗
(
k

k∗

)
µ

(
k

k∗

)
τ (χ∗).

If χ be a primitive character modulo k, then

G(χ,n)= χ(n)τ(χ).

Proof. See Ref. [8]. ✷
Lemma 4. Let q and r be integers with q � 2 and (r, q)= 1, χ be a Dirichlet character
modulo q . Then we have the identities∑∗

χ modq

χ(r)=
∑

d |(q,r−1)

µ

(
q

d

)
φ(d)

and

J (q)=
∑
d |q
µ(d)φ

(
q

d

)
,

where
∑∗

χ modq denotes the summation over all primitive characters modulo q and J (q)
denotes the number of primitive characters modulo q .

Proof. This is Lemma 3 of [5]. ✷
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Lemma 5. Let k = uv, where (u, v) = 1, u be a square-full number or u = 1, v be a
square-free number. Then we have the asymptotic formula

∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

) ∑∗

χ modud
χ(−1)=−1

χ(d1d2)L
2(1,χ)

= k

2

∏
p‖k

(
1− 1

p(p− 1)

)
+O(kε).

Proof. Let τ (n) be the divisor function. Then for any parameterN � ud and non-principa
characterχ moduloud , applying Abel’s identity we have

L2(1, χ)=
∞∑
n=1

χ(n)τ(n)

n
=

∑
1�n�N

χ(n)τ(n)

n
+

∞∫
N

A(y,χ)

y2 dy,

whereA(y,χ)=∑
N<n�y χ(n)τ (n). We can rewrite it as

A(y,χ)= 2
∑
n�√

y

χ(n)
∑
m�y/n

χ(m)− 2
∑
n�

√
N

χ(n)
∑

m�N/n
χ(m)

−
( ∑
n�√

y

χ(n)

)2

+
( ∑
n�√

N

χ(n)

)2

.

Applying Pólya–Vinogradov inequality∣∣∣∣∣
b∑
n=a
χ(n)

∣∣∣∣∣�
√
ud ln(ud)

we have∑∗

χ modud
χ(−1)=−1

∣∣A(y,χ)∣∣� y1/2(ud)3/2 ln(ud).

Then

∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

) ∑∗

χ modud
χ(−1)=−1

χ(d1d2)

∞∫
N

A(y,χ)

y2 dy

� kε

∞∫
N

1

y2

( ∑
χ modk
χ(−1)=−1

∣∣A(y,χ)∣∣
)
dy� kε

∞∫
N

1

y2
(y1/2k3/2) dy� k3/2+ε

N1/2
,

so we have
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∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

) ∑∗

χ modud
χ(−1)=−1

χ(d1d2)L
2(1,χ)

=
∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

)
×

∑
1�n�N

τ(n)

n

∑∗

χ modud
χ(−1)=−1

χ(d1d2)χ(n)+O
(
k3/2+ε

N1/2

)
.

Note that for(a, k)= 1, from Lemma 4 we have∑∗

χ modk
χ(−1)=−1

χ(a)= 1

2

∑∗

χ modk

(
1− χ(−1)

)
χ(a)= 1

2

∑∗

χ modk

χ(a)− 1

2

∑∗

χ modk

χ(−a)

= 1

2

∑
u|(k,a−1)

µ

(
k

u

)
φ(u)− 1

2

∑
u|(k,a+1)

µ

(
k

u

)
φ(u).

Therefore

∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

) ∑
1�n�N

τ(n)

n

∑∗

χ modud
χ(−1)=−1

χ(d1d2)χ(n)

= 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

) ∑
1�n�N
(n,ud)=1

∑
s|(ud,d1d2n−1)

µ

(
ud

s

)
φ(s)

τ (n)

n

− 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

) ∑
1�n�N
(n,ud)=1

∑
s|(ud,d1d2n+1)

µ

(
ud

s

)
φ(s)

τ (n)

n

= 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
φ
(
k
d1

)
φ
(
k
d2

) ∑
s|ud
µ

(
ud

s

)
φ(s)

∑
1�n�N
(n,ud)=1
d1d2n≡1(s)

τ (n)

d1d2n

− 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
φ
(
k
d1

)
φ
(
k
d2

) ∑
s|ud
µ

(
ud

s

)
φ(s)

∑
1�n�N
(n,ud)=1
d1d2n≡1(s)

τ (n)

d1d2n
.

The main term in the above formula comes from the term corresponding tod1d2n= 1 with
d1 = d2 = n= 1, and all the other terms are the error terms. So we have

∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

) ∑
1�n�N

τ(n)

n

∑∗

χ modud

χ(d1d2)χ(n)
χ(−1)=−1
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= 1

2

∑
d |v

u2d2

φ2(k)

∑
s|ud
µ

(
ud

s

)
φ(s)

+O
(∑
d |v

∑
d1| vd

∑
d2| vd

u2d2

φ
(
k
d1

)
φ
(
k
d2

)∑
s|ud

∣∣∣∣µ
(
ud

s

)∣∣∣∣φ(s) ∑
1�l�Nd1d2

s

(ls + 1)ε−1

)

+O
(∑
d |v

∑
d1| vd

∑
d2| vd

u2d2

φ
(
k
d1

)
φ
(
k
d2

)∑
s|ud

∣∣∣∣µ
(
ud

s

)∣∣∣∣φ(s) ∑
1�l�Nd1d2

s

(ls − 1)ε−1

)

= u2

2φ2(k)

∑
d |v
d2J (ud)+O(kεNε)= u2J (u)

2φ2(k)

∑
d |v
d2J (d)+O(kεNε)

= uφ2(u)

2φ2(k)

∏
p|v

[
p(p− 1)2

(
1− 1

p(p− 1)

)]
+O(kεNε)

= k

2

∏
p‖k

(
1− 1

p(p− 1)

)
+O(kεNε),

where we have used the estimateτ (n)� nε , the fact thatv is a square-free number andu
is a square-full number, and the identityJ (u)= φ2(u)/u, if u is a square-full number.

TakingN = k3, we immediately get the asymptotic formula

∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

) ∑∗

χ modud
χ(−1)=−1

χ(d1d2)L
2(1,χ)

= k

2

∏
p‖k

(
1− 1

p(p− 1)

)
+O(kε).

This proves Lemma 5. ✷
Lemma 6. For any positive integers k � 3 and r with dr = (r,φ(k)) > 1, let k = uv, where
(u, v)= 1, u be a square-full number or u= 1, v be a square-free number, χ1 be a dr th-
order character modulo k. Let

Ψ =
∑
d |v

∑
d1| vd

∑
d2| vd

udµ(d1)µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

)

×
∑∗

χ modud
χ(−1)=−1

χ(d1)χ

(
v

dd2

)
L2(1, χ)

ud∑
a=1

χ(a)e

(
a

ud

)

×
dr−1∑ k/ud−1∑ ud∑

χi1(l · ud +m)χ(m)e
(
l · ud +m

k

)
.

i=1 l=0 m=1
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Then we have the estimate

Ψ � drk
1/2+ε.

Proof. From the methods of proving Lemma 5 we have

Ψ =
∑
d |v

∑
d1| vd

∑
d2| vd

udµ(d1)µ(d2)

d1
v
dd2
φ
(
k
d1

)
φ
(
kdd2
v

)

×
dr−1∑
i=1

k/ud−1∑
l=0

ud∑
m=1

χi1(l · ud +m)e
(
l · ud +m

k

)

×
ud∑
a=1

e

(
am

ud

) ∑
1�n�N

τ(n)

n

∑∗

χ modud
χ(−1)=−1

χ(d1nm)χ(d2am)+O
(
drk

3/2+ε

N1/2

)

= 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

udµ(d1)µ(d2)

d1
v
dd2
φ
(
k
d1

)
φ
(
kdd2
v

)

×
dr−1∑
i=1

k/ud−1∑
l=0

ud∑′

m=1

χi1(l · ud +m)e
(
l · ud +m

k

)

×
ud∑′

a=1

e

(
am

ud

) ∑
1�n�N
(n,ud)=1

τ (n)

n

∑
s|ud

d1n
d2a

≡1(s)

µ

(
ud

s

)
φ(s)

− 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

udµ(d1)µ(d2)

d1
v
dd2
φ
(
k
d1

)
φ
(
kdd2
v

)

×
dr−1∑
i=1

k/ud−1∑
l=0

ud∑′

m=1

χi1(l · ud +m)e
(
l · ud +m

k

)

×
ud∑′

a=1

e

(
am

ud

) ∑
1�n�N
(n,ud)=1

τ (n)

n

∑
s|ud

d1n
d2a

≡−1(s)

µ

(
ud

s

)
φ(s)+O

(
drk

3/2+ε

N1/2

)

= 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

udµ(d1)µ(d2)

v
d
φ
(
k
d1

)
φ
(
kdd2
v

) dr−1∑
i=1

k/ud−1∑
l=0

ud∑′

m=1

χi1(l · ud +m)e
(
l · ud +m

k

)

×
ud∑′

a=1

e

(
am

ud

)∑
s|ud
µ

(
ud

s

)
φ(s)

∑
1�n�N
(n,ud)=1
d1n≡1(s)

τ (n)/a

d1n/d2a
d2a
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− 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

udµ(d1)µ(d2)

v
d
φ
(
k
d1

)
φ
(
kdd2
v

)

×
dr−1∑
i=1

k/ud−1∑
l=0

ud∑′

m=1

χi1(l · ud +m)e
(
l · ud +m

k

)

×
ud∑′

a=1

e

(
am

ud

)∑
s|ud
µ

(
ud

s

)
φ(s)

∑
1�n�N
(n,ud)=1
d1n
d2a

≡−1(s)

τ (n)/a

d1n/d2a
+O

(
drk

3/2+ε

N1/2

)

= 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

udµ(d1)µ(d2)

v
d
φ
(
k
d1

)
φ
(
kdd2
v

) dr−1∑
i=1

k/ud−1∑
l=0

ud∑′

m=1

χi1(l · ud +m)e
(
l · ud +m

k

)

×
ud∑′

a=1
d1|d2a

e

(
am

ud

)
τ (d2a/d1)

a

∑
s|ud
µ

(
ud

s

)
φ(s)+O

(
drk

3/2+ε

N1/2

)

+O
(∑
d |v

∑
d1| vd

∑
d2| vd

ud

φ(k)φ(ud)
drk

ud∑′

a=1

1

a

∑
s|ud
φ(s)

∑
1�l� d1N

d2as

(ls + 1)ε−1

)

+O
(∑
d |v

∑
d1| vd

∑
d2| vd

ud

φ(k)φ(ud)
drk

ud∑′

a=1

1

a

∑
s|ud
φ(s)

∑
1�l� d1N

d2as

(ls − 1)ε−1

)

= 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

udµ(d1)µ(d2)

v
d
φ
(
k
d1

)
φ
(
kdd2
v

) dr−1∑
i=1

k/ud−1∑
l=0

ud∑′

m=1

χi1(l · ud +m)e
(
l · ud +m

k

)

×
ud∑′

a=1
d1|d2a

e

( k
ud
a(l · ud +m)

k

)
τ (d2a/d1)

a

∑
s|ud
µ

(
ud

s

)
φ(s)

+O
(
drk

3/2+ε

N1/2

)
+O(drkε).

TakingN = q3 in the above, we get

Ψ = 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

udµ(d1)µ(d2)

v
d
φ
(
k
d1

)
φ
(
kdd2
v

) dr−1∑
i=1

k∑
b=1

χi1(b)e

(
b

k

)

×
ud∑′

a=1

e

( av
d
b

k

)
τ (d2a/d1)

a

∑
s|ud
µ

(
ud

s

)
φ(s)+O(drkε)
d1|d2a
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1. For

e
s

= 1

2

∑
d |v

∑
d1| vd

∑
d2| vd

udJ (ud)µ(d1)µ(d2)

v
d
φ
(
k
d1

)
φ
(
kdd2
v

)

×
dr−1∑
i=1

ud∑′

a=1
d1|d2a

τ (d2a/d1)

a
G
(
χi1,1+ av/d)+O(drkε)

≡Ω +O(drkε).
Sinceχ1 is adr th-order character modulok andi < dr , χi1 cannot be principal charact

modulok. From the properties of Gauss sums we get∣∣G(χi1,1+ av/d)∣∣� (1+ av/d, k)k1/2+ε.

So we have

Ω �
∑
d |v

∑
d1| vd

∑
d2| vd

(ud)2

φ2(ud)
drk

1/2+ε
ud∑
a=1

(1+ av/d, k)
av/d

�
∑
d |v
drk

1/2+ε∑
s|k

ud∑
a=1

∑
s|1+av/d

s

av/d

�
∑
d |v
drk

1/2+ε ∑
s|k

∑
1�l� k+1

s

s

ls − 1
� drk

1/2+ε.

This proves Lemma 6. ✷

3. Proofs of the theorems

In this section, we complete the proofs of the theorems. First we prove Theorem
any positive integerk � 3, by Lemmas 1 and 2 we have

k∑′

h=1

K(h,1; k)C(h, k)= −1

π2φ(k)

∑
χ modk
χ(−1)=−1

(
k∑
h=1

χ(h)K(h,1; k)
)( ∞∑

n=1

G(χ,n)

n

)2

= −1

π2φ(k)

∑
χ modk
χ(−1)=−1

τ2(χ)

( ∞∑
n=1

G(χ,n)

n

)2

.

Let k = uv, where(u, v) = 1, u be a square-full number oru = 1, v be a square-fre
number. Note that ifχ∗ is a primitive character modulom, from the properties of Gaus
sums we have

τ (χ∗)τ (χ∗)= −m if χ(−1)= −1.
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It is obvious thatχ∗(k/m)µ(k/m) �= 0 if and only ifm = ud , whered|v. So for any
non-primitive characterχ modulok with χ = χ1χ

∗, from Lemma 3 we know that

τ (χ)= χ∗
(
k

m

)
µ

(
k

m

)
τ (χ∗) �= 0 if and only if m= ud,

whered|v. On the other hand, from Lemma 3 we also have

∞∑
n=1

G(χ1χ
∗, n)

n
=

∞∑
n=1

(n,ud)=1

χ∗( n
(n,uv)

)
χ∗( uv

ud(n,uv)

)
µ
(

uv
ud(n,uv)

)
φ(k)τ (χ∗)

nφ
(
uv

(n,uv)

)

=
∑
d1| vd

φ(k)χ∗( v
dd1

)
µ
(
v
dd1

)
τ (χ∗)L(1, χ∗ )

d1φ
(
k
d1

) ,

whereχ1 is the principal character modulok (= uv).
Therefore, by Lemmas 3 and 5 we have

k∑′

h=1

K(h,1; k)C(h, k)

= −1

π2φ(k)

∑
d |v

∑∗

χ modud
χ(−1)=−1

χ2
(
v

d

)
µ2
(
v

d

)
τ2(χ)

×
(∑
d1| vd

φ(k)χ
(
v
dd1

)
µ
(
v
dd1

)
τ (χ)L(1, χ)

d1φ
(
k
d1

)
)2

= −φ(k)
π2

∑
d |v

∑
d1| vd

∑
d2| vd

u2d2µ
(
v
dd1

)
µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

) ∑∗

χ modud
χ(−1)=−1

χ(d1d2)L
2(1, χ)

= −1

2π2kφ(k)
∏
p‖k

(
1− 1

p(p − 1)

)
+O(k1+ε).

This proves Theorem 1.
For any positive integerr > 1, letdr = (r,φ(k)) andχ1 be adr th-order character mod

ulo k. Then by Lemmas 1 and 2 we have

k∑′

h=1

K(h,1, r; k)C(h, k)

= −1

π2φ(k)

∑
χ modk

(
k∑
h=1

χ(h)K(h,1, r; k)
)( ∞∑

n=1

G(χ,n)

n

)2
χ(−1)=−1
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e

(1996)
= −1

π2φ(k)

∑
χ modk
χ(−1)=−1

(
τ2(χ)+ τ (χ)

dr−1∑
i=1

τ
(
χχi1

))( ∞∑
n=1

G(χ,n)

n

)2

=
k∑′

h=1

K(h,1; k)C(h, k)

+ −1

π2φ(k)

∑
χ modk
χ(−1)=−1

τ (χ)

dr−1∑
i=1

τ
(
χχi1

)( ∞∑
n=1

G(χ,n)

n

)2

.

Let k = uv, where(u, v) = 1, u be a square-full number oru = 1, v be a square-fre
number. By Lemmas 3, 6 and the method of proving Theorem 1 we can also get

−1

π2φ(k)

∑
χ modk
χ(−1)=−1

τ (χ)

dr−1∑
i=1

τ
(
χχi1

)( ∞∑
n=1

G(χ,n)

n

)2

= φ(k)

π2

∑
d |v

∑
d1| vd

∑
d2| vd

udµ(d1)µ
(
v
dd2

)
d1d2φ

(
k
d1

)
φ
(
k
d2

)

×
∑∗

χ modud
χ(−1)=−1

χ(d1)χ

(
v

dd2

)
L2(1,χ)

ud∑
a=1

χ(a)e

(
a

ud

)

×
dr−1∑
i=1

k/ud−1∑
l=0

ud∑
m=1

χi1(l · ud +m)χ(m)e
(
l · ud +m

k

)

� drk
3/2+ε.

Now from Theorem 1 and the above estimate we immediately obtain

k∑′

h=1

K(h,1, r; k)C(h, k)= −1

2π2kφ(k)
∏
p‖k

(
1− 1

p(p − 1)

)
+O(drk3/2+ε).

This completes the proof of Theorem 2.
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